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Abstract

We presenta simple and scalablealgorithm for large-magin estima-
tion of structuredmodels,including animportantclassof Markov net-

works andcombinatoriaimodels. We formulatethe estimationproblem
asa corvex-concae saddle-pointproblemand apply the extragradient
method yielding analgorithmwith linearcornvergenceusingsimplegra-

dientandprojectioncalculations.The projectionstepcanbe solved us-

ing combinatoriaklgorithmsfor min-costquadratico w. Thismakesthe

approachan ef cient alternatve to formulationsbasedon reductiongo

aquadratigprogram(QP).We presenexperimenton two very different
structuredpredictiontasks:3D imagesegmentatiorandword alignment,
illustratingthefavorablescalingpropertiesof our algorithm.

1 Intr oduction

Thescopeof discriminatize learningmethodshasbeenexpandingto encompasprediction
taskswith increasinglycomplex structure. Much of this recentdevelopmentbuilds upon
graphicalmodelsto capturesequentialspatial,recursve or relationalstructure but aswe
will discussin this paper the structuredpredictionproblemis broaderstill. For graphical
models, two majorapproacheto discriminative estimationhave beenexplored: (1) maxi-
mumconditionallik elihood[15] and(2) maximummaugin [6, 1, 24]. For thebroaderlass
of modelsthatwe considethere the conditionallik elihoodapproachs intractable put the
large maigin formulationyieldstractablecorvex problems.

We interpretthe term structuied outputmodelvery broadly asa compactscoringscheme
over a (possiblyvery large) setof combinatorialstructuresand a methodfor nding the
highestscoringstructure.In graphicalmodels,the scoringschemeas embodiedn a prob-
ability distribution over possibleassignment®sf the predictionvariablesasa function of
input variables. In modelsbasedon combinatorialproblems the scoringschemes usu-
ally a simple sum of weightsassociatedvith vertices,edges,or other componentof a
structuretheseweightsare often representeds parametridunctionsof a setof features.
Giventraininginstancesabeledby desiredstructurecbutputs(e.g.,matchingsanda setof



featureghatparameterize¢he scoringfunction, the learningproblemis to nd parameters
suchthatthe highestscoringoutputsareascloseaspossibleto thedesiredoutputs.

Exampleof predictiontaskssolvedvia combinatoriabptimizationproblemsncludebipar
tite andnon-bipartitematchingin alignmentof 2D shapeg5], word alignmentin natural
languagdranslation17] anddisul de connectvity predictionfor proteing3]. All of these
problemscanbe formulatedin termsof a tractableoptimizationproblem. Therearealso
interestingsubfamilies of graphicalmodelsfor which large-magin methodsaretractable
whereadik elihood-basedhethodsarenot; anexampleis theclassof Markov randomelds
with restrictedpotentialsusedfor objectsegmentatiorin vision [14, 2].

Tractabilityis not necessarilysufcient to obtainalgorithmsthatwork effectively in prac-
tice. In particular althoughthe problemof large margin estimationcanbe formulatedasa
guadraticprogram(QP) in several casef interest[2, 23], andalthoughthis formulation
exploits enoughof the problemstructureso asto achieve a polynomialrepresentatiom
termsof thenumberof variablesandconstraintsoff-the-shelfQP solversscalepoorly with
problemandtraining samplesizefor thesemodels.To solwe large-scalenachinelearning
problems researchersftenturn to simplegradient-basedlgorithms,in which eachindi-
vidual stepis cheapn termsof computatiorandmemory Exampleof thisapproachn the
structuredpredictionsettingincludethe StructuredSequentiaMinimal Optimizationalgo-
rithm [24, 22] andthe StructuredExponentiatedsradientalgorithm[4]. Thesealgorithms
are rst-order methodsfor solving QPsarisingfrom low-treavidth Markov random elds
and other decomposablenodels. They areableto scaleto signi cantly larger problems
thanoff-the-shelfQP solvers. However, they arelimited in scopein thatthey rely on dy-
namicprogrammingo computeessentiafjuantitiessuchasgradients.They do not extend
to modelsin whichdynamicprogrammings notapplicablefor example,to problemssuch
asmatchingsaandmin-cuts.

