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Abstract

We presenta simple and scalablealgorithm for large-margin estima-
tion of structuredmodels,including an importantclassof Markov net-
worksandcombinatorialmodels.We formulatetheestimationproblem
asa convex-concave saddle-pointproblemandapply the extragradient
method,yieldinganalgorithmwith linearconvergenceusingsimplegra-
dientandprojectioncalculations.Theprojectionstepcanbesolvedus-
ing combinatorialalgorithmsfor min-costquadratic�o w. Thismakesthe
approachan ef�cient alternative to formulationsbasedon reductionsto
aquadraticprogram(QP).Wepresentexperimentson two verydifferent
structuredpredictiontasks:3D imagesegmentationandwordalignment,
illustratingthefavorablescalingpropertiesof ouralgorithm.

1 Intr oduction
Thescopeof discriminative learningmethodshasbeenexpandingto encompassprediction
taskswith increasinglycomplex structure.Much of this recentdevelopmentbuilds upon
graphicalmodelsto capturesequential,spatial,recursive or relationalstructure,but aswe
will discussin this paper, thestructuredpredictionproblemis broaderstill. For graphical
models,two majorapproachesto discriminative estimationhave beenexplored: (1) maxi-
mumconditionallikelihood[15] and(2) maximummargin [6, 1, 24]. For thebroaderclass
of modelsthatwe considerhere,theconditionallikelihoodapproachis intractable,but the
largemargin formulationyieldstractableconvex problems.

We interpretthetermstructuredoutputmodelvery broadly, asa compactscoringscheme
over a (possiblyvery large) setof combinatorialstructuresanda methodfor �nding the
highestscoringstructure.In graphicalmodels,thescoringschemeis embodiedin a prob-
ability distribution over possibleassignmentsof the predictionvariablesasa function of
input variables. In modelsbasedon combinatorialproblems,the scoringschemeis usu-
ally a simple sum of weightsassociatedwith vertices,edges,or othercomponentsof a
structure;theseweightsareoftenrepresentedasparametricfunctionsof a setof features.
Giventraininginstanceslabeledby desiredstructuredoutputs(e.g.,matchings)andasetof



featuresthatparameterizethescoringfunction,thelearningproblemis to �nd parameters
suchthatthehighestscoringoutputsareascloseaspossibleto thedesiredoutputs.

Exampleof predictiontaskssolvedvia combinatorialoptimizationproblemsincludebipar-
tite andnon-bipartitematchingin alignmentof 2D shapes[5], word alignmentin natural
languagetranslation[17] anddisul�de connectivity predictionfor proteins[3]. All of these
problemscanbe formulatedin termsof a tractableoptimizationproblem. Therearealso
interestingsubfamiliesof graphicalmodelsfor which large-margin methodsaretractable
whereaslikelihood-basedmethodsarenot;anexampleis theclassof Markov random�elds
with restrictedpotentialsusedfor objectsegmentationin vision [14, 2].

Tractability is not necessarilysuf�cient to obtainalgorithmsthatwork effectively in prac-
tice. In particular, althoughtheproblemof largemargin estimationcanbeformulatedasa
quadraticprogram(QP) in severalcasesof interest[2, 23], andalthoughthis formulation
exploits enoughof the problemstructureso asto achieve a polynomialrepresentationin
termsof thenumberof variablesandconstraints,off-the-shelfQPsolversscalepoorlywith
problemandtrainingsamplesizefor thesemodels.To solve large-scalemachinelearning
problems,researchersoften turn to simplegradient-basedalgorithms,in which eachindi-
vidualstepis cheapin termsof computationandmemory. Examplesof thisapproachin the
structuredpredictionsettingincludetheStructuredSequentialMinimal Optimizationalgo-
rithm [24, 22] andtheStructuredExponentiatedGradientalgorithm[4]. Thesealgorithms
are�rst-order methodsfor solvingQPsarisingfrom low-treewidth Markov random�elds
andotherdecomposablemodels. They areable to scaleto signi�cantly larger problems
thanoff-the-shelfQPsolvers. However, they arelimited in scopein that they rely on dy-
namicprogrammingto computeessentialquantitiessuchasgradients.They do not extend
to modelsin whichdynamicprogrammingis notapplicable,for example,to problemssuch
asmatchingsandmin-cuts.

