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ABSTRACT

Motiv ation: Kernel methods such as support vector
machines require a kernel function between objects to
be de ned a priori. Several works have been done to
derive kernels from probability distributions, e.g. the Fisher
kernel. However, a general methodology to design a kernel
is not fully developed.

Results: We propose a reasonable way of designing a
kernel when objects are generated from latent variable
models (e.g. HMM). First of all, a joint kernel is designed
for complete data which include both visible and hidden
variables. Then a maminalized kernel for visible data
is obtained by taking the expectation with respect to
hidden variables. We will show that the Fisher kernel
is a special case of marginalized kernels, which gives
another viewpoint to the Fisher kernel theory. Although
our approach can be applied to any object, we particularly
derive several marginalized kernels useful for biological
sequences (e.g. DNA and proteins). The effectiveness of
marginalized kernels is illustrated in the task of classifying
bacterial gyrase subunit B (gyrB) amino acid sequences.
Contact: koji.tsuda@aist.go.jp

INTRODUCTION

In kernel methods such as support vector ma-
chines(Muller et al., 2001), a kernel function between
two objectsshouldbe determineda priori. In supervised
learningalgorithms theobjective functionto beoptimized
is clearly stated(e.qg. the expectedrisk), so one should
determinethe kernel to optimize this function or its
approximations(e.g. the leave-one-outerror). However,
in unsupervisedearning algorithmssuch as clustering,
the choice of kernelis quite subjectve. The kernel is
determinedo re ect theusers notionof similarity, which
cannotbejusti ed norfalsi ed completely However, it is
not an easytaskto describeyour notion of similarity asa
positive semide nitekernel.

DNA and proteinsare symbol sequencesvhich may
have differentlengths.Sothey have similar characteristics
to othersymbolsequencesuchastexts (Frakes& Baeza-
Yates, 1992). In order to measuresimilarity between
suchsequencest is commonto extract countfeatues
which representthe numberof each symbol contained
in a sequenceThen, the similarity is obtainedas the

weighted dot product betweenthesefeatures,where a
smallerweightis assignedor the symbolswhich appear
frequently Although this approach(i.e. vector space
representatioifFrakes & Baeza-¥ates,1992))achieveda
greatsuccesdor texts, it is not appropriateor biological
sequencesThe primal reasonis that the context changes
frequentlyin onesequencd-or example,aDNA sequence
has coding and noncoding regions, whose statistical
propertiesare quite different. The residual’A’ in coding
andnoncodingregionshave differentmeaningsAlthough
it is dif cult to determinethe boundariesof the regions,
they shouldbe countedseparatelyif asequencef hidden
variables which describethe contet are available, it
would be easierto designa kernel (Figure 1). However,
hiddenvariablesare unknovn in general,andhave to be
estimated.

In this paper we proposea new reasonablevay to
design a kernel. First, a kernel betweensequencess
de ned dependingboth on visible and hiddenvariables.
Becausethis kernel requires both visible and hidden
variablesfor calculation,we call it a joint kernel Since
hiddeninformationis assumedo be available,the kernel
can be designeddependingon the hidden contet of
sequencesHowever, the problem is that such hidden
informationis actually not available. To copewith this
problem, the posterior distribution of hidden variables
are estimatedby meansof a probabilisticmodel suchas
HMM. Then,we obtaina maminalizedkernel by taking
expectationof the joint kernel with respectto hidden
variables.

We will show thatthe Fisherkernel(Jaaklola & Haus-
sler, 1999) — which has been successfullyapplied to
mary tasks e.g. protein classi cation (Jaaklola et al.,
2000; Karchin et al., 2002) and promoterregion detec-
tion (Pavlidis etal., 2001)—is a specialcaseof maginal-
ized kernels.This revealsthe joint kernelimplicitly as-
sumedin the Fisherkernel,which helpsusto understand
theFisherkernelmorein detail. For biologicalsequences,
we proposeusefulkernels calledmarginalizedcountker-
nels(MCKs). In orderto illustratethe effectivenesof our
kernels,we will perform experimentsto classify bacte-
rial gyrB amino acid sequenceg¢Kasai et al., 2000).As
aresult,it is shovn that MCKs comparefavorablyto the
Fisherkernel.

