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THE STICKY HDP-HMM: BAYESIAN NONPARAMETRIC HIDDEN
MARKQOV MODELS WITH PERSISTENT STATES

BY EMILY B. Fox', ERIK B. SUDDERTH' MICHAEL |. JORDAN AND ALAN
S. WiLLsky |

Massachusetts Institute of Technolbgyd University of California, Berkeléy

We consider the problem speaker diarizationthe problem of segment-
ing an audio recording of a meeting into temporal segmentesponding to
individual speakers. The problem is rendered particuldifficult by the fact
that we are not allowed to assume knowledge of the numberagfipgartic-
ipating in the meeting. To address this problem, we take a&&ap nonpara-
metric approach to speaker diarization that builds on teeah¢hical Dirichlet
process hidden Markov model (HDP-HMM) @&h et al.(2006. Although
the basic HDP-HMM tends to over-segment the audio data—tingeeedun-
dant states and rapidly switching among them—we describeugmented
HDP-HMM that provides effective control over the switchirege. We also
show that this augmentation makes it possible to treat éonisistributions
nonparametrically. To scale the resulting architecturestdistic diarization
problems, we develop a sampling algorithm that employsracated approx-
imation of the Dirichlet process to jointly resample thel fthte sequence,
greatly improving mixing rates. Working with a benchmarkS¥l data set,
we show that our Bayesian nonparametric architecture yigtiate-of-the-art
speaker diarization results.

1. Introduction. A recurring problem in many areas of information technol-
ogy is that of segmenting a waveform into a set of time intisrttzat have a useful
interpretation in some underlying domain. In this article f@cus on a particu-
lar instance of this problem, namely the problenspéaker diarizationln speaker
diarization, an audio recording is made of a meeting invavnultiple human par-
ticipants and the problem is to segment the recording ime intervals associated
with individual speakersWooters and Huijbregi2007). This segmentation is to
be carried out without a priori knowledge of the number ofadqges involved in
the meeting; moreover, we do not assume that we have a prioviledge of the
speech patterns of particular individuals.

Our approach to the speaker diarization problem is builthenftamework of
hidden Markov models (HMMs), which have been a major sucstesg not only in
speech technology but also in many other fields involving emsequential data,

*This work was supported in part by MURIs funded through AFG&f@nt FA9550-06-1-0324
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including genomics, structural biology, machine transtatcryptanalysis and fi-
nance. An alternative to HMMs in the speaker diarizatiotirsgtvould be to treat
the problem as a changepoint detection problem, but a kegcasp speaker di-
arization is that speech data from a single individual galherecurs in multiple
disjoint intervals. This suggests a Markovian frameworkvitich the model tran-
sitions among states that are associated with the diffepdkers.

An apparent disadvantage of the HMM framework, howeverh# tlassical
treatments of the HMM generally require the number of statdee fixed a priori.
While standard parametric model selection methods can &egted to the HMM,
there is little understanding of the strengths and wealasest such methods in
this setting, and practical applications of HMMs generéitythe number of states
using ad hoc approaches. It is not clear how to adapt HMMs d¢odtharization
problem where the number of speakers is unknown.

In recent work,Teh et al.(2006 presented a Bayesian nonparametric version
of the HMM in which a stochastic process—therarchical Dirichlet process
(HDP)—defines a prior distribution on transition matricegmocountably infi-
nite state spaces. The resultifipP-HMM is amenable to full Bayesian poste-
rior inference over the number of states in the model. Moggathis posterior
distribution can be integrated over when making predisti@ifectively averaging
over models of varying complexity. The HDP-HMM has shownrpige in a vari-
ety of applied problems, including visual scene recogniti€ivinen et al, 2007),
music synthesisHoffman et al, 2008, and the modeling of genetic recombina-
tion (Xing and Sohn2007) and gene expressioBéal and Krishnamurthy2006).

While the HDP-HMM seems like a natural fit to the speaker datron problem
given its structural flexibility, as we show in Seét.the HDP-HMM does not yield
state-of-the-art performance in the speaker diarizatatting). The problem is that
the HDP-HMM inadequately models the temporal persistefistates. This prob-
lem arises in classical finite HMMs as well, where semi-M&&n models are
often proposed as solutions. However, the problem is ekated in the nonpara-
metric setting, in which the Bayesian bias towards simpledefs is insufficient
to prevent the HDP-HMM from giving high posterior probatyilio models with
unrealistically rapid switching. This is demonstrated ig.A, where we see that
the HDP-HMM sampling algorithm creates redundant statesrapidly switches
among them. (The figure also displays results from the autpdddDP-HMM—
the “sticky HDP-HMM” that we describe in this paper.) Thedency to create
redundant states is not necessarily a problem in settingkich model averaging
is the goal. For speaker diarization, however, it is criticainfer the number of
speakers as well as the transitions among speakers.

Thus, one of our major goals in this paper is to provide a gérsaiution to the
problem of state persistence in HDP-HMMs. Our approach $ilyeatated—we
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Fic 1. (2) Multinomial observation sequence; (b) true state sege; (c)-(d) estimated state se-
guence after 30,000 Gibbs iterations for the original anidist HDP-HMM, respectively, with er-
rors indicated in red. Without an extra self-transition bjaghe HDP-HMM rapidly transitions among
redundant states.

simply augment the HDP-HMM to include a parameter for selfisition bias, and
place a separate prior on this parameter. The challengei®tute this idea coher-
ently in a Bayesian nonparametric framework. Earlier psypewve also proposed
self-transition parameters for HMMs with infinite state cps Beal et al, 2002
Xing and Sohn2007), but did not formulate general solutions that integraiy fu
with Bayesian nonparametric inference.

Another goal of the current paper is to develop a more fullpparametric
version of the HDP-HMM in which not only the transition distition but also
the emission distribution (the conditional distributichobservations given states)
is treated nonparametrically. This is again motivated ke sheaker diarization
problem—in classical applications of HMMs to speech redgm problems it is
often the case that emission distributions are found to bkinmmdal, and high-
performance HMMs generally use finite Gaussian mixturesnaisseon distribu-
tions Gales and Youndg2008). In the nonparametric setting it is natural to replace
these finite mixtures with Dirichlet process mixtures. Utiiaately, this idea is
not viable in practice, because of the tendency of the HDRvHbIrapidly switch



4 E. FOXET AL.

between redundant states. As we show, however, by incdipgran additional
self-transition bias it is possible to make use of Diriclgeicess mixtures for the
emission distributions.

An important reason for the popularity of the classical HM#its computa-
tional tractability. In particular, marginal probabiés and samples can be obtained
from the HMM via an efficient dynamic programming algorithmokvn as the
forward-backward algorithmRabiner 1989. We show that this algorithm also
plays an important role in computationally efficient infece for our generalized
HDP-HMM. In particular, we develop a blocked Gibbs sampléich leverages
forward—backward recursions to jointly resample the staté emission assign-
ments for all observations.

The paper is organized as follows. In SBcwe begin by summarizing some of
the basic background on Dirichlet processes. Then, in Sege briefly describe
the hierarchical Dirichlet process and, in Sécdiscuss how it applies to HMMs
and can be extended to account for state persistence. Areeffigibbs sampler is
also described in this section. In Sécwe treat the case of nonparametric emission
distributions. We discuss our application to speaker zéaion in Sec’. A list of
notational conventions can be found in the Supplementarte Néé

2. Dirichlet Processes. A Dirichlet process (DP) is a distribution on proba-
bility measures on a measurable sp&ceThis stochastic process is uniquely de-
fined by a base measufé on © and a concentration parametgrwe denote it by
DP(~, H). Consider a random probability measurg ~ DP(v, H). The DP is
formally defined by the property that for any finite partitjoty, ..., Ax} of ©,

(2.1) (Go(A1),...,Go(Ak)) | v, H ~ Dir(vH(A1),...,vH(AK)).

That is, the measure of a random probability distributign~ DP (v, H) on every
finite partition of©® follows a finite-dimensional Dirichledistribution This defini-
tion of the DP is due té-erguson(1973, who invoked Kolmogorov’s consistency
conditions to establish the existence of the DP as a staclmstess with Dirich-
let marginals. A more constructive definition of the DP wasegiby Sethuraman
(1994. Consider a probability mass function (prifj; }7°, on a countably infinite
set, where the discrete probabilities are defined as follows

v | v ~ Betd1,7) k=1,2,...
k—1

(2.2) Br=wve [[A1—v) k=12,....
=1

In effect, we have divided a unit-length stick into lengtlgeg by the weights3,:
the k' weight is a random proportiony, of the remaining stick after the previous
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(k — 1) weights have been defined. Thick-breaking constructiors generally
denoted by ~ GEM(~). With probability one, a random dra® ~ DP(~, H)
can be expressed as

[e.9]
(2.3) Go=)Y Bby, Op|H~H, k=12,

k=1
wheredy denotes a unit-mass measure concentratéd tom this definition, we
see that the DP actually defines a distribution over disgeibability measures.
The stick-breaking construction also gives us insight mbav the concentration
parametery controls the relative proportion of the mixture weiglsts and thus
determines the model complexity in terms of the expectedbauraf components
with significant probability mass.

The DP has a number of properties which make inference basttismonpara-
metric prior computationally tractable. Consider a set ln§eyvations{¢;} with
0; ~ Gy. Because probability measures drawn from a DP are disdiedeg is
a strictly positive probability of multiple observatio®$ taking identical values
within the set{6;}, with ;, defined as in Eq.Z.3). For each valué’, let z; be an
indicator random variable that picks out the unique vapeuch that), = 6,,.
Blackwell and MacQuee(l973) introduced a Polya urn representation of ée
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implying the following predictive distribution on the iraditor random variables:

(2.5)

LK
pleny1 =2 21,...,2N8,7) = NLHNZ,K +1) + Nt~ > Nib(z, k).
k=1

Here, N, = Zfil d(zi, k) is the number of indicator random variables taking the
valuek, and K + 1 is a previously unseen value. We use the notadion k) to
indicate the discrete Kronecker delta. This represematemn be used to sample
observations from a DP without explicitly constructing ttmuntably infinite ran-
dom probability measur&y ~ DP(v, H).

The distribution on partitions induced by the sequence oflitmnal distribu-
tions in EQ. .5 is commonly referred to as théhinese restaurant processhe
analogy, which is useful in developing various generaitirest of the Dirichlet pro-
cess we consider in this paper, is as follows. Téke be a customer entering a
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restaurant with infinitely many tables, each serving a umidigshé,.. Each arriving
customer chooses a table, indicatedzbyin proportion to how many customers
are currently sitting at that table. With some positive daibity proportional toy,
the customer starts a new, previously unoccupied table 1. From the Chinese
restaurant process, we see that the DP has a reinforcenugeriyr that leads to a
clustering at the values;.

From Eq. 2.5 we see that when; ~ g and ~ GEM(v), we can integrate
out 3 to determine a closed-form predictive distribution fgr We can also find
the distribution of the number of unique valueszpfesulting from/NV draws from
the measurej. Letting K be the number of unique values §f1, ..., zy}, this
distribution is given by Antoniak 1974):

I'(v) K
(2.6) p(K | N,v) = mS(M K™,
wheres(n, m) are unsigned Stirling numbers of the first kind.

The DP is commonly used as a prior on the parameters of a raixiodel with a
random number of components. Such a model is callegiehlet process mixture
modeland is depicted as a graphical model in Fi¢p)-(b). To generate observa-
tions, we choosé, ~ Gy andy; ~ F(0;) for an indexed family of distributions
F(-). This sampling process is also often described in termseofrtilicator ran-
dom variablesy; in particular, we have; ~ 3 andy; ~ F(6.,). The parameter
with which an observation is associated implicitly paotits or clusters the data.
In addition, the Chinese restaurant process represemtatthcates that the DP
provides a prior that makes it more likely to associate amdagion with a param-
eter to which other observations have already been assdcibhis reinforcement
property is essential for inferring finite, compact mixtunedels. It can be shown
under mild conditions that if the data were generated by &fmixture, then the
DP posterior is guaranteed to converge (in distributiortha finite set of mixture
parameterslgéhwaran and Zarepou20023.

Finally, we can also obtain the DP mixture model as the lirh& sequence of
finite mixture models. Let us assume that therelacemponents in a finite mixture
model and we place a finite-dimensional Dirichlet prior oasth mixture weights:

(2.7) B |~ ~Dir(y/L,...,v/L).

Let G§ = Z,le Brdg, . Then, it can be showrighwaran and Zarepou2002h
2000 that for every measurable functighintegrable with respect to the measure
H, this finite distributionG; converges weakly to a countably infinite distribution
Gy distributed according to a Dirichlgrrocess That is, asl, — oo,

@8) [ 10dcE0) 2 [ 10)dCo0). Go~ DP(H).
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3. Hierarchical Dirichlet Processes. There are many scenarios in which groups
of data are thought to be produced by related, yet disticteative processes. For
example, take a sensor network monitoring an environmemreviime-varying
conditions may influence the quality of the data. Data ctdl@écinder certain condi-
tions should be grouped and described by a similar, butrdiftemodel from that of
other data. The hierarchical Dirichlet process (HDRH et al, 2006 extends the
DP to such scenarios by taking a hierarchical Bayesian apjr@ global Dirichlet
process prioDP(«, Gp) is placed or® and group-specific distributions are drawn
from a global priorG; ~ DP (o, Gy), where the base measui® acts as an “av-
erage” distribution across all groups; indeed, we h&\€; | Gy] = Gy. The base
measure( is itself distributed according to a Dirichlet proced® (v, H), im-
plying that atoms are shared not only within groups, but akstveen groups. If
the base measuré&, were instead fixed and absolutely continuous with respect to
Lebesgue measure, there would be zero probability of thepgspecific distribu-
tions having overlapping support.

