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SUPPORT UNION RECOVERY IN HIGH-DIMENSIONAL
MULTIVARIATE REGRESSION*

By GUILLAUME OBOZINSKI, MARTIN J. WAINWRIGHT AND MICHAEL I. JORDAN
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In multivariate regression, a K-dimensional response vector is re-
gressed upon a common set of p covariates, with a matrix B* € RP*¥
of regression coefficients. We study the behavior of the multivariate
group Lasso, in which block regularization based on the ¢1/¢2 norm
is used for support union recovery, or recovery of the set of s rows
for which B* is non-zero. Under high-dimensional scaling, we show
that the multivariate group Lasso exhibits a threshold for the recov-
ery of the exact row pattern with high probability over the random
design and noise that is specified by the sample complexity parame-
ter O(n, p, s) :=n/[2¢(B*) log(p — s)]. Here n is the sample size, and
Y(B™) is a sparsity-overlap function measuring a combination of the
sparsities and overlaps of the K-regression coefficient vectors that
constitute the model. We prove that the multivariate group Lasso
succeeds for problem sequences (n,p, s) such that 6(n,p, s) exceeds a
critical level 6, and fails for sequences such that 0(n, p, s) lies below
a critical level 6,. For the special case of the standard Gaussian en-
semble, we show that 6, = 6, so that the characterization is sharp.
The sparsity-overlap function 1 (B*) reveals that, if the design is un-
correlated on the active rows, £1/f2 regularization for multivariate
regression never harms performance relative to an ordinary Lasso
approach, and can yield substantial improvements in sample com-
plexity (up to a factor of K) when the regression vectors are suitably
orthogonal. For more general designs, it is possible for the ordinary
Lasso to outperform the multivariate group Lasso. We complement
our analysis with simulations that demonstrate the sharpness of our
theoretical results, even for relatively small problems.

1. Introduction. The development of efficient algorithms for estimation of large-scale
models has been a major goal of statistical learning research in the last decade. There is
now a substantial body of work based on /;-regularization, dating back to the seminal work

Tibshirani96 hen98,Donoho01
of |115ssﬁlll;%nril (1996) and Donoho and collaborators E(?eﬁnen eofn%l?, 1998; Donoho and Huo,

2001). The bulk of this work has focused on the standard problem of linear regression, in
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which one makes observations of the form

g v o= X

where y € R" is a real-valued vector of observations, w € R" is an additive zero-mean noise
vector, and X € R™P is the design matrix. A subset of the components of the unknown
parameter vector 5* € RP are assumed non-zero; the goal is to identify these coefficients and
(possibly) estimate their values. This goal can be formulated in terms of the solution of a

penalized optimization problem:

. 1
(2) arg in{ ~ly = X318 + Mallolo .

where ||3]|o counts the number of non-zero components in § and where A\, > 0 is a regular-
ization parameter. Unfortunately, this optimization problem is computationally intractable,

. . . X ibshirani96,Chen98
a fact which has led various authors to consider the convex relaxation i(lﬁen et al., 199%;

Tibshirani, 1996)

. 1
(3) arg min{ ~ Iy — XBI3 + Bl |,

in which ||5]|o is replaced with the ¢; norm ||3]|;. This relaxation, often referred to as the
ibshi i96
Lasso ill ISBSlﬁﬁ?"IélIll, 1996), is a quadratic program, and can be solved efficiently by various
oyd02,0sborne00,lars

methods %e.g., Boyd and Vandenberghe, 2004; Efron et al., 2004; Osborne et al., 2000).

A variety of theoretical results are now in place for the Lasso, both in the traditional set-
. . . . . . night00
ting where the sample size n tends to infinity with the problem size p fixed : Knight and Fu,
2000), as well as under high-dimensional scaling, in which p and n tend to infinity simultane-

Meinshausen06,Wainwright09,MeiYu09,BiRiTsy
ously, thereby allowing p to be comparable to or even larger than n [(e g., Bickel et al., 2008;

Meinshausen and Biithlmann, 2006; Meinshausen and Yu, 2009; Wainwright, 2009b). In many
applications, it is natural to impose sparsity constraints on the regression vector §*, and a
variety of such constraints have been considered. For example, one can consider a “hard spar-
sity” model in which 8* is assumed to contain at most s non-zero entries or a “soft sparsity”
model in which 8* is assumed to belong to an ¢, ball with ¢ < 1. Analyses also differ in terms

of the loss functions that are considered. For the model or variable selection problem, it is
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SUPPORT UNION RECOVERY IN MULTIVARIATE REGRESSION 3

natural to consider the {0—1}-loss associated with the problem of recovering the unknown sup-
port set of 3*. Alternatively, one can view the Lasso as a shrinkage estimator to be compared
to traditional least squares or ridge regression; in this case, it is natural to study the f-loss
||B — [*]|2 between the estimate B and the ground truth. In other settings, the prediction error
E[(Y — XT3)2] may be of primary interest, and one tries to show risk consistency (namely,
that the estimated model predicts as well as the best sparse model, whether or not the true
model is sparse).

A number of alternatives to the Lasso have been explored in recent years, and in some cases

an2001ivariable,frank1993statistical ,huang2008asymptotic
stronger theoretical results have been obtained Kb an and Li, 2001; Frank and Friedman, 1993;

?). However, the resulting optimization problems are generally non-convex and thus difficult
to solve in practice. The Lasso remains a focus of attention due to its combination of favorable

statistical and computational properties.

1.1. Block-structured regularization. While the assumption of sparsity at the level of indi-
vidual coefficients is one way to give meaning to high-dimensional (p >> n) regression, there are
other structural assumptions that are natural in regression, and which may provide additional
leverage. For instance, in a hierarchical regression model, groups of regression coefficients may
be required to be zero or non-zero in a blockwise manner; for example, one might wish to

YualLiO6,ZhaRocYu
include a particular covariate and all powers of that covariate as a group [[(Yuan and Lin,

2006; Zhao et al., 2006). Another example arises when we consider variable selection in the
setting of multivariate regression: multiple regressions can be related by a (partially) shared

sparsity pattern, such as when there are an underlying set of covariates that are “relevant”

X bo07,arg06,Turlach05 Zhan 08
across regressions [(Argyriou et al. ozinski et al., 2009; Turlach et al., 2005; Zhang
. . . an04, Tropp06, YualLi06,ZhaRocYu,O0bo07, spamJRSS
et al., 2008). Based on such motivations, a recent line of research [(Bach ef al., ; Obozinski

et al., 2009; Ravikumar et al., 2009; Tropp, 2006; Yuan and Lin, 2006; Zhao et al., 2006) has
studied the use of block-regularization schemes, in which the 1 norm is composed with some
other ¢, norm (¢ > 1), thereby obtaining the ¢ /¢, norm defined as a sum of ¢, norms over
groups of regression coefficients. The best known examples of such block norms are the ¢1 /{+

urlach05,Zhang08 bo07
norm 1 Turlach et al.; 2005; Zhang et al., 2008), and the ¢; /¢ norm %Uﬁozinski et al., 2009).

In this paper, we investigate the use of ¢1 /¢ block-regularization in the context of high-
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dimensional multivariate linear regression, in which a collection of K scalar outputs are re-
gressed on the same design matrix X € R™*P. Representing the regression coefficients as an

p X K matrix B*, the multivariate regression model takes the form
(4) Y = XB*+W,

where Y € R™K and W € R™ ¥ are matrices of observations and zero-mean noise respec-
tively. In addition, we assume a hard-sparsity model for the regression coefficients in which

column k of the coefficient matrix B* has non-zero entries on a subset

(5) Sp:={ie{l,....p} | Bix #0}

of size si : = |Sk|.- In many applications it is natural to expect that the supports Sy should
overlap. In that case, instead of estimating the support of each regression separately, it might
be beneficial to first estimate the set of variables which are relevant to any of the multivariate
responses, and to estimate only subsequently the individual supports within that set. Thus
we focus on the problem of recovering the union of the supports, namely the set S : = UszlSk,
corresponding to the subset of indices ¢ € {1, ..., p} that are involved in at least one regression.
We consider a range of problems in which variables can be relevant to all, some, only one or
none of the regressions and we investigate if and how the overlap of the individual supports
and the relatedness of individual regressions benefit or hinder estimation of the support union.

The support union problem can be understood as the generalization of the problem of vari-
able selection to the group setting. Rather than selecting specific components of a coefficient
vector, we aim to select specific rows of a coefficient matrix. We thus also refer to the support
union problem as the row selection problem. We note that recovering .S, although not equiva-
lent to recovering each of the distinct individual supports Sk, addresses the essential difficulty

. . X X Eec :individual-supports
in recovering those supports. Indeed, as we show in Section 7.7, given a method that returns

the row support S with |S| < p (with high probability), it is straightforward to recover the
individual supports S by ordinary least-squares and thresholding.
If computational complexity were not a concern, the natural way to perform row selection

for B* would be by solving the optimization problem

) 1 2
(6) arg i, {5V = XB} + Ml Bl |
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where B = (Bi) is a p x K matrix, the quantity || - denotes the Frobenius

1<i<p, 1<k<K |||F

norm', and the “norm” || Bl|, ¢, counts the number of rows in B that have non-zero £, norm.
As before, the £y component of this regularizer yields a non-convex and computationally

intractable problem, so that it is natural to consider the relaxation

. 1 2
(7) arg min, Az ||Y = XBp + Al Blles e, }

where || B, /¢, is the block ¢1 /¢, norm:

K % p
(8) IBlleyse, = Y. B =D 11Bille-
i=1 \j=1 i=1

. [EgnBlockRegProbqg : X i i Lo
The relaxation (I7) 1s a natural generalization of the Lasso; indeed, it specializes to the Lasso

in the case K = 1. For later reference, we also note that setting ¢ = 1 leads to the use of the

. . [EgnBlockRegProbg
¢1/¢1 block norm in the relaxation (I7). Since this norm decouples across both the rows and

columns, this particular choice is equivalent to solving K separate Lasso problems, one for each
column of the p x K regression matrix B*. A more interesting choice is ¢ = 2, which yields a
block ¢1 /¢ norm that couples together the columns of B. Regularization with the ¢; /¢ norm
X . . . X X ualiO6
is commonly referred to as the group Lasso in the setting of univariate regression 1 Yuan and
Lin, 2006). We thus refer to ¢1 /¢5 regularization in the multivariate setting as the multivariate
group Lasso. Note that the multivariate group Lasso can be viewed as a special case of
the group Lasso, in that it involves a specific grouping of regression coeflicients, but the
multivariate setting brings new statistical issues to the fore.
. . . |AppUniqueOpt .

As we discuss in Appendix é, the muiflvarlate group Lasso can be cast as a second-order

cone program (SOCP). This is a family of convex optimization problems that can be solved
0yd02

efficiently with interior point methods E IS;oya and Vandenberghe, 2004) and includes quadratic
programs as a particular case.

Some recent work has addressed certain statistical aspects of block-regularization schemes.
Meier
eter et al. (2008) have performed an analysis of risk consistency with block-norm regular-
X . Bach08 . X X X
ization. Bach (2008) provides an analysis of block-wise support recovery for the kernelized

spamJRSS
group Lasso in the classical, fixed p setting. In the high-dimensional setting, Ravikumar et al.

2

!The Frobenius norm of a matrix A is given by H|A|HF 1= Z” i
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6 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

(2009) have studied the consistency of block-wise support recovery for the group Lasso for
fixed design matrices, and their result is generalized by h%%nd Zhang (2008) to block-wise
support recovery in the setting of general ¢; /¢, regularization, again for fixed design matrices.
However, these analyses do not discriminate between various values of ¢, yielding the same
qualitative results and the same convergence rates for ¢ = 1 as for ¢ > 1. Our focus, which
is motivated by the empirical observation that the group Lasso and the multivariate group
Lasso can outperform the ordinary Lasso %%‘%%%%JTM, 2009; Yuan and Lin,
2006; Zhao et al., 2006), is precisely the distinction between ¢=1 and ¢ >1 (specifically ¢=2).

