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I. Deterministic Version
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Finding a Nash-equilibrium

problemformulation

theNash-functionassociatedwith a game

max-infpointsandNashequilibriumpoints

remarksaboutcomputationalschemes
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Agent’s Problem

agents: � � ,

� �

finte (two?)

��� � � � � �
	 , decisionof agent‘ �’

��� � � � 
� � 	 , decisionsof all otheragents

�� � � �� � � � ��� � 
 �
, �-performancefcn

NashEquilibrium:
� � � � � � � � � � � � 


suchthatfor all � � :

� ��� � �� �� ��� �� � ���� � ��� � � �� � � � �
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Starting position

B
G
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Mathematical Model

a
-a

� ��
 "! #

��%$  � � �%$  & '� � $  �

() * + � *
 "! #

� �%$  ,� - � �%$  � .�%$  

 "! #
/�%$  � �%$  0�1 0 243
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-performance function

ua,j

x  - z-aa
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The Nash-function

� �� 5 � �
� ! 6

�� � � �� ��� � � & �� � 5�� � � � �

if

7 � � � ��� � �� 5� � �

� & if
7 � � � 5� � �

and � � 8 � � for some � �

� otherwise
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Equilibrium and max-inf points

� � � � � � �� � � �

with

� � � � � is a Nashequilibrium

if andonly if

� � �9: ; 9 	$ � ! 6 <
��� =

3 : ; 3 	$ � ! 6 <
� �� 5 �

� ��� =

3 : ; 3 	$ � ! 6 <
� � �� 5 � -�

i.e.,

� � is anargmax-infpointof theNash-function.

� �� 5 � >
� ! 6

�� � ���� � � � � & �� � 5�� � � � �
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Existence of Nash Equilibrium

? @BADC E FHG
I J K

L I @BA IC ANM I FPO L I @ E IC ANM I F

existence

Q � � � argmax-inf .

if is uscin �, convex in 5 existence

uscin � if 7 �� �� is usc& �� � ���� R � is lsc

convex in 5 if � convex & �� � R� �S� � �

concave.

ONR-MURI, July2002– p.10/??



Nash equilibrium
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Stability of Nash Equilibrium

? @BADC E FHG I J K L I @A IC ANM I FPO L I @ E IC ANM I F
stabilityof NashEquilibirum = stabilityof
argmax-infof Nash-functionT� � & � T� U �� lopsidedconvergenceof
Nash-functions

T
.

lopsidedconvergenceof Nash-fcns

T

convergenceof argmax-infpoints!

lopsidedconvergenceof bivariatefunctions

is relatedto epi-convergence.of(univariate)functions
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Augmented Nash-function
PL-homotopy methods,low dimensional

optimization-basedmethodvia augmentation

� � � �� �� � � -

� � = > saddlepoint

� � �� �5 � of

VW

VW � �� 5 � �

� � =X � �� � � Y Z � Z & [ 5� � \

(] ^`_ � �� ' � �� Z ' & 5 Zba Y

where

Z R Z

and
Z R Zba

aredualnorms.
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Iterations
Set � � ! 6 � .

� �� 5 � �
� ! 6

�� � ���� �S� � � & �� � 5� � � � � �
on c

VW � �� 5 � � (] ^
_

� �� ' � �� Z ' & 5 Za Y

5 dbe f � � � � � ��
3 ! g (] ^
_

� � d� ' � �� Z ' & 5 Za Y d

� dbe f � � � � � � �
9! g (] ^
_

� �� ' � �� Z ' & 5 dbe f Za Y dbe f

as Y d h
, � d � � max-infpointof .
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II. Stochastic Environment
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Existence, Algorithms

non-cooperativeanduncertainenvironment

theagents’optimizationproblems

informationflow & non-anticipativity

disintegrationof the‘stochastic’problem

Nash-fcnsassociatedwith astochasticgame

remarksaboutexistence,computational
procedures
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Formulationi � j

uncertain(stochastic)environment

� f� � f� decisionof agent‘ �’ @ time 1 (now)

� k� � k� � iml � f � decisionof agent‘ �’ @ time 2

� f� � � f�� � f� � � � n � k� � l � k� � �� � k� � � � �o

performanceestimateof agent‘ �’

NashEquilibrium:
� � � f� � � k � R � �

suchthatfor all � � :

� � � f�� � � k� � R � � � � � � � �� �-performanceestimate
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Agent’s Problem

� ��9 p	$ 9 q	 ;sr < � f� � � f�� t � f� � � � n � k� � l � k� � �� t � k� � � � �o

( ) * + � * � f� � f�

� k� � i � � k� � iml � f� � t � f� � �� 7 i � j

a two-stagestochasticoptimizationproblem
(generalizesto -stage,dynamically)