In this paper, we presentan estimationmethodologyfor structuredpredictionproblems
thatdoesnot requirea general-purposeQPsolver. We proposea saddle-pointformulation
which allows us to exploit simple gradient-basedmethods[13] with linear convergence
guarantees.Moreover, we show that thekey computationalstepin thesemethods—acer-
tainprojectionoperation—inheritsthefavorablecomputationalcomplexity of theunderly-
ing optimizationproblem.This importantresultmakesour approachviablecomputation-
ally. In particular, for matchingsandmin-cuts,projectioninvolvesa min-costquadratic
�o w computation,a problemfor which ef�cient, highly-specializedalgorithmsareavail-
able. We illustrate the effectivenessof this approachon two very different large-scale
structuredpredictiontasks:3D imagesegmentationandwordalignmentin translation.

2 Structur edmodels
We begin by discussingtwo specialcasesof thegeneralframework thatwe subsequently
present:(1) aclassof Markov networksusedfor segmentation,and(2) abipartitematching
modelfor word alignment. Despitesigni�cant differencesin the setupfor thesemodels,
they sharethepropertythatin bothcasestheproblemof �nding thehighest-scoringoutput
canbeformulatedasa linearprogram(LP).

Mark ov networks. We considera specialclassof Markov networks, commonin vision
applications,in which inferencereducesto a tractablemin-cutproblem[8]. Focusingon
binaryvariables,y = f y1; : : : ; yN g, andpairwisepotentials,we de�ne a joint distribution
over f 0; 1gN via P(y ) /

Q
j 2V � j (yj )

Q
j k2E � j k (yj ; yk ), where(V; E) is anundirected

graph,andwheref � j (yj ); j 2 Vg arethenodepotentialsandf � j k (yj ; yk ); j k 2 Eg are
theedgepotentials.

In imagesegmentation(seeFig. 1(a)), the nodepotentialscapturelocal evidenceabout
the labelof a pixel or laserscanpoint. Edgesusuallyconnectnearbypixels in an image,
and serve to correlatetheir labels. Assumingthat suchcorrelationstend to be positive
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(a) (b)
Figure1: Examplesof structuredpredictionapplications:(a) articulatedobjectsegmenta-
tion and(b) wordalignmentin machinetranslation.

(connectednodestendto have thesamelabel),werestricttheform of edgepotentialsto be
of theform � j k (yj ; yk ) = expf� sj k 1I(yj 6= yk )g, wheresj k is a non-negative penaltyfor
assigningyj andyk differentlabels. Expressingnodepotentialsas� j (yj ) = expf sj yj g,

wehaveP(y ) / exp
nP

j 2V sj yj �
P

j k2E sj k 1I(yj 6= yk )
o

. Underthisrestrictionof the
potentials,it is known that the problemof computingthe maximizingassignment,y � =
argmaxP(y j x), hasa tractableformulationasa min-cutproblem[8]. In particular, we
obtainthefollowing LP:

max
0� z� 1

X

j 2V

sj zj �
X

j k2E

sj k zj k s:t : zj � zk � zj k ; zk � zj � zj k ; 8j k 2 E: (1)

In this LP, a continuousvariablezj is a relaxationof thebinaryvariableyj . Notethat the
constraintsareequivalentto jzj � zk j � zj k . Becausesj k is positive,zj k = jzk � zj j at the
maximum,which is equivalentto 1I(zj 6= zk ) if thezj ; zk variablesarebinary. An integral
optimalsolutionalwaysexists,astheconstraintmatrix is totally unimodular[21] (that is,
therelaxationis notanapproximation).

Wecanparametrizethenodeandedgeweightssj andsj k in termsof user-providedfeatures
x j andx j k associatedwith thenodesandedges.In particular, in 3Drangedata,x j mightbe
spinimagefeaturesor spatialoccupancy histogramsof a point j , while x j k might include
the distancebetweenpoints j andk, the dot-productof their normals,etc. The simplest
model of dependenceis a linear combinationof features:sj = w >

n fn (x j ) and sj k =
w >

e fe(x j k ), wherewn andwe arenodeandedgeparameters,andfn andfe arenodeand
edgefeaturemappings,of dimensiondn andde, respectively. To ensurenon-negativity
of sj k , we assumethe edgefeaturesfe to be non-negative and restrict w e � 0. This
constraintis easily incorporatedinto the formulationwe presentbelow. We assumethat
the featuremappingsf are provided by the userandour goal is to estimateparameters
w from labeleddata. We abbreviate the scoreassignedto a labelingy for an input x as
w > f (x ; y ) =

P
j yj w >

n fn (x j ) �
P

j k2E yj k w >
e fe(x j k ), whereyj k = 1I(yj 6= yk ).