In this paper we presentan estimationmethodologyfor structuredpredictionproblems
thatdoesnot requirea general-purpos@®P solver. We proposea saddle-poinformulation
which allows us to exploit simple gradient-baseanethods[13] with linear corvergence
guaranteesMoreover, we shav thatthe key computationaktepin thesemethods—aer
tain projectionoperation—inheritshe favorablecomputationatompleity of theunderly-
ing optimizationproblem. This importantresultmakesour approachviable computation-
ally. In particular for matchingsand min-cuts, projectioninvolves a min-costquadratic
o w computationa problemfor which ef cient, highly-specializedlgorithmsare avail-
able. We illustrate the effectivenessof this approachon two very differentlarge-scale
structuredoredictiontasks:3D imagesegmentatiorandword alignmentin translation.

2 Structured models

We bagin by discussingwo specialcasef the generaframevork thatwe subsequently
present(1) aclassof Markov networksusedfor sggmentationand(2) abipartitematching
modelfor word alignment. Despitesigni cant differencedn the setupfor thesemodels,
they sharethe propertythatin bothcasegsheproblemof nding thehighest-scoringutput
canbeformulatedasalinearprogram(LP).

Mark ov networks. We considera specialclassof Markov networks, commonin vision
applicationsjn which inferencereducedo a tractablemin-cut problem[8]. Focusingon
binaryvariablesy = fyl;Q TIYN O, anq;pairwisepotentials,\/ve de ne ajoint distribution
overf0; 1gN viaP(y) / i2v 1) jkee ik(YiiYk), where(V; E) is anundirected
graph,andwheref ;(y;);j 2 Vg arethenodepotentialsandf ;x(y;;y«);jk 2 Eg are
the edgepotentials.

In image segmentation(seeFig. 1(a)), the node potentialscapturelocal evidenceabout
thelabel of a pixel or laserscanpoint. Edgesusuallyconnectnearbypixelsin animage,
and sene to correlatetheir labels. Assumingthat such correlationstendto be positive
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Figurel: Examplesof structuredpredictionapplications:(a) articulatedobjectsegmenta-
tion and(b) word alignmentin machinetranslation.

(connectedhodegendto have the samedabel),we restricttheform of edgepotentialsto be
of theform i (yj;yx) = expf s 1(y; 6 yk)g, wheres; is anon-n@ative penaltyfor
assigningy; andyy qgfll;erentlabels. Expressinmodepotegtialsas i(y;) = expfsy;og,

wehaveP(y) / exp .y S ik2e Sik1(yj & y«) . Underthisrestrictionof the

potentials,it is known that the problemof computingthe maximizingassignmenty =
argmaxP (y j x), hasatractableformulationasa min-cutproblem[8]. In particular we
obtainthefollowing LP:

Jmnax Sj Zj Sikzik St: z zZx Zk, Zx Z zZk 8k2E (1)
T j k2E

In this LP, a continuousvariablez; is arelaxationof the binaryvariabley; . Notethatthe
constraintareequialenttojz; z¢j z«. Becauses;y is positive,zjx = jzx  zj atthe
maximum,whichis equvalentto 1(z; 6 zy) if thez; ; z¢ variablesarebinary. An integral
optimal solutionalwaysexists, asthe constraintmatrix is totally unimodular[21] (thatis,
therelaxationis notanapproximation).