We now describe the HDP more formally. L&;1,...,y;n,} be the set of
observations in group. We assume there are such groups of data. Then, the
generative model, depicted in Fig(d), can be written as:

Go = >_5=1 B, B |~ ~ GEM(y)
Op | HA~H(\) k=12,...

(3 1) Gj :Z?ilﬁjt(SQ;ft 7~Tj ’ OéNGEM(Oé) j: 1,...,J

' 9;t|G0NG0 t=1,2,
05 | G ~ G yii |05 ~ F(0) j=1,....J
t=1,...,Nj.

Teh et al.(2006 have also described the marginal probabilities obtaimenh f
integrating over the random measutgsandG ;. They show that these marginals
can be described in terms oChinese restaurant franchig€RF) that is an analog
of the Chinese restaurant process. The CRF is comprisetdrestaurants, each
corresponding to an HDP group, and an infinite buffet line isheds common to
all restaurants. The process of seating customers at tdide®ver, is restaurant
specific. We introduce indicator variables and k;; to represent table and dish
assignments. There atkrestaurants (groups), each with infinitely many tables
(clusters) at which customers (observations) sit. Eactomer is pre-assigned to
a given restaurant determined by that customer’s grodjme table assignment for
thei!" customer in the restaurant is chosen &s ~ 7;, and each table is assigned
a dish (parameter) via;; ~ 3. One can think of3 as a set of ratings for the dishes
served in the buffet line. Observatiqy); is then generated by global parameter
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Fic 2. Dirichlet process (left) and hierarchical Dirichlet press (right) mixture models repre-
sented in two different ways as graphical models. (a) Indicaariable representation in which
Bly ~ GEM(®), Ox|H, A\ ~ H(X), zi|8 ~ B, andy;|{0k }7=1, 2z ~ F(0:,). (b) Alternative rep-
resentation withGo|a, H ~ DP(«, H), 0;|Go ~ Go, andy;|0; ~ F(6;). (c) Indicator variable
representation in whiclB|y ~ GEM(v), mx|a, 8 ~ DP(a, B), Ox|H, A ~ H(N), zji|7; ~ 75,
and y;i {0k }321, 26 ~ F(0-,;). (d) Alternative representation witli/o|y, H ~ DP(y, H),
G;|Go ~ DP(a, Go), 03;|G; ~ Gj, andy;:|0; ~ F(07;). The “plate” notation is used to com-
pactly represent replicationTeh et al, 2006).
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0% = 05, = ijtji. The generative model is summarized below and is depicted as
a graphical model in Fig3(a):

B2) k|B~B gl Ty~ 7 g | {0ite, {kjedi2e ti ~ Fbky,,,)-

Marginalizing over the stick-breaking measufgsand 3 yields the following
predictive distributions that describe the CRF:

3

(33) p(tji | tjla ... 7tjz'—17 a) X ﬁjt(;(tji, t) + Oé(;(tji, TJ + 1)
1

o+
Il

N

p(k]t ‘ Elak2a o an—hkjh ey kjt—lafy) X mké(kjta k) +’Y§(kjtaK + 1)7

B
Il

1

wherem., = 3, mj;, andk; = {kj1, ..., kjr; }. Here, iy, denotes the number of
customers in restaurayitsitting at tablet, m;;, the number of tables in restaurant
Jj serving dishk, T’; the number of currently occupied tables in restaujaand K
the total number of unique dishes being served in the fraeclitq. 8.3) implies
that upon entering the'” restaurant in the CRF, customgy; sits at currently
occupied tables;; with probability proportional to the number of currentlyased
customers, or starts a new talile+- 1 with probability proportional tex. The first
customer to sit at a table goes to the buffet line and pickslagi for their table,
choosing the dish with probability proportional to the nembf times that dish has
been picked previously, or ordering a new dish, ; with probability proportional
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FiG 3. Graph of (a) CRF, and (b) CRF with loyal customers. Cust@yersit at tablet j;|7; ~ 7;.

In the CRF, each table chooses a dish|3 ~ (3 while in the CRF with loyal customers tables
considera dishk;; |3 ~ 3, but override variablesv;; |, & ~ Ber(k/(a + )) can force theserved
dishk;: to bej. See Sect. 1L

=
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to~. The intuition behind this predictive distribution is thiategrating over the dish
ratings 3 results in customers making decisions based on the obspomdarity
of the dishes.

Since each distributioty; is drawn from a DP with a discrete base measkise
multiple 7, may take an identical valug, for multiple unique values df implying
that multiple tables in the same restaurant may be servedatime dish.We can
write G; as a function of these unique dishes:

(3.4) Gj = mjds, mj|a,6~DP(a.f), 6O|H~H,

k=1
wherer; now defines a restaurant-specific distribution over disleegesl rather
than over tables, with

(35) ik = Z ﬁjt'
t‘k:jt:k

Let z;; be the indicator random variable for the unique dish eatepbisgrvation
yji» SO thatz;; = kji,,. A third equivalent representation of the generative madel
in terms of these indicator random variables:

(3.6) mila,B~DP(a,8)  zjil|mi~mp o oy | {0k}, 20 ~ F(6z,),
and is shown in Fig2(c).

As with the DP, the HDP mixture model has an interpretatiothadimit of a
finite mixture model. Placing a finite Dirichlet prior ghinduces a finite Dirichlet
prior on;:

3.7) B|v~Dir(y/L,...,v/L)
T ’ a, B~ Dil’(aﬂl, R ,OéﬂL).
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As L — oo, this model converges in distribution to the HDP mixture mod
(Teh et al, 2006).

4. The Sticky HDP-HMM. Recall that the hidden Markov model, MM,
is a class of doubly stochastic processes based on an undeidyjscrete-valued
state sequence, which is modeled as MarkoviRab{ner 1989. Let z; denote the
state of the Markov chain at timeand 7; the state-specific transition distribu-
tion for statej. Then, the Markovian structure on the state sequence ekcthat
2z ~ 7, ,. The observationsy;, are conditionally independent given this state
sequence, witly, ~ F'(6.,) for some fixed distributiorf'(-).

The HDP can be used to develop an HMM with an infinite state espahe
HDP-HMM (Teh et al, 2006. Conceptually, we envision a doubly-infinite tran-
sition matrix, with each row corresponding to a Chineseawgsint. That is, the
groups in the HDP formalism here correspond to states, artd €ainese restau-
rant defines a distribution on next states. The CRF linksetimext-state distribu-
tions. Thus, in this application of the HDP, the group-spedistribution, 7;, is
a state-specific transition distribution and, due to thanitdfistate space, there are
infinitely many such groups. Sincg ~ 7., ,, we see that,_; indexes the group
to whichy; is assigned (i.e., all observations with ; = j are assigned to group
7). Just as with the HMM, the current statethen indexes the parametgr, used
to generate observatian (see Fig4(a)).

By definingw; ~ DP(«, ), the HDP prior encourages states to have similar
transition distributions (7. | 3] = (x). However, it does not differentiate self-
transitions from moves between different states. When tirggéata with state
persistence, the flexible nature of the HDP-HMM prior alldarsstate sequences
with unrealistically fast dynamics to have large postepiwbability. For example,
with multinomial emissions, a good explanation of the dattoidivide different
observation values into unique states and then rapidlyckvietween them (see
Fig. 1). In such cases, many models with redundant states may ame poste-
rior probability, thus impeding our ability to identify a ogact dynamical model
which best explains the observations. The problem is comged by the fact that
once this alternating pattern has been instantiated byatelgr, its persistence is
then reinforced by the properties of the Chinese restadiranthise, thus slowing
mixing rates. Furthermore, this fragmentation of data rettundant states can re-
duce predictive performance, as is discussed in Sda. many applications, one
would like to be able to incorporate prior knowledge thatslsmoothly varying
dynamics are more likely.

To address these issues, we propose to instead sampléidradsstributionsr
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Fic 4. (a) Graphical representation of the sticky HDP-HMM. Theatst evolves as
zer1{mr iz, 2t ~ 7, Wheremg|a, k, 8 ~ DP(a + k, (af + kdk)/(a + k)) and By ~
GEM(~), and observations are generated @3{0x }r—1,2¢ ~ F(0.,). The original HDP-HMM
hask = 0. (b) Sticky HDP-HMM with DP emissions, whesg indexes the state-specific mix-
ture component generating observatign The DP prior dictates that,|{¢x }7=1,2¢ ~ ., for
Yrlo ~ GEM(o). The; ™" Gaussian component of thé"™ mixture density is parameterized By ;
Soytl{ekvj}z?j:h Zty St ™~ F(azt,st)-

as follows:

B |~ ~ GEM(y)

4.1 ; ~ DP
( ) 7Tj|a7"</>ﬁ <Oé—|—li, Oé—|—l€

aﬂ—i—/iéj) '

Here, (a3 + kd;) indicates that an amount> 0 is added to theg!" component of
af. Informally, what we are doing is increasing the expectezbability of self-
transition by an amount proportional 1o More formally, over a finite partition
(Z1,...,Zk) of the positive integer&.,, the prior on the measure; adds an
amountx only to the arbitrarily small partition containing corresponding to a
self-transition. That is,

(4.2)
(ﬂ'j(Zl), N ,Wj(ZK)) | Oé,ﬁ ~ Dlr(aﬁ(Zl) + I{éj(Zl), e ,Oéﬁ(ZK) + Iiéj(ZK))

Whenx = 0 the original HDP-HMM of Teh et al.(2006) is recovered. Because
positive  values increase the prior probabilify[r;; | ] of self-transitions, we
refer to this extension as tlstickyHDP-HMM. See Fig4(a).

The x parameter is reminiscent of the self-transition bias patanof the infi-
nite HMM, a precursor of the HDP-HMMBeal et al, 2002. The infinite HMM
employs a two-level urn model. The top-level process plaga®bability on tran-
sitions to existing states in proportion to how many timesséhtransitions have
been seen, with an added bias towards a self-transitionietles has not previ-
ously occurred. With some remaining probability an orasledlled, representing
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the second-level urn. This oracle chooses an existing stgheoportion to how
many times the oracle previously chose that state, regardiethe state transi-
tion involved, or chooses a previously unvisited state. @taele is included so
that newly instantiated states may be visited from all autyeinstantiated states.
While this urn model is an appealing description of probtéd on transitions,
the lack of an underlying random measure makes it difficuigecify a coherent
Bayesian inference procedure, and indeed the infinite HMMBedl et al.(2002
relied on a heuristic approximation to a Gibbs sampler. Tillecbnnection be-
tween HMMs on an infinite state space and an underlying nampatric Bayesian
prior, as well as the development of a coherent inferencerigihgn, was made
in Teh et al.(2006, but without the inclusion of a self-transition paramend
hence with the potential pitfalls mentioned previously.)

4.1. Chinese Restaurant Franchises with Loyal CustomeVge extend the Chi-
nese restaurant metaphor to the sticky HDP-HMM, where @chise now has
restaurants with loyal customers. In addition to providimgition for the predic-
tive distribution on assignment variables, developing timietaphor aids in con-
structing the Gibbs samplers of Séc2 and Sec4.3. In the CRF with loyal cus-
tomers, each restaurant in the franchise has a speciahliywdib the same index
as that of the restaurant. Although this dish is served dlsesy it is more popular
in the dish’s namesake restaurant. We see this increasedapopin the specialty
dish from the fact that a table’s dish is now drawn from thedifieddish ratings:

Oéﬂ + R(Sj

(4.3) ki | oy, B~ S

Specifically, we note that each restaurant has a set of rastaspecific ratings of
the buffet line that redistributes the shared ratifig® that there is more weight on
the house-specialty dish.

Recall that while customers in the CRF of the HDP are preitjmaréd into
restaurants based on the fixed group assignments, in theHH\DR-the value of
the statez; determines the group assignment (and thus restaurant)stdroar
yi+1- Therefore, we will describe a generative process thatdasigns customers
to restaurants and then assigns customers to tables aras$.dise will refer toz,
as the parent angd,,; as the child. The parent enters a restaugadetermined
by its parent (the grandparent},_; = j. We assume there is a bijective mapping
f :t — ji of time indicest to restaurant/customer indicgs The parent then
chooses a table;; ~ 7; and that table is served a dish indexedHy. Noting
thatz; = z5; = kj, (i.e., the value of the state is the dish index), the increase
popularity of the house specialty dish implies that chitdage more likely to eat in
the same restaurant as their parent and, in turn, more likedat the restaurant’s
specialty dish. This develops family loyalty to a given eesant in the franchise.
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However, if the parent chooses a dish other than the housgafipethe child
will then go to the restaurant where this dish is the spgcetid will in turn be
more likely to eat this dish, too. One might say that for thiekst HDP-HMM,
children have similar tastebuds to their parents and wabgk go the restaurant
that prepares their parent’s dish best. Often, this keepsy generations eating in
the same restaurant.

The inference algorithm for the sticky HDP-HMM, which is tked in the Sup-
plementary Material,is simplified if we introduce a set okiiary random vari-
ablesk;; andwj; as follows:

kje| B~ B
(4.4) Wit | o,k ~ Ber(a n m) £ Ber(p)
= 4 Rt Wi =0;
Fit | Ry e = { Joowp=1,

where Be(p) represents the Bernoulli distribution with parametérere, we have
defined a self-transition parameter «/(a+x). The table first chooses a dish
without taking the restaurant’s specialty into considergfi.e., the original CRF).
With some probability, thisonsidereddish is overridden (perhaps by a waiter’'s
suggestion) and the table is served the specialty flisthus, %;; represents the
serveddish. We refer tav;; as theoverridevariable. For the original HDP-HMM,
whenk = 0, the considered dish is always the served dish singe= 0 for all
tables. This generative process is depicted in Bfg). Our inference algorithm,
described in Sect.2, aims to infer these variables conditioned on knowledge of
the serveddishesk;;. For example, if the served dish of tal#lén restaurany is
indexed byj, the house specialty, the origin of this dish may either Hmaen from
consideringEjt = j or having been overridden hy;; = 1. See Fig5(b).