Matchings. Considermodeling the task of word alignmentof parallel bilingual sen-
tences(seeFig. 1(b)) asa maximumweightbipartitematchingproblem,wherethenodes
V = Vs [ Vt correspondto thewordsin the“source”sentence(Vs) andthe“target” sen-
tence(Vt ) andtheedgesE = f j k : j 2 Vs; k 2 Vt g correspondto possiblealignments
betweenthem. For simplicity, assumethat eachword alignsto oneor zerowordsin the
othersentence.Theedgeweightsj k representsthedegreeto whichword j in onesentence
cantranslateinto thewordk in theothersentence.Ourobjectiveis to �nd analignmentthat
maximizesthesumof edgescores.Werepresentamatchingusingasetof binaryvariables



yj k thataresetto 1 if word j is assignedto word k in theothersentence,and0 otherwise.
Thescoreof anassignmentis thesumof edgescores:s(y ) =

P
j k2E sj k yj k . Themax-

imum weightbipartitematchingproblem,argmaxy 2Y s(y ), canbefoundby solving the
following LP:

max
0� z� 1

X

j k2E

sj k zj k s:t :
X

j 2V s

zj k � 1; 8k 2 Vt ;
X

k2V t

zj k � 1; 8j 2 Vs; (2)

whereagain the continuousvariableszj k correspondto the relaxationof the binary vari-
ablesyj k . As in themin-cutproblem,this LP is guaranteedto have integral solutionsfor
any scoringfunctions(y ) [21].

For word alignment,thescoressj k canbede�ned in termsof theword pair j k andinput
featuresassociatedwith x j k . Wecanincludetheidentityof thetwo words,relativeposition
in the respective sentences,part-of-speechtags,stringsimilarity (for detectingcognates),
etc. We let sj k = w > f (x j k ) for someuser-provided featuremappingf andabbreviate
w > f (x ; y ) =

P
j k yj k w > f (x j k ).

General structur e. More generally, we considerpredictionproblemsin which the in-
put x 2 X is an arbitrary structuredobject and the output is a vector of valuesy =
(y1; : : : ; yL x ), for example,a matchingor a cut in the graph. We assumethat the length
L x andthestructureof y dependdeterministicallyon the input x. In our word alignment
example,theoutputspaceis de�ned by thelengthof thetwo sentences.Denotetheoutput
spacefor agiveninput x asY(x) andtheentireoutputspaceasY =

S
x 2X Y(x).

Considertheclassof structuredpredictionmodelsH de�nedby thelinearfamily: hw (x) =
argmaxy 2Y (x ) w > f (x ; y ); wheref (x ; y ) is a vectorof functionsf : X � Y 7! IRn . This
formulationis verygeneral.Indeed,it is toogeneralfor ourpurposes—formany f ; Y pairs,
�nding theoptimaly is intractable.Below, we specializeto theclassof modelsin which
the argmax problemcan be solved in polynomial time using linear programming(and
moregenerally, convex optimization);this is still a very largeclassof models.

3 Max-margin estimation
We assumea setof training instancesS = f (x i ; y i )gm

i =1 , whereeachinstanceconsists
of a structuredobjectx i (suchasa graph)anda target solutiony i (suchasa matching).
Considerlearningthe parametersw in the conditionallikelihoodsetting. We cande�ne
Pw (y j x) = 1

Z w (x ) expf w > f (x ; y )g, whereZw (x) =
P

y 02Y (x ) expf w > f (x ; y 0)g,
andmaximizetheconditionallog-likelihood

P
i logPw (y i j x i ), perhapswith additional

regularizationof the parametersw. However, computingthe partition function Zw (x)
is # P-complete[28, 11] for the two structuredpredictionproblemswe presentedabove,
matchingsandmin-cuts. Instead,we adoptthe max-margin formulationof [24], which
directly seeksto �nd parametersw suchthat: y i = argmaxy 0

i 2Y i
w > f (x i ; y 0

i ); 8i;
whereYi = Y(x i ) andy i denotestheappropriatevectorof variablesfor examplei . The
solutionspaceYi dependson thestructuredobjectx i ; for example,thespaceof possible
matchingsdependson theprecisesetof nodesandedgesin thegraph.