We canparametrizéhenodeandedgeweightss; ands; in termsof userprovidedfeatures
Xj andx;y associatewvith thenodesandedgesin particulayin 3D rangedatax; mightbe
spinimagefeaturesor spatialoccupang histogramsof a pointj , while xj mightinclude
the distancebetweenpointsj andk, the dot-productof their normals,etc. The simplest
model of dependencés a linear combinationof features:s; = wy fy(Xj) andsjk =
w; fe(XjK), wherew, andw, arenodeandedgeparametersandf, andf. arenodeand
edgefeaturemappings,of dimensiond, andd., respectiely. To ensurenon-negativity
of sjik, we assumethe edgefeaturesfe to be non-n@ative and restrictw. 0. This
constraintis easilyincorporatednto the formulationwe presentbelon. We assumehat
the featuremappingsf are provided by the userand our goal is to estimateparameters
w from labelgsidata. We abbrevigte the scoreassignedo a labelingy for aninputx as

woEsy) = yiwafa(X) e YikWe fe(Xjk), whereyji = 1(y; € yx).

Matchings. Considermodelingthe task of word alignmentof parallel bilingual sen-
tenceqseeFig. 1(b)) asa maximumweightbipartitematchingproblem,wherethe nodes
V = VS [ V! correspondo thewordsin the “source” sentencgV®) andthe “target” sen-
tence(V') andtheedgesE = fjk :j 2 VS;k 2 V'g correspondo possiblealignments
betweenthem. For simplicity, assumehat eachword alignsto one or zerowordsin the

othersentenceTheedgeweights; representshedegreeto whichwordj in onesentence
cantranslateénto thewordk in theothersentenceOurobjectveisto nd analignmenthat

maximizesthe sumof edgescoresWe represeni matchingusinga setof binaryvariables



yjk thataresetto 1if word] is assignedo wordk in the othergentenceandO otherwise.
The scoreof anassignments the sumof edgescores:s(y) = ;e SjkYjk- Themax-
imum weightbipartite matchingproblem,arg max, ,y s(y), canbefoundby solvingthe
following LP:
X X X _
0mzaxl SjkZjk St zZix 1,8k2 Vvt zZx 1,8 2 V5 (2)
i k2E javs k2v t

whereagain the continuousvariablesz; x correspondo the relaxationof the binary vari-
ablesyj . Asin themin-cutproblem,this LP is guaranteedo have integral solutionsfor
ary scoringfunctions(y) [21].

For word alignment the scoress;x canbe de ned in termsof the word pair j k andinput
featuresassociatewvith x; . We canincludetheidentity of thetwo words,relative position
in the respectie sentencespart-of-speeclhiags,string similarity (for detectingcognates),
etc. Welet s = w” f(x;k) for someuserprovided featuremappingf andabbreiate

waTGy) = e Yikw” F(Xx).

General structure. More generally we considerprediction problemsin which the in-
putx 2 X is an arbitrary structuredobject and the outputis a vector of valuesy =

Ly andthestructureofy dependjetermmlstmallyon thelnputx In our word alignment
example,the outputspaceis de ned by thelengthof thetwo sentenagsDenotethe output
spacefor agiveninputx asY (x) andtheentireoutputspaceasY = |, Y(X).

Considetheclassof structurecpredictionmodelsH de ned by thelinearfamily: hy, (x) =

argmax, ,y () W~ f(x;y); wheref (x;y) is avectorof functionsf : X Y 7! IR". This
formulationis very general.lndeedjt is too generafor our purposes—fomary f; Y pairs,
nding the optimaly is intractable.Below, we specializeto the classof modelsin which
the arg max problemcan be solved in polynomial time using linear programming(and
moregenerally corvex optimization);thisis still avery large classof models.

3 Max-margin estimation

We assumea setof training instancesS = f(x;;y;)g", , whereeachinstanceconsists
of a structuredobjectx; (suchasa graph)anda targetsolutiony; (suchasamatching).
C0n3|derlearn|ngthe parametersv in the condltlonalhkeh,bood setting. We cande ne
Pu(y j x) = v (X) expfw” f(x;y)g, threZW (x) = yO2Y () expfw> f(x;y9g,
andmaximizethe conditionallog-likelihood ; logPy (yi j Xi ) perhapswith additional
regularizationof the parametersv. However, computingthe partition function Z,, (x)
is # P-completg28, 11] for the two structuredpredictionproblemswe presentedibore,
matchingsand min-cuts. Instead,we adoptthe max-magin formulation of [24], which
directly seeksto nd parametersv suchthat: y; = arg maxy ooy, w> f(xi;y); 8i;
whereY; = Y(x;) andy; denoteghe appropriatevectorof variablesfor examplei. The
solutionspaceY; depend®n the structuredobjectx;; for example,the spaceof possible
matchinggdepend®n the precisesetof nodesandedgesn thegraph.