A graphical model representation of the sticky HDP-HMM iswh in Fig.3(b).
Although not explicitly represented in this graph, thelgtitiDP-HMM still in-
duces a Markov structure on the indicator random variablesvhich, based on
the value of the parent state_;, are mapped to a group-specific indgx One
can derive a distribution on partitions by marginalizingeothe stick-breaking dis-
tributed measures; and 3, just as in the HDP. The CRF with loyal customers is
then described by:

3

(4.5) p(tji | tjr, .- tjim1, 00 k) o< Y e (tgit) + (o + K)0(tj, T; + 1)

&
Il
—

p(l;:]t ‘ El?' .- 7Ej—17kj17' .- 7];jt—1a7) X

M=

m.k(S(];jt, k) + 75(];jta K + 1),

=
Il

1
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FiG 5. (a) Generative model of considered dish indiégs (top) being converted to served dish
indicesk;; (bottom) via override variables ;.. (b) Perspective from the point of view of an inference
algorithm that must infek;; and w;, givenk;,. If k;; # j, then the override variablev;; is
automatically0 implying thatk;, = k;:, as indicated by the jagged arrow. If insteag = 75, then
this could have arisen from the considered digh being overridden¢;; = 1) or not (w;; = 0).
These scenarios are indicated by the dashed arrow. If theidered dish was not overridden, then
kj: = kj = j. Otherwisek;; could have taken any value, as denoted by the question mark.

wherem,;, is the number of tables in restaurainthat considereddish , and K
the number of unique considered dishes in the franchise diiiebutions orw;;
andk;; remain as before, so that considered dishes are sometiragsdden by
the house specialty.

Throughout the remainder of the paper, we use the followaigtional conven-
tions. Given a random sequenge, , o, . . ., 27}, we use the shorthand .; to de-
note the sequencgery, 2, . . ., 7¢ } andx,, to denote the setey, . . ., 41, Tyy1, .- -, 27}
Also, for random variables with double subindices, such as,, we will usex
to denote the entire set of such random varialles, .,, Va1, Vas }, and the short-
hand notationc,,. = 3", Tajass Toay = Dogy Tarag, ANAT. = D7, D70 Taja,-

4.2. Sampling via Direct Assignmentsln this section we present an inference
algorithm for the sticky HDP-HMM of Sec4 and Fig.4(a) that is a modified
version of the direct assignment Rao-Blackwellized Giblsgler of Teh et al.
(2006. This sampler circumvents the complicated bookkeepinghef CRF by
sampling indicator random variables directly. The reagltsticky HDP-HMM di-
rect assignment Gibbs sampler is outlined in Algorithm 1h& Supplementary
Material, which also contains the full derivations of thisrgpler.

The basic idea is that we marginalize over the infinite setaiésspecific transi-
tion distributionsr;, and parameter$,, and sequentially sample the statagiven
all other state assignments;, the observationg,., and the global transition dis-
tribution 5. A variant of the Chinese restaurant process gives us tle jproba-
bility of an assignment of; to a valuek based on how many times we have seen
other transitions from the previous state valye; to £ and k£ to the next state
value z;, 1.As derived in the Supplementary Material, this conditlaffiatribution
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is dependent upon whether either or both of the transitipnsto k£ andk to z;1
correspond to a self-transition, most strongly when 0. The prior probability of
an assignment of, to statek is then weighted by the likelihood of the observation
y; given all other observations assigned to state

Given a sample of the state sequence, we can represent the posterior distri-
bution of the global transition distributiofi via a set of auxiliary random variables
mjk, M, andw;;, which correspond to thg!" restaurant-specific set of table
counts for each considered dish and served dish, and oxemiihbles of the CRF
with loyal customers, respectively. The Gibbs sampleatts between sequential
sampling of the state, for each individual value of given 3 and z;; sampling
of the auxiliary variablesn i, m;, andw;; given z;.r and 3; and sampling ofs
given these auxiliary variables.

4.3. Blocked Sampling of State Sequenceghe HDP-HMM sequential, direct
assignment sampler of Set.2 can exhibit slow mixing rates since global state
sequence changes are forced to occur coordinate by cotardiftas phenomenon
is explored inScott (2002 for the finite HMM. Although the sticky HDP-HMM
reduces the posterior uncertainty caused by fast statefsng explanations of the
data, the self-transition bias can cause two continuoustemgorally separated
sets of observations of a given state to be grouped into @iestSee Figi(b) for
an example. If this occurs, the high probability of selfas@ion makes it challeng-
ing for the sequential sampler to group those two examptesaiisingle state.

Alternatively, we propose using a variant of the HMM forwdoralckward pro-
cedure Rabiner 1989 to harness the Markovian structure and jointly sample the
state sequence;.r given the observationg,.r, transition probabilitiesr;, and
parameterg;. To take advantage of this procedure, we now must sampleréie p
viously marginalized transition distributions and modafrgmeters. In practice,
this requires approximating the countably infinite traositdistributions. One ap-
proach is to terminate the stick-breaking constructioerasome portion of the
stick has already been broken and assign the remaining tvgighsingle com-
ponent. This approximation is referred to as thencated Dirichlet processAn-
other method is to consider tlaegree L weak limit approximationio the DP
(Ishwaran and Zarepop20021,

(4.6) GEM (a) = Dir(a/L,...,a/L),

whereL is a number that exceeds the total number of expected HMMsstBbth
of these approximations, which are presentedshiwaran and Zarepoy2002h
2000, encourage the learning of models with fewer tianomponents while al-
lowing the generation of new components, upper bounded,lss new data are
observed. We choose to use the second approximation beotitsesimplicity
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and computational efficiency. The two choices of approxiomst are compared
in Kurihara et al(2007), and little to no practical differences are found.

The Gibbs sampler using blocked resampling:of is derived in the Supple-
mentary Material; an outline of the resulting algorithm Iscapresented (see Al-
gorithm 3). A similar sampler has been used for inferencedPHhidden Markov
trees Kivinen et al, 2007). However, this work did not consider the complica-
tions introduced by multimodal emissions, which we explar8ec.6. Recently, a
slice sampler, referred to Beam samplingvan Gael et a].2008, has been devel-
oped for the HDP-HMM. This sampler harnesses the efficisnafehe forward-
backward algorithm without having to fix a truncation leval the HDP. However,
as we elaborate upon in Sexl, this sampler suffers from slower mixing rates
than our blocked sampler, which utilizes a fixed-order, wiaak truncation of the
HDP-HMM.

4.4. Hyperparameters. We treat the hyperparameters in the sticky HDP-HMM
as unknown quantities and perform full Bayesian infereng these quantities.
This emphasizes the role of the data in determining the nuwf@ccupied states
and the degree of self-transition bias. Our derivation af@ang updates for the
hyperparameters of the sticky HDP-HMM is presented in thep&mentary Ma-
terial; it roughly follows that of the original HDP-HMMTgh et al, 2006). A key
step which simplifies our inference procedure is to note #ivate we have the
deterministic relationships

a=(1-p)atr)
(4.7) k= pla+ k),

we can treap anda + k as our hyperparameters and sample these values instead
of samplinga. andx directly.

5. Experiments with Synthetic Data. In this section, we explore the perfor-
mance of the sticky HDP-HMM relative to the original modeé(j the model with
x = 0) in a series of experiments with synthetic data. We judgéopmiance ac-
cording to two metrics: our ability to accurately segmeiet data according to the
underlying state sequence, and the predictive likelihdduet-out data under the
inferred model. We additionally assess the improvemenisiking rate achieved
by using the blocked sampler of Sé&c3.

5.1. Gaussian Emissions.We begin our analysis of the sticky HDP-HMM per-
formance by examining a set of simulated data generateddrofMM with Gaus-
sian emissions. The first dataset is generated from an HMK&avitigh probability
of self-transition. Here, we aim to show that the original PHBIMM inadequately
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captures state persistence. The second dataset is from ahwidi¥l a high prob-
ability of leaving the current state. In this scenario, ooalgs to demonstrate that
the sticky HDP-HMM is still able to capture rapid dynamicsibferring a small
probability of self-transition.

For all of the experiments with simulated data, we used wealbrmative hy-
perpriors. We placed a Gamiia0.01) prior on the concentration parameters
and (« + k). The self-transition proportion parametewas given a Betd0, 1)
prior. The parameters of the base measure were set from thgagawill be de-
scribed for each scenario.

State Persistence.The data for the high persistence case were generated from a
three-state HMM with a 0.98 probability of self-transitiamd equal probability
of transitions to the other two states. The observation argdtate sequences for
the state persistence scenario are shown indtg. We placed a normal inverse-
Wishart prior on the space of mean and variance parametdrsedrihe hyperpa-
rameters as: 0.01 pseudocounts, mean equal to the empiéeal, three degrees
of freedom, and scale matrix equal to 0.75 times the empveaance. We used
this conjugate base measure so that we may directly comipangerformance of
the blocked and direct assignment samplers.For the blosdetpler, we used a
truncation level ofl. = 20.

In Fig. 6(d)-(h), we plot the10*”, 50", and 90" quantiles of the Hamming
distance between the true and estimated state sequencab@\t®00 Gibbs iter-
ations using the direct assignment and blocked samplettseosticky and original
HDP-HMM models. To calculate the Hamming distance, we ukedtunkres al-
gorithm Munkres 1957 to map the randomly chosen indices of the estimated state
sequence to the set of indices that maximize the overlapthétiirue sequence.

From these plots, we see that the burn-in rate of the blockegpker using the
sticky HDP-HMM is significantly faster than that of any otlsaimpler-model com-
bination. As expected, the sticky HDP-HMM with the sequalntlirect assignment
sampler gets stuck in state sequence assignments from whshard to move
away, as conveyed by the flatness of the Hamming error vetstzion number
plot in Fig.6(g). For example, the estimated state sequence obtymight have
similar parameters associated with states 3, 7, 10 and lasahie likelihood is
in essence the same as if these states were grouped, bugdhesnse has a large
error in terms of Hamming distance and it would take manyattens to move
away from this assignment. Incorporating the blocked sampith the original
HDP-HMM improves the Hamming distance performance redativthe sequen-
tial, direct assignment sampler for both the original anckgtHDP-HMM; how-
ever, the burn-in rate is still substantially slower thaattbf the blocked sampler
on the sticky model.

Recently, ebeam samplinglgorithm {an Gael et al.2008 has been proposed
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FiG 6. (a) Observation sequence (blue) and true state sequerdg f@r a three-state HMM with
state persistence. (b) Example of the sticky HDP-HMM diessignment Gibbs sampler splitting
temporally separated examples of the same true state (ntd)multiple estimate states (blue) at
Gibbs iteration 1,000. (c) Histogram of the inferred se#risition proportion parametep, for the
sticky HDP-HMM blocked sampler. For the original HDP-HMMhet median (solid blue) anth*”
and90'" quantiles (dashed red) of Hamming distance between thatrdestimated state sequences
over the first 1,000 Gibbs samples from 200 chains are shomthéqd) direct assignment sampler,
and (e) blocked sampler. (f) Hamming distance over 30,0@b&samples from three chains of the
original HDP-HMM blocked sampler. (g)-(i) Analogous plats(d)-(f) for the sticky HDP-HMM.

which adapts slice sampling metho&#opert and Casell2005 to the HDP-HMM.

This approach uses a set of auxiliary slice variables, onedoh observation, to
effectively truncate the number of state transitions thastnibe considered at ev-
ery Gibbs sampling iteration. Dynamic programming methcatsthen be used to
jointly resample state assignments. The beam sampler wased by a related
approach for DP mixture model8valker, 2007), which is conceptually similar to
retrospective sampling method3apaspiliopoulos and Rober&)08. In compar-

ison to our fixed-order, weak limit truncation of the HDP-HMMe beam sampler
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FiG 7. For the beam sampler, we plot: (a) the median (solid bluej a6'" and 90*" quantiles
(dashed red) of the Hamming distance between the true aimdagstl state sequences over the first
1,000 Gibbs samples from 200 chains, and (b) the Hammingraistover 30,000 Gibbs samples
from three chains. (c) Histogram of the effective beam samplincation level,L.;s, over the
30,000 Gibbs iterations from the three chains (blue) coragdo the fixed truncation level, = 20,
used above (red).

provides an asymptotically exact algorithm. However, tlkearb sampler can be
slow to mix relative to our blocked sampler on the fixed, tated model (see
Fig. 7 for an example comparison.) The issue is that in order toidens transi-
tion which has low prior probability, one needs a corresjiuglg rare slice variable
sample at that time. Thus, even if the likelihood cues amngtrto be able to con-
sider state sequences with several low-prior-probabitdypsitions, one needs to
wait for severakare eventdo occur when drawing slice variables. By considering
the full, exponentially large set of paths in the truncatedesspace, we avoid this
problem. Of course, the trade-off between the computatioost of the blocked
sampler on the fixed, truncated modél({"L?)) and the slower mixing rate of the
beam sampler yields an application-dependent samplecehoi

The Hamming distance plots of Fig(a) and (b), when compared to those of
Fig. 6, depict the substantially slower mixing rate of the beam@amthan the
blocked sampler. However, the theoretical computatioeakfit of the beam sam-
pler can be seen in Fig(c). In this plot, we present a histogram of the effective
truncation level,L.s, used over the 30,000 Gibbs iterations on three chains. We
computed this effective truncation level by summing overthmber of state tran-
sitions considered during a full sweep of sampling- and then dividing this num-
ber by the length of the datasét, and taking the square root. On a more technical
note, our fixed, truncated model allows for more vectoraatof the code than
the beam sampler. Thus, in practice, the difference in coation time between
the samplers is significantly less than th(eLz/Lgff) factor obtained by counting
state transitions.

