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ABSTRACT
Motiv ation: Kernel methods such as support vector
machines require a kernel function between objects to
be de�ned a priori. Several works have been done to
derive kernels from probability distributions, e.g. the Fisher
kernel. However, a general methodology to design a kernel
is not fully developed.
Results: We propose a reasonable way of designing a
kernel when objects are generated from latent variable
models (e.g. HMM). First of all, a joint kernel is designed
for complete data which include both visible and hidden
variables. Then a marginalized kernel for visible data
is obtained by taking the expectation with respect to
hidden variables. We will show that the Fisher kernel
is a special case of marginalized kernels, which gives
another viewpoint to the Fisher kernel theory. Although
our approach can be applied to any object, we particularly
derive several marginalized kernels useful for biological
sequences (e.g. DNA and proteins). The effectiveness of
marginalized kernels is illustrated in the task of classifying
bacterial gyrase subunit B (gyrB) amino acid sequences.
Contact: koji.tsuda@aist.go.jp

INTRODUCTION
In kernel methods such as support vector ma-
chines(Müller et al., 2001), a kernel function between
two objectsshouldbe determineda priori. In supervised
learningalgorithms,theobjectivefunctionto beoptimized
is clearly stated(e.g. the expectedrisk), so one should
determine the kernel to optimize this function or its
approximations(e.g. the leave-one-outerror). However,
in unsupervisedlearning algorithmssuch as clustering,
the choice of kernel is quite subjective. The kernel is
determinedto re�ect theuser'snotionof similarity, which
cannotbejusti�ed nor falsi�ed completely. However, it is
not aneasytaskto describeyour notionof similarity asa
positivesemide�nitekernel.

DNA and proteinsare symbol sequenceswhich may
havedifferentlengths.Sothey havesimilarcharacteristics
to othersymbolsequencessuchastexts (Frakes& Baeza-
Yates, 1992). In order to measuresimilarity between
suchsequences,it is commonto extract count features,
which representthe numberof eachsymbol contained
in a sequence.Then, the similarity is obtainedas the

weighted dot product betweenthesefeatures,where a
smallerweight is assignedfor the symbolswhich appear
frequently. Although this approach(i.e. vector space
representation(Frakes& Baeza-Yates,1992))achieveda
greatsuccessfor texts, it is not appropriatefor biological
sequences.The primal reasonis that the context changes
frequentlyin onesequence.For example,aDNA sequence
has coding and noncoding regions, whose statistical
propertiesarequite different.The residual'A' in coding
andnoncodingregionshavedifferentmeanings.Although
it is dif�cult to determinethe boundariesof the regions,
they shouldbecountedseparately. If asequenceof hidden
variables which describe the context are available, it
would be easierto designa kernel (Figure1). However,
hiddenvariablesareunknown in general,andhave to be
estimated.

In this paper, we proposea new reasonableway to
design a kernel. First, a kernel betweensequencesis
de�ned dependingboth on visible and hiddenvariables.
Becausethis kernel requires both visible and hidden
variablesfor calculation,we call it a joint kernel. Since
hiddeninformationis assumedto beavailable,thekernel
can be designeddependingon the hidden context of
sequences.However, the problem is that such hidden
information is actually not available. To copewith this
problem, the posterior distribution of hidden variables
areestimatedby meansof a probabilisticmodelsuchas
HMM. Then,we obtaina marginalizedkernel by taking
expectationof the joint kernel with respectto hidden
variables.