¢ Oxford University Press 2000
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Fig. 1. A DNA sequencewith hiddencontet information. Sup-
pose the hidden variable ('h' in the gure) indicatese.g. cod-
ing/noncodingregions. If hiddenvariablesareknown, it would be
mucheasierto designa kernelfunctionbetweersequences.

METHODS
Mar ginalized Kernels

Let us describea visible variableas , Wherethe

domain is a nite set. Our taskis to de ne a kernel
betweentwo visiblevariables . Supposeve
have a hiddenvariable , Where is a nite set.

By utilizing the hiddeninformationin , the joint kernel
is designedbetweentwo combinedvariables
. The marginalizedkernelin
is derivedby takingthe expectationwith respecto hidden
variables:

(1)

The posteriordistribution is unknown in general,
andhasto be estimatedrom thedatae.g.by HMMs. The
calculationof  canbe intractablewhenthe cardinality
of s too large. However, for usefulstochastionodels
suchas HMMs, there are algorithmswhich enableef -
cient computationas showvn in later sections.Since the
classof positive semide nite (Mercer)kernelsare closed
under addition and multiplication (Haussler 1999), the
maiginalizedkernel is positive semide niteaslong as
thejoint kernelis positive semide nite.In convolutionker-
nels(Haussler1999),sub-kernelsfor the partsareaggre-
gatedinto a kernelfor the whole set. This is constrastie
to our approachderiving the kernelfor the part(i.e. visi-
blevariables¥rom thekernelfor thewholeset(i.e. visible
andhiddenvariables).

Mar ginalized Kernel from GaussianMixtur e

For intuitive understandingye provide a simpleexample
of mamginalizedkernels.Here we derive a maginalized
kernel from Gaussiammixture with  -componentsThe
visible variableis a pointin the -dimensionakpace
, and the hidden variableis an index of component
. The probabilisticmodel is written as
wherethe -th

Herewe determine asa nite setfor simplicity, but the resultsin this
papercanbeeasilyextendedo continuousiomains.

Fig. 2. Contoursof the mamginalizedkernel-basedlistancefrom a
speci ed point. Theleft gure shavs samplepointsgeneratedrom
the Gaussiammixture model.Herethe crossingpoint of dottedlines
indicatesthe central point from which the kernel-basedlistance
(4) is measured.The right gure shaws the distancecontours.
The contourshapesare adaptedo the shapeof clusterwhich the
centralpointbelongso. Comparedvith the Euclideardistancethis
distanceemphasizethe clusterstructure.

componenis a Gaussiardistribution with mean  and

covariancematrix

(2)
Let us de ne the joint kernel as
where is theindicatorfunctionwhich
is 1if thecondition istrueandO otherwise Notethat
is a positive semide nitekernel. The mawginalizedkernel
is obtainedas

3)

Weillustratetheshapeof thiskernelin Figure2. Here,the
kernelis corvertedto the distancdn thefeaturespace

4)
Fixing  at a point, the contoursof distance
areshovn. When  belongsto one cluster the contour
shapeis similar to the shapeof the cluster The shape
graduallychangesvhenthepoint  movesto onecluster
to the other In comparisorwith the Euclideandistance,
this distanceemphasizeshe clusterstructure.This kind
of kernelis consideredo be usefulin visualizingcluster
structurein a high dimensionakpacgTipping, 1999).