The distinction between ¢ =1 and g =2 is also significant from an optimization-theoretic
point of view. In particular, the SOCP relaxations underlying the multivariate group Lasso
(¢=2) are generally tighter than the quadratic programming relaxation underlying the Lasso
(¢ = 1); however, the improved accuracy is generally obtained at a higher computational
cost I c()i}(f) and Vandenberghe, 2004). Thus we can view our problem as an instance of the
general question of the relationship of statistical efficiency to computational efficiency: does
the qualitatively greater amount of computational effort involved in solving the multivariate
group Lasso always yield greater statistical efficiency? More specifically, can we give theoret-

. .. . . . [EgnBlockRegProbg . .
ical conditions under which solving the generalized Lasso problem (I7) has greafer statistical

efficiency than naive strategies based on the ordinary Lasso? Conversely, can the multivariate
group Lasso ever be worse than the ordinary Lasso?
With this motivation, this paper provides a detailed analysis of model selection consistency

. X [EgnBlockRegProbg X X L. X .
of the multivariate group Lasso ([7) with 7;/f2-regularization. Statistical efficiency is defined

in terms of the scaling of the sample size n, as a function of the problem size p and sparsity
structure of the regression matrix B*, required for consistent row selection. Our analysis is
high-dimensional in nature, allowing both n and p to diverge, and yielding explicit error
bounds as a function of p. As detailed below, our analysis provides affirmative answers to
both of the questions above. First, we demonstrate that under certain structural assumptions
on the design and regression matrix B*, the multivariate group Lasso is always guaranteed to
out-perform the ordinary Lasso, in that it correctly performs row selection for sample sizes for

which the Lasso fails with high probability. Second, we also exhibit some problems (though
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arguably not generic) for which the multivariate group Lasso will be outperformed by the
naive strategy of applying the Lasso separately to each of the K columns, and taking the

union of supports.

1.2. Our results. The main contribution of this paper is to show that under certain tech-

nical conditions on the design and noise matrices, the model selection performance of block-

. . [EgnBlockRegProbg ) )
regularized ¢ /¢y regression (I7) 1s governed by the sample complexity function

n

) PP B S ol )

where n is the sample size, p is the ambient dimension, s = |S| is the number of rows that are
non-zero, and 1 (-) is a sparsity-overlap function. Our use of the term “sample complexity” for
0¢, /¢, reflects the role it plays in our analysis as the rate at which the sample size must grow
in order to obtain consistent row selection as a function of the problem parameters. More
precisely, for scalings (n,p, s, B*) such that 6y, /4, (n,p; B*) exceeds a fixed critical threshold
0, € (0,400), we show that the probability of correct row selection by the ¢ /¢ multivariate
group Lasso converges to one, and conversely, for scalings such that 6, ,, (n,p; B*) is below
another threshold 6,, we show that the multivariate group Lasso fails with high probability.
Whereas the ratio log p/n is standard for the high-dimensional theory of ¢;-regularization,
the function ¢ (B*) is a novel and interesting quantity, one which measures both the sparsity
of the matrix B* as well as the overlap between the different regressions, represented by the

. [EgnDefnGenKeyFunc L. . .
columns of B*. (See equation (IT0) for the precise definition of 1(B*).) As a particular illus-

tration, consider the special case of a univariate regression with K = 1, in which the convex

[EgnBlockRegProbq X nlLasso . . L.
program (I7) reduces to the ordinary Lasso (3). In this case, if the design matrix is drawn from

the standard Gaussian ensemble (i.e., X;; ~ N(0,1), i.i.d.), we show that the sparsity-overlap

function reduces to ¥(B*) = s, corresponding to the support size of the single coefficient vec-
. ainwright09

tor. We thus recover as a corollary a previously known result %Wamwrlgﬁt, 2009b): namely,

the Lasso succeeds in performing exact support recovery once the ratio n/[slog(p — s)] ex-

ceeds a certain critical threshold. At the other extreme, for a genuinely multivariate problem

with K > 1 and s non-zero rows, again for a standard Gaussian design, when the regression

SecMain
matrix is “suitably orthonormal” relative to the design (see Section b for a precise defi-
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8 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

nition), the sparsity-overlap function is given by ¥ (B*) = s/K. In this case, ¢1/f2 block-
regularization has sample complexity lower by a factor of K relative to the naive approach
of solving K separate Lasso problems. Of course, there is also a range of behavior between
these two extremes, in which the gain in sample complexity varies smoothly as a function of
the sparsity-overlap +(B*) in the interval [, s]. On the other hand, we also show that for
suitably correlated designs, it is possible that the sample complexity ¢ (B*) associated with
01 /03 block-regularization is larger than that of the ordinary Lasso (¢1/¢1) approach.

The remainder of the paper is organized as follows. In Section Eﬂv—aémprovide a precise

X hmMainThmNecessary .
statement of our main results (Theorems [T and ), discuss some of their consequences, and

. . . . . |SecProfBécProofThmNecessar
illustrate the close agreement between our theoretical results and simulations. Sections 3 and 1

[ThmMaifThmNecessary i
are devoted to the proofs of Theorems [T and I respectively, with the arguments broken down

into a series of steps. More technical results are deferred to the appendices. We conclude with
SecDiscuss
a brief discussion in Section b.

1.3. Notation. We collect here some notation used throughout the paper. For a (possibly

1/2

random) matrix M € RP*X we define the Frobenius norm || M|, := (3; ;mZ;)'/?, and for

J J

parameters 1 < a < b < 0o, the ¢,/¢, block norm is defined as follows:
b K £,
b
(10 Ml = {3 (X mal) '}
i=1 k=1
These vector norms on matrices should be distinguished from the (a, b)-operator norms

(11) Ml 2= sup [[Mzla,

l[zflp=1
(although some norms belong to both families; see Lemma [%—%dix i%%i&emfg;ioll—rl‘falrﬁg
special cases of the latter include the spectral norm [[ M|l 2 (also denoted [|M]|,), and the
lso-operator norm || M |loo, 0o = max;—1,.p Zszl |Mi;], denoted || M]||_ for short.
In addition to the usual Landau notation O and o, we write a,, = Q(by,) for sequences such
that g—z = o(1). We also use the notation a,, = O(b,) if both a, = O(by,) and b, = O(ay)
hold.
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SUPPORT UNION RECOVERY IN MULTIVARIATE REGRESSION 9

2. Main results and some consequences. The analysis of this paper considers the

multivariate group Lasso estimator, obtained as a solution to the SOCP

. 1
qnBlockRegProb| (12) arg min {%my — XB|% + Ml Blley s}

. . . . nGenObsModel
for random ensembles of multivariate linear regression problems, each of the form (Il i, where
the noise matrix W € R™¥ is assumed to consist of i.i.d. elements W;; ~ N(0,0%). We
consider random design matrices X with each row drawn in an i.i.d. manner from a zero-
mean Gaussian N (0,X), where ¥ > 0 is a p x p covariance matrix. We note in passing that
analogs of our results hold for any design with sub-Gaussian rows; only the constants differ.”

. lockRegProb . . .
Although the block-regularized problem ( _97% need not have a unique solution in general, a
consequence of our analysis is that in the regime of interest, the solution is unique, so that
we may talk unambiguously about the estimated support S. The main object of study in this
paper is the probability IP[§ = 5], where the probability is taken both over the random choice
of noise matrix W and random design matrix X. We study the behavior of this probability

as elements of the triplet (n,p, s) tend to infinity.

2.1. Notation and assumptions. More precisely, our main result applies to sequences of
models indexed by (n,p(n), s(n)), an associated sequence of p X p covariance matrices, and a

sequence {B*} of coefficient matrices with row support

(13) S o= {i| 57 #0}

of size |S| = s = s(n). We use S° to denote its complement (i.e., S¢:={1,...,p}\S). We let

E.aneanetamin‘ (14) min | = Il%lg} 1155 ll2,

correspond to the minimal ¢ row-norm of the coefficient matrix B* over its non-zero rows.
. . nGenObsModel .

Given an observed pair (Y, X) from the model (Ei, the goal is to estimate the row support S

of the matrix B*.

We impose the following conditions on the covariance ¥ of the design matrix:

(A1) Bounded eigenspectrum: There exist fixed constants Cpi, > 0 and Cax < +00

such that all eigenvalues of the sx s matrix Y gg are contained in the interval [Cinin, Ciax]-

o

5 BuiKoz: . . .
See Buldygin and Kozachenko (2000) for an extended discussion of sub-Gaussian random vectors.
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10 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

(A2) Mutual incoherence: There exists a fixed incoherence parameter v € (0, 1] such that

[1Bses(Zs9) 7 o < 1=

(A3) Self-incoherence: |||(ESS)_1|HOO < Dpax for some Dy < 400.

The lower bound involving Chy, in Assumption A1 prevents excess dependence among ele-
ments of the design matrix associated with the support S; conditions of this form are required
for model selection consistency or £ consistency of the Lasso. The upper bound involving
Chax in Assumption Al is not needed for proving success but only failure of the multivariate

group Lasso. The mutual incoherence assumption and self-incoherence assumptions are also
Meinshausen06, Tropp06,Zhao06

well known from previous work on variable selection consistency of the Lasso [Meinshausen
and Bithlmann, 2006; Tropp, 2006; Zhao and Yu, 2006). Although such incoherence assump-
tions are not needed in analyzing ¢ or risk consistency, they are known to be necessary for
variable selection consistency of the Lasso. Indeed, in the absence of such conditions, it is al-
ways possible to make the Lasso fail, even with an arbitrarily large sample size. (See, however,
hMVeI%rligl%ausen and Yu (2009) for methods that weaken the incoherence condition.) Note that
these assumptions are trivially satisfied by the standard Gaussian ensemble ¥ = Iy, with
Chin = Cmax = 1, Dnax = 1, and v = 1. More generally, it can be shown that various matrix
classes (e.g., Toeplitz matrices, tree-structured covariance matrices, bounded off-diagonal ma-
trices) satisfy these conditions eigfrlllgusa?fsoe%zgﬁow gaiﬁg%lrﬁtog 06; Wainwright, 2009b; Zhao
and Yu, 2006).

We require a few pieces of notation before stating the main results. For an arbitrary matrix

Bg € R¥*K with ith row 8; € R™K | we define the matrix ¢(Bg) € R**X with i*h row

(15) C(B) == HﬁﬁHz

when (3; # 0, and we set ((3;) = 0 otherwise. With this notation, the sparsity-overlap function

is given by
DefnGenKeyFunc‘ (16) Y(B) = mC(BS)T(ZSS)_l((BS)|||2,
where |H . |||2 denotes the spectral norm. We use this sparsity-overlap function to define a
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SUPPORT UNION RECOVERY IN MULTIVARIATE REGRESSION 11

function that captures the effective sample size, given by

2¢(B*)log(p — s)°

In the following two theorems, we consider a random design matrix X drawn with i.i.d.

EanefnContPar‘ (17) O¢,/0,(n,p; BY) 1=

N (0,3) row vectors, where X satisfies assumptions A1 through A3, and an observation matrix
. nGenObsModel i i .
Y specified by model (Ei [n order to capture dependence induced by the design covariance

matrix, for any positive semidefinite matrix @ > 0, we define the quantities

1
EqnRhoLowver | (18a) pe(@) = 5 .;n[@wr@jj—?@z‘j], and
i#]
EqnRhoUpper | (18b) pu(Q) = maxQy.

We note that by definition, we have py (Q) < p,, (Q) whenever @ »= 0. Our bounds are stated

in terms of these quantities as applied to the conditional covariance matrix
ES(:SC|S = ESCSC — Egcs(zsg)_lzssc.

Our first result is an achievability result, showing that the multivariate group Lasso succeeds
in recovering the row support and yields consistency in £, /f2 norm. We state this result for
sequences of regularization parameters \,, = %, where f(p) 0 +00 is any function

p—+oo

such that A, — 0. We also assume that n is sufficiently large such that s/n < 1/2.

ThmMain THEOREM 1. Suppose that we solve the multivariate group Lasso with specified regular-
ization parameter sequence A, for a sequence of problems indexed by (n,p, B*,%) that satisfy

assumptions A1—A3, and such that

n Pu(Esesels)
>(14+v) ———— or some v > 0.
29(B*)log(p — s) ( ) 72 d

Then for universal constants ¢; > 0 (i.e., independent of n, p, s, B*, %), with probability greater

EanpperBound‘ (19) 00, /05(n,p; BY) =

than 1 — cyexp(—c3K log s) — coexp(—cilog(p — s)), the following statements hold:

(a) The multivariate group Lasso has a unique solution B with row support S(B) that is

contained within the true row support S(B*), and moreover satisfies the bound:

~ 8K log s 6\, [s?
EqnM 20 B-B* <A~ T A Dmax + 5[ —
(20) I1B = Bl <[~ + 2D +cmmﬁ

p(n, 5, An)
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(b) If bﬁn = o(1), the estimate of the row support, S(B) := {i € {1,...,p} | B; # 0},

specified by this unique solution is equal to the row support set S(B*) of the true model.