From this point onwards, we present results only from bldckampling since
we have seen the clear advantages of this method over thergedudirect assign-
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ment sampler.

Fast State-Switching. In order to warrant the general use of the sticky model,
one would like to know that the incorporated sticky parametzs not preclude
learning models with fast dynamics. To this end, we expldhedperformance of
the sticky HDP-HMM on data generated from a model with a higibpbility of
switching between states. Specifically, we generated ehisens from a four-state
HMM with the following transition probability matrix:

04 04 01 0.1
04 04 01 0.1
01 01 04 04
0.1 01 04 04

(5.1)

We once again used a truncation leyel= 20. Since we are restricting ourselves
to the blocked Gibbs sampler, it is no longer necessary tcausenjugate base
measure. Instead we placed an independent Gaussian pitioe amean parameter
and an inverse-Wishart prior on the variance parametettheocGaussian prior, we
set the mean and variance hyperparameters to be equal tmfheoal mean and
variance of the entire dataset. The inverse-Wishart hygarpeters were set such
that the expected variance is equal to 0.75 times that ofritieelataset, with three
degreee of freedom.

The results depicted in Fig confirm that by inferring a small probability of
self-transition, the sticky HDP-HMM is indeed able to capttast HMM dynam-
ics, and just as quickly as the original HDP-HMM (althoughhnhigher variabil-
ity.) Specifically, we see that the histogram of the selfi¢faon proportion param-
eter p for this dataset (see Fi@(d)) is centered around a value close to the true
probability of self-transition, which is substantiallywer than the mean value of
this parameter on the data with high persistence ig.)

5.2. Multinomial Emissions. The difference in modeling power, rather than
simply burn-in rate, between the sticky and original HDP-MNs more pro-
nounced when we consider multinomial emissions. This isbge the multino-
mial observations are embedded in a discrete topologiealesim which there is no
concept of similarity between non-identical observatiaiues. In contrast, Gaus-
sian emissions have a continuous range of valueR"irwith a clear notion of
closenesdbetween observations under the Lebesgue measure, aidgrguping
observations under a single HMM state’s Gaussian emissgiribdition, even in
the absence of a self-transition bias.

To demonstrate the increased posterior uncertainty wgbrelie observations,
we generated data from a five-state HMM with multinomial esiaiss with a 0.98
probability of self-transition and equal probability oansitions to the other four
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FiG 8. (a) Observation sequence (blue) and true state sequeerdg for a four-state HMM with
fast state switching. For the original HDP-HMM using a bleckGibbs sampler: (b) the median
(solid blue) and10t* and 90" quantiles (dashed red) of Hamming distance between theatnde
estimated state sequences over the first 1,000 Gibbs safnmhes200 chains, and (c) Hamming
distance over 30,000 Gibbs samples from three chains. (stpbfiam of the inferred self-transition
parameter,p, for the sticky HDP-HMM blocked sampler. (e)-(f) Analoggulsts to (b)-(c) for the
sticky HDP-HMM.

states. The vocabulary, or range of possible observatiesawas set to 20. The
observation and true state sequences are shown iA(@jgWe placed a symmetric
Dirichlet prior on the parameters of the multinomial distrion, with the Dirichlet
hyperparameters equal to 2 (i.e., Qir. .., 2).)

From Fig.9, we see that even after burn-in, many fast-switching sedeences
have significant posterior probability under the non-sticiodel leading to sweeps
through regions of larger Hamming distance error. A quiliggplot of one such in-
ferred sequence after 30,000 Gibbs iterations is showrgirlfg). Such sequences
have negligible posterior probability under the sticky HBEIMM formulation.

In some applications, such as the speaker diarization gmolthat is explored
in Sec.7, one cares about the inferred segmentation of the data is¢b af state
labels. In this case, the advantage of incorporating tlukysiparameter is clear.
However, it is often the case that the metric of interest ésphedictive power of
the fitted model, not the accuracy of the inferred state sempi€lo study perfor-
mance under this metric, we simulated 10 test sequencegthgisame parameters
that generated the training sequence. We then computedkdétiadod of each of
the test sequences under the set of parameters inferreergtl®0"" Gibbs iter-
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FiG 9. (a) Observation sequence (blue) and true state sequeercg for a five-state HMM with
multinomial observations. (b) Histogram of the predictprebability of test sequences using the in-
ferred parameters sampled evai§0'" iteration from Gibbs iterations 10,000 to 30,000 for thekyi
and original HDP-HMM. The Hamming distances over 30,0006S8ibamples from three chains are
shown for the (b) sticky HDP-HMM and (c) original HDP-HMM.

ation from iterations 10,000 to 30,000. This likelihood veasnputed by running
the forward-backward algorithm &tabiner(1989. We plot these results as a his-
togram in Fig.9(b). From this plot, we see that the fragmentation of data int
redundant HMM states can also degrade the predictive pedgioce of the inferred
model. Thus, the sticky parameter plays an important ralleérBayesian nonpara-
metric learning of HMMs even in terms of model averaging.

5.3. Comparison to Independent Sparse Dirichlet PrioWe have alluded to
the fact that thesharedsparsity of the HDP-HMM induced by is essential for in-
ferring sparse representations of the data. Although shiseiar from the perspec-
tive of the prior model, or equivalently the generative @sx; it is not immediately
obvious how much this hierarchical Bayesian constrainisak in posterior infer-
ence. Once we are in the realm of considering a fixed, trudagieroximation to
the HDP-HMM, one might propose an alternate model in whiclsingly place a
sparse Dirichlet prior, D/ L, ..., /L) with o/L < 1, independently on each
row of the transition matrix. This is equivalent to settiig= [1/L,...,1/L] in
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FIG 10. (a)State transition diagram for a nine-state HMM with onaimstate (labeled 1) and eight
sub-states (labeled 2 to 9.) All states have a significanbalodity of self-transition. From the main
state, all other states are equally likely. From a sub-stdte most likely non-self-transition is a
transition is back to the main state. However, all sub-stdtave a small probability of transitioning
to another sub-state, as indicated by the dashed arcs. (bg®htion sequence (blue) and true state
sequence (red) generated by the nine-state HMM with multialoobservations.

the truncated HDP-HMM, which can also be achieved by letimghyperparame-
ter~ tend to infinity. Indeed, when the data do not exhibit shapedsity or when
the likelihood cues are sufficiently strong, the indepehdgarse Dirichlet prior
model can perform as well as the truncated HDP-HMM. Howewvegcenarios
such as the one depicted in Fid), we see substantial differences in performance
by considering the HDP-HMM, as well as the inclusion of thiekst parameter.
We explored the relative performance of the HDP-HMM and spa&irichlet prior
model, with and without the sticky parameter, on such a Markodel with multi-
nomial emissions on a vocabulary of size 20. We placed €Dir...,0.1) prior
on the parameters of the multinomial distribution. For tharse Dirichlet prior
model, we assumed a state space of size 50, which is the satine ancation
level we chose for the HDP-HMM (i.e, = 50). The results are presented in
Fig. 11. From these plots, we see that the hierarchical Bayesiaroagip of the
HDP-HMM does, in fact, improve the fitting of a model with sedrsparsity. The
HDP-HMM consistently infers fewer HMM states and more repraative model
parameters. As a result, the HDP-HMM has higher predicikelihood on test
data, with an additional benefit gained from using the stig&sameter.

Note that the results of Fid.1(f) also motivate the use of the sticky parameter
in the more classical setting of a finite HMM with a standardidhilet sparsity
prior. A motivating example of the use of sparse Dirichléom for finite HMMs
is presented idohnson(2007).

6. Multimodal Emission Densities. In many application domains, the data
associated with each hidden state may have a complex, nadlihdistribution. We
propose to model such emission distributions nonparacadiiri using a DP mix-
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FiG 11. (a) The true transition probability matrix (TPM) asso@dtwith the state transition diagram
of Fig. 10. (b)-(c) The inferred TPM at the 30,000th Gibbs iteration tfee sticky HDP-HMM and
sticky sparse Dirichlet model, respectively, only exangrihose states with more than 1% of the
assignments. For the HDP-HMM and sparse Dirichlet modethwind without the sticky parameter,
we plot: (d) the Hamming distance error over 10,000 Gibbsaiiens, (e) the inferred number of
states with more than 1% of the assignments, and (f) the gireeliprobability of test sequences
using the inferred parameters sampled evedg?” iteration from Gibbs iterations 5,000 to 10,000.

ture of Gaussians. This formulation is related to the neBtedRodriguez et aJ.

2008, which uses a Dirichlet process to partition data into gggand then mod-
els each group via a Dirichlet process mixture. The bias tdsvaelf-transitions
allows us to distinguish between the underlying HDP-HMMesa If the model
were free to both rapidly switch between HDP-HMM states asmbeiate multiple
Gaussians per state, there would be considerable postegertainty. Thus, it is
only with the sticky HDP-HMM that we can effectively fit suchoatels.

We augment the HDP-HMM statg with a terms; indexing the mixture com-
ponent of thez" emission density. For each HDP-HMM state, there is a unique
stick-breaking measure;, ~ GEM(o) defining the mixture weights of the!”
emission density so that ~ ,,. Given the augmented state;, s;), the obser-
vationy; is generated by the Gaussian component with pararigter. Note that
both the HDP-HMM state index and mixture component indexadlaved to take
values in a countably infinite set. See Hfb).

6.1. Direct Assignment SamplerMany of the steps of the direct assignment
sampler for the sticky HDP-HMM with DP emissions remain theng as for the
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regular sticky HDP-HMM. Specifically, the sampling of thelgal transition dis-
tribution 3, the table countsn;;, andm;, and the override variables;; are un-
changed. The difference arises in how we sample the augthstate( z;, s;).

The joint distribution on the augmented state, having nmalgied the transition
distributionsm;, and emission mixture weights,, is given by

p(zt =k,si =] | z\tvs\tvylzT7ﬁ7a>o-> K, >\) = p(st =7 | it = kvz\tvs\tvylzT>U> >\)
(6.1) plze =k | 2\, s\, 1.1, B, @, K, A).

We then block-sampléz;, s;) by first samplingz;, followed by s; conditioned on
the sampled value of;. The termp(s; = j | 2t = k, 2\, S\, yu.1, 0, A) relies

on how many observations are currently assigned tgithenixture component of
statek. These conditional distributions are derived in the Supgletary Material,
with the resulting Gibbs sampler outlined in Algorithm 2.

6.2. Blocked Sampler. To implement blocked resampling 6f,.7, s1.7), we
use weak limit approximations to both the HDP-HMM and DP esioiss, approx-
imated to levelsl, and L', respectively. The posterior distributions férand
remain unchanged from the sticky HDP-HMM,; thatwf is given by

(6.2) x| 217,817, 0 ~ Dir(o/L' +nly,...,0/L +nj).

The procedure for sampling the augmented state-, s1.7) is derived in the Sup-
plementary Material (see Algorithm 4).

6.3. Assessing the Multimodal Emissions Modédh this section, we evaluate
the ability of the sticky HDP-HMM to infer multimodal emissi distributions rel-
ative to the model without the sticky parameter. We gendrdéta from a five-state
HMM with mixture of Gaussian emissions, where the number tunme compo-
nents for each emission distribution was chosen randoroiy fa uniform distri-
bution on{1,2,...,10}. Each component of the mixture was equally weighted
and the probability of self-transition was set to 0.98, watjual probabilities of
transitions to the other states. The large probability tfftsensition is what dis-
ambiguates this process from one with many more HMM stages) with a single
Gaussian emission distribution. The resulting obseruadiad true state sequences
are shown in Figl2(a) and (b).

We once again used a non-conjugate base measure and plaeedsa@ prior
on the mean parameter and an independent inverse-Wislartoprthe variance
parameter of each Gaussian mixture component. The hypengaers for these
distributions were set from the data in the same manner dseirfiaist-switching
scenario. Consistent with the sticky HDP-HMM concentratiarameters, and
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FiG 12. (a) Observation sequence (blue) and true state sequerdg for a five-state HMM with
mixture of Gaussian observations. The Hamming distance 3¥®00 Gibbs samples from three
chains are shown for the (b) sticky HDP-HMM and (c) origindDA-HMM, both with DP emissions.
(d) Histogram of the predictive probability of test sequesaising the inferred parameters sampled
every100'" iteration from Gibbs iterations 10,000 to 30,000 for theekyi and original HDP-HMM.

(o + k), we placed a weakly informative Gamfia0.01) prior on the concentra-
tion parametet of the DP emissions. All results are for the blocked sampiér w
truncation leveld, = L' = 20.

In Fig. 12, we compare the performance of the sticky HDP-HMM with DPmi
sions to that of the original HDP-HMM with DP emissions (i[2P emissions, but
no bias towards self-transitions.) As with the multinonvakervations, when the
distance between observations does not directly factortive grouping of obser-
vations into HMM states, there is a considerable amount sfguimr uncertainty
in the underlying HMM state. Even after 30,000 Gibbs samplese are still state
sequence sample paths with very rapid dynamics. The rektitisofragmenta-
tion into redundant states is a slight reduction in predicperformance on test
sequences, as in the multinomial emission case. Sed Kig).

7. Speaker Diarization. Recall that thespeaker diarizatiotiask involves seg-
menting an audio recording into speaker-homogeneousnggwhile simultane-
ously identifying the number of speakers. In this sectionpwesent our results on



THE STICKY HDP-HMM 27

applying the sticky HDP-HMM with DP emissions to the speatkarization task.