Mar ginalized Count Kernel

Next we proposean important example of maginal-
ized kernels for biological sequences.Let
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denotea symbol se-
quenceof length . Assumethateachsequenceanhave
adifferentlength.Onesimplekernelfor suchsequencess
thecountkernet

(5)

where
length:

is thenumberof symbol normalizedby the

The count kernel is often usedin text processingditer-
atures(Frakes & Baeza-¥ites,1992), but it is not suit-
ablefor biologicalsequencebecausef frequentcontext
changesWe are going to extendthe countkernelto in-
clude(hidden)context information.
Assumethatthereis asequencef hiddenvariables

. De ne the combined

sequenceas

whereeach canhave
kernelfor canbede nedas

symbols.The count

— (6)

When s regardedasthe contect information, symbols
are countedseparatelyin each context (Figure 3). For
example, if the sequencesare DNA and the hidden
contets areexon/intron,the frequencieof ‘A", 'C', 'G',
‘T arecountedandcomparedseparatelyor exon/intron.

Setting (6) as a joint kernel, the mamginalized count
kernelis de ned as

()

where
rewritten as

. This kernel (7) is

wherethe marginalizedcounts aredescribeds

h: 122122122
xx ACGGTTCAA

(Al)=1 (C1)=1 (G1)=1 (T,1)=0
(A2)=2 (C2)=1 (G2)=1 (T,2)=2

Fig. 3. lllustration of the maginalizedcountkernel(MCK1). Each
featureis obtainedby countingthe numberof combinedsymbols,
and the joint kernel is de ned as the dot productbetweenthese
features.Finally, MCK1 is obtainedby mamginalizing the joint
kernel.

Fortunately the sum over all hiddenvariables canbe
replacedby the sum over each , which reducesthe
computationatost.

When the probability distribution is represented
asHMM, the posteriorprobability is computed
easily by the forward-backvard algorithm (Durbin et al.,
1998).An HMM is describedhs

(8)

wheretheparameters aretransitionprob-
abilities, emissionprobabilities, initial state distribution
andterminal statedistribution, respectrely. The forward
andbackwardalgorithmsprovide thefollowing probabili-
ties,respectiely:

Thenthe posteriomprobabilityis describedas

which is known as
1989).

in HMM literatures(Rabiner,

Second-orderMar ginalized Count Kernel

Whenadjacentrelationsbetweensymbolshave essential
meaningsthe countkernelis obviously not sufcient. In
such cases,it would be betterto count the number of
combination®f two adjacensymbols(Figure4). Thedot
productof suchcountsis describechs

(9)
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We call it the secondorder count kernel Incorporating
hiddenvariablego (9), onecaneasilyextendthemaginal-
izedcountkernelto secondbrder:Let usde ne

Thejoint kernelis describedhs

(10)
where Themaginalized

kernelof (10) is describedas

(11)
where

We call it the secondorder marginalizedcountkernel As
in the rst ordercasetheposteriorprobability

is obtainedfrom forward and backward algorithms
as

Notethatthis quantityis well known as parameter
in Baum-Welchalgorithm,which givesestimatiorof tran-
sition probabilitiesin HMMs. The secondrdermaiginal-
izedcountkernelis particularlyuseful,becausét canuti-
lize secondbrderinformationaswell ashiddencontext in-
formation.Higher order extensionis straightforvard, but
notwritten herefor brevity.

Connectionsto the Fisher Kernel

In the following, we will showv that the Fisher ker
nels(Jaaklola& Haussler1999)derivedfrom latentvari-
able modelsare describedas mamginalizedkernels.This
sectionwill give a new analysisto explain the natureof
theFisherkernel.

De nition of the Fisher Kernel Assumea probabilistic
model isde nedon ,where isa -dimensional
parametewnector Let  denoteparametewvalueswhich
are obtainedby somelearningalgorithm (e.g. maximum
likelihood). Then the Fisher kernel (FK) (Jaaklola &

Haussler,1999)betweertwo objectsis de ned as

(12)
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Fig. 4. lllustration of the second-ordemaminalized countkernel
(MCK2). Each featureis obtainedby counting the number of
combinationof two adjacentsymbols.The joint kernelis de ned
asthedotproductbetweerthesefeaturesandMCK?2 is obtainedby
mauginalization.

where istheFisherscore

and istheFisherinformationmatrix:

The Fisher kernel is a general method which can be
applied for ary objects. However, the Fisher kernel
is particularly effective for biological sequencesvhen
combinedwith HMMs (Jaaklola et al., 2000; Karchin
etal., 2002;Pavlidis etal., 2001).