As in univariate prediction, we measurethe error of prediction using a loss function
“(yi;y9). To obtaina convex formulation, we upperboundthe loss ™ (yi; hw (x )) using

thehingefunction: maxy ooy [w” fi (yP) + “i(yA]  w”fi(yi); where’i(yP) = “(yi;y?),
andfi(y?) = f(x;;y?). Minimizing this upperboundwill forcethetruestructurey; to be

optimalwith respecto w for eachinstance . We adda standard. , We|ghtpenalty”w” .

- jjwij?
B TS

max[w” fi(y?) + “i(yDl  w”fi(yi); 3)
yoov,



whereC is aregularizationparameteandW is the spaceof allowedweights(for example,
W = IR" orW = IR ). Notethatthisformulationis equivalentto thestandardormulation
usingslackvariables andslackpenaltyC presentedn [24, 23].

The key to solving Eqg. (3) efciently is the loss-augmentednference problem
maxyopy , [w” fi (y?) + "i(y{)]. This optimizationproblemhaspreciselythe sameform as
the predictionproblemwhoseparametersve aretrying to learn—max ooy, w” fi(y)—
but with an additionalterm correspondingo the loss function. Tractability of the loss-
augmentednferencethusdependsiot only on the tractability of maxy ooy | w” fi(y9), but
alsoon the form of thelossterm *; (y?). A naturalchoicein this regard is the Hamming
distance which simply countsthe numberof variablesin which a candidatesolutiony ?
differsfrom the target outputy;. In generalwe needonly assumehatthe lossfunction
decomposeseverthevariablesn y;.

For example,in the caseof bipartite matchingsthe Hammingloss countsthg numberof
Bifferentedgesin the matchingsy; andy? andcanbewrittenas: " (y?) = ik Yiik T

J-k(l 2y,0J OYij ke ThustheIoss-augmentechatchingprlgblemfor examplei canbe
writtenasanLP similarto Eq. (2) (without the constanterm ik Yii K):

Jmax, Zij kW f(xij )+ 1 2yi«] st Zjk L zjk L
ik j k

Generallywhenwe canexpressmaxy oy | w” f; (yio) asanLP, max, »z, w” F;z;j, where
Zi = fz; 1 Aiz; bi; z; Og, for appropriatelyde ned constraintsA ;; b; andfea-
ture matrix F;, we have a similar LP for the loss-augmentethferencefor eachexam-
plei: di + max; 2z, (W” F;i + ¢;)” z; for appropriatelyde ned d;; Fi;ci;Ai;b;i. Let
z=fzy;::2m0, 2 =21 it Zpy.
We could proceedby makinguseof Lagrangianduality, which yields a joint convex opti-
mizationproblem;this is the approachdescribedn [23]. Insteadwe take a differenttack
here,posingthe problemin its naturalsaddle-poinform:

. jiwjiz X

+
wow 2% T2C

W™ Fizi+ ¢z wfi(yi) : (4)
i
As we discussn the following section this approactallows usto exploit the structureof
W andZ sepaately, allowing for ef cient solutionsfor a wider rangeof parameteiand
structurespaces.