Note that the theorem is naturally separated into two distinct but related claims. Part (a)
guarantees that the method produces no false inclusions, and moreover bounds the maximum
{y-error across the rows. Part (b) requires some additional assumptions—namely, the restric-
tion m = 0(1) ensuring that the error p is of lower order than the minimum /¢s-norm b}
across rows—but also guarantees the stronger result of no false exclusions as well, so that the
method recovers the row support exactly. Note that the probability of these events converges
to one only if both (p — s) and s tend to infinity, which might seem counter-intuitive initially
(since problems with larger support sets s might seem harder). However, as we discuss at
the end of Section Eicfje_?_ﬁ%dependence can be removed at the expense of a slightly slower
convergence rate for ||B — B*less /s

Our second main theorem is a negative result, showing that the multivariate group Lasso
fails with high probability if the rescaled sample size 6y, /s, is below a critical threshold. In
order to clarify the phrasing of this result, note that Theorem %ﬁe summarized succinctly
as guaranteeing that there is a unique solution B with the correct row support that satisfies
|B— B*|| 0o /ts = 0(bfin)- The following result shows that such a guarantee cannot hold if the

sample size n scales too slowly relatively to p, s, and the other problem parameters.

THEOREM 2. Consider problem sequences indexed by (n,p, B*, ) that satisfy assumptions

A1—A2, and with minimum value b, such that b%, > = Q('52) | and suppose that we solve
the multivariate group Lasso with any positive reqularization sequence {\,}. Then there exist
universal constants ¢; > 0 such that if the sample size is lower bounded as

n P (Zsesels)
29 (B loglp—5) ~ ) 2o

then with probability greater than 1 — coexp { —¢; min (K" % log(p—s))}, there is no solution

(21) 00, /0,(n,p; BY) = for some v > 0,

B of the multivariate group Lasso that has the correct row support and satisfies the bound
1B = B* o s = 0(Dfin)-

|SecProofThmNecessary
The proof of this claim is provided in Section I. We note that imnformation-theoretic meth-

WaiO09_infolimits

ods ((Walnwrlght 2009a) imply that no method (including the multivariate group Lasso) can
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SUPPORT UNION RECOVERY IN MULTIVARIATE REGRESSION 13

.- . . hmNecessar
perform exact support recovery unless n/s — +00, so that the probability given in Theorem E
. L hmMain hmNecessar
converges to one under the given conditions. Note that Theorems T and Theorem 5 in con-

junction imply that the rescaled sample size 0, /5, (n,p; B*) = captures the

___n
21(B*) log(p—s)
behavior of the multivariate group Lasso for support recovery and estimation in block (o /f2
norm. For the special case of random design matrices drawn from the standard Gaussian

ensemble (i.e., ¥ = I),xp), the given scalings are sharp:

COROLLARY 1. For the standard Gaussian ensemble, the multivariate group Lasso under-

goes a sharp threshold at the level 0,, ,y, (n,p, B*) = 1. More specifically, for any 6 > 0:

(a) For problem sequences (n,p, B*) such that 0y, /4,(n, p, B*) > 1+6, the multivariate group
Lasso succeeds with high probability.
(b) Conversely, for sequences such that 0, /¢, (n,p, B*) < 1—0, the multivariate group Lasso

fails with high probability.

PROOF. In the special case ¥ = Iy, it is straightforward to verify that all the assumptions
are satisfied: in particular, we have Ciin = Chhax = 1, Dmax = 1 and v = 1. Moreover, a short

calculation shows that p, (I) = py (I) = 1. Consequently, the thresholds given in the sufficient

. UpperBound . LowerBound
condition (TY) and the necessary condition (1) are both equal to one. O

idual-supports

2.2. Efficient estimation of individual supports. The preceding results address exact re-

covery of the support union of the regression matrix B*. As demonstrated by the following
: W

procedure and the associated corollary of Theorem [T, once the row support has been recov-

ered, it is straightforward to recover the individual supports of each column of the regression

matrix via the additional steps of performing ordinary least squares and thresholding.
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14 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

Efficient multi-stage estimation of individual supports:

1. Estimate the support union with S , the support union of the solution B of the multi-
variate group Lasso,

2. Compute the restricted ordinary least squares (ROLS) estimate

(22) By := argmin[]Y — XgBg]|,
S

for the restricted multivariate problem,
3. Compute the matrix T'(B &) obtained by thresholding Es at the level 24/ w, and

estimate the individual supports by the non-zero entries of T'(Byg).

. . . . . |AppIndividual .
The following result, which is proved in Appendix ALJ\, shows that under the assumptions of

hmMain
Theorem [T, tThe additional post-processing applied to the support union estimate will recover

the individual supports with high probability:

CorIndividual | COROLLARY 2. Under assumptions (A1-A3) and the additional assumptions of Theo-

hmMain
rem I, if for all individual non-zero coefficients B, i € S, 1 < k < K, we have |5},| >

2 %Ef;), then with probability greater than 1 — O(exp(—coK log s)) the above two-step es-

timation procedure recovers the individual supports of B*.

consequences

hmMaiifThmNecessar, . X
2.3. Some consequences of Theorems 5 and 3 We begin by making some simple observa-

tions about the sparsity-overlap function.

mSparseOverlap‘ LEMMA 1. (a) For any design satisfying assumption Al, the sparsity-overlap (B*)

obeys the bounds

S S

= w(B*) = C’min

(23) CmaxK -

(b) If Ss5 = Lsxs, and if the columns (Z*)*) of the matriz Z* = ((B*) are orthogonal, then

the sparsity-overlap function is ¥(B*) = max | Z®)*13.

=1,...,

. . . . . . LemSparseQverla;
The proof of this claim is provided in Appendix E . Based on this lemma, we now study

. hmMaifThmNecessary . i . . .
some special cases of Theorems [T and . The simplest special case is the univariate regression

fnZz
problem (K = 1), in which case the quantity ((5*) (as defined in equation (T ] ;esfrlnply yields
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SUPPORT UNION RECOVERY IN MULTIVARIATE REGRESSION 15

an s-dimensional sign vector with elements z = sign(3;). (Recall that the sign function is
defined as sign(0) =0, sign(z) =1 if z > 0 and sign(xz) =—1 if < 0.) In this case, the sparsity-

. .. * «T 1% emSparselverla
overlap function is given by ¢¥(5*) = z** (¥gg)™ 2%, and as a consequence of Lemma [[{a), we

. hmMaifThmNecessar:
have (%) = O(s). Consequently, a simple corollary of Theorems [T and [/ is that the Lasso

succeeds once the ratio n/(2slog(p — s)) exceeds a certain critical threshold, determined by
the eigenspectrum and incoherence properties of ¥, and it fails below a certain threshold.

This result matches the necessary and sufficient conditions established in previous work on

i ightQ9
the Lasso %awlgvllrrl%vrlgﬁt, 2009b).

emSparselverlap hmMainThmNecessary
We can also use Lemma [T and Theorems I and [Z to compare the performance of the

multivariate group Lasso to the following (arguably naive) strategy for row selection using
the ordinary Lasso:

Row selection using ordinary Lasso:

1. Apply the ordinary Lasso separately to each of the K univariate regression problems
specified by the columns of B*, thereby obtaining estimates B(k) fork=1,..., K.
2. For k=1,..., K, estimate the support of individual columns via Sj : = {i | ng) # 0}.

3. Estimate the row support by taking the union: S = Ulegk.

To understand the conditions governing the success/failure of this procedure, note that it

(k)

succeeds if and only if for each non-zerorow ¢ € S = UleSk, the variable @ is non-zero for at

least one k, and for all j € S¢ = {1,...,p}\S, the variable Bj(k) =0forall k=1,...,K. From

_ pu(Bgege)s)

our understanding of the univariate case, we know that for 6, = — the condition
*(k *(k
(24)  n = 20, max (55" log(p —si) = 20, max (55") log(p —s)

is sufficient to ensure that the ordinary Lasso succeeds in row selection. Conversely, for 8, =

%, if the sample size is upper bounded as
*(k) _
n <20, :Hllﬁerw(ﬁs ) log(p — s),

then there will exist some j € S¢ such for at least one k € {1,..., K}, there holds B](k) #0
with high probability, implying failure of the ordinary Lasso.
A natural question is whether the multivariate group Lasso, by taking into account the

couplings across columns, always outperforms (or at least matches) the naive strategy. The
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16 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

following result, proven in Appendix [[J, shows that if the design is uncorrelated on the support,

then indeed this is the case.

CorGroupOrd COROLLARY 3 (Multivariate group Lasso versus ordinary Lasso). Assume Xgs=Isxs. Then

for any multivariate regression problem, row selection using the ordinary Lasso strategy re-
quires, with high probability, at least as many samples as the {1/l multivariate group Lasso.
In particular, the relative efficiency of multivariate group Lasso versus ordinary Lasso is given

by the ratio

*(k
k:rg{?wa(ﬁs( Nlog(p — si)

$(Bg)log(p — s)

. CorGroupOrd | .
We illustrate Corollary t3 by considering some special cases:

> 1.

(25)

EXAMPLE 1 (Identical regressions). Suppose that B* := ﬂ*f}; — that is, B* consists
of K copies of the same coefficient vector §* € RP, with support of cardinality |.S|=s. We then
have [¢(B*)];; = sign(3})/V K, from which we see that 1(B*) = z*T (Sgs)'2*, with z* being
an s-dimensional sign vector with elements 2} = sign(5;). Consequently, we have the equality
Y(B*) = 1¢(F*), so that under our analysis there is no benefit in using the multivariate group
Lasso relative to the strategy of solving separate Lasso problems and constructing the union
of individually estimated supports. This behavior may seem counter-intuitive, since under
the model (E’?%ﬂy have Kn observations of the coefficient vector §* with the same
design matrix but K independent noise realizations, which could help to reduce the effective
noise variance from o2 to 02/ K if the fact that the regressions are identical is known. It must
be borne in mind, however, that in our high-dimensional analysis the noise variance does
not grow as the dimensionality grows, and thus asymptotically the noise is dominated by the

interference between the covariates, which grows as (p — s). It is thus this high-dimensional
X . . . HhmMai%h.mNecessary
interference that dominates the rates given in Theorems [T and [.

In contrast to this pessimistic example, we now turn to the most optimistic extreme:

EXAMPLE 2 (“Orthonormal” regressions). Suppose that ¥gg = [5xs and (for s > K)

suppose that B* is constructed such that the columns of the s x K matrix {(B*) are orthogonal
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and with equal norm (which implies their norm equals /7). Under these conditions, we claim

that the sample complexity of multivariate group Lasso is smaller than that of the ordinary
. mSparselverla
Lasso by a factor of 1/K. Indeed, using Lemma HBS, we observe that

Ky(B*) = K[| zW*|? = ij%kwﬁ tr(2*72%) =tr(2°2°7) =5,

because Z*Z*T € R**5 is the Gram matrix of s unit vectors in R¥ and its diagonal elements
are therefore all equal to 1. Consequently, the multivariate group Lasso recovers the row

support with high probability for sequences such that

9
2 i log(p — s) ’

which allows for sample sizes 1/K smaller than the ordinary Lasso approach.

Corollary E%ubsequent examples address the case of uncorrelated design (Xgg =
Isxs) on the row support S, for which the multivariate group Lasso is never worse than the
ordinary Lasso in performing row selection. The following example shows that if the supports
are disjoint, the ordinary Lasso has the same sample complexity as the multivariate group
Lasso for uncorrelated design Y¥gs = Isxs, but can be better than the multivariate group

Lasso for designs Y gg with suitable correlations:

COROLLARY 4 (Disjoint supports). Suppose that the support sets Sy of individual regres-

sion problems are disjoint. Then for any design covariance ¥gg, we have

(a)
(26) max ¢(6Y7") < w(BE) Zwﬁ

1<k<K

ProOF. First note that, since all supports are disjoint, Zi(k)*

= sign(f}},), so that Zék)* =
C(ﬂgk)*). Inequality (b) is then immediate, because we have || 25" S35 Z5 ||, < tr(Z5"S542%).
To establish inequality (a), we note that

T r7xTn—1 r7%
Y(B*)= max ' Z{ YgoZéxr >
(B7) weRK :zf<1” ° 8578 1<k< K

V
=]
o
N
m
k|
CC,N
tﬂ
0
N
N
3
B

O
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18 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

L . CorDisSupport . i

A caveat in interpreting Corollary ll and more generally in comparing the performance of
the ordinary Lasso and the multivariate group Lasso is that for a general covariance ma-

. . . . H‘%Mﬂ .
trix ¥gg, the incoherence assumptions (A2-A3) required by Theorem o not induce the
same constraints on the covariance matrix ¥ when applied to the multivariate problem as
when applied to the individual regressions. Indeed, in the latter case, (A2) would require
maxj |||25£Sk§3§]35k |l <1—~ and (A3) would require maxy H|Z§k15k . < Dmax- Thus (A3)

is a stronger assumption in the multivariate case but (A2) is not.
. CorDisSupport
We illustrate Corollary I with an example.