We will show that theFisherkernel(Jaakkola & Haus-
sler, 1999) – which has been successfullyapplied to
many tasks e.g. protein classi�cation (Jaakkola et al.,
2000; Karchin et al., 2002) and promoterregion detec-
tion (Pavlidis et al., 2001)– is a specialcaseof marginal-
ized kernels.This revealsthe joint kernel implicitly as-
sumedin theFisherkernel,which helpsus to understand
theFisherkernelmorein detail.For biologicalsequences,
we proposeusefulkernels,calledmarginalizedcountker-
nels(MCKs). In orderto illustratetheeffectivenessof our
kernels,we will perform experimentsto classify bacte-
rial gyrB amino acid sequences(Kasai et al., 2000).As
a result,it is shown thatMCKs comparefavorably to the
Fisherkernel.

c
�

Oxford University Press 2000 1



K. Tsuda et al.

h:

x:

2

C

1

A

2

G

1

G

2

T

2

T

1

C

2

A

2

A

Fig. 1. A DNA sequencewith hidden context information. Sup-
pose the hidden variable ('h' in the �gure) indicatese.g. cod-
ing/noncodingregions.If hiddenvariablesareknown, it would be
mucheasierto designa kernelfunctionbetweensequences.

METHODS
Mar ginalizedKernels
Let us describea visible variableas ����� , wherethe
domain � is a �nite set� . Our task is to de�ne a kernel
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��� . Supposewe
have a hiddenvariable ����� , where � is a �nite set.
By utilizing thehiddeninformationin � , the joint kernel
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 . Themarginalizedkernelin �

is derivedby takingtheexpectationwith respectto hidden
variables:
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The posteriordistribution
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 is unknown in general,
andhasto beestimatedfrom thedatae.g.by HMMs. The
calculationof

�

canbe intractablewhenthe cardinality
of � is too large.However, for usefulstochasticmodels
suchas HMMs, thereare algorithmswhich enableef�-
cient computationas shown in later sections.Since the
classof positive semide�nite(Mercer)kernelsareclosed
under addition and multiplication (Haussler, 1999), the
marginalizedkernel

�

is positive semide�niteaslong as
thejoint kernelispositivesemide�nite.In convolutionker-
nels(Haussler, 1999),sub-kernelsfor thepartsareaggre-
gatedinto a kernelfor the wholeset.This is constrastive
to our approachderiving thekernelfor the part (i.e. visi-
blevariables)from thekernelfor thewholeset(i.e.visible
andhiddenvariables).

Mar ginalizedKernel fr om GaussianMixtur e
For intuitive understanding,we provide a simpleexample
of marginalizedkernels.Here we derive a marginalized
kernel from Gaussianmixture with 0 -components.The
visible variableis a point in the 1 -dimensionalspace23�

465

, and the hidden variable is an index of component
�7�98;:��</</</$�
0>= . The probabilisticmodel is written as
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Herewe determineL asa �nite set for simplicity, but the resultsin this
papercanbeeasilyextendedto continuousdomains.

Fig. 2. Contoursof the marginalizedkernel-baseddistancefrom a
speci�edpoint.Theleft �gure shows samplepointsgeneratedfrom
theGaussianmixturemodel.Herethecrossingpointof dottedlines
indicatesthe central point from which the kernel-baseddistance
(4) is measured.The right �gure shows the distancecontours.
The contourshapesareadaptedto the shapeof clusterwhich the
centralpointbelongsto.Comparedwith theEuclideandistance,this
distanceemphasizestheclusterstructure.
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Let us de�ne the joint kernel as
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is 1 if thecondition
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is trueand0 otherwise.Notethat
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is a positive semide�nitekernel.Themarginalizedkernel
is obtainedas
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Weillustratetheshapeof thiskernelin Figure2. Here,the
kernelis convertedto thedistancein thefeaturespace
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Fixing 2

� at a point, the contoursof distance
mr�
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areshown. When 2
� belongsto one cluster, the contour

shapeis similar to the shapeof the cluster. The shape
graduallychangeswhenthepoint 2

� movesto onecluster
to the other. In comparisonwith the Euclideandistance,
this distanceemphasizesthe clusterstructure.This kind
of kernelis consideredto beuseful in visualizingcluster
structurein a highdimensionalspace(Tipping,1999).