4 Extragradient method

Thekey operation®f themethodwe prssenbeION aregradientcalculationsandEuclidean
projectionsWeletL (w;z) = F‘%+ i WWFizi+ ¢’z w”fi(yi) ;withgradients
givenby:r wL(w;z) = &+ Fiz fi(y;)andr ;L(w;z) = F7 w+ c;. Wedenote
theprojectionof avectorz; ontoZ; as z,(zj) = argmin,oy; . jj z0 z;jj andsimilarly, the
projectionontoW as (w9 = argmin,, ,y jjw°® wijj. A well-known solutionstratey

for saddle-poinbptimizationis provided by the extragradientmethod13]. An iterationof

the extragradienimethodconsistsof two very simplesteps prediction(w;z) ! (wP;zP)

andcorrection(wP; zP) I (w¢; z%):

wP=w(w  rwl(w;2); 2'= z(z+ raLw;2); (5)
we= ww rwLwP;zP); zi= z/(zi+ rLWwW"2Z%);  (6)
where is an appropriatelychosenstepsize. The algorithm startswith a feasiblepoint
w = 0, z;'s that correspondo the assignmenty;'s andstepsize = 1. After each

jir Lw;z)r L(wP;zP)jj .

predictionstep,it computes = . If r is greaterthana threshold

(iw wPji+jjz zPjj)



, the stepsizeis decreasedising an Armijo typerule: = (2=3) min(1;1=r), and
a new predictionstepis computeduntil r , where 2 (0;1) is a parameteiof the
algorithm.Onceasuitable isfound,thecorrectionstepis takenand(w ¢; z%) becomeshe
new (w;z). Themethodis guaranteedo corverge linearly to a solutionw ;z [13, 10].
SeeAppendix A for details. By comparisonExponentiatedsradient[4] hassublinear
convergencerateguaranteesyhile StructuredSMO [22] hasnhone.

The key stepin uencing the ef ciency of the algorithmis the Euclideanprojectiononto
the feasiblesetsW andZ;. In caseW = IR", the projectionis the identity operation;
projectingonto IR] consistsof clipping negative weightsto zero. Additional problem-
speci ¢ constraint®ntheweightspacecanbeef ciently incorporatedn thisstep(although
linearcornvergenceguaranteesnly hold for polyhedralW). In caseof word alignment,Z;
is the corvex hull of bipartite matchingsand the problemreducesto the much-studied
minimumcostquadratico w problem.Theprojectionz; = 7, (2°) is givenby
H X 1 0 2 4. . X .
0I'T'IZII’]1 E(Zi;j ko Zig k) st: Zijk L Zijk L
. J. .

We usea standardeductionof bipartitematchingto min-cost o w by introducinga source
nodes linked to all the nodesin V? (wordsin the “source” sentence)anda sink nodet
linked from all thenodesin V! (wordsin the “target” sentence)usingedgesof capacityl
andcost0. The original edgeg k have aquadratiocost%(zio;j «  Zij k)* andcapacityl.
Minimum (quadratic)cost o w from s to t is the projectionof z? ontoZ;.

The reductionof the projectionto minimum quadraticcost o w for the min-cut polytope
Z; is shavn in AppendixB. Algorithmsfor solvingthis problemarenearlyasef cient as
thosefor solving regular min-cost o w problems.In caseof word alignment.the running
time scaleswith thecubeof thesentencéength.We usepublicly-availablecodefor solving
this problem[9] (seehttp://www.math.washington.edu/"tseng/netflowg_nl/ ).

5 Experiments

We investicgate two structuredmodelswe describedabove: bipartite matchingsfor word

alignmentsandrestrictedpotentialMarkov netsfor 3D segmentation.A commercialQP-

solver, MOSEK, runs out of memoryon the problemswe describebelov usingthe QP

formulation[23]. We comparedhe extragradientimethodwith the averagedperceptron
algorithm[6]. A questionwhich arisesin practiceis how to choosethe regularization
parametelC. The typical approachis to run the algorithmfor several valuesof the reg-

ularization parameterand pick the bestmodel using a validation set. For the averaged
perceptrona standardnethodis to run thealgorithmtrackingits performancen a valida-

tion set,andselectingthe modelwith bestperformanceWe usethe sametraining regime

for theextragradienby runningit with C = 1 .