As in univariate prediction, we measurethe error of prediction using a loss function
`(y i ; y 0

i ). To obtaina convex formulation,we upperboundthe loss`(y i ; hw (x i )) using
thehingefunction: maxy 0

i 2Y i [w
> f i (y 0

i ) + ` i (y 0
i )] � w > f i (y i ); where` i (y 0

i ) = `(y i ; y 0
i ),

andf i (y 0
i ) = f (x i ; y 0

i ). Minimizing this upperboundwill forcethetruestructurey i to be

optimalwith respectto w for eachinstancei . WeaddastandardL 2 weightpenalty jj w jj 2

2C :

min
w 2W

jjw jj2

2C
+

X

i

max
y 0

i 2Y i

[w > f i (y 0
i ) + ` i (y 0

i )] � w > f i (y i ); (3)



whereC is aregularizationparameterandW is thespaceof allowedweights(for example,
W = IRn orW = IRn

+ ). Notethatthisformulationisequivalentto thestandardformulation
usingslackvariables� andslackpenaltyC presentedin [24, 23].

The key to solving Eq. (3) ef�ciently is the loss-augmentedinference problem,
maxy 0

i 2Y i [w
> f i (y 0

i ) + ` i (y 0
i )]. This optimizationproblemhaspreciselythesameform as

the predictionproblemwhoseparameterswe aretrying to learn—maxy 0
i 2Y i w > f i (y 0

i )—
but with an additionalterm correspondingto the loss function. Tractability of the loss-
augmentedinferencethusdependsnot only on thetractabilityof maxy 0

i 2Y i w > f i (y 0
i ), but

alsoon the form of the lossterm ` i (y 0
i ). A naturalchoicein this regard is the Hamming

distance,which simply countsthe numberof variablesin which a candidatesolutiony 0
i

differs from the target outputy i . In general,we needonly assumethat the lossfunction
decomposesover thevariablesin y i .

For example,in the caseof bipartitematchingsthe Hamminglosscountsthe numberof
differentedgesin thematchingsy i andy 0

i andcanbewritten as: `H
i (y 0

i ) =
P

j k yi;j k +P
j k (1 � 2y0

i;j k )yi;j k : Thusthe loss-augmentedmatchingproblemfor examplei canbe
writtenasanLP similar to Eq.(2) (without theconstantterm

P
j k yi;j k ):

max
0� z� 1

X

j k

zi;j k [w > f (x i;j k ) + 1 � 2yi;j k ] s:t :
X

j

zi;j k � 1;
X

k

zi;j k � 1:

Generally, whenwecanexpressmaxy 0
i 2Y i w > f i (y 0

i ) asanLP, maxz i 2Z i w > F i zi , where
Z i = f zi : A i zi � b i ; zi � 0g, for appropriatelyde�ned constraintsA i ; b i andfea-
ture matrix F i , we have a similar LP for the loss-augmentedinferencefor eachexam-
ple i : di + maxz i 2Z i (w

> F i + ci )> zi for appropriatelyde�ned di ; F i ; ci ; A i ; b i . Let
z = f z1; : : : ; zm g, Z = Z1 � : : : � Zm .

We couldproceedby makinguseof Lagrangianduality, which yieldsa joint convex opti-
mizationproblem;this is theapproachdescribedin [23]. Insteadwe take a differenttack
here,posingtheproblemin its naturalsaddle-pointform:

min
w 2W

max
z2Z

jjw jj2

2C
+

X

i

�
w > F i zi + c>

i zi � w > f i (y i )
�

: (4)

As we discussin the following section,this approachallows usto exploit thestructureof
W andZ separately, allowing for ef�cient solutionsfor a wider rangeof parameterand
structurespaces.

4 Extragradient method
Thekey operationsof themethodwepresentbelow aregradientcalculationsandEuclidean
projections.Welet L (w; z) = jj w jj 2

2C +
P

i

�
w > F i zi + c>

i zi � w > f i (y i )
�

; with gradients
givenby: r w L(w; z) = w

C +
P

i F i zi � f i (y i ) andr z i L(w; z) = F>
i w + ci . Wedenote

theprojectionof avectorzi ontoZ i as� Z i (zi ) = argminz0
i 2Z i

jj z0
i � zi jj andsimilarly, the

projectionontoW as� W (w 0) = argminw 2W jjw 0� w jj . A well-known solutionstrategy
for saddle-pointoptimizationis providedby theextragradientmethod[13]. An iterationof
theextragradientmethodconsistsof two very simplesteps,prediction(w; z) ! (w p; zp)
andcorrection(w p; zp) ! (w c; zc):

w p = � W (w � � r w L(w; z)); zp
i = � Z i (zi + � r z i L(w; z)); (5)

w c = � W (w � � r w L(w p; zp)); zc
i = � Z i (zi + � r z i L(w p; zp)); (6)

where� is an appropriatelychosenstepsize. The algorithmstartswith a feasiblepoint
w = 0, zi 's that correspondto the assignmentsy i 's and stepsize � = 1. After each
predictionstep,it computesr = � jjr L (w ;z) �r L (w p ;zp ) jj