Mar ginalizedCount Kernel
Next we proposean important example of marginal-
ized kernels for biological sequences.Let 2
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quenceof length 0 . Assumethateachsequencecanhave
adifferentlength.Onesimplekernelfor suchsequencesis
thecountkernel:
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The count kernel is often usedin text processingliter-
atures(Frakes & Baeza-Yates,1992), but it is not suit-
ablefor biologicalsequencesbecauseof frequentcontext
changes.We aregoing to extendthe count kernel to in-
clude(hidden)context information.
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When � is regardedasthe context information,symbols
are countedseparatelyin eachcontext (Figure 3). For
example, if the sequencesare DNA and the hidden
contexts areexon/intron,the frequenciesof 'A', 'C', 'G',
'T' arecountedandcomparedseparatelyfor exon/intron.

Setting (6) as a joint kernel, the marginalized count
kernelis de�ned as

���

2k�K2

�




�
 

�

 

�

'
)

�

�*+ 2o


)

�

�

�

+ 2

�




�
�

��`

�

`

�


�� (7)

where
@

�

�
@

�
�

"�� BDC������

@

�
�

"��-BDC . This kernel (7) is
rewrittenas

� �

2k�K2

�




�

���

 

	
BDC

�
�

 

�
B�C

�

	��

�

2o


�

	��

�

2

�


��

wherethemarginalizedcounts�

	��

�

2o
 aredescribedas

�

	��

�

2e


�

:

0

 

� )

�

�q+ 2 


A

 

�
BDC

aD�

�

�

�
�

���

�

���




�
:

0

A

 

�
BDC

�
�

 

"��gBDC
)

�

�

�

+ 2o


a��

�

�

�
�

���

�

���


�/

(T,1) = 0
(T,2) = 2

(G,1) = 1
(G,2) = 1

(C,1) = 1

(C,2) = 1

(A,1) = 1

(A,2) = 2

h:

x:

2

C

1

A

2

G

1

G

2

T

2

T

1

C

2

A

2

A

Fig. 3. Illustrationof themarginalizedcountkernel(MCK1). Each
featureis obtainedby countingthe numberof combinedsymbols,
and the joint kernel is de�ned as the dot productbetweenthese
features.Finally, MCK1 is obtainedby marginalizing the joint
kernel.

Fortunately, the sum over all hiddenvariables � can be
replacedby the sum over each �

� , which reducesthe
computationalcost.

When the probability distribution
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 is represented
asHMM, the posteriorprobability

)

�

�

�

+ 2o
 is computed
easilyby the forward-backwardalgorithm(Durbin et al.,
1998).An HMM is describedas
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wheretheparameters?
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�KE �K1 = aretransitionprob-
abilities, emissionprobabilities,initial statedistribution
andterminalstatedistribution, respectively. The forward
andbackwardalgorithmsprovidethefollowing probabili-
ties,respectively:
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Thentheposteriorprobabilityis describedas
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 in HMM literatures(Rabiner,
1989).

Second-orderMar ginalizedCount Kernel
Whenadjacentrelationsbetweensymbolshave essential
meanings,thecountkernelis obviously not suf�cient. In
such cases,it would be better to count the numberof
combinationsof two adjacentsymbols(Figure4). Thedot
productof suchcountsis describedas
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We call it the secondorder count kernel. Incorporating
hiddenvariablesto (9),onecaneasilyextendthemarginal-
izedcountkernelto secondorder:Let usde�ne
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Thejoint kernelis describedas
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We call it thesecondordermarginalizedcountkernel. As
in the�rst ordercase,theposteriorprobability
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Notethatthisquantityis well knownas �
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 parameter
in Baum-Welchalgorithm,whichgivesestimationof tran-
sitionprobabilitiesin HMMs. Thesecondordermarginal-
izedcountkernelis particularlyuseful,becauseit canuti-
lize secondorderinformationaswell ashiddencontext in-
formation.Higher orderextensionis straightforward,but
notwrittenherefor brevity.

Connectionsto the Fisher Kernel
In the following, we will show that the Fisher ker-
nels(Jaakkola& Haussler, 1999)derivedfrom latentvari-
ablemodelsaredescribedas marginalizedkernels.This
sectionwill give a new analysisto explain the natureof
theFisherkernel.