The data used for our experiments are a standard benchnmarketalistributed
by NIST as part of the Rich Transcription 2004-2007 meeti@gpgnition eval-
uations NIST, 2007). We used the first 19 Mel Frequency Cepstral Coefficients
(MFCCs), computed over a 30ms window every 10ms, as a fea@ater. When
working with this dataset, we discovered that: (1) the higdgfiency content of
these features contained little discriminative informatiand (2) without a mini-
mum speaker duration, the sticky HDP-HMM inferred withjpeaker dynamics in
addition to global speaker changes. To address both of ibases, we defined the
observations as averages over 250ms, non-overlappingshl@eninimum speaker
duration of 500ms was set by associating two of these obsangavith each hid-
den state. We also tied the covariances of within-stateuréxtomponents (i.e.,
each speaker-specific mixture component was forced to lo@veical covariance
structure), and used a non-conjugate prior on the mean aratiance parame-
ters. We placed a normal prior on the mean parameter with ragaal to the
empirical mean and covariance equal to 0.75 times the eraptovariance, and
an inverse-Wishart prior on the covariance parameter wid0ldegrees of free-
dom and expected covariance equal to the empirical cov@idror the concen-
tration parameters, we placed a Gani2a2) prior on, a Gammé&s, 1) prior on
a + Kk, and a Gamm@, 0.5) prior ono. The self-transition parametgrwas given
a Betd500, 5) prior. For each of the 21 meetings, we ran 10 chains of thekbbbc
Gibbs sampler for 10,000 iterations for both the originad aticky HDP-HMM
with DP emissions.

For the NIST speaker diarization evaluations, the goal ipramuce a single
segmentation for each meeting. Due to the label-switchisgd (i.e., under our
exchangeable prior, labels are arbitrary entities thatalamacessarily remain con-
sistent over Gibbs iterations), we cannot simply integ@ater multiple Gibbs-
sampled state sequences. We propose two solutions to tfikepr. The firstis to
simply choose from a fixed set of Gibbs samples the one thaupes the largest
likelihood given the estimated parameters (marginalizingr state sequences),
and then produce the corresponding Viterbi state sequéris.heuristic, how-
ever, is sensitive to overfitting and will, in general, beskid towards solutions
with more states. An alternative, more robust, metric weppse is what we refer
to as theminimum expected Hamming distan@ée first choose a large reference
set of state sequences produced by the Gibbs sampler andgiblpasnaller set
of test sequences. Then, for each sequence in the test segmymite the mean
Hamming distance between the test sequence and those iaféence set. We
then choose the test sequence that minimizes this expeeteadnihg distance. To
compute the Hamming distance, we first find the optimal peatian of test la-
bels to reference labels. This heuristic for choosing stetgience samples aims



28 E. FOXET AL.
50 ° 50 50
° ° °
i i ’ i ’
o o o
iL 40 AN L 40 i 40
[a) o, =) ° [a) °
>30 © 3 >30 o %0 >30 o %0
% 9}0 % o 8o % o 8o
8 ; 8 . 8 .
Paop o, P 20 D 20
c ~ c - c -
o ogl,' o o w° o ° o weo" o
Z 100 o, Z 105 22 Z 1w o
- o '/ o '/
s '/’ -
0 0 0
10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Sticky DERs Sticky DERs Sticky DERs
(@) (b) (©)
50 50 50
40 40 40
%] o %]
[n'd o n g ° o o
LéJ 30 ° LéJ 30 ° LéJ 30 °
o o, o,
— 9 o — o .o O — o .o O
N o 0 ° 0 °
B S S
0 20 , o 0 20 iy . 0 20 iy .
p ° ° o ° o
Q" o, o 0o
10 o 8 ° 10 o °o',' o 10 o °o',' °
e = =
K 10 50 % 10 50 % 10 50

20 30 40 20 30 40 20 30 40
Sticky DERs Sticky DERs Sticky DERs

(d) (e) ®

Fic 13. (a)-(c) For each of the 21 meetings, comparison of diararat using sticky vs. original
HDP-HMM with DP emissions. In (a) we plot the DERs correspngdo the Viterbi state sequence
using the parameters inferred at Gibbs iteration 10,00Q thaximize the likelihood, and in (b) the
DERs using the state sequences that minimize the expectathidg distance. Plot (c) is the same
as (b), except for running the 10 chains for meeting 16 outt@® iterations. (d)-(f) Comparison
of the sticky HDP-HMM with DP emissions to the ICSI errors @nthe same conditions.

to produce segmentations of the data thattgpécal samples from the posterior.
Jasra et al(2005 provides an overview of some related techniques to addness
label-switching issue. Although we could have chosen amg fanction to mini-
mize, we chose the Hamming distance metric because it iglgloslated to the
official NIST diarization error rate (DER) that is calculated during the evalua-
tions. The final metric by which the speaker diarization &thms are judged is
theoverall DER, a weighted average based on the length of each meeting.

In Fig. 13(a), we report the DER of the chain with the largest likelidagiven
the parameters estimated at ttig 000" Gibbs iteration for each of the 21 meet-
ings, comparing the sticky and original HDP-HMM with DP esigs. We see that
the sticky model’s temporal smoothing provides substhpégormance gains. Al-
though not depicted in this paper, the likelihoods basedemparameter estimates
under the original HDP-HMM are almost always higher tharsthonder the sticky
model. This phenomenon is due to the fact that without tlekyiparameter, the
HDP-HMM over-segments the data and thus produces param&iarates more
finely tuned to the data resulting in higher likelihoods. cgirthe original HDP-
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| Overall DERs (%) [ Min Hamming | Max Likelihood | 2-Best| 5-Best |

Sticky HDP-HMM 19.01 (17.84) 19.37 16.97 | 14.61
Non-Sticky HDP-HMM 23.91 25.91 23.67 | 21.06
TABLE 1

Overall DERs for the sticky and original HDP-HMM with DP ersiisns using the minimum
expected Hamming distance and maximum likelihood metiashbosing state sequences at Gibbs
iteration 10,000. For the maximum likelihood criterion, sigow the best overall DER if we consider

the top two or top five most-likely candidates. The numbeneérparentheses is the performance
when running meeting 16 for 50,000 Gibbs iterations. TheaWkCSI DER is 18.37%.

HMM is contained within the class of sticky models (i.e., whe = 0), there is
some probability that state sequences similar to thoserihe®riginal model will
eventually arise using the sticky model. Thus, the likedithanetric is not very ro-
bust as one would expect the performance under the stickghtmdegrade given
enough Gibbs chains and/or iterations. In Rig(b), we instead report the DER of
the chain whose state sequence estimate at Gibbs iterdij00QL minimizes the
expected Hamming distance to the sequences estimatedl®@&ibbs iteration,
discarding the first 5,000 iterations. Due to the slow mixiatg of the chains in
this application, we additionally discard samples whosemadized log-likelihood

is below 0.1 units of the maximum at Gibbs iteration 10,00@nfthis figure, we
see that the sticky model still significantly outperforme triginal HDP-HMM,
implying that most state sequences produced by the origioalel are worse, not
just the one corresponding to the most-likely sample. Onieeable exception to
this trend is the NIST20051102-1323 meeting (meeting 16). For the sticky model,
the state sequence using the maximum likelihood metric leag low DER (see
Fig. 14(c)); however, there were many chains that merged speakdrpraduced
segmentations similar to the one in Figi(d), resulting in such a sequence min-
imizing the expected Hamming distance. See 8dor a discussion on the issue
of merged speakers. Running meeting 16 for 50,000 Gibbatibeis improved
the performance, as depicted by the revised results inlEg). We summarize
our overall performance in Tablg and note that (when using the 50,000 Gibbs
iterations for meeting 16) we obtain an overall DER of 17.848ing the sticky
HDP-HMM versus the 23.91% of the original HDP-HMM model.

As a further comparison, the algorithm that was by far the pegormer at the
2007 NIST competition—the algorithm developed by a teanhatlhternational
Computer Science Institute (ICSNVpoters and Huijbregi2007), has an overall
DER of 18.37%. The ICSI team’s algorithm uses agglomerativstering, and re-
quires significant tuning of parameters on representataiaihg data. In contrast,
our hyperparameters are automatically set meeting-bytingeeas outlined at the
beginning of this section. An additional benefit of the sfi¢ckDP-HMM over the
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FiG 14. (a) True state sequence for the NI30051102-1323 meeting (meeting 16), with labels 9 and
10 indicating times of overlapping- and non- speech, re$pely, missed by the speech/non-speech
preprocessor. (b) True state sequence with the overlappind non- speech time steps removed. (c)-
(d) Plotted only over the time-steps as in (b), the state secgs inferred by the sticky HDP-HMM
with DP emissions at Gibbs iteration 10,000 chosen usingntbst likely and minimum expected
Hamming distance metrics, respectively. Incorrect lalagtésshown in red.

ICSI approach is the fact that there is inherent posteri@ettainty in this task,
and by taking a Bayesian approach we are able to provideadduggrpretations.
Indeed, when considering the best per-meeting DER for tlenfigst likely sam-
ples, our overall DER drops to 14.61% (see TableAlthough not helpful in the
NIST evaluations, providing multiple segmentations cdagduseful in practice.

To ensure a fair comparison, we use the same speech/nochgpeeprocessing
as ICSI, so that the differences in our performance are dakdnges in the iden-
tified speakers. (Non-speech refers to time intervals irckvhbbody is speaking.)
The pre-processing step of removing non-speech obsemgaamportant in en-
suring that the fitted acoustic models are not corrupted Ibyspeech information.
As depicted in Figl5, both our performance and that of ICSI depend significantly
on the quality of this pre-processing step. In Fi§(a), we compare the meeting-
by-meeting DERSs of the sticky HDP-HMM, the original HDP-HMIsind the ICSI
algorithm, and in Figl5(b) we plot the fraction of post-processed data that still
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contains overlapping- and non-speéch.is clear from Fig.15(a) that the sticky
HDP-HMM with DP emissions provides performance comparablénat of the
ICSI algorithm while the original HDP-HMM with DP emissioqerforms sig-
nificantly worse. Overall, the results presented in thisiseademonstrate that the
sticky HDP-HMM with DP emissions provides an elegant andieicglly effective
speaker diarization method.

W stcky 06
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__ 0.5
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FiG 15. (a) Chart comparing the DERs of the sticky and original HBIR¥M with DP emissions to
those of ICSI for each of the 21 meetings. Here, we choseadtesstquence at thi), 000°" Gibbs
iteration that minimizes the expected Hamming distancenfeeting 16 using the sticky HDP-HMM
with DP emissions, we chose between state sequences at i@&faimon 50,000. (b) Plot of the
fraction of overlapping- or non- speech in the post-proeesdata for each of the 21 meetings.

8. Discussion. We have developed a Bayesian nonparametric approach to the
problem of speaker diarization, building on the HDP-HMMgmeted inTeh et al.
(2006. Although the original HDP-HMM does not yield competitigpeaker di-
arization performance due to its inadequate modeling oféh®oral persistence
of states, the sticky HDP-HMM that we have presented he@wes this problem
and yields a state-of-the-art solution to the speakerziitian problem.

We have also shown that this sticky HDP-HMM allows a fully Baian non-
parametric treatment of multimodal emissions, disamhggi®y its bias towards
self-transitions. Accommodating multimodal emissionessential for the speaker
diarization problem and is likely to be an important ingesdiin other applications
of the HDP-HMM to problems in speech technology.

We also presented efficient sampling techniques with mixatgs that improve
on the state-of-the-art by harnessing the Markovian siraectf the HDP-HMM.

Not shown in this plot is the amount of actual speech remoyethé speech/non-speech pre-
processor.
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Specifically, we proposed employing a truncated approdonaio the HDP and
block-sampling the state sequence using a variant of thveafokbackward algo-
rithm. Although the blocked samplers yield substantiathyproved mixing rates
over the sequential, direct assignment samplers, thestithgome pitfalls to these
sampling methods. One issue is that for each new consideats] the parameter
sampled from the prior distribution must better explaindb&a than the parameters
associated with other states that have already been infbbypé¢he data. In high-
dimensional applications, and in cases where state-specifission distributions
are not clearly distinguishable, this method for adding séates poses a signif-
icant challenge. The data in the speaker diarization tabktis high-dimensional
and often has only marginally distinguishable speakeeslitey to extremely slow
mixing rates, as indicated by trace plots of various indicasuch as Hamming
distance and log-likelihood for 100,000 Gibbs iteratiomsneeting 16. Many of
our errors in this application can be attributed to mergeshkers, as depicted in
Fig. 14(d). On such large datasets, the computation cost of runmimglreds of
thousands of Gibbs iterations proves an insurmountabléehah direction for fu-
ture work is to develop split-merge algorithms for the HDE &DP-HMM similar
to those developed idain and Neal2004) for the DP mixture model.