The Fisher Kernel from Latent Variable Models When
a latent variable model is
adoptedthe Fisherscoreis describedhs

So,theFisherkernelis describedasamaginalizedkernel

(13)

where the joint kernel is describedas
Thus the
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Fisherkernelis onespecialcasein the classof mawginal-

izedkernels Onecharacteristi@specbf the Fisherkernel

is thatthe joint kernelis determinedby the probabilistic
model,while, in our approachthejoint kernelis designed
to t users'purposesSincethejoint kernelof the Fisher
kernelis not suitablefor every purposeyou have to check
whetherit ts your purposeor not. If not, thejoint kernel

shouldbeengineered.

TheFisherKernelfromHMM In this section,we derive
the Fisherkernelfrom HMM (8) anddiscussits connec-
tion to maginalizedcountkernels.The joint distribution
of HMM is describedas

As in the literature (Jaaklola et al., 2000), we take the
derivativeswith respecto emissionprobabilities only:

(14)

where istheestimatedmissiorprobabilityand
is de ned as(6). Notethatthe secondermof (14) comes
from the constraintof emissionprobabilities

. If we do not usethe Fisherinformation matrix asin
(Jaaklolaetal., 2000),thejoint kernelis describedas

(15)

Thisis rewritten as

(16)
where . This hasa similar
form to the count kernel (6), however the count is
centralizedandthedot productis takenwith respecto the
weight —— Theweightis dependentnthelength

, SO a proper normalizationis neededfor the Fisher
kernel.Since  representhe emissionprobability that
symbol is producedfrom state , the weight becomes
large whenthe symbol s rarely producedrom state .
It makessensepecausé¢he cooccurencef araresymbol
is a strongclue of high similarity. However this weightis
still agueable becausea hugeweight can appearwhen

is very small.

DISCUSSION

In the previous section, we derived the Fisher kernel
only from emissionprobabilities.However, if you take
the derivatives of transition probabilities as well, you

obtain a different joint kernel from the one shown in
(16). How shouldwe choosethe subsetof parameterso
take derivatives?More generally you can derive a new
parameteasa functionof a subsebf original parameters.
How abouttaking the derivative with respectto the new
parameter?

As suggestedn this example,onetheoreticalproblem
about the Fisher kernel is that it dependsnot only on
the distribution itself, but alsothe parametrizatiorwhich
a userhasintentionally chosen Considertwo parametric
models:

Let us assumethat a joint distribution is repre-
sentedby two differentparametrianodels:
In general,the Fisherkernelsderived from and

aredifferentalthoughthe underlyingdistribution
is the same. Sincethereis no admittedway to choose
properparametrizatiossofar, it is basicallydeterminedy
trial anderror.

In (13) we representedhe Fisherkernelas a function
of the joint kernel and posteriorprobabilitiesof hidden
variables. While the joint kernel is not invariant to
parametrization,

theposteriorprobabilitiesareinvariant,

Therefore choosing the parametrization amounts to
choosingthe joint kernel. You may be ableto derive the
joint kernelto t your purposeby changingparametriza-
tion. However, in our opinion, this is an awkward andin-
directway.