De�nition of the Fisher Kernel Assumea probabilistic
model
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 is de�nedon � , where? is a � -dimensional
parametervector. Let �? denoteparametervalueswhich
areobtainedby somelearningalgorithm(e.g.maximum
likelihood). Then the Fisher kernel (FK) (Jaakkola &
Haussler,1999)betweentwo objectsis de�ned as
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Fig. 4. Illustration of the second-ordermarginalizedcount kernel
(MCK2). Each feature is obtainedby counting the number of
combinationsof two adjacentsymbols.The joint kernel is de�ned
asthedotproductbetweenthesefeatures,andMCK2 is obtainedby
marginalization.
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The Fisher kernel is a generalmethod which can be
applied for any objects. However, the Fisher kernel
is particularly effective for biological sequenceswhen
combinedwith HMMs (Jaakkola et al., 2000; Karchin
et al., 2002;Pavlidis et al., 2001).

The Fisher Kernel from Latent Variable Models When
a latent variable model
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So,theFisherkernelis describedasamarginalizedkernel
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where the joint kernel is describedas
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Fisherkernelis onespecialcasein theclassof marginal-
izedkernels.Onecharacteristicaspectof theFisherkernel
is that the joint kernel is determinedby the probabilistic
model,while, in ourapproach,thejoint kernelis designed
to �t users'purposes.Sincethe joint kernelof theFisher
kernelis notsuitablefor everypurpose,youhaveto check
whetherit �ts your purposeor not. If not, thejoint kernel
shouldbeengineered.

TheFisherKernel fromHMM In this section,we derive
the Fisherkernelfrom HMM (8) anddiscussits connec-
tion to marginalizedcountkernels.The joint distribution
of HMM is describedas
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As in the literature (Jaakkola et al., 2000),we take the
derivativeswith respectto emissionprobabilities only:
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is de�ned as(6). Notethatthesecondtermof (14) comes
from theconstraintof emissionprobabilities
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This is rewrittenas
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where
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form to the count kernel (6), however the count is
centralizedandthedotproductis takenwith respectto the
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0 , so a proper normalizationis neededfor the Fisher
kernel.Since  
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	 representthe emissionprobability that
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is producedfrom state
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, the weight becomes
largewhenthesymbol
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is rarelyproducedfrom state
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.
It makessense,becausethecooccurenceof a raresymbol
is a strongclueof high similarity. However this weight is
still argueable,becausea hugeweight can appearwhen
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	 is verysmall.

DISCUSSION
In the previous section, we derived the Fisher kernel
only from emissionprobabilities.However, if you take
the derivatives of transition probabilities as well, you

obtain a different joint kernel from the one shown in
(16). How shouldwe choosethe subsetof parametersto
take derivatives?More generally, you can derive a new
parameterasa functionof asubsetof originalparameters.
How abouttaking the derivative with respectto the new
parameter?

As suggestedin this example,onetheoreticalproblem
about the Fisher kernel is that it dependsnot only on
the distribution itself, but alsothe parametrizationwhich
a userhasintentionallychosen.Considertwo parametric
models:
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Let us assumethat a joint distribution
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�,���D
 is repre-
sentedby two differentparametricmodels:
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In general,the Fisherkernelsderived from
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Iq
 aredifferentalthoughthe underlyingdistribution
is the same� . Since there is no admittedway to choose
properparametrizationsofar, it is basicallydeterminedby
trial anderror.

In (13) we representedthe Fisherkernelasa function
of the joint kernel and posteriorprobabilitiesof hidden
variables. While the joint kernel is not invariant to
parametrization,
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theposteriorprobabilitiesareinvariant,
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Therefore choosing the parametrization amounts to
choosingthe joint kernel.You may be ableto derive the
joint kernelto �t your purposeby changingparametriza-
tion. However, in our opinion,this is anawkwardandin-
directway.

