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Definition Given an index set X , a collection of random variables Z(x), with x ∈ X is a Gaussian Process
if, for every finite set {x1, . . . , xn}, {Z(xi)} has a multivariate Gaussian distribution, with mean µ ∈ Rn,
and covariance K ∈ Rn×n.

Often X = R.

Bayesian Linear Regression For simplicity we shall cover the scalar case.

Yi = θT φ(xi) + ξi, where ξi ∼ N(0, σ2), and θ ∼ N(0,Σ), φ is an arbitrary transformation of x. Regardless
of the transformation of x the expression is still linear in the parameter θ. The log likelihood:

log p(θ|y1, . . . , yN ) =
1

2σ2

N
∑

n=1

(yn − θT φ(xn))2 +
1

2
θT Σ−1θ

is the squared error. The MAP estimate is the θ that minimizes the expression above. Let’s now define

β
4
= 1

σ2 , and the design matrix Φ
4
= {φj(xi)}ij . In matrix notation, finding the MAP estimate corresponds

to minimizing the following objective function:

J =
β

2
(y − Φθ)T (y − Φθ) +

1

2
θT Σ−1θ

and the MAP estimate is:

θ̂MAP = (Σ−1 + βΦT Φ)−1ΦT y

As we can read from the solution, the MAP treatment amounts to incorporating a Σ−1 in the normal
equations.

Let’s define A
4
= (Σ−1 + βΦT Φ):

θ̂MAP = βA−1ΦT y.

The prediction at x∗ is
ŷ(x∗) = θ̂T

MAP φ(x∗) = (βφT (x∗)A
−1ΦT )y

The prediction is a linear combination of the observations y.

Let’s now define:

Z(x)
4
= θT φ(x) =

∑

i

θiφi(x)

If θ is Gaussian, Z(x) is also Gaussian with the following mean and variance:

E[Z(x)] = E[θT φ(x)] = φT (x)E[θ] = 0

E[Z(x)Z(x′)] = E[(φT (x)θ)(θT φ(x′))] = φT (x)E[θθT ]φ(x′) = φT (x)Σφ(x′)
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2 Gaussian Processes I

Given the set {xi ∈ X : i = 1, . . . ,m} the random variables {Z(xi)} are jointly Gaussian with mean µm = 0
and covariance Km×n = (φ(xi)Σφ(xj))ij .

Prediction for General Gaussian Processes Consider the multivariate Gaussian Random Variables
(Z1, . . . , ZN , Z∗) with zero mean and covariance:

K+ =

(

K k

kT k∗

)

where K ∈ RN×N is the covariance matrix for {Zi}i=1,...,N , k∗ ∈ R is the variance of Z∗ and k ∈ RN the
correlation vector between {Zi} and Z∗. The prediction for Z∗ is:

E[Z∗|z1, . . . , zN ] = kT K−1z

where z = [z1, . . . , zN ]T . The variance is:

V ar(Z∗|z) = k∗ − kT K−1k

Linear Regression as a particular case of Gaussian Processes:

x
φ

−→ φ(x)
θT

−→ Z(x)
noise
−→ Y (x)

Given (y1, . . . , yN ) as data, we want to predict z(x∗) = z∗. First define z+ = (z1, · · · , zN , z∗). The augmented
design matrix is:

Φ+

4
=

(

Φ
φ1(x∗), . . . , φN (x∗)

)

=

(

Φ
Φ∗

)

Z+ ∼ N(0,Φ+ΣΦT
+)

with

Φ+ΣΦT
+ =

(

ΦΣΦT ΦΣΦT
∗

Φ∗ΣΦT Φ∗ΣΦT
∗

)

The joint distribution (Y1, . . . , YN , Z∗) is Gaussian with zero mean and covariance:

(

ΦΣΦT + σ2I ΦΣΦT
∗

Φ∗ΣΦT Φ∗ΣΦT
∗

)

The prediction is:
E[Z∗|y1, . . . , yN ] = ΦT

∗ ΣΦT (ΦΣΦT + σ2I)−1y

V ar(Z∗|y1, . . . , yN ) = ΦT
∗ ΣΦ∗ − ΦT

∗ ΣΦT (ΦΣΦT + σ2I)−1ΦΣΦ∗