Object segmentation. We test our algorithm on a 3D scansegmentationproblemus-
ing the classof Markov networks with potentialsthatwere describedabove. The dataset
is a challengingcollectionof clutteredscenesontainingarticulatedwoodenpuppety2].
It containseleven differentsingle-viav scansof threepuppetsof varying sizesand posi-
tions, with clutter and occludingobjectssuchasrope, sticksandrings. Eachscancon-
sists of around7; 000 points. Our goal was to segmentthe scenesnto two classes—
puppet andbackground. We use ve of the scenedor our training data,threefor val-
idation andthreefor testing. Samplescansfrom the training andtestsetcanbe seenat
http://www.cs.berkeley.edu/ taskar/3DSegment/ . We computedspin images
of sizel0 5 binsattwo differentresolutionsthenscaledthe valuesandperformedPCA
to obtain45 principal componentswhich comprisedour nodefeatures.We usedthe sur
facelinks outputby the scanneras edgeshetweenpoints andfor eachedgeonly useda
singlefeature setto a constanvalueof 1 for all edges.Thisresultsin all edgeshaving the
samepotential. Thetrainingdatacontainsapproximately37; 000nodesand88; 000 edges.
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Figure2: Both plotsshaw testerrorfor the averagedperceptrorandthe extragradien{left
y-axis)andtraininglosspernodeor edgefor theextragradien{right y-axis)versusnumber
of iterationsfor (a) objectsggmentatiortaskand(b) word alignmenttask.

Training time took about4 hoursfor 600 iterationson a 2.80GHzPentium4 machine.
Fig. 2(a)shavs thatthe extragradienhasa consistentlyjlower errorrate (about3% for ex-
tragradient4%for averagedberceptron)usingonly slightly moreexpensve computations
periteration. Also shavn is the correspondinglecreasén the hinge-lossupperboundn
thetrainingdataasthe extragradienprogresses.

Word alignment. We alsotestedour learningalgorithmon word-level alignmentusinga
datasetfrom the 2003NAACL set[18], the English-FrenctHansarddask. This corpus
consistsof 1.1M automaticallyalignedsentencesand comeswith a validationsetof 39
sentencepairsandatestsetof 447 sentencesT hevalidationandtestsentencebhave been
hand-alignecandare marked with both sure and possiblealignments.Using thesealign-

ments,alignmenterror rate (AER) is calculatedas: AER(A; S;P) = 1 %'
Here,A is asetof proposedndex pairs,S is the setof suregold pairs,andP is the setof
possiblegold pairs(whereS  P).

We usedtheintersectiorof the predictionsof the English-to-FrenclandFrench-to-English
IBM Model 4 alignments(using GIZA++ [19]) onthe rst 5000sentencepairsfrom the
1.1M sentencesThe numberof edgesfor 5000sentencesvasabout555,000. We tested
on the 347 hand-alignedestexamples,and usedthe validation setto selectthe stopping
point. Thefeaturesontheword pair (g ; f ) includemeasuresf associationprthograply,
relative position, predictionsof generatre models(see[26] for details). It took about3
hoursto perform 600 training iterationson the training datausinga 2.8GHz Pentium4
machine. Fig. 2(b) shavs the extragradientperformingslightly better(by about0.5%)
thanaverageperceptron.

6 Conclusion

We have presentedh generalsolution stratgy for large-scalestructuredpredictionprob-
lems. We have shavn thattheseproblemscanbe formulatedassaddle-poinbptimization
problems,problemsthat are amenableo solution by the extragradientalgorithm. Key

to our approachis the recognitionthat the projectionstepin the extragradientalgorithm
canbe solved by network o w algorithms. Network o w algorithmsareamongthe most
well-developedin the eld of combinatorialoptimization,andyield stable,ef cient al-

gorithmic platforms. We have exhibited the favorablescalingof this overall approachn

two concrete Jarge-scaldearningproblems. It is alsoimportantto notethat the general
approachextendsto a muchbroaderclassof problems. In [25], we shov how to apply
this approactef ciently to othertypesof models,ncludinggeneraMarkov networksand
weightedcontet-free grammarsusingBregmanprojections.
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A Convergenceanalysis