( jj w � w p jj + jj z� zp jj ) : If r is greaterthana threshold



� , the stepsize is decreasedusing an Armijo type rule: � = (2=3)� min(1; 1=r), and
a new predictionstepis computeduntil r � � , where� 2 (0; 1) is a parameterof the
algorithm.Onceasuitable� is found,thecorrectionstepis takenand(w c; zc) becomesthe
new (w; z). Themethodis guaranteedto converge linearly to a solutionw � ; z� [13, 10].
SeeAppendix A for details. By comparison,ExponentiatedGradient[4] hassublinear
convergencerateguarantees,while StructuredSMO[22] hasnone.

The key stepin�uencing the ef�ciency of the algorithmis the Euclideanprojectiononto
the feasiblesetsW andZ i . In caseW = IRn , the projectionis the identity operation;
projectingonto IRn

+ consistsof clipping negative weightsto zero. Additional problem-
speci�c constraintsontheweightspacecanbeef�ciently incorporatedin thisstep(although
linearconvergenceguaranteesonly hold for polyhedralW). In caseof wordalignment,Z i
is the convex hull of bipartite matchingsand the problemreducesto the much-studied
minimumcostquadratic�o w problem.Theprojectionzi = � Z i (z

0
i ) is givenby

min
0� z� 1

X

j k

1
2

(z0
i;j k � zi;j k )2 s:t :

X

j

zi;j k � 1;
X

k

zi;j k � 1:

Weuseastandardreductionof bipartitematchingto min-cost�o w by introducingasource
nodes linked to all the nodesin Vs

i (wordsin the “source” sentence),anda sink nodet
linkedfrom all thenodesin Vt

i (wordsin the“target” sentence),usingedgesof capacity1
andcost0. Theoriginal edgesj k have a quadraticcost 1

2 (z0
i;j k � zi;j k )2 andcapacity1.

Minimum (quadratic)cost�o w from s to t is theprojectionof z0
i ontoZ i .

The reductionof theprojectionto minimumquadraticcost�o w for themin-cutpolytope
Z i is shown in AppendixB. Algorithmsfor solvingthis problemarenearlyasef�cient as
thosefor solvingregularmin-cost�o w problems.In caseof word alignment,therunning
timescaleswith thecubeof thesentencelength.Weusepublicly-availablecodefor solving
thisproblem[9] (seehttp://www.math.washington.edu/˜tseng/netflowg_nl/ ).

5 Experiments
We investigate two structuredmodelswe describedabove: bipartitematchingsfor word
alignmentsandrestrictedpotentialMarkov netsfor 3D segmentation.A commercialQP-
solver, MOSEK, runsout of memoryon the problemswe describebelow using the QP
formulation [23]. We comparedthe extragradientmethodwith the averagedperceptron
algorithm [6]. A questionwhich arisesin practiceis how to choosethe regularization
parameterC. The typical approachis to run the algorithmfor several valuesof the reg-
ularizationparameterand pick the bestmodel using a validation set. For the averaged
perceptron,astandardmethodis to run thealgorithmtrackingits performanceonavalida-
tion set,andselectingthemodelwith bestperformance.We usethesametrainingregime
for theextragradientby runningit with C = 1 .

Object segmentation. We test our algorithm on a 3D scansegmentationproblemus-
ing theclassof Markov networks with potentialsthatweredescribedabove. Thedataset
is a challengingcollectionof clutteredscenescontainingarticulatedwoodenpuppets[2].
It containseleven differentsingle-view scansof threepuppetsof varying sizesandposi-
tions, with clutter andoccludingobjectssuchasrope,sticksandrings. Eachscancon-
sistsof around7; 000 points. Our goal was to segment the scenesinto two classes—
puppet andbackground. We use� ve of the scenesfor our training data,threefor val-
idation andthreefor testing. Samplescansfrom the training andtestsetcanbe seenat
http://www.cs.berkeley.edu/˜taskar/3DSegment/ . We computedspin images
of size10� 5 binsat two differentresolutions,thenscaledthevaluesandperformedPCA
to obtain45 principalcomponents,which comprisedour nodefeatures.We usedthesur-
facelinks outputby the scannerasedgesbetweenpointsandfor eachedgeonly useda
singlefeature,setto aconstantvalueof 1 for all edges.This resultsin all edgeshaving the
samepotential.Thetrainingdatacontainsapproximately37; 000nodesand88; 000edges.
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Figure2: Bothplotsshow testerrorfor theaveragedperceptronandtheextragradient(left
y-axis)andtraininglosspernodeor edgefor theextragradient(right y-axis)versusnumber
of iterationsfor (a)objectsegmentationtaskand(b) wordalignmenttask.

