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Finding a Nash-equilibrium

problemformulation
the Nash-functiorassociateavith agame
max-inf pointsandNashequilibriumpoints

remarksaboutcomputationachemes
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Agent’s Problem

agentsa € A, finte (two?)
z, € C, C IR", decisionof agent a’

z_, € RN " decisionof all otheragents
Ug(Ta, 2_g) : RY — IR, a-performancdcn

NashEquilibrium: z = (z,a € A) € R"
suchthatfor all ¢ € A:

T, € argmin {ua Xy, T ‘Qfa c C, }
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Starting position

%%
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M athematical M od€l
4>

max Z ua’7j (xaaj R Z_a’aj)

jedJ

so that Z:I:a,j <1, 0< 24, < uby

jeJ

E ta,jxa,j S Tcapcty
jeJ
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a-perfor mance function
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The Nash-function

N(ZIZ, y) — Zua(fﬁaax—a) — ua(yaam—a)
acA

fVaecA:x,€C,, y, € C,
——o0 IfVYae A vy, €C,
andz, ¢ C, for somea € A

= 00 otherwise
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Equilibrium and max-inf points

T = (Z,, a € A) with z, € C, is aNashequilibrium
If andonly If

max inf  N(x,
r:(xq,a€A) y:(yq,acA) ( y)

= inf N(x,y) >0,
y:(yaaCLEA) ( y)

l.e., x IS anargmax-infpoint of the Nash-function.

N(x,y) ~ Zua(aza, T_q) — Ug(Ya, T—q)
acA
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Existence of Nash Equilibrium

N(z,y) ~ Zua(aja, T_g) — Ug (Yo, T_q)
ac A

existence <— 4 z € agmax-infV.
If VIS uscin x, corvex in y = existence
N uscin z if VYa, u, ISUsC& u,(x,, ) islsc

N corvexiny if C, corvex & u,(-,z_,) concae.
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Nash equilibrium
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Stability of Nash Equilibrium

N(Z,y) & D e Ua(Tas Toa) — Ua(Yas T—a)

stability of NashEquilibirum = stability of
argmax-infof Nash-function

m () —C, & u <u, = 0]
Nash-functionsV”.

lopsidedcornvergenceof Nash-fcnsV” =
convergenceof argmax-infpoints!

of bivariatefunctions

IS relatedto epi-corvergence.ofunivariate)functions
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Augmented Nash-function

PL-homotoly methods]ow dimensional
optimization-basethethodvia augmentation

7 € argmax - inf N ~ saddlepoint (z, ) of N,

T (0 — inf { (2, u) U — y,u}
Nz, y) = S { (CIZ,Z)‘ r—y < }

where - and - aredualnorms.
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| ter ations
SetC = .4 C,.

(2, y) =  Ue(xa, T_o) — Ug(Yu,z_g)ONC C
acA

N?“(xay):s { (ZC,Z)‘ 2=y = }

Y :argmax{s (x,z)‘ z—y < }
yc

x = argmin{s (x,z)‘ z—y < 1
re

as 0o, r — & max-infpoint of



1. Stochastic Environment




Existence, Algorithms

non-cooperave anduncertainervironment
theagents’optimizationproblems
iInformationflow & non-anticipatrity
disintegrationof the ‘stochastic’problem
Nash-fcnsassociateavith a stochastiggame

remarksaboutexistence computational
procedures
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Formulation
C uncertain(stochasticervironment
z, € C_decisionof agenta’ @ time 1 (now)
xr, € C ( x )decisionof agenta @ time?2

U (g, Tg) + B (€ 2,(8), 7 4(E))

performancesstimateof agent a’

NashEquilibrium: (z ,z (-)) suchthatfor all a €

| =4

(z,,7,(-)) € argmax a-performancestimate
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Agent’s Problem

max u,(r,,r_,) + E* u,(§ x,(§),x_,(§))

g% ()

so that x, € C,
To( ) € Cul @, y), V€
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Agent’s Problem

max u,(r,,r_,) + E* u,(§ x,(§),x_,(§))

g% ()

so that x, € C,
To( ) € Cul @, y), V€

atwo-stagestochastioptimizationproblem
(generalizeso -stagedynamically)
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Agent’s Problem

max u,(r,,r_,) + E* u,(§ x,(§),x_,(§))

g% ()

so that x, € C,
To( ) € Cul @, y), V€

atwo-stagestochastioptimizationproblem
(generalizeso -stagedynamically)

Note: distribution of & doesnt dependn z
but the distribution of the stateof the systenmdoes
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Stochastic Optimization

max u (z )+ F u (§ z (§))

r ,x ()

so that = €C
r()eC( x), V €

Decisionprocess:

decisionz obsenation recoursez

Informationprocess:

no informationaboutthe futureis availableto «
x cantotally depenconrealization

l.e., thereis a onx .
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‘Removing’ non-anticipativity:

| max B (z (§)) +u (§ z (£))

sothat z ( )eC ,x()eC( x ),V €
r()=x( ),V , €

With a constraintqualification,d4 multipliers
(1): — IR" suchthatE (&) = 0and

max F u (z (§)) +u (€& = (§))

T T

sothat x ()eC ,xz()eC( z ),V €

hasthe samesolutionwith z (-) = constant.




DISINTEGRATION

Onecansolwe:

max E u (z (£)) +u (§ = (§))

sothat x ()eC ,xz()eC( z ),V €
by solvingfor each €

max w (z)— () +ul )

so thatx e C ,x €eC ( x)

withz € R" .+ € R",
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Progressive hedging algorithm
Step0. pick (o )with B (&) =0, 0.




Progressive hedging algorithm

Step0. pick (o )with B (&) =0, 0.
Stepl. foreach € ,find(z - ( ),z ( ))in

max u(x)— (),z +u( z)
re x€ (x)




Progressive hedging algorithm
Step0. pick (o )with B (&) =0, 0.
Stepl. foreach € ,find(z - ( ),z ( ))in

max u(x)— (),z +u( z)
re x€ (x)

Step2.setx > =E x (&)
Stopif max ¢z () —

otherwise, ()= ()

_ (x> ()=2")
andreturnto Stepl. with = +

|
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Progressive hedging algorithm
Step0. pick (o )with B (&) =0, 0.
Stepl. foreach € ,find(z - ( ),z ( ))in

max u(x)— (),z +u( z)
re x€ (x)

Step2.setx* =F z - (§)
Stopif max ¢z () — 2
otherwise, ()= ()

| (z ()—2)
andreturnto Stepl.with = +1
Cornvemgence

addaproximalterm—( / ) x — 2z ~

|InearCOn/eI’genCe|n (3_3 ’ : ) ONR-MURI, July 2002 p.22/>
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Disintegrated equilibirum:

forae ,let ,: —= R, =( ,, a€ )

foreach € ,[find(z ,z ( ))thedeterministidNasr
equilibriumwhenthe agents’problemsare:

Ixna;CX Ua(ilfa,x_a) U( xaax—a( ))

so that x, € C,
xa E CCL( xmx—a)
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Existence and Algorithm(s)

Existence:

defineNash-functiondgor disintegratedproblems
(=> existence)

andusestability of Nashequilibriumw.r.t.
perturbationgu — ,-)

Solution Procedure:

overall stratgyy of the Progressie Hedging
algorithmto obtainconvergenceof the
(non-anticipatrity) multipliers .

In Stepl of PHa,iterateon Augmented
Nash-functiorto obtainargmax-infpoint.
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