The corvergenceanalysisof the extragradientmethodis basedon a moregeneralframe-
work of variationalinequalites[7]. We begin by establishingsomenotationand de -
nitions. Becausehe optimizationis over a corvex set, a feasiblepoint (w ;z ), with
w 2 W;z 2 Z,isasolutionof Eq.(4) if andonly if

rwbw ;z)Y>w w) 0 8w 2 W;
4Lw;z)Y (z z) O 8i; 8z 2 Z;:

Let uscombinew andz into onevector:

W 80
u-%hg' 5% §W2WZZZ 8| ;
- : L] B I Il B,
Zm

IW ©

anddenotethe projectionoperatorontoU as y(v) = argmin,, jju  Vvjj. NotethatU
is corvex sinceit is adirectproductof corvex sets.We denotethe (af ne) gradientoperator
onthisjoint spaceas

rulwiz)t Oi=cF, F 10yl OF f()
r ZlL(w Z) FI Z1 C1
Tw=§ k= §%§ %
0
r L(W Z) F;]
wherel in theuppetleft cornerof theF is theidentity matrix of appropriatesize.
With thesede nitions, the optimality conditionfor apointu 2 U becomes:

Tu )@’ u) 0 8ul2u: (7)



We denotethe setof solutionssatisfyingtheseconditionsasU . Problemsof thisform are
calledvariationalinequalitiesandarisein mary importantapplicationssuchasoptimiza-
tion, solving systemof equationandmarket equilibrium[7].

Let usde ne aresidualerrorfunctionfor Eq. (7):
eu; )=u  yu  T(u):
Notethatfor > O, thezerosof e(u; ) arepreciselythe solutionsof Eq. (7):
eu; )=0 u2U: (8)

Thisis aconsequencef acharacterizatioof the projectionof anarbitrarypointv ontoa
convex setU; letu 2 U, thenwe have:

(v. u)@® u) o 8ul2u u=y(v): (9)

Assumee(u; )= 0; > Oandletv = u T(u). Sincee(u; )= 0,u= y(v) =
u(u T(u)). Pluggingv in Eq. (9), shavs thatu satis esthe optimality condition
in Eq. (7). Corversely assumeu satis esEq. (7) andletu* = y(u T(u)).
By Eq.(9), we have
(u T) u")Y@W u)=@w u")YElu) Tw)y©®u) o0 8ul2u:
In particular for u® = u , we have jju  u*jj? T(u )>(u u*). Sincethe
right-hand-side, T(u )>(u  u*); is non-positve by Eq. (7), andthe left-hand-sidds
non-ngative, we haveu = u* andhencee(u; ) = 0.

We will make useof thefollowing theorem(which holdsfor moregenerabperatorsr (u))
to prove the corvergenceof the extragradienmethodfor structuredoredictionproblems.
TheoremA.1 (Theorem2.1in [10]) Let f g be a sequencesuc that infyf g =
min > Oandletcy > 0bea constant.f thesequencéukg satis es:
juetu iz vk u i’ colie(u®s Wi 8u 2U; (10)

thenf uk g convergesto a solutionpoint of Eq. (7).
Theextragradientlgorithmcanbewritten as:

(P)  uft =yt T

(C)  ut= gk TR,

withre = (jiT(U*) T )jjgjuk  u**1jj. Undertheassumptiorthatry < < 1,
Korpelevich [13] shavedthatfor theextragradientcy = (1 )2 in Eq.(10):

Jutu iz giud it @ )zieus Wi 8u 2U;
It remainsto shaov thatwe canlower bound ¢ away from zerofor the Armijo type rule
k = (2=3) k min(1; 1=ry). Notethat

T TV L
max ——————— = max JjFujj = jiFjj;
usv Ju - vj fiuji=1 yrul= e

wherejjFjj is thestandardnatrixnorminducedby the Euclidearvectornormijj jj. Hence,

k < FjjFjj ensuresy < ,whichleaves  constanandaway from zero.Thenorm of

F ultimately dependn the problem(mincut or matching),the numberof examplesand
thefeaturemapf (x;y).