Training time took about4 hoursfor 600 iterationson a 2.80GHzPentium4 machine.
Fig. 2(a)shows thattheextragradienthasa consistentlylower errorrate(about3% for ex-
tragradient,4%for averagedperceptron),usingonly slightly moreexpensivecomputations
per iteration. Also shown is thecorrespondingdecreasein thehinge-lossupperboundon
thetrainingdataastheextragradientprogresses.

Word alignment. We alsotestedour learningalgorithmon word-level alignmentusinga
datasetfrom the 2003NAACL set[18], the English-FrenchHansardstask. This corpus
consistsof 1.1M automaticallyalignedsentences,andcomeswith a validationsetof 39
sentencepairsanda testsetof 447sentences.Thevalidationandtestsentenceshave been
hand-alignedandaremarked with bothsure andpossiblealignments.Using thesealign-
ments,alignmenterror rate (AER) is calculatedas: AE R(A; S; P) = 1 � jA \ Sj+ jA \ P j

jA j+ jSj :
Here,A is a setof proposedindex pairs,S is thesetof suregold pairs,andP is thesetof
possiblegoldpairs(whereS � P).

Weusedtheintersectionof thepredictionsof theEnglish-to-FrenchandFrench-to-English
IBM Model 4 alignments(usingGIZA++ [19]) on the �rst 5000sentencepairsfrom the
1.1M sentences.Thenumberof edgesfor 5000sentenceswasabout555,000.We tested
on the 347 hand-alignedtestexamples,andusedthe validationsetto selectthe stopping
point. Thefeatureson thewordpair (ej ; f k ) includemeasuresof association,orthography,
relative position,predictionsof generative models(see[26] for details). It took about3
hoursto perform600 training iterationson the training datausinga 2.8GHzPentium4
machine. Fig. 2(b) shows the extragradientperformingslightly better(by about0.5%)
thanaverageperceptron.

6 Conclusion

We have presenteda generalsolutionstrategy for large-scalestructuredpredictionprob-
lems.We have shown that theseproblemscanbeformulatedassaddle-pointoptimization
problems,problemsthat are amenableto solution by the extragradientalgorithm. Key
to our approachis the recognitionthat the projectionstepin the extragradientalgorithm
canbesolvedby network �o w algorithms.Network �o w algorithmsareamongthemost
well-developedin the �eld of combinatorialoptimization,and yield stable,ef�cient al-
gorithmic platforms. We have exhibited the favorablescalingof this overall approachin
two concrete,large-scalelearningproblems. It is alsoimportantto notethat the general
approachextendsto a muchbroaderclassof problems. In [25], we show how to apply
this approachef�ciently to othertypesof models,includinggeneralMarkov networksand
weightedcontext-freegrammars,usingBregmanprojections.
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A Convergenceanalysis

Theconvergenceanalysisof theextragradientmethodis basedon a moregeneralframe-
work of variational inequalites[7]. We begin by establishingsomenotationand de�-
nitions. Becausethe optimizationis over a convex set, a feasiblepoint (w � ; z� ), with
w � 2 W; z� 2 Z , is asolutionof Eq.(4) if andonly if

r w L(w � ; z� )> (w � w � ) � 0; 8w 2 W;

r z i L(w � ; z� )> (zi � z�
i ) � 0; 8i; 8zi 2 Z i :

Let uscombinew andz into onevector:

u =

0

B
B
@

w
z1
...

zm

1

C
C
A ; U =

8
>><

>>:

0

B
B
@

w
z1
...

zm

1

C
C
A : w 2 W; zi 2 Z i ; 8i

9
>>=

>>;
;

anddenotetheprojectionoperatorontoU as� U (v ) = argminu 2U jju � v jj . NotethatU
is convex sinceit is adirectproductof convex sets.Wedenotethe(af�ne) gradientoperator
on this joint spaceas

T(u) =

0

B
B
@

r w L(w; z)
�r z1 L(w; z)

...
�r zm L(w; z)

1

C
C
A =

0

B
B
@

I =C F1 � � � Fm

� F>
1

... 0
� F>

m

1

C
C
A

0

B
B
@

w
z1
...

zm

1

C
C
A �

0

B
B
@

P
f i (y i )
c1
...

cm

1

C
C
A = Fu � a;

whereI in theupper-left cornerof theF is theidentitymatrixof appropriatesize.