Note: distributionof doesn’t dependon

but thedistributionof thestateof thesystemdoes
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Agent’s Problem
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Note: distributionof doesn’t dependon � f
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Stochastic Optimization

� ��9 p$ 9 q ;sr < � f � � f � n � k � l � k � � �o

() * + � * � f � f

� k � i � � k � i l � f �� 7 i � j

Decisionprocess:

decision � f u observation

i u recourse � k

Informationprocess:v no informationaboutthefutureis availableto � f

v � k cantotally dependon realization

i

i.e., thereis anon-anticipativity restrictionon � f .
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‘Removing’ non-anticipativity:

� ��9 p ;sr <$ 9 q ;sr <
n � f � � f � � � � k � l � k � � �o

() * + � * � f � i � � f� � k � i � � k � iml � f �� 7 i � j

� f � i � � � f � i w �� 7 i� i w � jx

With aconstraintqualification,

Q
multipliersy � R � � j � � p

suchthat

n y � �o � -

and

� ��9 p$ 9 q

n � f � � f � � � & [ y � �� � f � � \ � k � l � k � � �o

() * + � * � f � i � � f� � k � i � � k � i l � f �� 7 i � j

hasthesamesolutionwith

� � f � R � = constant.
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DISINTEGRATION
Onecansolve:

� ��9 p ; r <$ 9 q ; r <
n � f � � f � � � & [ y � �� � f � � \ � k � l � k � � �o

() * + � * � f � i � � f� � k � i � � k � i l � f �� 7 i � j

by solvingfor each

i � j
:

� ��9 p$ 9 q � f � � f � & [ y � i �� � f \ � k � i l � k �

() * + � * � f � f� � k � k � iml � f �

with � f � � � p� � k � � � q

,
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Progressive hedging algorithm
Step0. pick y z � R � with

n y z � �o � -
, { | -

.

Step1. for each , find in

Step2. set

Stopif

otherwise,
andreturnto Step1. with

Convergence

addaproximalterm

linearconvergencein
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Progressive hedging algorithm
Step0. pick y z � R � with

n y z � �o � -
, { | -

.
Step1. for each

i � j

, find

� � f$ d � i �� � k$ d � i � �
in

� ��9 p ! g p$ 9 q ! g q ;}�~ 9 p < � f � � f � & [ y d � i �� � f \ � k � i l � k �
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Progressive hedging algorithm
Step0. pick y z � R � with

n y z � �o � -
, { | -

.
Step1. for each

i � j

, find

� � f$ d � i �� � k$ d � i � �
in

� ��9 p ! g p$ 9 q ! g q ;}�~ 9 p < � f � � f � & [ y d � i �� � f \ � k � i l � k �

Step2. set

� � f$ d � n � f$ d � �o
Stopif � �� } ! � Z � f$ d � i � & � � f$ d Z�� �

otherwise, y dbe f � i � � y d � i � { � � f$ d � i � & � � f$ d �

andreturnto Step1. with

� � � ,

Convergence

addaproximalterm

linearconvergencein
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Progressive hedging algorithm
Step0. pick y z � R � with

n y z � �o � -
, { | -

.
Step1. for each

i � j

, find

� � f$ d � i �� � k$ d � i � �
in

� ��9 p ! g p$ 9 q ! g q ;}�~ 9 p < � f � � f � & [ y d � i �� � f \ � k � i l � k �

Step2. set

� � f$ d � n � f$ d � �o
Stopif � �� } ! � Z � f$ d � i � & � � f$ d Z�� �

otherwise, y dbe f � i � � y d � i � { � � f$ d � i � & � � f$ d �

andreturnto Step1. with

� � � ,

Convergence

addaproximalterm & � { 8�� � Z � f & � � f$ d� f Z k

linearconvergencein

� � � f$ d� y d �
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Disintegrated equilibirum:

for � � , let y� � j � ��	 ; y � � y�� � � �

� n y� � �o � -
for each

i � j

, find

� � � f� � � k � i � �
thedeterministicNash

equilibriumwhentheagents’problemsare:

� ��9 p	$ 9 q	
� f� � � f�� t � f� � � & [ y� � i �� � f� \ � k � i l � k� � t � k� � � i � �

() * + � * � f� � f� �

� k� � k� � iml � f� � t � f� � �
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Existence and Algorithm(s)
Existence:

defineNash-functionsfor disintegratedproblems
(=> existence)

andusestabilityof Nashequilibriumw.r.t.
perturbations( � f & [ y� R \ )

Solution Procedure:
overall strategy of theProgressiveHedging
algorithmto obtainconvergenceof the
(non-anticipativity) multipliers y� .

in Step1 of PHa,iterateonAugmented
Nash-functionto obtainargmax-infpoint.
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