ExaMPLE 3. Disjoint support with uncorrelated design Suppose that YXgg = I5xs,
and the supports are disjoint. In this case, we claim that the sample complexity of the ¢ //s
multivariate group Lasso is the same as the ordinary Lasso. If the individual regressions

have disjoint support, then Z% = ((B%) has only a single non-zero entry per row and there-

N N . (k)* LemSparseOverla
fore the columns of Z* are orthogonal. Moreover, Z}, = sign(5;"’ ). By Lemma , the
sparsity-overlap function ¢ (B*) is equal to the largest squared column norm. But ||Z®)*|2 =
S 1 sign(,@i(k)*)2 = sp. Thus, the sample complexity of the multivariate group Lasso is the

same as the ordinary Lasso in this case.”

Finally, we consider an example that illustrates the effect of correlated designs:

ExaMpPLE 4. Effects of correlated designs To illustrate the behavior of the sparsity-
overlap function in the presence of correlations in the design, we consider the simple case of
two regressions with support of size 2. For parameters ¢; and ¥2 € [0,7] and p € (—1,+1),

consider regression matrices B* such that B* = ((B%) and

@) (BS) = cos(¥1) sin() and 5ol 1 u
cos(¥2) sin(da) w1

Setting M* = C(Bg)TilgéC(Bg), a simple calculation shows that

tr(M™) = 2(1 + pcos( —2)), and det(M*) = (1 — p?) sin(d1 —192)?,

3In making this assertion, we are ignoring any difference between log(p — sx) and log(p — s), which is valid,

for instance, in the regime of sublinear sparsity, when s, /p — 0 and s/p — 0.
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SUPPORT UNION RECOVERY IN MULTIVARIATE REGRESSION 19

so that the eigenvalues of M™ are
pt = (1 + ) (1 + cos(91—32)), and uwo = (1—p)(1—cos(—12)),
and ¢ (B*) = max(u™, u7). On the other hand, with

sign(cos(7)) sign(sin(v1))

51 = (B = and 2 = (%) =
sign(cos(t2)) sign(sin(vz))

we have

(M) = 255551 = Licosto)0) + Licos(oa)20} + 2 4 sign(cos(th) cos(v)),
$(BP") = 2557 = Lsin(1)20) + Lisin(oay0} + 2 1 sign(sin(v1) sin(2)).

Figure Eif% a graphical comparison of these sample complexity functions. The func-
tion 1 (B*) = max((B1V*), 4 (63*)) is discontinuous on S = 5ZxRURXZZ, and, as a
consequence, so is its difference with ¢(B*). Note that, for fixed ¥; or fixed 2, some of these
discontinuities are remowvable discontinuities of the induced function on the other variable,

and these discontinuities therefore create needles, slits or flaps in the graph of the function 1/;

Denote by R™ and R~ the sets

R = { (¥1,02) | min[cos(¢91) cos(dz), sin(v1) sin(Jo)] > 0}

R~ = { (¥1,92) | max[cos(t}1) cos(W2), sin(11) sin(d2)] < 0}

on which (B*) reaches its minimum value when p > 0.5 and p < 0.5 respectively (see middle
and bottom center plots in figure )'slljl.Lst'or w = 0, the top center graph illustrates that 1/;(3*)
is equal to 2 except for the cases of matrices B with disjoint support, corresponding to the
discrete set D = {(k3,(k £1)5),k € Z} for which it equals 1. The top rightmost graph
illustrates that, as shown in Corollary E?_rtql%]._%uality always holds for an uncorrelated
design. For p > 0, the inequality 1 (B*) < max(¢(3(0*),4(83)*)) is violated only on a subset

of SUR™; and for p < 0, the inequality is symmetrically violated on a subset of SUR™ (see

Fig. %ﬁs

2.4. Illustrative simulations. In this section, we present the results of simulations that

X ﬁhmMai%thecessar% X
illustrate the sharpness of Theorems [T and I, and furfhermore demonstrate how quickly the
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20 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

(BY) B(B) = max((BD), $(B")  max(0,(B") —H(B"))
o .
I a
3
]

]
I
3

T
Il
3

0o 00

FigSurface Fig 1. Comparison of sparsity-overlap functions for ¢; /¢5 and the Lasso. For the pair % (91, 92),

we represent in each row of plots, corresponding respectively to u = 0 (top), 0.9 (middle) and
—0.9 (bottom), from left to right, the quantities: 1»(B*) (left), max(¢(810*), 1 (53)*)) (center)
and max(0, 1) (B*) — max(¢ (%), 1 (3*))) (right). The latter indicates when the inequality
P(B*) < max(1p(0*),9(83*)) does not hold and by how much it is violated.

predicted behavior is observed as elements of the triple (n, p, s) grow in different regimes. We

explore the case of two regressions (i.e., K = 2) which share an identical support set S with

has_trans emp_thres
cardinality |S| = s in Section B.ZLI and consider a slightly more general case in Section |‘2£3

2.4.1. Threshold effect in the standard Gaussian case. The first set of experiments was

. . MainThmNecessary i
designed to reveal the threshold effect predicted by Theorems [T and IZ. The design matrix

X is sampled from the standard Gaussian ensemble, with i.i.d. entries X;; ~ N(0,1). We

consider two types of sparsity,

e logarithmic sparsity, where s = alog(p), for a = 2/log(2), and

e linear sparsity, where s = ap, for « = 1/8,

for various ambient model dimensions p € {16,32,64,256,512,1024}. For a given triplet
. lockRegProb A .
(n,p,s), we solve the block-regularized problem (l%; With the regularization parameter A\, =
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Fig 2. Plots of support union recovery probability, IP’[§ = 5], versus the control parameter
0 = n/[2slog(p — s)] for two different types of sparsity: linear sparsity in the left column
(s = p/8) and logarithmic sparsity in the right column (s = 2log,(p))). The first three rows
are based on using the multivariate group Lasso to estimate the support for the three cases of
identical regression, intermediate angles and orthonormal regressions. The fourth row presents
results for the Lasso in the case of identical regressions.
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22 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

V1og(p — s) (log s)/n. For each fixed (p, s) pair, we measure the sample complexity in terms
of a parameter , in particular letting n = fslog(p — s) for 6 € [0.25,1.5].

We let the matrix B* € RP*2 of regression coefficients have entries 5 in {1/ V2,1/V/2},

choosing the parameters to vary the angle between the two columns, thereby obtaining various
desired values of ¢)(B*). Since ¥ = I,x, for the standard Gaussian ensemble, the sparsity-

overlap function 1 (B*) is simply the maximal eigenvalue of the Gram matrix ((B%)T¢(B%).

Since |35 = 1/ V2 by construction, we are guaranteed that B = ((B%), that the minimum

*

value b} ;. = 1, and moreover that the columns of ((B§) have the same Euclidean norm.

To construct parameter matrices B* that satisfy |3};| = 1/ V2, we choose both p and the
sparsity scalings so that the obtained values for s are multiples of four. We then construct
the columns Z(M* and Z(3)* of the matrix B* = ¢(B*) from copies of vectors of length four.

Denoting by ® the usual matrix tensor product, we consider the following 4-vectors:

Identical regressions: We set Z()* =72 = %TS, so that the sparsity-overlap function is

$(BY) = s.
Orthonormal regressions: Here B* is constructed with Z(M* 1 Z()* so that (B*) = 5

—

the most favorable situation. In order to achieve this orthonormality, we set Z(1)* = %1 s

and Z(?)* = %fs/g ® (1, -1)T.

Intermediate angles: In this intermediate case, the columns Z(W* and Z(* are at a 60° an-

gle, which leads to ¥(B*) = %s. Specifically, we set Z()* = %TS and Z()* = ifs/zl ® (1,1,1,-1)T.

V2
Figures E_i%plots of linear sparsity (left column) and logarithmic sparsity (right column)
for all three cases in which the multivariate group Lasso was used (top three rows), as well as
the reference Lasso case for the case of identical regressions (bottom row). Each panel plots
the success probability, P[S = 5], versus the rescaled sample size 6 = n/[2slog(p — s)]. Under

i . hmMainThmNecessary .
this rescaling, Theorems [T and [Z predict that the curves should align, and that the success

probability should transition to 1 once 6 exceeds a critical threshold (dependent on the type
of ensemble). Note that for suitably large problem sizes (p > 128), the curves do align in the
predicted way, showing step-function behavior. Figure B plots data from the same simulations
in a different format. Here the top row corresponds to logarithmic sparsity, and the bottow

row to linear sparsity; each panel shows the four different choices for B*, with the problem
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Fig 3. Plots of support recovery probability, IP’[§ =], versus the control parameter § =
n/[2slog(p — s)] for two different type of sparsity: logarithmic sparsity on top (s = O(log(p)))
and linear sparsity on bottom (s = ap), and for increasing values of p from left to right.
The noise level is set at o = 0.1. Each graph shows four curves (black, red, green, blue)

corresponding to the case of independent ¢; regularization, and, for ¢; /¢5 regularization, the FigShifts
cases of identical regression, intermediate angles, and orthonormal regressions. Note how curves &

correspondHL_H' @‘g@hﬁ SEHBG, £pse across different problem sizes p all coincide, as predicted by
an

Theorems . Moreover, consistent with the theory, the curves for the identical regression
group reach P[S=5] ~ 0.50 at § ~ 1, whereas the orthonormal regression group reaches 50%

success substantially earlier.
size p increasing from left to right. Note how in each panel the location of the transition of
IP’[§ = 5] to one shifts from right to left, as we move from the case of identical regressions to

intermediate angles to orthogonal regressions.

2.4.2. Threshold effect with Toeplitz covariance matrices. The simulations in the previous
section involved the standard Gaussian design matrix; in this section, we explore the behavior
for design matrices with some dependence structure. In particular, we report results for ran-

dom designs with rows drawn from a Gaussian with Toeplitz covariance matrix of the form
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24 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

Y= (pli_jl)lgi,jgp’ for some parameter p € [0, 1). %%and Yu (2006) have shown that such
Toeplitz matrices satisfy the mutual incoherence conditions required for support consistency.
As with our experiments in the standard Gaussian case, we consider the same two regimes
(linear and logarithmic), using the same families of regression matrices B* and the same noise
level. We select the support of the regression matrices as a random subset of the p covariates
of size s, and draw the design matrices from the Toeplitz ensemble p = 0.5. For each pair

(s,p), we consider a number of observations of the form n = 26slog(p) for 6 € [0.25, 4].

Figure ﬁiés%ﬁ%tg%o;%g%zt the previously shown Figure E:i‘%%l}i_fﬁ)blems with random designs
from the Toeplitz ensemble, it plots the support recovery probability IP’[§ = 5] versus the con-
trol parameter 6 = n/[2slog(p — s)| for two different types of sparsity—logarithmic sparsity
on top (s = O(log(p))) and linear sparsity on bottom (s = ap). The four curves (black, red,
green, blue) corresponding to the case of independent ¢; regularization, and, for ¢; /¢y regu-
larization, the cases of identical regression, intermediate angles, and orthonormal regressions.
Qualitatively, note that we observe the same type of transitions as in the standard Gaussian
case; moreover, the curves shift from right to left as the angles between the regression columns

vary from orthogonal to identical.

2.4.3. Empirical threshold values. In this experiment, we aim at verifying more precisely
the location of the ¢1 /¢y threshold as the regression vectors vary continuously from identical
to orthogonal with equal length. We consider the case of matrices B* of size s x 2 for s even.

[twobytwo |consequences i . .
In Example Sec. [T of Sec. -3, we characterized the value of ¢)(B*) when B* is a 2 X 2 matrix.

In order to generate a family of regression matrices with smoothly varying sparsity-overlap

function consider the following 2 x 2 matrix:

1 1
(28) Bia)=| V* v
cos(§ +a) sin(§ + )

Note that « is the angle between the two rows of Bj(«) in this setup. Note moreover that the
columns of Bj(«) have varying norm.