Thelocallinearcorvergenceof theextragradienmethods well establishedor af ne T (u)
and polyhedralU [16, 27]. Let d(u;U ) be the shortestdistancefrom u to a solution
of EQ.(7): d(u;U ) = infy 2y jju u jj. NotethatEg. (10)impliesthat

d(uf™t;u)? d(ufiU)? cojie(u’; )i (11)



To prove locallinearcorvergenceijt sufces to shawv thatfor someconstants > 0;¢; > 0,

d(u;U)  cijie(u; )jj; 8u2U; wheneer je(u; Wi
whichimpliesthatfor sufciently largek,
r
d(u**;uU) Co
ko) b @ (12)

For polyhedralspaced) = fu:u 0; Au  bg, theconstanis givenby

& = jjA”ji= (BB7);
where (BB ~) is thesmallesteigervalueof the matrix BB >, with B formedby linearly
independentows of A correspondindo constraintsactive atthe solution[20, 16].

B Min-cut polytope projections
Considerprojectionfor asingeexamplei:

. 1 1
min Q(Zio z)*+ () zw)? (13)
jav jk2E

st: 0 z L 8; z zx 7z & Z Zk 8k
Leth'(z) = 3(z z)?if0 gz, elsel . Weintroducenon-ngative Lagrangian

variables ji; ; forthetwo constraintor eachedgej k and o for theconstrainz; 1
eachnodej .

ThelLagrangiaris givenby:
X . X 1 o , X
L(z; ) = hi (z) + E(ij Zjk) 1 z) jo
] ik j
X X
(Zix 7z + Z) jk (Zik  zZ*7)
ik ik
i P
Letting oj = jo+ ke ( jk ki), notethat
X X X X
Zi o=  Zjot ( z) ikt (& Z)
j ] ik ik
SotheLagrangiarbecomes:
X 1
L(z; )=  h'(z)+z o o+ E(Zjok z0)? zZk( jkt k)
i jk
Now, minimizingL (z; ) with g(especto z, we have X
infL(z; )= Ge(jk* )+ (o) jos
ik ] .
h [
where gk( jk + &) = infz, 3(z%  zZK)? zZk( jkt &) and (o) =
inf, [hj+ (zj) + zj o ]: Theminimizing valuesof z are:
. 0 0j 20
z = arginf h'(z)+z o = ) ’
i a % i ( J) j 0] Zjo 0j 0j Zj ;
— H 1 0 2 — 50 .
z = arginf E(zjk Zjk) Zix( jkt k) = Tkt ikt K

Zjk



Hence we have:

1
— 0 2
Gr( jk*+ k) = Zrljx+ «) E(jk"’ ki)
1,02 0.
- 5 Z; 0j Z'y
i ( o) = %0 12 b.
Z o 30 o Z-

Thedualof the projectionproblemis thus:

X X 0 1 )
max O ( oj) jo+ (it k) 5( ikt oK) (14)
j ik
j x |
st: jo o+ (jk «)=0 8;
ik
iki ki 0, 8k; jo 0O 8:

Interpreting jx as o w fromnodej tonodek, and ;j asowfromktoj and jo; o as
o w fromandto aspeciahode0, we canidentify theconstraint®f Eqg.(14) asconseration
of ow constraints.The last transformationve needis to addresghe presencef cross-
terms jx kj in the objective. Note thatin the ow conseration constraints, jx,
always appeartogetheras kj - Sincewe areminimizing ( j«x + ;)2 subjectto
constrainton kj » atleastoneof i, i; will bezeroattheoptimumandthecross-
termscanbeignored. Notethatall ~variablesare non-ngative exceptfor ¢ 's. Many
standardo w packagesupportthis problemform, but we canalsotransformthe problem
to have all non-ngjative o ws by introducingextra variables.The nal form hasa corvex
costfor eachedge:
X X 1 X
min W ( o)+ jo+t  Zx jk+§j2k+ Z% kit (15)
j ik ik
X
st: jo o * ik k=0, 8;
jk

iki ki O 8k; jo 0 8:
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