A limitation of the HMM in general is that the observationg assumed condi-
tionally i.i.d. given the state sequence. This assumpsariten insufficient in cap-
turing the complex temporal dependencies exhibited inweasld data. Another
area of future work is to consider Bayesian nonparametrisioes of models bet-
ter suited to such applications, like the switching linegmaimical system (SLDS)
and switching VAR process. A first attempt at developing sudidels is presented
in Fox et al.(2009. An inspiration for the sticky HDP-HMM actually came from
considering the original HDP-HMM as a prior for an SLDS. Irclsuscenarios
where one does not have direct observations of the undgritate sequence, the
issues arising from not properly capturing state perstgteare exacerbated. The
sticky HDP-HMM presented in this paper provides a more robudding block
for developing more complex Bayesian nonparametric dyoahnnodels.
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APPENDIX A: NOTATIONAL CONVENTIONS

General Notation

y/mn the set of positive integers

R the set of reals

1. the sequencézy, ..., x;}

T\ the sequencqzy,...,x—1,%¢4+1,...,27}, WhereT is largest
possible index

Ty >aTab

Lq- Zb Lab

T.. Y20 Lab

[ cardinality of a set

d(k,7) the discrete Kronecker delta

o measure concentratedéat

E[] expectation of a random variable

DP(a, H) Dirichlet process distribution with concentration paraene: and
base measurel

Dir(«) K-dimensional finite Dirichlet distribution with parameter

Ber(p) Bernoulli distribution with parameter

GEM(v) stick-breaking distribution with parameter
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Hierarchical Dirichlet Process and CRF with Loyal Customers

Yji
Zji
0,
0%,

ith observation withinj"* group

index of mixture component that generated observajign
(non-unique) parameter associated with observatipn
(non-unique) parameter, dish, served at tablé in restaurany
k" unique global parameter of the mixture model

table assignment for observation,austomeyy;;
considered dish assignment for table restaurany
served dish assignment for talslen restaurang

the set of all considered dish assignments in restayrant
the set of all served dish assignments in restaurant
override variable for tablein restaurant

number of customers at tabién restaurany

number of tables in restaurajithat considered dish
number of tables in restaurajithat were served dish
number of currently occupied tables in restaurant
number of unique dishes considered in the franchise
number of unique dishes served in the franchise
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Sticky HDP-HMM

Yt observation from the hidden Markov model at time

2 state of the Markov chain at tinte

Nk number of transitions from stageto statek in z.p

nj‘,f number of transitions from stateto statek in z;.p, not counting
the transitions; 1 — z; Or z; — 2411

K self-transition parameter

p self-transition proportion parametey (« + «)

with DP emissions

St index of mixture component that generated observajjon

n;j number of observations assigned to #fé state’s j** mixture
component

ngt number of observations assigned to #fé& state’s j** mixture
component, not counting observatign

K, number of currently instantiated mixture components fer it

state’s emission distribution
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APPENDIX B: DIRECT ASSIGNMENT SAMPLER

This supplementary material provides the derivations liergequential, direct
assignment Gibbs samplers for the sticky HDP-HMM and stidkP-HMM with
DP emissions. Throughout this section, we will refer to taedom variables in
the graph of Fig3(b). For these derivations we include tkeerm of the sticky
HDP-HMM; the derivations for the original HDP-HMM follow dictly by setting
x = 0. The resulting Gibbs samplers are outlined in Algorithhand?2.

B.1. Sticky HDP-HMM. To derive the direct assignment sampler for the sticky
HDP-HMM, we first assume that we sample: table assignmentsaich customer,
tj;; served dish assignments for each tabklg, considered dish assignmenigt;
dish override variablesy;;; and the global mixture weightgi. Because of the
properties of the HDP, and more specifically the stick-birggklistribution, we are
able to marginalize the group-specific distributighisand parameterg;, and still
have closed-form distributions from which to sample (siegehangeability im-
plies that we may treat every table and dish as if it were thiedes in Eq.4.5).) The
marginalization of these variables is referred t®Ras-BlackwellizatiofCasella and Robert
1996. The assumption of having; andk;; is a stronger assumption than that of
having z;; sincez;; can be uniquely determined froty; andk;;, though not vice
versa. We proceed to show that directly samplingnstead oft;; andk;; is suffi-
cient when the auxiliary variables ;;, 7, andw;; are additionally sampled.

B.1.1. Samplingz;. The posterior distribution of; factors as:
Pl = k| 2, Biak) o [ Tpri | a8 []per | 7., )

J T I VT (e 16-,)d6
k T

(Bl) X p(zt =k | z\bﬁ»a) K‘)p(yt | Wt 2t = k, Z\t7>\)‘

Here, f(- | ) is the conditional density associated with the likelihod@strébution
F(6) andh(- | \) with the base measui ().

Thetermp(z; = k | 2\4, B, @, k), which arises from integration ovaer, is a vari-
ant of the Chinese restaurant franchise prior, wpilg; | y\¢, 2i=&, 2\¢, A) is the
likelihood of an assignment = k having marginalized the parametgr.

The conditional distributiom(z; = k | 2\¢, 8, @, k) of EqQ. B.1) can be written
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as:

Pz = k | 20 B, ) o /7r Pz | m)p(ee =k | 7 )
Mo asr) [ o | m)dr

i T|zr —1=1,7#L,t+1
(8.2) x [ plea | mople =k | m.0,)
Hp(ﬂ-i | {ZT | Rr—1 = i>7— 7é 6,1+ 1}7670[’ K)dﬂ-‘
%

Letz;_1 = j. If k # 7, thatis, assuming a change in state value at tintigen

p(Zt =k ’ Z\taﬂaaa"i)

08 p(Zt+1 | Wk)p(ﬂ-k | {ZT | Zr—1 = k>7— 7é t,t+ 1}7ﬁ7 «, K)dﬂ—k

Tk

[ =k L mp(ms | (a0 | 21 = 47 # 68+ 1), B0, R)d,

j
(B.3) X p(zir1 | {zr | 2ro1 = kT # 4+ 1}, 8,0, K)
p(Zt =k ‘ {ZT ‘ Zr—1 :jaT 7é t7t+ 1},6,@,&).

When considering the probability of a self-transition .(ile= j), we have

Pzt =j | 2, B, 0, k) o / p(ets1 | mj)p(ee = j | m5)
T

p(ﬂ-j | {zr | z2r—1 =k, 7 £t + 1}, 8, K)dﬂ-j
(B4) OCp(Zt :ja 241 ‘ {ZT ’ Rr—1 = kaT 7é Lt + 1}757047 ’%)'

These predictive distributions can be derived by standesdlts arising from
having placed a Dirichlet prior on the parameters definirggéhmultinomial ob-
servations:,. The finite Dirichlet prior is induced by considering the fapartition
{1,...,K,A;} of Z, ,whered; = {K+1, K+2,...} isthe set of unrepresented
state values im;. The properties of the DP dictate that on this finite partitive
have the following form for the group-specific transitiostdbutions:

(BS) Ty | a,f ~ Dir(aﬁlw . aaﬁj TR, >aﬁK7aﬁ]~g)7

where3; = >772 ;.4 ;. Using this prior, we derive the distribution of a generic
set of observations generated from a single transitiomiloligton 7; given the hy-
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perparameters, (3, andx:

Pz 2o =i} | Beasw) = [ ol | Boasmdp({zr | 201 = i} | m)dm,

k3

[ Tk aB + w0(k,0) T aginsei—1 T n
~ Jr T DBy + k6(k, 1)) kl;[l Tjk 1};[1 T A
_ D(Cy by + rd(k, 1)) T DBy + K0 (k, 1) + njp)
[T T(afr + £(k,3)) T(Xp aBk + K6(k, 1) + njk)
. Tla+k) D(afy + K6(k, 1) + njg)
(BG) - F(Oé R+ nz) H F(Oéﬁk T /{5(1{7’2))] )

k

where we make a slight abuse of notation in takihg, 1 = ;. We use Eq.E.6)
to determine that the first component of E§.3) is

p(zt =k | {ZT | Zr—1 :j,T?ét,t—Fl},ﬁ,O[,K)
bz B — £t L s = k| Buak)
pP{zr [zr =j,7 # Lt + 1} | B0, k)
B F(a+l£+n;t)F(aﬁk+/{+n;]f+l)
Cla+n'+1)  D(ab+ny)
afl +ngy

_t .
o+ ny

(B.7) -

Here,nj‘,f denotes the number of transitions from stat® & not counting the
transition fromz;_; to z; or from z; to z; 1. Similarly, the second component of
Eq. B.3) is derived to be

(B.8)

By + KO(L, k) +n )
Pz =L {zr | 2rc1 =k, 7 # 4t +1},8,0,K) = b (€, k) + nyg

o+ K+ ng

)
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For k = j, the distribution of Eq.E8.4) reduces to

p(zt = Jyzee1 | {20 | 2rm1 =4, 7 £ 6t + 11 6, a4 k)
— p({ZT‘ZT—lzj}‘ﬁ7a7H)
p({zT | Zr—1=J,T #t7t+ 1} | ﬁvavK)
D(atrtn ;") T(aBj+rtn+1) N(afetn, +1)
F(a+n+n;t+2) F(aﬁj+ﬁ+n;jt) F(aﬁg—i-n;;) ’
F(oz-i—n-l—n;t) F(aﬁj+&+n;jt+2)
F(a+/@+n;t+2) F(aﬁj—l-n-l—n;jt) ’

2o = L # i

Zt+1 :&E#]a

241 = J;

(afj+rt+n ) (aBetn )
(a—i—/{—i—n;t—i-l)(a-‘rn-l—n;t)’
(aBj+r+n 1) (aBj+r+n )
(a—i—/{—i—n;t—i-l)(a-l—n-l—n;t)
(@Bt g (B + g 4 (54 1)6(5,4))
(a+r+n;) a+r+n"+1) '

y At :j7

(B.9)

Combining these cases, the prior predictive distributibe; @s:

(B.10) p(z =k | 24, B, v, k)

(af + n;’:lk + k6(zt—1,k))

Bz +n;;t+1 +r6(k,2e41)+6(20—1,k)0(k,2t41)

otn F4rt+6(ze1,k) ) ke {1, - 7K}

CEQ,BEIth+1 k,’ — K + 1

a+kK

The conditional distribution of the observatigin given an assignment, = k&
and given all other observations, having marginalized ow, can be written as
follows:

P ez =k ) o [ Sl 00h6 1Y) TT Fr |00,

T|zr=k,T#t
[ £ 100pO | (e |20 = ko7 # 1) 0)d0
(B.11) < ply | {yr | z2r = k,7 £t} N).

There exists a closed-form distribution for this likelilibid we consider a conju-
gate distribution on the parameter spéte

Assuming our emission distributions are Gaussian with omknmean and co-
variance parameters, the conjugate prior is normal-ievévshart distribution,
which we denote byVZIW((, 9, v, A). Here, A = {{, ¥, v, A}. Via conjugacy,
the posterior distribution of;, = {ux, >} given a set of Gaussian observations
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yr ~ N (g, ) is distributed as an updated normal-inverse-Wish&A (., D, 7, A,
where

Co=C+Hys | zs =k, s At} =+ Yy

Vp =V -+ ’Yk‘
Gk =Co+ Y us
YsE€Yy
ﬁkAk =vA+ Z ysyz + <7979T — Ekgkgz

Ys€Yy

Marginalizing 6, induces a multivariate Student-t predictive distributi@mn gy,
(Gelman et al.2004):
s (G+Do <
r | 2 =k, t}, ¢, 0, >A = ty,—d— a197*,—A
Py [{yr | 2 T#t}4,¢0, v, A) kd1<yt b e —d=1) "
(B.12) 2t (Yes fures S

B.1.2. Sampling3. Let K be the number of unique dishesnsidered We
note that for the sticky HDP-HMM, every served dish had to basaered in
some restaurant. The only scenario in which this would nathibecase is if for
some dishyj, every table served disharose from an override decision. However,
overrides resulting in disk being served can only occur in restauranand this
restaurant would not exist if dishwas not considered (and thus served) in some
other restaurant. Therefore, each served dish had to bedeoed by at least one
table in the franchise. On the other hand, there may be sasheglconsidered that
were never served. From this, we conclude that K. We will assume that the
K served dishes are indexed {n, ..., K} and any considered, but not served,
dish is indexed i K + 1, K + 2, ... }. For the sake of inference, we will see in
the following section thaf never exceeds’, the number of unique considered
dishes, implying thafs = K.

Take a finite partition{6;,6-,...,0%,0;} of the parameter spade, where
©; = O\ Ur_;{0x} is the set of all currently unrepresented parameters. By def
inition of the Dirichlet process(zy has the following distribution on this finite
partition:

(GO(Hl)v s 7G0(9R)7G0(®I})) | v, H ~ D“’(’VH(Hl)v s 77H(9R)>/7H(®I~f))
(B.13) ~ Dif(0,...,0,7),

where we have used the fact thafis absolutely continuous with respect to Lebesgue
measure.
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For every currently instantiated takilethe considered dish assignment variable
k;; associates the table-specific considered dishwith one among the unique
set of disheqd, ..., 0% }. Recalling thatn ;;, denotes how many of the tables in
restaurang considered disH;, we see that we have., observationsﬁjt ~ Gy in
the franchise that fall within the single-element ¢}, }. By the properties of the
Dirichlet distribution, the posterior af is

(B.14) (G()(Hl), c 7G0(91‘()7 GO(@E))‘O*,’Y ~ Dil’(m.l, e ,m,[—(,’y).

Since(Go(61),...,Go(0%),Go(O})) is by definition equal ta3y, ..., fg, B;).
and from the conditional independencies illustrated in Bjghe desired posterior
of Bis

(815) (/817' .. 75]_{7512) ‘ tak7an7yl:T7’Y ~ Dir(m~17' .- 7m~I_{7’Y)7

where here we defing; = >7° ., f. From the above, we see th@t.;. };—,
is a set of sufficient statistics for resamplifglefined on this partition. Thus, it is
sufficient to samplen ;. instead oft;; andk;;, when given the state index. The
sampling ofim, as well as the resampling of hyperparameters (see Supplarye
Material D), is greatly simplified by additionally sampling auxiliavariablesm
andwj;, corresponding to the number of tables in restauyatitat wereserved
dishk and the corresponding override variables.