We use this base matrix to define the following family of regression matrices Bg € R5*2:
> T
(29) By = {Bls(a) = 13/2 &® Bl(a), o € [0, 5]}
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Fig 4. Plots of support recovery probability, IF’[§ =], versus the control parameter § =

n/[2slog(p — s)] when the covariance matrig,issp; foeplitz matrix with parameter p = 0.5,
for the same protocol as described in Figure E;

’FigShiftsToep]

X . i i wobytwo
For a design matrix drawn from the standard Gaussian ensemble, the analysis of Example E

. consequences . . .
in Sec. B3 extonds naturally to show that the sparsity-overlap function is ¥ (Bsi(a)) = (1 +
| cos(a)|). Moreover, as we vary « from 0 to 7, the two regressions vary from identical to
orthonormal and the sparsity-overlap function decreases from s to 3.

We fix the problem size p = 2048 and sparsity s = logy(p) = 22. For each value of a € [0, 5],
we generate a matrix from the specified family and angle. We then solve the multivariate group

L. X lockRegProb .

Lasso optimization problem ( _%; with sample size n = 20slog(p — s) for a range of values of 6
in [.25, 1.5]; for each value of 6, we repeat the experiment (generating random design matrix
X and observation matrix Y each time) over 7" = 500 trials. Based on these trials, we then

estimate the value of 05q9, for which the exact support is retrieved at least 50% of the time.

Since ¢ (B*) = M s, our theory predicts that if we plot 0549 versus |cos(«)|, the plot
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11

0 02 04 06 08 1
|cos(a)]

Fig 5. Plots of the Lasso sample complexity 6 = n/[2slog(p — s)] for which the probability of
support union recovery exceeds 50% empirically as a function of | cos(a)| for £;-based recovery
and / /{5-based recovery, where « is the angle between Z(0* and Z()* for the family B;. We
consider the two following methods for performing row selection: Ordinary Lasso ({1, green
triangles) and multivariate group Lasso (blue circles).

should lie on or below the straight line M We also perform the same experiments for

row selection using the ordinary Lasso, and plot the resulting estimated thresholds on the
same axes.

The results are shown in Figure E%%% first that the curve obtained for ggl /b2 (blue
circles) coincides roughly with the theoretical prediction, w, (black dashed diagonal)
as regressions vary from orthogonal to identical. Moreover, the estimated 65y9, of the ordinary
Lasso remains above 0.9 for all values of «, close to the theoretical value of 1. However, the
curve obtained is not constant, but is roughly sigmoidal with a first plateau close to 1 for
cos(a) < 0.4 and a second plateau close to 0.9 for cos(a) > 0.5. The latter coincides with the
empirical value of 65y, for the univariate Lasso for the first column S(V* (not shown). There
are two reasons why the value of 05 for the ordinary Lasso does not match the prediction
of the first-order asymptotics: first, for & = 7 (corresponding to cos(a)=0.7), the support of
B@* is reduced by one half and therefore its sample complexity is decreased in that region.
Second, the supports recovered by individual Lassos for 3()* and 8®)* vary from uncorrelated
when a = 7 to identical when o = 0. It is therefore not surprising that the sample complexity

is the same as a single univariate Lasso for cos(a) large and higher for cos(a)) small, where
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independent estimates of the support are more likely to include, by union, spurious covariates

in the row support.

hmMain hmMain
3. Proof of Theorem [I. In this section, we provide the proof of Theorem [T, which

provides sufficient conditions for success of the multivariate group Lasso. Subsequently, in

. |SecProofThmNecessary L. . . ThmNecessary
Section 1, we provide the proof for the necessary conditions as given in Theorem [Z. For the
convenience of the reader, we begin by recapitulating the notation to be used throughout both

of these arguments.

e thesets S and S€ are a partition of the set of columns of X, such that |S| = s, |S¢| = p—s,

e the design matrix is partitioned as X = [XS Xsc}, where Xg € R™ ¢ and Xgc €

Rrx(p—s)
e the regression coefficient matrix is also partitioned as B* = %1, with BY € R*K
B
and Bf. = 0 € RP=9)XK_ We use 8 to denote the i® row of B*.
e the regression model is given by Y = X B* + W, where the noise matrix W € R"*X has

ii.d. N(0,0?) entries.

*

e The matrix Z% = ((B%) € R**K has rows Z} = ((3}) = 7T € RE.

3.1. High-level proof outline. At a high level, the proof is based on the notion of a primal-

dual witness: we construct a primal matrix B along with a dual matrix Z such that

(a) the pair (B, Z) together satisfy the Karush-Kuhn-Tucker (KKT) conditions associated

. BlockRegProb
with the second-order cone program (IT7), an

(b) this solution certifies that the multivariate group Lasso recovers the union of supports

S.

X X X X . . lockRegProb
For general high-dimensional problems (with p > n), the multivariate group Lasso of (I%;
need not have a unique solution; however, a consequence of our theory is that the constructed
solution B is the unique optimal solution under the conditions of Theorem I[T.
. . . lockRegProb X X
We begin by noting that the block-regularized problem ( 3 ; is convex, and not differentiable

for all B. In particular, denoting by 3; the i** row of B, the subdifferential of the £; /¢5-block
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norm over row 7 takes the form

. i if 6; #0
(30) OBl el = " Z
Z; such that || Z;||la <1 otherwise.

We define the empirical covariance matrix

- 1 1
1 S o= —XTX = =) xx]
(31) n 2

n
where X; is the i row of X. (This definition is natural under our standing assumption of
zero mean for the variables X;; note, however, that our proofs extend readily to the case of
non-zero mean, in which case we would center the variables and use the usual definition of
the empirical covariance matrix.) We also make use of the shorthand igg = %XgXS and
is’cs = %X}.;FCXS as well as IIg = Xs(igs)_ng: to denote the projector on the range of Xg.

At the core of our constructive procedure is the following convex-analytic result, which
characterizes an optimal primal-dual pair for which the primal solution B correctly recovers

the support set S:

LemUniqueOpt LEMMA 2. Suppose that there exists a primal-dual pair (E, 2) that satisfies the conditions:

EqnOnDual (32a) ZS = C(ES)
~ ~ 1
EqnOnPrimal| (32b) ~MZs = Xgs5(Bs—Bi) — —XIW
n

~ o s o1
EanffDual (32(3) )\n”ZScHZoo/g? = ||ZSCS(BS — BS) — ﬁngCWHEoo/fQ < )\n

EqnOffPrimal]| (32d) Bge = 0.

Then (E, 2) is a primal-dual optimal solution to the block-reqularized problem, with §(§) =S

by construction. If f)gs > 0, then B is the unique optimal primal solution.

X UniqueOpt . . emUniqueOpt
See Appendix %! for the proof of this claim. Based on Lemma E, we proceed to construct
. . . 5 5 . =~ . nQffPrimal
the required primal-dual pair (B, Z) as follows. First, we set Bge = 0, so that condition (E%%(ii
is satisfied. Next, we specify the pair (ES, 25) by solving the following restricted version of

BlockRegProb
the SOCP () dehined 1n :

~ . 1 B
Eanestricted‘ (33) Bg =arg min {%“’Y - X [O s Hﬁ; + )\n||Bngl/g2}.
SC

BSeRSXK
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Since s < n, the empirical covariance (sub)matrix iss = %XS:,FX s is strictly positive definite
. . . . . i estricted
with probability one, which implies that the restricted problem (E%);% is strictly convex and

~ ~ nOnPrimal
therefore has a unique optimum Bg. We then choose Zg to be the solution of equation (EL% D).

. Lo . . estricted
Since any such matrix Zg is also a dual solution to the restricted SOCP (B7), 1t must be an

element of the subdifferential 8”@5\\41/52.

. . . . L. [EgnOnDual [EqnQffDual
It remains to show that this construction satisfies conditions (3Z7a) and (3Zc). In order to

. o . n nDual . N . . .
satisfy condition (E;_%d , 1t suffices to show that no row of the solution Byg is identically zero.
nOnPrimal N
From equation (Fg)_%bi and using the invertibility of the empirical covariance matrix Ygg, we

may solve as follows

XITw

3 (Bs-B3) = (Ss9)'[ XS
n

Note that for any row ¢ € .S, by the triangle inequality, we have

_)\nZS} =: Us.

1Billz2 = 118112 = [1Us |l ¢ s

Therefore, in order to show that no row of ES is identically zero, it suffices to show that the

event

(35) EUs) = {NUsllewses < 5 biin
occurs with high probability. (Recall from equation (%Q%%%mparameter by i, measures
the minimum fe-norm of any row of B§.) We establish this result in Section F{TGSCM
Turning to condition (Eﬁ%{%nbsﬂtuﬁng expression (Eﬂ%(’?%ﬁ% difference (Bg — BY%)
into equation (E%%%ffimbtain a (p — s) x K random matrix Vge, with rows indexed by S¢.
For any index j € 5S¢, the corresponding row vector V; € RX is given by

W Xg o ~

EqnDefnVvec| (36) Vi = X]T([HS —L)— -\ — (ESS)_lzs)-
n n
ffDual
In order for condition (E;%?% fouaﬁold, it is necessary and sufficient that the probability of the

event

(37) EWVse) i= {IVsellwse < An

converges to one as n tends to infinity. Consequently, the remainder (and bulk) of the proof is
devoted to showing that the probabilities P[€(Ug)] and P[€(Vse)] both converge to one under

the specified conditions.
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3.2. Analysis of E(Vse): Correct exclusion of non-support. In this section, we prove the
first claim of Theorem [T{a ,airilamely that rows not in the support are always excluded. For sim-
plicity, in the following arguments, we drop the index S¢ and write V for Vgc. In order to show
that ||V, e, < An with probability converging to one, we make use of the decomposition

ﬁl!Vllem/zg <3 T where

1

(3%0) T = BV | Xslllewse,
1

(380) T = IEVIXs, W]~ E[VIXs]le/r,
1

(35¢) Ty = IV =EVIXs, Wil e,

We deal with each of these three terms in turn, showing that with high probability under the
specified scaling of (n,p, s), we have T < (1 —~), and T3 = 0,(1), and T3 < -y, which suffices
to show that 3-(|V||,__ /e, < 1 with high probability.

The following lemma is useful in the analysis:

LEMMA 3. Define the matriz A € R with rows A; : = U, /||5f]2- As long as || Az < 1/2

for all row indices © € S, we have
1Zs = C(B)lewses < 4Ales st

. LemZapprox . .
See Appendix Ex for tho proof of this claim.

. .. . nGenObsModel
3.2.1. Analysis of T{. Note that by definition of the regression model (1), we have the

conditional independence relations
Wl Xge | Xg, ZSJ_LXSC | Xg, and ZgJ_LXSc | {Xg,W}.

Using the two first conditional independencies, we have

EW|Xs] _, Xs

E[V | Xs] = E[X§|Xs]([Is — I,] - (Sss) E[Zs|Xs]).

n

Since E [W|Xs] = 0, the first term vanishes, and using E [X 1| Xs] = YgesEgs X &, we obtain

(39) E[V | Xs] = MEscsEgoE [Zs]| Xs).
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i . . . nSubordinate . LemGuillaume . X .
Using the matrix-norm inequality (E) (a) from Appendix i and then Jensen’s inequality yields
T, = [|Bses85eE[Zs | Xs]ll
1 Se¢S~gs S S1lloo /l2
-1
< [1ZsesEs5ll o E M Zsllewen | Xs]
(40) < (1=7).
3.2.2. Analysis of T5. Appealing to the conditional independence relationship Zsll Xge |

{Xg, W}, we have

W Xs oo o qms
E[V|Xs, W]=E[X§| X5, W]([s — In)- )\nTS (S55) 'E[Zs| X5, W]).

Observe that E [25])( s, W] = Zs because (Xs, W) uniquely specifies Bg through the convex
tricted ~ ~ Primal
program (E%ﬁ,e;nralcfﬁee triple (Xg, W, Bg) defines Zg through equation (E'%;an[)irf erImé?eover, the

noise term disappears because the kernel of the orthogonal projection matrix (I,, — Ilg) is the

same as the range space of Xg, and

E[XI | Xg,W]|lls —I,] = E[XI | Xs][lls — I,

= YgesXgeXe[ls —1I,] = 0.

We have thus shown that E[V | Xg, W] = —%zscszggés, so that we can conclude that
Ty < ||Dses(Sss) M| N Zs — E[Zs1Xs]lle s
(41) < (=MNE[IZs — Z§llew o) + X =) 1Zs = Z5 0 s,
< (0= YN ew i) + 18Nt

emzZapprox hmMain
where the final inequality uses Lemma E§ Unidter the assumptions of Theorem [T, This final term
SecUevent
is of order 0,(1), as will be shown in Section |3.3.