In the Fisher kernel scheme,you have to control
two things (i.e. joint kernel and posterior probability)
simultanoushby the choiceof a parametrianodel.In our
opinion,thereis no needto controlthemin suchanuni ed
manney becausehis schemds sometimegoo restrictive.
For example, when you would like to incorporatethe
second-ordeinformationinto the Fisherkernel,you have
to usesecond-ordeéMMs (Durbinetal., 1998).Sincethe
numberof parametersf the second-ordeHMM is much

Whenthereis one-to-onecorrespondencbetweentwo parameteispaces
around and , theFisherkernelis invariantto parametrizatioecausef
theFisherinformationmatrix (Jaaklola & Haussler1999).Howeverit is not
thecasein general.
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larger, it would bedif cult to learntheparameterseliably
with a small sampleset. This dravbackis causedby the
factthatthe joint kernelis tied to the probabilisticmodel.
In our approach,the joint kernel and the probabilistic
modelarecompletelyseparatedsoyou canutilize second
orderinformationwith a rst orderHMM asin thesecond
ordermaminalizedcountkernel.

RESULTS

In this sectionwe illustratethe performancesf mawginal-
ized kernelsin classi cation experimentsusing bacterial
gyrB aminoacidsequencegyrB - gyrasesubunit B - is a
DNA topoisomerasétype Il) which playsessentialoles
in fundamentaimechanism®f living organismssuchas
DNA replication,transcription,recombinatiorandrepair
etc. One moreimportantfeatureof gyrB is its capability
of beingan evolutionary andtaxonomicmarlker alternat-
ing popular16SrRNA (Kasaiet al., 1998). Our dataset
consistsof 84 amino acid sequence®f gyrB from ve
generdn ActinobacteriavhichareCorynebacteriunMy-
cobacterium Gordonia, Nocadia and Rhodococcusre-
spectvely (Kasaiet al., 2000). For brevity thesegenera
will becalledgenusl to 5, respectiely. Thenumberof se-
guencesn eachgenuss listedas9, 32,15,14and14.The
sequenceare,by their nature quitesimilarin termsof se-
guencesimilarity. Pairwiseidentity for eachsequencés at
least62%and99%atmost.For computingdistancematrix
basedon the sequenceaimilarity, onecanusethe BLAST
scoreqAltschul etal., 1990).However, sincesuchscores
cannotdirectly becorvertedinto positive semide niteker
nels,kernelmethodscannotbe appliedto themin princi-
ple.

In orderto investigatehow well the kernelsre ect un-
derlying generawe performedtwo kinds of experiments
— clusteringand supervisedtlassi cation. The following
kernelsarecompared:

CKZ1: Countkernel(5)

CK2: Second-ordecountkernel(9)

FK: Fisherkernel(16)

MCKZ1: Marginalizedcountkernel(7)

MCK2: Second-ordemaminalizedcountkernel(11)

As the rst experiment, K-Means clustering is per
formed in featurespacescorrespondingo kernels(see
(Muller et al., 2001) for details). The numberof clus-
tersare determinedas ve (i.e. the true number).In FK
andMCKs, we usedcomplete-connectioHMMs with 3,5
and7 statesNotethat FK is normalizedby the sequence
lengthsIn trainingHMMs, all 84 sequenceareused One
canalsotrain HMMs in a classwisemanner(Tsudaetal.,
2002). However, we did not do so becausehe number

of sequencess not large enough.For evaluatingclusters,
we usedthe adjustedRandindex (ARI) (Yeung& Ruzzo,
2001). The advantageof this index is that you cancom-
paretwo partitionswhosenumberof clustersaredifferent.
The ARI becomesl if the partitionsare completelycor

rect.Also, the expectationof the ARI is 0 whenpartitions
arerandomlydetermined.

The kernel matricesby FK and MCKs are shown in
Figure 5. Additionally, the ideal kernel is showvn for
referencewhere is 1 for any two sequencem
the samegenus,and -1 otherwise.Here, the numberof
HMM statesis threein all casesFor fair visualization,
eachkernel matrix is normalizedin the samemanner:
First, the kernel matrix is “centralized” as

where isthe matrices
whoseelementsareall . Here denoteghe number
of sequences,e. in this experiment.Then,
is normalizedby the Frobeniousnorm as
As seenin the gure, MCK2 is the bestto recover the
underlying structure.This resultis quantitatvely shavn
by ARI in Figure 6, whereCK1 and CK2 correspondo
the MCKs with only oneHMM state.Notably the Fisher
kernelwasworsethanMCKZ1, which shavs thatthe joint
kernelof the Fisherkernel(16) is not appropriatefor this
task.