B.1.3. Jointly Samplingm i, wj;, andm;,. We jointly sample the auxiliary
variablesm i, w;, andm;, from

(816) p(m,'w,ﬁz ’ Zl:Ta/gaaa’K‘:) :p(m ’ m,w,leT,B,a,fi)

p(w | mazliTyﬁyaa K)p(m | zl:T»ﬁ>O‘> K)'

We start by examining(m | z1.7, 5, «, k). Having the state index assignments
z1.7 effectively partitions the data (customers) into both aesdnts and dishes,
though the table assignments are unknown since multiplesatan be served
the same dish. Thus, samplimg;;, is in effect equivalent to sampling table as-
signments for each customafter knowing the dish assignment. This conditional
distribution given by:

p(tjl =1 ’ k]t - kat_jiak_jtay1:T7ﬂ7a7 ’%)
8 p(tjl ‘ tj17 s 7tji—17tji+l7 R ,thj,Oé, K‘)p(k]t =k ‘ 57047 ’%)

i te{l,..., Ty}
B.17 x{ it b
( ) { afy +kd(k,j), t=T;+1,
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wheren " is the number of customers sitting at tabli@ restaurang, not count-
iNg v;i- Slmllarly, t~J" are the table assignments for all customers exgepand
k~7t are the dish assignments for all tables except talierestaurantj. We re-
call that7}; is the number of currently occupied tables in restaugarithe form
of Eq. B.17) implies that a customer’s table assignment conditioned atish
assignment follows a DP with concentration parametes; + xo(k, 7). That s,

t]z ’ kjtji = kat_jia k_jtji7yl:T7/87 a, Kk~ ﬁ-/a ﬁ—/ ~ GEM(aﬂk + R(S(k7]))

Then, Eqg. 2.6) provides the form for the distribution over the number ofquie
components (i.e., tables) generated by samplingimes from this stick-breaking
distributed measure, where we note that for the HDP-HMJW is the number of
customers in restaurateating dishk:

(818) p(m]k’ =m | njkvﬁv «, K)
'« ko(k, ]
- P(aﬁ(k fkﬁg(k,§)7i)"l)ljk)8(njk7m)(aﬂ kw0l )"
For largen, it is often more efficient to sample;;, by simulating the table as-
signments of the Chinese restaurant, as described byBEy)( rather than having
to compute a large array of Stirling numbers.

We now derive the conditional distribution for the overridariablesw;;. The
table counts provide that ; tables are serving dishin restaurany. If £ # j, we
automatically haven ;. tables withw;; = 0 since the served dish is not the house
specialty. Otherwise, for each of the;; tablest serving dishk;; = j, we start
by assuming we know the considered dish inégx from which inference of the
override parameter is trivial. We then marginalize ovempaksible values of this
index:

p(wjt | k]t = ]7ﬁ7p)
K

= > plkje,wye | ke = 5,8) + p(kje = K + Lwje | kje = j, 8)
k=

<
B
—_

I3
o p(kje = 7 | kje,wie)p(kje | B)p(wji | p)
E =1
+plkjr =3 | kjt = K + 1Lwj)p(kjs = K + 1| B)p(wje | p)
(B.19) oc{ Gi(1=p), wje=0;
P, Wit = 17

wherep = ;- is the prior probability thatv;, = 1. This distribution implies that
having observed a served dish = j makes it more likely that the considered
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dish %jt was overridden via choosing;; = 1 than the prior suggests. This is
justified by the fact that ifv;; = 1, the considered dish;; could have taken any
value and the served dish would still kg = j. The only other explanation of
the observatiork;; = j is that the dish was not overridden, namaly, = 0
occurring with prior probability(1 — p), andthe table considered a digh; = j,
occurring with probability3;. These events are independent, resulting in the above
distribution. We drawm; i.i.d. samples ofw;; from Eq. B.19), with the total
number of dish overrides in restaurgngiven byw;. = >, wj;. The sum of these
Bernoulli random variables results in a binomial randomalae.

Givenm;, for all j andk andw;; for each of these instantiated tables, we can
now deterministically compute;;, the number of tables thabnsideredbrdering
dish k in restaurang. Any table that was overridden is an uninformative observa-
tion for the posterior ofn;, so that

(B.20) T = { ks 17k

Note that we are able to subtract off the sum of the overrideabkes within a
restaurantw;., since the only timev;;, = 1 is if table ¢ is served dishj. From
Eq. B.20), we see thak = K.

The resulting direct assignment Gibbs sampler is outlineéigorithm 1.

B.2. Sticky HDP-HMM with DP emissions. In this section we derive the
predictive distribution of the augmented stdtg, s;) of the sticky HDP-HMM
with DP emissions. We use the chain rule to write:

(BZl) p(Zt - ka St = ,] ‘ z\ta S\ta Yi.1, 57 «, 0, R, )‘)
- p(st - ] ’ 2t = ka Z\ta S\ta Yyi.T,0, )‘)
plze =k | A\t S\t> Y1.T» B, a, ki, A).
We can examine each term of this distribution by once agamsidering the joint

distribution over all random variables in the model and theagrating over the
appropriate parameters. For the conditional distributibs, = k& whennot given



46 E. FOXET AL.

Given the previous state assignmenl&g” and global transition distributiog™ ~):

1. Setzi.r = 2"V andg = 3"~V For eacht € {1,...,T}, sequentially

(a) Decrement.., .., andn.,., , and removey; from the cached statistics for the
current assignmeny; = k:
(fue, 3k) — (fin, Sk) © 3
Uk — U — 1
(b) For each of thd( currently instantiated states, determine

a/Bz, + Nkz + K/d(ky Zt+1) “ A
fr(yt) = (@B +1nzy_ k) ( — o +t;; + K Lo, (Y flre, L)

for z.—1 # k, otherwise see EqB(10). Also determine probability'x +1 (y:) of a
new statek + 1.

(c) Sample the new state assignment
K

2o~ Y fe(e)d(2e, k) + froea(ye)d(ze, K +1)
k=1
If z = K + 1, then incremenk and transformg as follows. Samplé ~ Beta(1,~)
and assigiBx < b3; ands; «— (1 — b)3;, wheres;, = Z;‘;KH Br.
(d) Incrementr., ., andn.,.,,, and addy to the cached statistics for the new
assignment, = k:
(s 3k) — (i, S) ® Y
U — U +1

2. Fix z§”T) = z1.7. If there exists g such that;. = 0 andn.; = 0, remove;j and decrement
K.

3. Sample auxiliary variables:, w, andm as follows:

(@) Foreach(j,k) € {1,...,K}?, setm;; = 0andn = 0. For each customer in
restauranjj eating dishk, thatis fori = 1,. .., n;x, sample

Oé,@k + H(S(L k)
~ Ber
v (n + af + 85, k)
Incrementn, and ifx = 1 incrementm .

(b) Foreachj € {1,..., K}, sample the number of override variables in restaufant
- P
wj. ~ Binomial [ m;;, ———— |,
! ( “’p+ﬁj(1—p))
Set the number of informative tables in restauraobnsidering dislk to:
mjk _ mjk, .7 75 k:7
mjj —wj., J=k.

4. Sample the global transition distribution from
ﬁ(n) ~ Dir(m.1,...,m.x,7)

5. Optionally, resample the hyperparameters, andx as described in Supplementary
MaterialD.

Algorithm 1: Direct assignment Rao—Blackwellized Gibbs sampler forstigky HDP-
HMM. The algorithm for the HDP-HMM follows directly by settg x = 0. Here, we
assume Gaussian observations with a normal-inverse-Wishar on the parameters of
these distributions (see Supplementary Maté3)alThe ® and© operators update cached
mean and covariance statistics as assignments are addadared from a given compo-
nent.
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s, this amounts to:

p(zt =k | Z\t78\t>y1:T7ﬁaaaKa )‘) X /}T Hp(ﬂ-j | a, B, K‘)Hp(zT | 7Tz7-,1)d77
J

T

S [, TTpts |9 T pte- | v

/Hh(ei,é | /\) Hf(yT | ezT,sT)dO
1,0 T

(B.22) x p(ze =k | 2y, B, a, k)
> p(si [ {sr | zr =k, 7 #1t},0)

p(yt ‘ {y’T ’ Zr = k73t77— 7& t}a)‘)

The termp(z; = k | 2\¢, B, o, k) is as in Eq. B.10), while

=
—L g e{l,....K.};

(B.23) p(si=j|{sr |2 =k, 7 #t},0)={ otn." Jed e}
Ty =K+ 1,

n

I—t
o+n,.

which is the predictive distribution of the indicator ramdoariables of the DP
mixture model associated with = k. Here,ngt is the number of observations
with (2, = k, s, = j) for 7 # t, and K, is the number of currently instantiated
mixture components for the” emission density.

We similarly derive the conditional distribution of an agsinents, = j given
z = k as:

(B.24)
p(St = j | 2= k» Z\t78\t>y1:T707 A) X p(St = j | {ST | Zr = k77— # t},O’)
Pt [ {yr | 2r =k st = 4,7 #t}hA).

The likelihood component of these distributions,

p(yt | {yT | Zr = ]{T,St :jvT # t}v/\)v

is derived in the same fashion as Eg.12) where now we only consider the obser-
vationsy, that are assigned to HDP-HMM state = k and mixture component
s; = k.

The direct assignment Gibbs sampler for the sticky HDP-HMthWP emis-
sions is outlined in Algorithn®.
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Given a previous set of augmented state assignn@eﬁlﬁl), sf{l)) and the global transition

distributiong™~1):
1. Set(zi.r,sir) = (2%, "7 V) andg = g~V Foreacht € {1,...,T},
(a) Decrement., ,.,,n,, ,,andn’,,, and remove from the cached statistics fo
the current assignmefit:, s¢) = (k,7):
(A5 Xk5) — (fiej> Xkg) © Y
I)k’j — Ijk’j — 1
(b) For each of thd( currently instantiated HDP-HMM states, compute

i. The predictive conditional distribution for each of thg, currently instantiateg
mixture components associated with this HDP-HMM state

!
N o
fri(ye) = < - >t’3k,j(yt;uk,j72k7j)

i
o+ n.

and for a new mixture compone#i;, + 1

fI/c,K]/chl(yt) too (yt; 10, So).

!
o+ n.

ii. The predictive conditional distribution of the HDP-HMBtate without
knowledge of the current mixture component

K/

B2y + Nhzysy + KO(k, 2041) -

frlye) = (aﬁk+HZt1k)< = OH_';; p Zflg,j(yt)“’flg,K;H(yt)
j=1

for z;—1 # k, otherwise see Supplementary MateBa?. Repeat this procedu
for a new HDP-HMM states + 1 with K7, initialized to O.

(c) Sample the new augmented state assignifxent: ) by first samplingz::
K

2o~ Y fe()d(z k) + frea (y0)d(z, K +1).
k=1
Then, conditioned on a new assignment= k, samples;:
K
seo~ Y g W03(s6,9) + fiscg o1 (0e)d(se, Ki +1).
j=1
If k= K + 1, then incremenfs and transforng as follows. Samplé ~ Beta(1, v)
and assigiBx — bG; andB; «— (1 — b)B;. If sy = K}, + 1, then incremenf;,.
(d) Incrementn., ., nz,-,,,,andn’,, and addy; to the cached statistics for the neg
assignmentz:, s:) = (k, j):
(fej> Xk5) — (fiejs Xkj) © Y
Upj— Uk, + 1
2. Fix (2", ') = (z1.1, s1.7). If there exists & such thatn,. = 0 andn., = 0, removek
and decremenk . Similarly, if there is &k, j) such that;; = 0 then remove and
decrementx;,.

3. Sample auxiliary variables:, w, andm as in step 3 of Algorithni.
4. Sample the global transition distributioi™ as in step 4 of Algorithni.

5. Optionally, resample the hyperparameters, «, andx as described in Supplementary
MaterialD.

D

W

Algorithm 2: Direct assignment Rao—Blackwellized Gibbs sampler forstigky HDP-
HMM with DP emissions.
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APPENDIX C: BLOCKED SAMPLER

In this section, we present the derivation of the blockedb&ikamplers for the
sticky HDP-HMM and sticky HDP-HMM with DP emissions. The uéting Gibbs
samplers are outlined in Algorithng&sand4.

C.1. Sampling B, w,and v». The orderL weak limit approximation to the DP
gives us the following form for the prior distribution on tgbal weightss:

(c.1) B~ ~ Dir(y/L,...,v/L).

On this partition, the prior distribution over the transitiprobabilities is Dirichlet
with parametrization:

(C.2) 7j | o, K, B~ Dir(afpr,...,a8; + K,...,afL).
The posterior distributions are then given by:

(C3)  pB|m,y~Dir(y/L+ma,...,v/L+mr)
7j | 211, 00 B ~ Dir(af + nj1, ..., af + K+ njj, ..., afL +njrL),

where we recall that ;;, is the number ofj to & transitions in the state sequence
z1.7 andmgy, is the number of tables in restaurgnthat considered dish. The
sampling of the auxiliary variables ;; is as in Supplementary Materigl

For the sticky HDP-HMM with DP emissions, an orderweak limit approx-
imation to the DP prior on the emission parameters yield§dhewing posterior
distribution on the mixture weights:

(C4) Y ’ 21T, 81.T,0 ~ DiI’(O'/L/ + 712,1, - ,O’/L/ + n%L/),

wheren/,, is the number of observations assigned tofiemixture component of
the k" HMM state.

C.2. Sampling zy.7 for the Sticky HDP-HMM. To derive the forward-backward
procedure for jointly sampling;.7 giveny,.7 for the sticky HDP-HMM, we first
note that

p(zir | yrr, 7, 0) = p(2r | 2r—1, 917, ™, 0)p(27-1 | 272, Y1:7, 7, O)
~p(22 | 21,911, 7, 0)p(21 | Y7, 7, 0).

Thus, we may first sample, from p(z; | yi.7, 7, 5,0), then condition on this
value to sample, from p(z2 | z1, y1.7, 7, @), and so on. The conditional distribu-
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tion of 27 is derived as:

p(Zl ’ yl:Taﬂag) X p(zl)f(yl ‘ 921) Z Hp(zt ’ Trztfl)f(yt ’ Hzt)

zo:T t

o p(21) f(y1 ] 020) D p(z2 | 720) f (Y2 | 02y)ms2(22)

22

(C.5) oc p(21) f(yr | 0z)ma(21),

wherem, ;1 (2z—1) is the backward message passed frgnto z;_; and for an
HMM is recursively defined by:

m 1(2 1) x Zzt p(Zt ’ Wzt,l)f(yt ’ ta)mt_,’_l’t(zt)’ t<T;
tt—1(Zt— L, P T 41

(C.6) x p(ypr | 2e-1,7,0).