3.2.3. Analysis of T4. This third term requires a little more care. We begin by noting that
conditionally on Xg and W, each vector V; € R is normally distributed. Since Cov(X ") |

Xg, W) = (ESC‘S)jj I,,, we have
Cov(Vj | Xs,W) = My (B5e9)js

where the K x K random matrix M,, = M, (Xg, W) is given by

oo s 1
(42) M, := 27T (Sgs) 1ZS+EWT(HS—In)W.

n

imsart-aos ver. 2007/12/10 file: S_l112aos.tex date: November 23, 2009



32 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

. . . o . n nDual . . = . .
We begin by noting that by its definition (E,;)‘in ), the candidate dual matrix Zg is a function
only of W and Xg. Therefore, conditioned on the pair (W, Xg), the matrix M, is fixed, and

we have

- d
EqnKeyRelation| (43) (IV; —EV; | Xs, W]3|W,Xs) = (Bsesels) ;5 & Mn&;.

where §; ~ N(Og, Ix). By definition of p, (Usege|s) = max; (Xgege|s)jj, we have

(25c5c|s)jj < Pu (25c5c|s) < Cmax and

max (Ssesels)is & Mn&s < pu(Ssese)s) |||Mn’||2§%%}g>§\\§j\|§,

where H|Mn”|2 is the spectral norm.
We now state a result that provides control on this spectral norm, in particular showing
that the rescaled random matrix /\%Mn concentrates around the deterministic matrix M* : =

«T 1% . . . . . . [EgnDefnGenKeyFunc
Z§" (¥ss)™ ' Zg. This concentration establishes the link to the sparsity-overlap function (IT0),

which is given by the spectral norm || M*||,. For any § € (0, 1), define the event

)\2 B* 2 )\2 B* 2
ay 7 = (BT g < g, < 2PEDET (g )

. LemZalpErox . X X
Moreover, recall the definition of A from Lemma [3. The following result provides sufficient

conditions for the event 7 () to hold with high probability:

LEMMA 4. Suppose that > = o(1) and ||Alls /¢, = o(1). Then for any 6 € (0,1), there is
some c¢; = c1(0) > 0 such that P[T(§)¢] < c¢1 exp(—coK logs) — 0.

. LemTailBound X
See Appendix H Tor the proof of this lemma.

. . Main KeyUBound
Given the assumptions of Theorem { and the bound (7 ? ), we observe that the hypotheses
&emTailBound . .
of Lemma I are satisfied, and we can now complete the proof. For any fixed but arbitrarily

small > 0, we have
P[T3 >9] < P[T3 =7 | T(9)]+P[T(5)7].

TailBound
Since P[7(§)¢] — 0 from Lemma E?nllfasluﬂﬁoggs to deal with the first term. Conditioning on the

event 7 (§), we have

2
P[T} T( P 13 . ; '
T2~ | TO) < Plmax|gl; 2 pu (Zsesels) ($(B7) + 52) (1+5)]
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Now define the quantity

. o1 72 n
t (n7B ) T 2 pu(ESCSC|S) (¢(B*) /\2) (1+5)

—_

emChiMax

and note that t* — 400 under the specified scaling of (n,p, s). By applying Lemma TOIm

ChiMax
Appendix [ on large deviations for y?-variates with ¢ = ¢*(n, B*), we obtain

P> | TO) < (p-9) exp(—t*[l—zﬁn

EaninalBound‘ (45) < (p—s) exp(—t"(1-9)),

for (n, p,s) sufficiently large. Now denoting 0, : = pu(Xgese|s) /7%, we have, by assumption,
that n > 2(1 + v) 6, ¥ (B*) log(p — 5). Given that \2 = M, we have j\'—jlog(p —s) <

02% = o(n) so that for any € > 0, we have

14+v 202 ))

e (2000(B") log(p — s) + 5~ log(p —

n > 2

once n is sufficiently large. This inequality implies that (1—6)t*(n, B*) > % log(p—s).

FinalBound
Thus for § and e sufficiently small, the bound (Eo& tends to zero at rate O(exp(—v/2 log(p—s)))

which establishes the claim.

3.3. Analysis of E(Ug): Correct inclusion of supporting covariates. This section is devoted
to the analysis of the event £(Ug) from equation (E’?% in particular showing that its
probability converges to one under the specified scaling. This allows us to establish the £ /f
bound in Theorem [T{a ?izils well as the correct support recovery claim in part (b).

If we define the noise matrix W : = 7(253) %ng, then we have

Using this representation and the triangle inequality, we obtain

“ AW R
1Uslleere. < [1(Zss) QTH&,O/@QJF)\ nll(E58) ™ Zs s e,
SIS W
< [[(Zss) 2T\|eoo/£2+)\ IEss) .
T T

imsart-aos ver. 2007/12/10 file: S_l112aos.tex date: November 23, 2009



34 G. OBOZINSKI, M. J. WAINWRIGHT AND M. I. JORDAN

. . . . nSubordinate
where the form of 75 in the second line uses a standard matrix norm bound (see equation (b7a

i . LemGuillaume
in Appendix i ) and the fact that || Zs||,_ ey < 1.

Using the triangle inequality, we bound T as follows:

T < da () e+ US55~ (57l
< A {Dimax + V5 [[(Bs5) ™! = (Ss9) 7}
< (Dunwe+ 5 (B3, NREKs/m) ! = L)
< Ao { Do+ L IEE R /) = L),

which defines X s as arandom matrix with i.i.d. standard Gaussian entries. From concentration
results in random matrix theory (see Appendix iﬁ%ﬁ%n — 0, we have ||( (XEXg/n)~t -
L], <6 \/% with probability 1 — 2exp(—s/2) — exp(—©(n)). Overall, we conclude that
6 52
T < A Dt 5[}

with probability 1 — 2exp(—s/2) — exp(—0O(n)).

Turning now to 77, let us introduce the notation vec(A) to denote the vectorized version
of a matrix A, obtained by stacking all of its rows into a single vector. Conditioning on Xg,
we have (vec(W) | Xg) ~ N(Osx s, Is @ I ). Combined with the definition of the block s /£s

norm, we obtain

N)\»—t

- K _1y1/2 211/2
7y = ool (Sss) bl < 1Sss) 07 [ e

where the variates {(?} are an i.i.d. sequence of x2-variates with K degrees of freedom. Using

emChiMax ChiMax
the tail bound in Lemma ésee Appendix i E with T = 2K log s > K, we have

1 1K1
P[— m%gng > B < exp (— 2K log s(1 - 2(2log s) V%)) — 0.
n e n

Define the event 7 : = {|||(§55)_1|||2 < ﬁ}, the bound P[7] > 1 — exp(—©(n)) then follows

RandMat
from known concentration results in random matrix theory (see Appendix % ). Thus, we obtain

SK 1 8K 1
P|Ty > B < PlTy > [ 228% | 7| + [T
Cminn Cminn
1 5 _ 4Klogs 1 S
< Pl maxg ZnFeXp{‘”(g‘ n>}

(46) = O(exp(—coKlogs)) — 0.
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where ¢y > 0 is a universal constant. Combining the pieces, we conclude with probability

1 — exp(—cpK log s), we have

1
Wsllewse: = o= [T1 + 1]
8K log s 6 52
< - -
- [ C’minn + )\n (DmaX * C1rnin n )]
- p(n7 S, )‘n)a

Myerror ain
which establishes the bound (Ei); from Theorem [[{a).

. ain
Moreover, under the assumptions of Theorem i%%, we can conclude that

U
H S!Zoo/ez < p(na*sa)‘n) :0(1)7

min min

with probability greater than 1 — ©(exp(—coK logs)) — 1. Consequently, the conditions of
Theorem ate sufficient to ensure that the event & (Us) holds with high probability as
claimed.

i hmMain .
Remark: As we noted following the statement of Theorem {, the fact that the claims hold
with probability converging to one only if s — 400 might appear counter-intuitive, and doesn’t
allow the result to cover problems with fixed sizes s of the row support. Here we discuss how

this condition can be weakened. Note that our assumptions imply that p — s — oo and that

2 = o(1). Consequently, for any a > 0, we have 1‘;%8 = IZ%SZ—Z

= 0(1), so that we may use
. . . NoiseTerm . .

a slightly weakeer bound on 77 in equation (EE); Indeed, with the same notation as in that

equation, we have

PlTIZ\/Zl(K—Hogs—Fn) |’T]

Cminn

IN

n ies

exp{ —nt (1—2(1+ l(;is)q/l{fw)} -0,

. . . . . emChiMax . ChiMax
where the last inequality is obtained by setting ¢ = K +log s+n® in Lemma [TT of Appendix I

1 2
]P’lmax(f > —(K +logs+n?) | ’T]
n

IN

of ThmNecessary

hmNecessar o .

4. Proof of Theorem E In this section, we prove the necessary conditions stated in
Necessar

Theorem 5 We begin by noting that we may assume without loss of generality that s < n,

since it is otherwise impossible to recover the support (even in the absence of noise). In order

Vcond
to develop some intuition for the argument to follow, recall the definition (B7) of the event
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hmNecessar
E(Vse). The proof of Theorem E is based on the fact that if £(Vge) does not hold, then no
solution of the multivariate group Lasso has the correct row support.
efnNewterm

Again, to lighten notation, we write V for the quantity Vsc. Recall the definitions (BS) o

the quantities 7} for i = 1, 2 and 3. By the triangle inequality, we have

1
(47) N Wllewses = T3 — T —T7.
[EgnNewtermoneBound [EgnNewtermtwoBound
From our earlier argument (see equation (10), we know that 7] < (1—+). From the bound (1T),

in order to show that T3 = o(1) with high probability, it suffices to show that || Zg — Zl oo je, = o(1).

hmNecessar
We reason by contradiction and assume that in the regime considered in Theorem E, there 1s

a solution of the multivariate group Lasso which satisfies | B — B*|| loo/ts = 0(bjin) With high
probability. Note that this condition implies that magx % = 0(1), so that we may apply
€

LenZappro
Lemma [ to conclude that 1Zs — 2 Sllew jes = 0(1) as well. Consequently, we conclude that

Ty = o(1).
TriangleTwo
Considering the decomposition (E ( ;, we obtain that
1
(48) T-T-T = IV-EVIXs, Wlewse, = (1=7) = o1).

Therefore, it suffices to prove that 75 > 2 — ~. The remainder of the proof is devoted to
establishing this claim.
In order to analyze T%, let us recall the notation V; = V; — E[V;|Xg, W], where for each

Jj € 5¢ the quantity V; € RX denotes the j™ row of the matrix V. As shown earlier in

SecV t
Section IB?‘ZC, %z/’eencan write
ad d
(V131 W, Xs) = S5 &8 Ma;,

where for each j € S¢, the random vector §; ~ N(0, Ix). The random vectors (§;, j € S¢) are
Xijls

not i.i.d. in general, since for each pair i, j € S¢, we have cov(§;, &) = ——22— 1T
g ) p yJ ) (527 5]) \/m K

The next part of the proof is devoted to analyzing the behavior of the random variable

(49) Vinax = En%}gHVHQ = Eré%x \/ Zjjls {;‘-FMnﬁj,

with our goal in particular being to show that V;\“—s”‘ > 2 — v with high probability. In order to
lower bound the random variable Vi,.«, our first step is to show that it is sharply concentrated

around its expectation.
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LEMMA 5. For any 6 > 0, we have
(50) P [|Vinax — E[Vinax]| > 6 | X5, W] < 4exp{ L o }
2 pu (Bsese|s) || Mall,

where py (Escsc|s) = max;ege Mjj|s-

Massart03
PROOF. By standard Gaussian concentration theorems (e.g., Theorem 3.8 of Massart (2003)),
if X has a standard Gaussian measure on R and f is a Lipschitz function with Lipschitz

constant L, then

(51) P[|E[f(X)] — f(X)| > 2] < dexp (—2?/(2L%)).

In order to exploit this result in application to Viyay, we consider the function f : R(P—s)*K R

defined by
f(&,5€8):= %%%\/Ejj\s vV My &2,

which is equal to Vipax by construction. Let u = (u;,j € S¢) and v = (vj,j € S¢) be two

collections of vectors. We have

[f(u) = f)l = max/Ejjs |V Mawll2 — max /S| s I/ M2

jese

< maxy/Sys [V My (uj — vj)ll2
< Jou(Sseses) IMally lu—vll2.
Lipschit
We may therefore apply the bound (bT) wi = || My, pu(Egese|s) to obtain the claim.

O]

The second key ingredient in our proof is a lower bound on the expected value of Vijax:

LEMMA 6. For any fived &' > 0, with probability 1 — o(1) as (p — s) — 400, we have
(52 E Vs | X5, W) 2 /[ Mall, 20 = ) (Sseseis) og(p — 9).