In the Fisher kernel scheme,you have to control
two things (i.e. joint kernel and posterior probability)
simultanouslyby thechoiceof aparametricmodel.In our
opinion,thereis noneedto controlthemin suchanuni�ed
manner, becausethis schemeis sometimestoo restrictive.
For example, when you would like to incorporatethe
second-orderinformationinto theFisherkernel,you have
tousesecond-orderHMMs (Durbinetal., 1998).Sincethe
numberof parametersof thesecond-orderHMM is much

�

Whenthereis one-to-onecorrespondencebetweentwo parameterspaces
around �

�

and
�

� , theFisherkernelis invariantto parametrizationbecauseof
theFisherinformationmatrix(Jaakkola& Haussler,1999).However it is not
thecasein general.
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larger, it wouldbedif�cult to learntheparametersreliably
with a small sampleset.This drawbackis causedby the
factthatthejoint kernelis tied to theprobabilisticmodel.
In our approach,the joint kernel and the probabilistic
modelarecompletelyseparated,soyoucanutilize second
orderinformationwith a �rst orderHMM asin thesecond
ordermarginalizedcountkernel.

RESULTS
In this section,we illustratetheperformanceof marginal-
ized kernelsin classi�cation experimentsusingbacterial
gyrB aminoacidsequences.gyrB - gyrasesubunit B - is a
DNA topoisomerase(type II) which playsessentialroles
in fundamentalmechanismsof living organismssuchas
DNA replication,transcription,recombinationandrepair
etc.Onemoreimportantfeatureof gyrB is its capability
of beingan evolutionaryandtaxonomicmarker alternat-
ing popular16S rRNA (Kasai et al., 1998).Our dataset
consistsof 84 amino acid sequencesof gyrB from � ve
generain ActinobacteriawhichareCorynebacterium, My-
cobacterium, Gordonia, Nocardia and Rhodococcus, re-
spectively (Kasai et al., 2000).For brevity thesegenera
will becalledgenus1 to 5, respectively. Thenumberof se-
quencesin eachgenusis listedas9, 32,15,14and14.The
sequencesare,by theirnature,quitesimilar in termsof se-
quencesimilarity. Pairwiseidentity for eachsequenceis at
least62%and99%atmost.Forcomputingdistancematrix
basedon thesequencesimilarity, onecanusetheBLAST
scores(Altschul et al., 1990).However, sincesuchscores
cannotdirectlybeconvertedinto positivesemide�niteker-
nels,kernelmethodscannotbeappliedto themin princi-
ple.

In orderto investigatehow well the kernelsre�ect un-
derlying genera,we performedtwo kinds of experiments
– clusteringandsupervisedclassi�cation.The following
kernelsarecompared:

� CK1: Countkernel(5)
� CK2: Second-ordercountkernel(9)
� FK: Fisherkernel(16)
� MCK1: Marginalizedcountkernel(7)
� MCK2: Second-ordermarginalizedcountkernel(11)

As the �rst experiment, K-Means clustering is per-
formed in featurespacescorrespondingto kernels(see
(Müller et al., 2001) for details).The numberof clus-
tersaredeterminedas � ve (i.e. the true number).In FK
andMCKs,weusedcomplete-connectionHMMs with 3,5
and7 states.Note thatFK is normalizedby thesequence
lengths.In trainingHMMs, all 84sequencesareused.One
canalsotrain HMMs in a classwisemanner(Tsudaet al.,
2002). However, we did not do so becausethe number

of sequencesis not largeenough.For evaluatingclusters,
we usedtheadjustedRandindex (ARI) (Yeung& Ruzzo,
2001).The advantageof this index is that you cancom-
paretwo partitionswhosenumberof clustersaredifferent.
The ARI becomes1 if the partitionsarecompletelycor-
rect.Also, theexpectationof theARI is 0 whenpartitions
arerandomlydetermined.

The kernel matricesby FK and MCKs are shown in
Figure 5. Additionally, the ideal kernel is shown for
reference,where

���

2k�K2 � 
 is 1 for any two sequencesin
the samegenus,and -1 otherwise.Here, the numberof
HMM statesis three in all cases.For fair visualization,
eachkernel matrix is normalizedin the samemanner:
First, the kernelmatrix is “centralized”as

�

�
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As seenin the �gure, MCK2 is the best to recover the
underlyingstructure.This result is quantitatively shown
by ARI in Figure6, whereCK1 andCK2 correspondto
theMCKs with only oneHMM state.Notably theFisher
kernelwasworsethanMCK1, which shows that thejoint
kernelof theFisherkernel(16) is not appropriatefor this
task.