With thesede�nitions, theoptimality conditionfor apointu � 2 U becomes:

T(u � )> (u0 � u � ) � 0; 8u0 2 U: (7)



Wedenotethesetof solutionssatisfyingtheseconditionsasU� . Problemsof this form are
calledvariationalinequalitiesandarisein many importantapplicationssuchasoptimiza-
tion, solvingsystemof equationsandmarketequilibrium[7].

Let usde�ne a residualerrorfunctionfor Eq.(7):

e(u; � ) = u � � U (u � � T(u)) :

Notethatfor � > 0, thezerosof e(u; � ) arepreciselythesolutionsof Eq.(7):

e(u; � ) = 0 , u 2 U� : (8)

This is a consequenceof a characterizationof theprojectionof anarbitrarypoint v ontoa
convex setU; let u 2 U, thenwehave:

(v � u)> (u0 � u) � 0; 8u0 2 U , u = � U (v ): (9)

Assumee(u; � ) = 0; � > 0 andlet v = u � � T(u). Sincee(u; � ) = 0, u = � U (v ) =
� U (u � � T(u)) . Pluggingv in Eq. (9), shows that u satis�es the optimality condition
in Eq. (7). Conversely, assumeu � satis�es Eq. (7) and let u+ = � U (u � � � T(u � )) .
By Eq.(9), wehave

(u � � � T(u � )� u+ )> (u0� u+ ) = (u � � u+ )> (u0� u+ )� � T(u � )> (u0� u+ ) � 0; 8u0 2 U:

In particular, for u0 = u � , we have jju � � u+ jj2 � � T(u � )> (u � � u+ ). Sincethe
right-hand-side,� T(u � )> (u � � u+ ); is non-positive by Eq. (7), andthe left-hand-sideis
non-negative,wehave u = u+ andhencee(u; � ) = 0.

Wewill makeuseof thefollowing theorem(whichholdsfor moregeneraloperatorsT(u))
to prove theconvergenceof theextragradientmethodfor structuredpredictionproblems.

TheoremA.1 (Theorem2.1 in [10]) Let f � k g be a sequencesuch that inf k f � k g =
� min > 0 andlet c0 > 0 bea constant.If thesequencef uk g satis�es:

jjuk+1 � u � jj2 � jjuk � u � jj2 � c0jje(uk ; � k )jj2; 8u � 2 U� ; (10)

thenf uk g convergesto a solutionpointof Eq.(7).

Theextragradientalgorithmcanbewrittenas:

(P) �uk+1 = � U (uk � � k T(uk ));

(C) uk+1 = � U (uk � � k T( �uk+1 )) ;

with r k = � k jjT(uk ) � T( �uk+1 )jj=jjuk � �uk+1 jj . Undertheassumptionthatr k < � < 1,
Korpelevich [13] showedthatfor theextragradient,c0 = (1 � � )2 in Eq.(10):

jjuk+1 � u � jj2 � jjuk � u � jj2 � (1 � � )2jje(uk ; � k )jj2; 8u � 2 U� ;

It remainsto show that we canlower bound� k away from zerofor the Armijo type rule
� k = (2=3)� k min(1; 1=rk ). Notethat

max
u ;v

jjT(u) � T(v )jj
jju � v jj

= max
jj u jj =1

jjFujj = jjF jj ;

wherejjF jj is thestandardmatrixnorminducedby theEuclideanvectornormjj � jj . Hence,
� k < � =jjF jj ensuresr k < � , which leaves� k constantandaway from zero.Thenormof
F ultimatelydependson theproblem(mincutor matching),thenumberof examplesand
thefeaturemapf (x; y ).

Thelocal linearconvergenceof theextragradientmethodis well establishedfor af�ne T(u)
andpolyhedralU [16, 27]. Let d(u; U� ) be the shortestdistancefrom u to a solution
of Eq.(7): d(u; U� ) = inf u � 2U � jju � u � jj . NotethatEq.(10) impliesthat

d(uk+1 ; U� )2 � d(uk ; U� )2 � c0jje(uk ; � k )jj2: (11)



To provelocal linearconvergence,it suf�ces to show thatfor someconstants� > 0; c1 > 0,

d(u; U� ) � c1jje(u; � k )jj ; 8u 2 U; whenever jje(u; � k )jj � �;

which impliesthatfor suf�ciently largek,

d(uk+1 ; U� )
d(uk ; U� )

�
r

1 �
c0

c2
1

(12)

For polyhedralspacesU = f u : u � 0; Au � bg, theconstantis givenby

c1 = jjA > jj=� (BB > );

where� (BB > ) is thesmallesteigenvalueof thematrix BB > , with B formedby linearly
independentrowsof A correspondingto constraintsactive at thesolution[20, 16].