PRrROOF. We may diagonalize M,,, writing M, = U7 DU, where U € RE*X is orthogonal,

and D = diag{d,...,dx} is diagonal with d; = ||M,||,. Since the distribution of the K-
dimensional normal vector §; ~ N(0, ) remains invariant under orthogonal transformations,

for each j € S¢ we can write

d
VEijls § Ma& = \/Zj58 1] Dnj = (/15 (| Mally 0.4,
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where ;1 ~ N(0,%;|5). Overall, we have

E[Vmax ‘ XSaw] = E[%%}c( \V Ejj|5 Eangj | XSaW]

= H\MnH\gE[?fgglm,1|]-

where the vector n = (n;1,j € S) is zero-mean Gaussian with covariance ¥ge 5|8
Our next step is to lower bound the expectation E[m%x In,1]] by a Gaussian comparison
. . . e . LedTal9t
argument, in particular exploiting the Sudakov-Fernique inequality =l]eaoux and Talagrand,

1991). Let 77 € RP~* be a Gaussian random vector with i.i.d. N(0,1) entries. By the defini-

. nRhoLowe
tion (IT3a) of py(+), we have

El(n—n)*) = Zigs — 2%i1s + Zjjis

> pg(Sgeseis) E[(7; —:)%]  for all 4, .

Consequently, the Sudakov-Fernique inequality implies that

] > \/pe (Bsese)s) E [%%X

. edTalol
From standard results on Gaussian extrema :I}eaoux and Talagrand, 1991), for any fixed

j]-

E [ max
jese

8 € (0,1), we have E [I%%iju > /2(1—0")log(p — s) once (p — s) is sufficiently large,
] C

which completes the proof. O

efnMat
It remains to show that the random matrix ||}Mn|H2 previously defined (Il%; is suitably
. emTailBound
concentrated. Our approach is to show that unless the hypotheses of Lemma I — namely,
s/n=o(1) and || Z — Z*|| ¢ je, = 0(1) — are both satisfied, then the multivariate group Lasso

fails. We have shown previously that the latter condition is satisfied, so it remains to show

that the condition s/n = o(1) must hold. Note that

oo
|HMN|H2 2 ;‘“(ZS)T(ZSS) 1ZSH|2'

By definition of the sub-differential of the ¢;/¢3 norm, we have WZSH’; = s, so that there

must be at least one column of 25 with squared ¢, norm greater than s/K. Without loss of
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generality, let us assume that it is the first column Z, € R*. We then have

2

aall, > 2221 (Ss5) 72
> 20 n(S59)7)
= WK min SS
L S
- nKkK Amax(ESS)

[EqnunMinSpecBound pRandMat
From concentration of random matrix eigenvalues (see equation (5U) in Appendix [F'); we have

Amax(255) < 2Amax(Sgs) with probability greater than 1 — exp(—©(n)), so that we conclude
that the lower bound ||, ||, > 3 KS holds with high probability (w.h.p.).
VnaxE LenVnazExp
Substituting this lower bound into the lower bound (E)}; from' Lemma ),emwnel}a}({) Stain that

w.h.p. for any &’ € (0,1),

1 S
(53) 3 E Vinax | Xs, W] =/ KT \/2(1 —0")pe (Xgeses) log(p — s),

n

which tends to infinity unless s/n = o(1). By the concentration around this expected value
LemVmaxL.i

from Lemma b, this fact implies that the multivariate group Lasso fails w.h.p. unless s/n =

o(1).
L emTailBound .

We have thus shown that the conditions of Lemma Il are necessary conditions for the

multivariate group Lasso to succeed, and given that these conditions are satisfied the quantity

efnTail

|| My]|,, is concentrated. Recalling the definition of the event 7 (d) from equation (E% - we can

write

Vmax
An

<2-9] < P[T3<2-v | T(E)]+PIT()],

emTailBound

where we are guaranteed that P[7(§)¢] — 0 by Lemma E
Recall that we have established that & = o(1). Conditioned on the event 7 (9), the inequality
VmaxEx

| My, > )\?L@(l — 0) holds; combined with the lower bound (E)%i, for any &' € (0,1), we

have for (p — s) sufficiently large and if 2 = o(1) that

1 Y(B*)
o ElVinax | 7(9), X5, W > [UB) — 8) /21 = 0)pr (Sseseis) log(p — 5).

. LowerBound . X
Consequently, if the lower bound (Ei ; holds strictly, then for (p—s) sufficiently large, denoting
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0r = pe (Sgese)s)/(2—7)% and §” := /(1 = &) (1 — §) — 1 we have,

26, (B*)log(p — s)
n

(1-0")

n

%E[Vmax ‘7(5)7X57W] > (2_’7)\/
2-

Vi-v

Y

1=8)2@=-N1+5)(1-8") 22— 7+¢

. _L _
with® € = (2 —7)5%.
emVmaxLi
Combining this lower bound with the concentration statement from Lemma E), we obtain

Vmax

1 € n
Pl N =277 I TO) = 4eXp{ - 5(,% (Xsese|s) ¥(B*) (1 -9) >}
1 €2Cinax Kn
= 4eXp{ - 5(Pu (Bseses) s (1—6) )}
<

K
4exp{ — c'n},
S

(2*7)2 Cmax

where we have defined the constant ¢ : = 15720, (1=9)

, and used the facts that € = (2—~)% and
Ou 1= pu(Xgese|s)/ 72. Therefore, the probability vanishes, since the condition s/n = o(1) is

equivalent to n/s — +oo.

5. Discussion. In this paper, we have analyzed the high-dimensional behavior of block-
regularization for multivariate regression problems. Our main result is to show that that its

behavior is governed by the sample complexity parameter

00, /0, (N, ps8) 1= n/[2¢(B")log(p — s)],

where n is the sample size, p is the ambient dimension, and v (-) is a sparsity-overlap func-
tion that measures a combination of the sparsity and overlap properties of the true regression
. . hmMaiffhmNecessar . . .

matrix B*. In particular, Theorems [T and 2 show that the multivariate group Lasso either suc-
ceeds (or fails) depending on whether this sample complexity parameter is larger (or smaller)
than a threshold parameter depending in the design covariance matrix 3.

Our results were obtained under high-dimensional scaling, in particular assuming the quan-
tities n, p—s and s all were tending to infinity. As have discussed, the hypothesis that s — +o0

can be relaxed at the expense of slightly weaker guarantees on the ¢3 /¢, norm of the solution.

One could also imagine relaxing the constraint p — s — 400, but for the high-dimensional

“Here we have used the fact that for 6,6 sufficiently small, we have (1 —§")(1+ %) > (1+ %).
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problems that motivate our analysis, this is not as interesting, since in such a case, either the
true model is non-sparse (and hence variable selection is of questionable relevance), or we fall
back in the low-dimensional setting.

There are a number of open questions associated with this work. The current work applies
to the “hard”-sparsity model, in which a subset S of the regressors are non-zero, and the
remaining coeflicients are zero. As with the ordinary Lasso, it would also be interesting to
study block-regularization under soft sparsity models (e.g., ¢, “balls” for coefficients, with
q < 1). It is also interesting to consider alternative loss functions such as ¢ error or prediction
error, as opposed to the exact support recovery criterion considered here. We note that since
this work was first posted, other researchers have provided related results on consistency in #o

lounici2009taking,huang2Q09benefit . . i
error Huang an ang ; Lounici et al. (2009), again under hard sparsity constraints.

APPENDIX A: PROOF OF COROLLARY 2

PROOF. Let F be the event that the thresholded ROLS method, when applied to the true
row set S, fails to recover the individual supports. By a union bound, the overall probability
of failure in the multi-stage procedure is upper bounded as P[F] < P[S # S] +P[F | § = S].

hmMain

Under the conditions of Theorem [T, the row support is recovered with probability greater

than 1 — ©(exp(—coK log s)), so that P[S # S] — 0. As for the remaining term, we have

P[F|S5=25]< ]P’[S[]:]S} which is less than 2P[F] for (n,s) large enough, since P[S = S§] — 1.
Consequently, it suffices to upper bound the unconditional probability that the ROLS
estimate applied to the true support fails to recover the individual supports. Introducing
the shorthand f]gg i= %XEX s, some straightforward linear algebra shows that the ROLS
estimate of BY takes the form Bg = Bg + U, where U := (SSS)_%W/\/H, and W :=
(f]sg)_%XgW/\/ﬁ is an s x K noise matrix with i.i.d. standard Gaussian entries.

Let W) denote the j™ column of W, and let e; denote the i*h canonical basis vector in

R?%. We then have

(253)7% W(J)’

IN

max U; ;| = max — \F ] \}ﬁ max [‘|(§SS)7%€z‘H max ’fz]ﬂ
I e 1
;75W(Ess) QWQIQEX\&JN

where (¢; ;) forms a sequence of identically distributed standard Gaussian variables (which
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are dependent in general). Using a union bound and standard Gaussian tail bounds, for all

v > 0, we have
P[max|& ;| > (1 +v)y/2log(Ks)] < 2exp(—vlog(Ks)) — 0.
l?]

AppRandMat, ~_ 1 _1
A concentration bound for random matrices (see Appendix [') yields ||X¢2 |||2 < \/§C’m§1 with

probability greater than 1 — exp(—©(n)), so that we obtain

4log Ks

P [H}E}X \Uijl > (1+v) Cn

} = O(exp(—O(logs))).

This result, together with the lower bound on the smallest absolute value of the non-zero coef-
ficients of B*, shows that the threshold procedure in Step 3 will retain all non-zero coefficients

of B* while correctly setting to zero all entries for which B* is actually zero. O

- APPENDIX B: PROOF OF LEMMA 2

Using the notation ; to denote a row of B and denoting by
(54) K= {(w,v) € RE xR | ]2 < v}

X . lockRegProb
the usual second-order cone (SOC), we can rewrite the original convex program (7] wi

q=2 as
1 2 P
nBlockRegProb?2 ‘ (55) min o |||Y — XB|HF + An Z b;
B ¢ RPXK i=1
b e RP

s.t. (Biybi)) e K, 1<i<np.

. 0yd02 ) .
We now dualize the conic constraints % I'j;oya and Vandenberghe, 2004), using conic Lagrange
multipliers belonging to the dual cone K* = {(z,t) € REH|2Tw + vt > 0, (w,v) € K}.
do2
The second-order cone K is self-dual 0oy and Vandenberghe, 2004), so that the convex

[EqnBlockRegProb2
program (b5) 1s equivalent to

. 1 p p
min max 2—|||Y7XB|||?+)\anif)\nZ(fziTﬁithibi)
B e RPXK  Z ¢ RpXK n i=1 i=1
beRP t € RP

s.t. (ziyt;) €L, 1<i<p,
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where Z is the matrix whose i*" row is z;.

Since the original program is convex and strictly feasible, strong duality holds and any

pair of primal (B*,b*) and dual (Z*,t*) solutions has to satisfy the Karush-Kuhn-Tucker

conditions:
rimConstraints‘ (56a) 182 <bf, 1<i<p
ualConstraints| (56b) |zl <t7, 1<i<p

(56¢) 2B -t =0, 1<i<p
(564) Visly ¥~ XBI] p_pe + 22" =0

tit] (56¢) An(l—t5) =0

ompSlack ftil
Since equations (E)i)ci and (ET)T) impose the constraints t7 = 1 and b = ||5/||2, a primal-dual
solution to this conic program is determined by (B*, Z*).

emUniqueOpt
Any solution satisfying the conditions in Lemma% also satishies these KKT conditions, since

. nOnPrimal L EqnOffDual | . radPrimal . nOnDual
equation (BZD) and the definition (BZc) are equivalent to equation (b0d), and equation (BZa

[EqnQf fPrimgHEqn0f fDu.
and the combination of conditions (| L)Zd) and_%Z() 1mp1y that the complementary slackness

ompSlack
equations (E)i)ci hold for each primal-dual conic pair (5;, z;).
Now consider some other primal solution B; when combined with the optimal dual solution
~ . ~ ~ X L. ertsekas_nonlin . X
Z, the pair (B, Z) must satisfy the KKT conditions %Berfsekas, 995). But since for j € S¢,

CompSlack
we have [|Z;||2 < 1, then the complementary slackness condition ()le mplies that for all

j € se, Bj = 0. This fact in turn implies that the primal solution B must also be a solution to
. Restricted . . X .
the restricted convex program (E%% ;, obfained by only considering the covariates in the set S or
equivalently by setting Bge = Ogc. But since s < n by assumption, the matrix X EX s is strictly
. . . . . Restricted
positive definite with probability one, and therefore the restricted convex program (33) has

. . ~ X ~ = lockRegProb
a unique solution B§ = Bg. We have thus shown that a solution (B, Z) to the program ( )

X L EemUnigueOE_t .
that satisfies the conditions of Lemma [Z; if 1t exists, must be unique.