In orderto seehow generaare separatedy introduc-
ing thesecondrderinformationandhiddenvariableswe
performedthe following supervisedlassi cation experi-
mentsaswell. First, we pick up two generaout of three
genera(3,4,5). General and 2 were not usedbecause
they canbe separate@asilyby all kernels.The sequences
of two generaare randomly divided into 25% training
and 75% testing samples Kernelsare compareddue to
the test error by the kernel Fisherdiscriminantanalysis
(KFDA) (Roth & Steinhage2000), which comparesa-
vorablywith the SVM in mary benchmarksNotethatthe
regularizationparameter of KFDA (Roth & Steinhage,
2000)is determinedsuchthatthetesterroris minimized.
Thetesterrorsof ve kernelsareshawvn in Tablel. The
secondorderkernels(i.e. CK2 and MCK?2) were signif-
icantly betterthanthe rst orderkernels.This resultco-
incideswith the commonunderstandinghat higherorder
informationof proteinsequencess essentiafor classi -
cation and structureprediction (e.g. Asai et al. (1993)).
ComparingCK2 and MCK2, MCK2 always performed
better whichindicateshatincorporatinghiddenvariables
(i.e.context information)is meaningfulatleastin thistask.

CONCLUSION

In this paper we proposedmarginalized kernels,which
provide a new reasonablevay to designa kernel from

Forregularizationparameter, 10 equallyspacegointsonthelog scaleare
takenfrom . Amongthesecandidatesheoptimaloneis chosen.
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Table 1. Meanerrorrates(%) of supervisedtlassi cationbetweertwo bacterialgenerg  shavsthestandardleviation). Thebestresultin eachtaskis written
in bold face.

Genera CK1 CK2 FK MCK1 MCK2

34  245[9.67] 9.10[7.87] 10.4[9.15] 12.8[9.85] 8.48[7.76]
35  12.7[8.93] 6.43[7.76] 10.9[10.1] 10.4[8.17] 5.71[7.72]
45  256[13.0] 13.5[15.5] 23.1[14.3] 20.0[14.6] 11.6[14.6]

Ideal FK

1
0.04
05
0.02
0
0.5 0
1 -0.02
MCK1 MCK?2
0.04 0.04
0.02 0.02
0 0
L1 0.02 L1 0.02

Fig. 5. (Upperleft) Ideal kernel matrix to illustrate the true clusters.(Upperright) Kernel matrix of the Fisherkernel. (Lowerleft) Kernel
matrix of the rst-order maginalizedcountkernel.(Lowerright) Kernelmatrix of the second-ordemaninalizedcountkernel.

latentvariablemodels.The Fisherkernelwasdescribedas Our work provides a generalframavork from which

aspecialcaseof mamginalizedkernelswhichhaveaddeda  diversekernelsare expectedto be constructedin future

new aspecto theFisherkerneltheory Finally, weshoved  works, we would like to derive usefulkernelsasmary as
that mamginalized count kernelsperformwell in protein  possiblenotonly in bioinformaticsbut alsoin otherareas
classi cationexperiments. in informationtechnology
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Fig. 6. Evaluationof kernelsin clusteringin termsof the adjusted
Randindex (ARI). The -axiscorrespondso the numberof states
in HMM, from which the kernelsare derived. The Fisherkernel
(FK), the maminalized count kernelsof rst-order (MCK1) and
second-orde(MCK2) are comparedNote that the countkernels
of rst-order (CK1) andsecond-orde(CK2) correspondo MCK1

andMCK2 atoneHMM state respectiely.
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