In order to seehow generaare separatedby introduc-
ing thesecondorderinformationandhiddenvariables,we
performedthe following supervisedclassi�cationexperi-
mentsaswell. First, we pick up two generaout of three
genera(3,4,5). Genera1 and 2 were not usedbecause
they canbeseparatedeasilyby all kernels.Thesequences
of two generaare randomly divided into 25% training
and 75% testingsamples.Kernelsare compareddue to
the test error by the kernel Fisherdiscriminantanalysis
(KFDA) (Roth & Steinhage,2000),which comparesfa-
vorablywith theSVM in many benchmarks.Notethatthe
regularizationparameter� of KFDA (Roth & Steinhage,
2000)is determinedsuchthatthetesterroris minimized
 .
The testerrorsof � ve kernelsareshown in Table1. The
secondorderkernels(i.e. CK2 andMCK2) weresignif-
icantly betterthan the �rst orderkernels.This resultco-
incideswith thecommonunderstandingthathigherorder
informationof proteinsequencesis essentialfor classi�-
cation and structureprediction(e.g. Asai et al. (1993)).
ComparingCK2 and MCK2, MCK2 always performed
better, which indicatesthatincorporatinghiddenvariables
(i.e.context information)ismeaningfulatleastin thistask.

CONCLUSION
In this paper, we proposedmarginalizedkernels,which
provide a new reasonableway to designa kernel from




For regularizationparameter� , 10equallyspacedpointsonthelog scaleare
takenfrom � ����������������� . Amongthesecandidates,theoptimaloneis chosen.
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Table1.Meanerrorrates(%) of supervisedclassi�cationbetweentwo bacterialgenera( � � � showsthestandarddeviation).Thebestresultin eachtaskis written
in bold face.

Genera CK1 CK2 FK MCK1 MCK2

3-4 24.5[9.67] 9.10[7.87] 10.4[9.15] 12.8[9.85] 8.48[7.76]
3-5 12.7[8.93] 6.43[7.76] 10.9[10.1] 10.4[8.17] 5.71[7.72]
4-5 25.6[13.0] 13.5[15.5] 23.1[14.3] 20.0[14.6] 11.6[14.6]
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0   

0.5 

1   
Ideal

-0.02

0    

0.02 

0.04 

FK

-0.02

0    

0.02 

0.04 

MCK1

-0.02

0    

0.02 

0.04 

MCK2

Fig. 5. (Upperleft) Ideal kernelmatrix to illustrate the true clusters.(Upperright)Kernelmatrix of the Fisherkernel. (Lowerleft) Kernel
matrix of the�rst-order marginalizedcountkernel.(Lowerright)Kernelmatrix of thesecond-ordermarginalizedcountkernel.

latentvariablemodels.TheFisherkernelwasdescribedas
aspecialcaseof marginalizedkernels,whichhaveaddeda
new aspectto theFisherkerneltheory. Finally, weshowed
that marginalizedcount kernelsperform well in protein
classi�cationexperiments.

Our work provides a generalframework from which
diversekernelsareexpectedto be constructed.In future
works,we would like to derive usefulkernelsasmany as
possiblenot only in bioinformaticsbut alsoin otherareas
in informationtechnology.
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Fig. 6. Evaluationof kernelsin clusteringin termsof the adjusted
Randindex (ARI). The � -axiscorrespondsto thenumberof states
in HMM, from which the kernelsare derived. The Fisherkernel
(FK), the marginalized count kernelsof �rst-order (MCK1) and
second-order(MCK2) are compared.Note that the count kernels
of �rst-order (CK1) andsecond-order(CK2) correspondto MCK1
andMCK2 atoneHMM state,respectively.
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