APPENDIX C: CHARACTERIZATION OF THE SPARSITY-OVERLAP FUNCTION

mSparseOverlap

. . LemSparseOverlap . .
In this appendix, we prove Lemma [T. (a) To verify this claim, we first set Zg = ((B%), and
(k)*

use Zg~ to denote the k™ column of Z%. Since the spectral norm is upper bounded by the
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sum of eigenvalues, and lower bounded by the average eigenvalue, we have
1 * — * * * — *
(257555 25) < o(BY) < (25" $5573).

Given our assumption (Al) on Xgg, we have

K

T — k S
(25T N5 2) = 3 7S ez 2 o SN2 = G
k=1 max k=1 max

N
—

using the fact that S, || Zg k)*H2 = % ,|1Z¢||* = s. Similarly, in the other direction, we

have
1 X

(K)xy2 _ 8
Cmin Z ||ZS H B Cmin,

K
(25 Sg525) = ) 23" vkl <

ol
—_

which completes the proof.
(b) Under the assumed orthogonality, the matrix Z*7 Z* is diagonal with ||Z(*)*|? as the

diagonal elements, so that the largest || Z*)*||2 is then the largest eigenvalue of the matrix.

APPENDIX D: GROUP LASSO VERSUS ORDINARY LASSO

CorGroupOrd
In this appendix, we provide the proof of Corollary t% WEICE characterizes the relative

efficiency of the group versus the ordinary Lasso. From the discussion preceding the statement
CorGroupOrd
of Corollary t’), we know that the quantity

N log(p — s1,) = log(p — s5) > log(p —
k:rrl{%w(ﬁg Jlog(p —sp) =  max splog(p —s) = max silog(p—s)

governs the performance of the ordinary Lasso procedure for row selection. It remains to show
then that ¢(B%) < maxy, sg.

As before, we use the notation Z§ = ((B%), and Z; for the it" row of Z%. Since Xgg = Lsxs,

we have ¢(B*) = || Z%||?. Consequently, by the variational representation of the f>-norm, we
have
S
B*) = max Ztx|? < max 7:T )%
W) = e 1Z50S e S (27
Let |Z7| = (1Z4), .., 1237 and y; = (21 sign(Z3),. .., 2k sign(Z;‘K))T. By the Cauchy-

Schwartz inequality,

«T \2 A 2 * * . *
(Z5 )" = (171 w)” < N2 1P lwall? = 12501 Y ai sign(Z35,)?
k
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so that,

s

K
Z Z*T <X:HZ*H Z%Slgn i*) :ZkaZSlgn i*) :Zfﬁiska
k=1

i=1 k=1 =1

and if ||z|| < 1, we have Zszl z%s < maxj<p<r S thereby establishing the claim.

APPENDIX E: INEQUALITIES WITH BLOCK-MATRIX NORMS
ppLemGuillaume ‘

In general, the two families of matrix norms that we have introduced, || - ||, 4 and [| - ||¢, /e, »

are distinct, but they coincide in the following useful special case:

LEMMA 7. For 1l <p<oo and for r defined by 1/r +1/p =1 we have
I Nlewwsey = I lloo,r-

ProOF. Indeed, if a; denotes the i*" row of A, then

All, t, = max|lai[, = max max yTa»:maxmaxya = max |[Ay
At leallp = meoe e, v o = e, g el = e, vl
O
We conclude by stating some useful bounds and relations:
LemGuillaumel | LEMMA 8. Consider matrices A € R™*" and Z € R™* and p,r > 0 with % + % =1, we
have:
EqnSubordinate | (57a) 1AZlercse, = NAZllco,r < [[Alloc, 00l Zlloo,r = IIAlloo, o0 [ Z e /e, -
[EqnGuillaunez] (57b) IAl, < Wmlr,oo BAlloo,r = 87| Aller e,

APPENDIX F: SOME CONCENTRATION INEQUALITIES FOR RANDOM MATRICES

AppRandMat

In this appendix, we state some known concentration inequalities for the extreme eigen-

values of Gaussian random matrices. Although these results hold more generally, our interest
avSzal1l

here is on scalings (n, s) such that s/n — 0. The following result is from E)gvfason and Szarek

(2001).
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LEMMA 9. Let U € R™** be a random matriz from the standard Gaussian ensemble (i.e.,

Uij ~ N(0,1), i.i.d.). Then if we denote by Amin(-) and Amax(-) the smallest and largest

singular value of U, respectively, we have:

(58) Pl1- Amm(j%) > ﬁ +1)] < exp (- ";2>
(59) P[Amax(\%) ~1> \/iJr D] <exp (- nj)

As a consequence, for s/n — 0 we obtain the two following inequalities:

LEMMA 10.
1 7 1 n/1 $\2 .
(60) P[H\gU ull, < 5} < eXP{ - 5(1 - n>+}
1 S s
(61) PUHEUTU — Lxs|l, > 6 \/;} < 2exp(-— 5) +exp(—O(n)) — 0.

PRrROOF. For simplicity, we write Apin for /\min(%) and Apax for )\max(

we have

1

U

n

MinSpecBound
). For Eq. (E)ii;,

P07l < 5] < PPwin < J5] <Pl dwn >+ (G- )] <em{ - 5G - 2)

RandBound
For Eq. (E) ?,an o

]P’[|||%UTU — Loxs|l, > 6 \/i] = P[max (X — 1,1 = Mgy ) > 6 \/i]

IN

IN

zexp{ = 2(2) }+2e{ - 3(5-2) ]

P Amax — 1 2 2\/5} +P|1— Amin > 2\/5} +P[Amax + 12 3] + P Amin +1 > 3]

where we used that {A\?—1> 2} C {A—1> 2}U{A+1 > 3} to obtain the first inequality. [

These results are easily adapted to more general Gaussian ensembles. Letting X = UV/A,

we obtain an n X s matrix with i.i.d. rows, X; ~ N(0,A). If the covariance matrix A has

maximum eigenvalue Cax < 400, then we have

(62) [ XTX —All, = [VART'UTU -~ IVA]ly < Cuax[ln™ UTU - 1],

andBound . X
so that the bound (E)i ; immediately yields an analogous bound on different constants.
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The final type of bound that we require is on the difference
(XX /n)=" = A7,

assuming that X7 X is invertible. We note that

XX /)™ = AT, = (XX /n) A = (XX /)],

IN

XX )M I A = (XX /)l 1A,

As long as the eigenvalues of A are bounded below by Cpin > 0, then [|[A7![|, < 1/Crin.

. . inSpecBoun 1 .
Moreover, since s/n — 0, we have (from equation (50 a X/n)7H|, < 2/Chin with

. . . . . [EgqnGenGaussRandBound
probability converging to one exponentially in n. Thus, equation (57) implies the desired

bound.

APPENDIX G: PROOF OF LEMMA 3

SecUevent —~ N
The analysis in Section [’3,.)’ shows that the condition |A;]|l2 < 1/2 implies that 3; # 0 and

hence Z; = 3;/||Bil|2 for all rows i € S. Therefore, using the notation Z* = 35 /||3||2 we have

o i ¥ = ZEt A Vs

[ 23 1 * 1
[18il2 12 + Aill2

i 1 A;

2 (o )
Gzevanh VY iz+am

Note that, for z # 0, the function g(z,0) = m is differentiable with respect to §, with
gradient Vs g(z,0) = —ﬁ. By the mean-value theorem, there exists h € [0, 1] such that
2
1 g(5.8) — g(2,0) = Vs g(z, he)T6 = — EED 0
T et = Z, - 2, = V§g(z, = T A . L3
fz+oll ST ! 21[= + ko[
which implies that there exists h; € [0, 1] such that
- ((Z; + hidi)T A [[All2
Zi— 7 < ||z !
[Aill2 1Al
(63) (2 5 + 7

T 2027+ Az 127+ Al

We note that [|Zf[|s = 1 and ||A;llz < % imply that || Z7 + h;All2 > 1. Combined with
1pful ~

inequality (E)% ;,ewe obtain |Zi — Z7||2 < 4||Aill2, which proves the lemma.
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APPENDIX H: PROOF OF LEMMA 4

With Z¢ = ((BY), define the K x K random matrix

* )‘721 * « — * 1
M* = Z(ZS)T(ESS) 1ZS—|—$WT(In—HS)W

n

X . X ndersonStat
and note that (using standard results on Wishart matrices fAnaerson, 1984))

A2
(64) E[M;] = n_isn_l(ZE)T(ESS)_lzqurUzn

— S
Ik

To bound M,, in spectral norm, we use the triangle inequality:

122l = 1 (A1),

IN

|32, = E[M]]l,

(65) + 1M — E M,

IN

|2, — Ml

Ay As

. X . . BigTriangle
Considering the term A; in the decomposition (65), we have:

A2 eis
I35 = Mull, = 22555525 — 2555525,
)‘2 * O — * > * 7 \e— * > *
= anzszsé(zs — Zs) +(Z5 — Z)S54(Z% + (Zs — Z))|,
A2 S — * - * * >
(66) < IEsslalZs - Zsll, @l 25N, + 125 - Zsll,)-

AppRandMat
Using the concentration results on random matrices in Appendix [, we have the bound
|H§]§ém2 < 2/Chyin with probability greater than 1—exp(—©(n)), and we have || Z¢||, = O(y/s)
L . nGuillaume2 emGuillaum =

by definition. Moreover, from equation (E) /D) in Lemma I/, we have || Z§ — Zs ||, < v/5[|Z% —
~ eyUBound emZapprox ~

Z5\¢. /¢, Using the bound (7 7V and Lemma E,;), Wo have 1Z5—Z5slo.. je, = o(1) with probability

A Boun
greater than 1 — ¢; exp(—coK log s), so that from equation (H)E) ;,olelzg gonclude that

N s
(67) Ay = || My = M|, = O(T) w.h.p.

Turning to term As, we have the upper bound Ay < Tf + Tg , where

P -
Tl = SRzl | (Bss) "~ (Bss) M, and

-1
1
1 = WL~ T — (- )k,

Since H|Z§w§ < s, and || (Lgs)™t — (f}SS)—lmz = o(1) with high probability (see Ap-

n—s—1

AppRandMat
pendix [}, we have TT (ﬁ) with probability greater than 1 — 2exp(—0(n)),
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Turning to TQT, we have with probability greater than 1 — 2exp(—s/2) — exp(—0(n)),

i = o[ - of2)

n\/n n

. . RandBound
using the random matrix bound (E) ; once again. Overall, we conclude that

2
(63) A = BB, = o) g,

Finally, turning to H|E [M:Z] |||27 from equation (E)i i‘:di\;kéMeﬁzn_\; e

A2 (B* n o? s A2 )(B*) + o
(B") (1-2) (B*) + I

09 eI, = 2EF T T (12 = (1 on)]

n
. . At AtermTw MstarEx L BigTriangle
Finally, we combine bounds (57), (%), and (69) in the decomposition (55), and apply

mSparseQverla;

Lemma [T(a) to obtan that ¢(B*) = O(s); combining these facts yields that

n

A2 Y(B*) + o2

A2 4(B*) + o?
. |

[ <o, < (+o[2E

(1-9)]

with probability greater than 1 — ¢ exp(—coK log s), which establishes the claim.

APPENDIX I: LARGE DEVIATIONS FOR x2-VARIATES
AppChiMax

LEMMA 11. Let Zi,...,Zy, be i.i.d. x*-variates with d degrees of freedom. Then for all

t > d, we have

i=1,....m

d
EqnChiMax | (70) P[ max Z; >2t] < mexp ( - t[l — 2\/;])

X 9 . X LauMas98
PROOF. Given a central y“-variate X with d degrees of freedom, Laurent and Massart

(1998) prove that P[X — d > 2v/dx + 2z] < exp(—z), or equivalently
P[X >z + (Vo +Vd)?] < exp(—z),
valid for all 2 > 0. Setting /= + V/d = v/t, we have

PX > € P[X > (Vi- VAP +1] < exp(—(vi- VdP)

IN

exp(—t + 2V'td)

= exp(—t[1—2ﬁ]),

ChiM
where inequality (a) follows since v/ > v/d by assumption. Thus, the claim (I(M Tollows by

the union bound. O
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