B Min-cut polytopeprojections

Considerprojectionfor asingeexamplei :

min
z

X

j 2V

1
2

(z0
j � zj )2 +

X

j k2E

1
2

(z0
j k � zj k )2 (13)

s:t : 0 � zj � 1; 8j ; zj � zk � zj k ; zk � zj � zj k ; 8j k:

Let h+
j (zj ) = 1

2 (z0
j � zj )2 if 0 � zj , else1 . We introducenon-negative Lagrangian

variables� j k ; � k j for thetwo constraintsfor eachedgej k and� j 0 for theconstraintzj � 1
eachnodej .

TheLagrangianis givenby:

L (z; � ) =
X

j

h+
j (zj ) +

X

j k

1
2

(z0
j k � zj k )2 �

X

j

(1 � zj )� j 0

�
X

j k

(zj k � zj + zk )� j k �
X

j k

(zj k � zk + zj )� k j

Letting � 0j = � j 0 +
P

k :j k2E (� j k � � k j ), notethat
X

j

zj � 0j =
X

j

zj � j 0 +
X

j k

(zj � zk )� j k +
X

j k

(zk � zj )� k j :

SotheLagrangianbecomes:

L (z; � ) =
X

j

h+
j (zj ) + zj � 0j � � j 0 +

X

j k

1
2

(z0
j k � zj k )2 � zj k (� j k + � k j ):

Now, minimizingL(z; � ) with respectto z, wehave

inf
z

L(z; � ) =
X

j k

qj k (� j k + � k j ) +
X

j

q0j (� 0j ) � � j 0;

where qj k (� j k + � k j ) = inf zj k

h
1
2 (z0

j k � zj k )2 � zj k (� j k + � k j )
i

and q0j (� 0j ) =

inf zj [h+
j (zj ) + zj � 0j ]: Theminimizingvaluesof z are:

z�
j = arg inf

zj

�
h+

j (zj ) + zj � 0j
�

=
�

0 � 0j � z0
j ;

z0
j � � 0j � 0j � z0

j ;

z�
j k = arg inf

zj k

�
1
2

(z0
j k � zj k )2 � zj k (� j k + � k j )

�
= z0

j k + � j k + � k j :



Hence,wehave:

qj k (� j k + � k j ) = � z0
j k (� j k + � k j ) �

1
2

(� j k + � k j )2

q0j (� 0j ) =
�

1
2 z0

j
2 � 0j � z0

j ;
z0

j � 0j � 1
2 � 2

0j � 0j � z0
j :

Thedualof theprojectionproblemis thus:

max
�

X

j

q0j (� 0j ) � � j 0 +
X

j k

� z0
j k (� j k + � k j ) �

1
2

(� j k + � k j )2 (14)

s:t : � j 0 � � 0j +
X

j k

(� j k � � k j ) = 0; 8j ;

� j k ; � k j � 0; 8j k; � j 0 � 0; 8j :

Interpreting� j k as�o w from nodej to nodek, and� k j as�o w from k to j and� j 0; � 0j as
�o w fromandtoaspecialnode0, wecanidentify theconstraintsof Eq.(14)asconservation
of �o w constraints.The last transformationwe needis to addressthe presenceof cross-
terms� j k � k j in the objective. Note that in the �o w conservation constraints,� j k , � k j

alwaysappeartogetheras� j k � � k j . Sincewe areminimizing (� j k + � k j )2 subjectto
constraintson� j k � � k j , at leastoneof � j k , � k j will bezeroat theoptimumandthecross-
termscanbe ignored. Note that all � variablesarenon-negative exceptfor � 0j 's. Many
standard�o w packagessupportthis problemform, but we canalsotransformtheproblem
to have all non-negative �o ws by introducingextra variables.The�nal form hasa convex
costfor eachedge:

min
�

X

j

� q0j (� 0j ) + � j 0 +
X

j k

z0
j k � j k +

1
2

� 2
j k +

X

j k

z0
j k � k j +

1
2

� 2
k j (15)

s:t : � j 0 � � 0j +
X

j k

� j k � � k j = 0; 8j ;

� j k ; � k j � 0; 8j k; � j 0 � 0; 8j :