The general conditional distribution of is:

(C.7) p(Zt ’ Zt—hyl:TaTrag) X p(Zt ’ Wthl)f(yt ’ ezt)mt-i-l,t(zt)-

The resulting blocked Gibbs sampler is outlined in AlgaritB.

C.3. Sampling (z1.1, s1.7) for the Sticky HDP-HMM with DP emissions.
We now examine how to sample the augmented states,) of the sticky HDP-
HMM with DP emissions. The conditional distribution ©f;, s;) for the forward-
backward procedure is derived as:

(C.8)
(e, 8¢ | ze—1, 91, 7,0, 0) < p(ze | 7oy )D(St | V) f (Yt | Ozpsy ) tg1,6(22)-

Since the Markovian structure is only on thecomponent of the augmented state,
the backward message; ;1 (z:—1) from (z, s¢) to (z—1, s¢—1) is solely a func-
tion of z;_. These messages are given by:

(C.9) mmt—l(zt—l)
o Zzt Zst p(Zt ’ 7TZt71)p(St ’ wzt)f(yt ‘ 02t75t)mt+17t(zt)7 t < T;
1, t=T+1.

More specifically, since each compongruf the k' state-specific emission distri-
bution is a Gaussian with parametérs, = {1 ;, X ;}, we have:

(ClO) p(zt - ka St = ,] ‘ Zt—1,Y1.17, T, 1/)7 0)
o Tz, (K)o (F)N (Ye; e jir Lo, j )M, ()
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Given a previous set of state-specific transition probidsiir ™ ), the global transition
distribution3™ =", and emission paramete#§™ ~):

1. Setr = 7#(»~1) and® = 6*~ V). Working sequentially backwards in time, calculate
messagesi: +—1(k) :
(a) Foreactk € {1,..., L}, initialize messages to

mT+1,T(k‘) =1

(b) Foreach € {T'—1,...,1} and foreactk € {1,..., L}, compute

L
mei-1(k) = > (N (e 3, g mere(5)
j=1
2. Sample state assignmentsr working sequentially forward in time, starting witt}, = 0
and)y, = ) for each(j, k) € {1,...,L}*
(a) Foreactk € {1,..., L}, compute the probability
Fr(ye) = a0 (RN (ye; pire, B )i 1 (k)
(b) Sample a state assignment

L
2oy Je(ye)d(ar, k)
k=1

(c) Incrementr., .., and addy: to the cached statistics for the new assignment k:
Vi — Ve @yt
3. Sample the auxiliary variables, w, andm as in step 3 of Algorithni.

4. Update the global transition distribution by sampling
B ~ Dir(y/L+m.a,...,v/L+m.r)
5. Foreachk € {1,..., L}, sample a new transition distribution and emission paramet
based on the sampled state assignments
m,  ~ Dir(afi +nk1, ..., a8k + K+ ngk,y ..., 8L + nkr)
O~ pO |\ Vk)
See Supplementary Material4.1for details on resampling.
6. Fixm™ =m, 8" = 3,ando™ = 6.

7. Optionally, resample the hyperparameters, andx as described in Supplementary
Material D.

Algorithm 3: Blocked Gibbs sampler for the sticky HDP-HMM. The algoritfion the
original HDP-HMM follows directly by setting: = 0. Here, we assume Gaussian ob-
servations with an independent Gaussian prior on the megumsaarse-Wishart prior on
the covariance (see Supplementary Matetial.1). The set)). is comprised of the statis-
tics obtained from the observations assigned to gtdkat are necessary for updating the

parametef;, = {ux, X1 }. Thed operator updates these cached statistics as a new assign-

ment is made.
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L L

(C.11) mig1a(k) =Y (@) i(ON (Yot pie, Sie) Mo, (i)
i=10=1

C12)  mpark)=1 k=1,....L.

C.4. Sampling 6. Depending on the form of the emission distribution and
base measure on the parameter spaceve sample parameters for each of the
currently instantiated states from the updated posteigriloution. For the sticky
HDP-HMM, this distribution is:

(C.13) 0 | 210,910, A ~ 00 [ {ye | 2 = 31, ).

For the sticky HDP-HMM with DP emissions, the posterior sttion for each
Gaussian’s mean and covarianég,, is determined by the observations assigned
to this component, namely,

(C.14) O | 2175 st 1, A~ p(0 [ {ye | (e =k, 50 =)}, A).

The resulting blocked Gibbs sampler for sticky HDP-HMM wiI? emissions
is outlined in Algorithm4.

C.4.1. Non-Conjugate Base MeasuresSince the blocked sampler instantiates
the parameterg,, rather than marginalizing them as in the direct assignreamt-
pler, we can place a non-conjugate base measure on the perapace. Take,
for example, the case of single Gaussian emission diswitmiivhere the parame-
ters are the means and covariances of these distributiere, = {ux, X} In
this situation, one may place a Gaussian pf@fig, >X¢) on the mean.; and an
inverse-Wishart IWv, A) prior on the covarianc&y,.

At any given iteration of the sampler, there is a set of ots@msY;, = {y; |
z = k} with cardinality |Yy|. The posterior distributions over the mean and co-
variance parameters are:

(C.15) Skl pe ~ W (oA, og)
| Bk~ N (g, S),
where
v = v+ |Yy
AR = VA (yr— ) (e — )’
tev,
% = o+ vlErhT

e = i (261M0+2k2yt>-

teYy
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Given a previous set of state-specific transition probiasiic "~ emission mixture weights
™Y global transition distributio "), and emission parametef§*~):

calculate messages; (1 (k) :

(a) Foreactk € {1,..., L}, initialize messages to
mT+1,T(k‘) =1
(b) Foreach € {T'—1,...,1} and for eactk € {1,..., L}, compute

L L
mai-1(k) = D " mr (i (ON (Yea1s ie, Bie)mes1,6(3)

i=1 (=1
2. Sample augmented state assignmeénts-, s1.7) working sequentially forward in time.
Start withn, = 0, ny; = 0, andYy ; = 0 for (i, k) € {1,...,L}* and
(k,j) € {1,..., LYy x {1,...,L'}.
(@) Foreachk,j) e {l,...,L} x{1,...,L"}, compute the probability
Jrei (Ye) = 20 (B)Yr (DN (ye5 pn, g, X, g )met1,e (k)
(b) Sample an augmented state assignments: ):

L L
(ze80) ~ D frea(We)d(ze, k)3(se, 5)

k=1 j=1

(c) Incrementu., .., andn’,, and addy, to the cached statistics for the new
assignmentz:, s:) = (k, j):

Vij — Vi Dys
3. Sample the auxiliary variables, w, andm as in step 3 of Algorithni.
4. Update the global transition distributighas in step 4 of Algorithn3.
5. Foreachk € {1,...,L},
(a) Sample a new transition distributian and emission mixture weights;
T ~ Dir(aﬁl 4+ ng1,. .., 0k + K+ ngk,y ..., a0 +nkL)
'lZ}k ~ D|r(0’/L/+’rL;§1,,U/L/+n;€L/)
(b) Foreachj € {1,..., L'}, sample the parameters associated withjtAenixture
component of thé'" emission distribution:
Oci ~ PO Vk;)
See Supplementary Materi@l4.1for details on resamplingy ;.
6. Fixw(™ =, ™ =, g0 = 8,ande™ = 0.

7. Optionally, resample the hyperparameters, «, andx as described in Supplementary
MaterialD.

1. Setr = (" Y, ¢ = ™Y andd = 9"V, Working sequentially backwards in time,

Algorithm 4. Blocked Gibbs sampler for the sticky HDP-HMM with DP emiswso

Here, we use an independent Gaussian prior on the mean ardénwishart prior on the
covariance (see Supplementary Matefiad.1). The set);, ; is comprised of the statistics
obtained from the observations assigned to augmented (&tate that are necessary for
updating the parametéf ; = {1 ;, Xk ;}. The® operator updates these cached statistics

as a new assignment is made.
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The sampler alternates between samplinggiven X, and X, given py several
times before moving on to the next stage in the sampling dlgor The equations
for the sticky HDP-HMM with DP emissions follow directly byaosideringy;, ; =
{ve | 22 = k, s, = j} when resampling parametéy ; = {1, Xk ;}-
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APPENDIX D: HYPERPARAMETERS

In this section we present the derivations of the conditidistributions for the
hyperparameters of the sticky HDP-HMM. These hyperpararaghcludeq;, «,

v, o, andX, where\ is considered fixed. Many of these derivations follow diect
from those presented Bscobar and Wegf1995); Teh et al.(2006).

We parameterize our model iy + <) andp = x/(a + k); this simplifies the
resulting sampler. We place Gamuaab) priors on each of the concentration pa-
rametera + k), v, ando, and a Betéc, d) prior onp. Thea andb parameters of
the gamma hyperprior may differ for each of the concentnagiarameters. In the
following sections, we derive the resulting posterior rilisition of these hyperpa-
rameters.

D.1. Posterior of (o + k). Let us assume that there afgestaurants in the
franchise at a given iteration of the sampler. Note thatieriDP-HMM, J = K.
As depicted in Fig3(b), the generative model dictates that for each restayinalet
haver; ~ GEM(a + ), and a table assignment is determined for each customer
byt;; ~ 7;. Intotal there are ;. draws from this stick-breaking measure over table
assignments resulting im;. unique tables. By Eq2(6) and using the fact that the
restaurants are mutually conditionally independent, wg wrdte:

plat+k|my,...,mzp,ny,...,nz)

x pla+ K&)p(mi,....,my |a+Krny,...,ny.)

J
pla+ k) l_IpmJ | o + K,nj.)

7=1
J
m; Lla+k)
OH_KI;I (., mj.) e+ r) ]F(OZ—FI{—FHJ")
J
o+ k)
D.1 + + e BETEEE——
(®.1) o plort+r)(a+ k)™ 1:[ Ma+k+n,)

Using the fact that the gamma function has the propBfty+ 1) = 2I'(z) and
is related to the beta function viaz,y) = I'(z)I'(y)/I'(x + y), we rewrite this
distribution as

plat+rk|my,...,mjzp,ny,...,n;)

(a+Kk+n)pla+k+1,n;)
(a+ K)I'(n;.)

x pla+ k) (a+ k)™ H
Jj=1

J 1
D.2 =pla+k)(a+r)™ < )/ roOtE(1 — ) L,
( ) p( 1;[1 Oé—FK/ 0 7 ( J) J

<.
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where the second equality arises from the fact fHat y) = [, t*~'(1 —t)¥~1dt.
We introduce a set of auxiliary random variables= {r;,...,r;}, where each
€ [0,1]. Now, we augment the posterior with these auxiliary vagalas fol-

lows:

E
K

pla+k,r|my,...,mz,ng.,...

,':]u

OCp(Oz—l—li a—|—/§; ) T?+H(1—7’j)nj'_1

x (o + g)rHm-—le=(atnb T ) rOtR(1 — )il

a+k/)

7 N\
—_
_|_

<
Il
-

;. % a+k \nj.—1
Z <m> T‘j (1 — T'J) J .

5;€{0,1}

,’:]u

(D3) _ (Oé + I{)a—i-m,.—le—(a—i-/i)

<.
Il

Here, we have used the fact that we placed a Gafamaprior on (o + ). We
add another set of auxiliary variables= {si, ..., s}, with eachs; € {0,1}, to
further simplify this distribution. The joint distributioover (o + ), r, ands is
given by

(D.4) pla+k,r,s|my,...,mzp,n1,...,nz)
5;
at+m..—1 _—(a+k)b a—i—n i —1
[] 1— )1,
x (a+ k) i (a—l—/{) (1—75)

Each conditional distribution is as follows:

plat+k|rs,my,...,mjp,ni,...,n;)
x (a+ﬁ)a+m“—1—z;.]:1 —(a—i—n )(b— Z 1 logry)

J
= Gammda + m.. — Z 55,b— Zlogrj)

j=1 j=1
p(rj | o+ I{,T\j,s,ml.,...,mJ.,TLl.,...,'I’LJ.) o rjo-””’“(l —rj)"i'_l
= Betda+x+1,n;.)
n;. Sj
p(s; ]a+m,r,s\j,m1.,...,mJ.,nl.,...,nJ.) o (a+/<;)

— Ber(— Y .
nj.—l—oz—l—/{

D.2. Posterior of v. We may similarly derive the conditional distributionpf
The generative model depicted in Fifb) dictates that ~ GEM(~) and that each
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tablet considers ordering a didbt ~ (3. From Eq. B.20), we see that the sampled
valuem;. represents the total number of tables in restaujavitere the considered
dish k;, was the served dishy, (i.e., the number of tables with considered dishes
that were not overridden.) Thus,.. is the total number ahformativedraws from

6. If K is the number of uniqueerveddishes, which can be inferred from.r,
then the number of uniqueonsidereddishes at the informative tables is:

K K
(D.5) K =) 1(mj>0)=K-> 1(ms=0andmy > 0).
k=1 k=1

We use the notatiori(A) to represent an indicator random variable that is 1 if
the event4 occurs and 0 otherwise. The only case wha&rés not equivalent to
K is if every instance of a served digharose from an override in restaurant
and this dish was never considered in any other restauraat. g, there were no
informative considerations of disty implying m.,, = 0, while dishk was served

in restaurantc, implying mg, > 0 so thatk is counted inK. This is equivalent
to counting how many dishes had an informative table consider ordering dish
k, regardless of the restaurant. We may now use E@) {o form the conditional
distribution orvy:

p(v| K,m.) o« p(y)p(K |~,m.)

(D-6) < pO N ) [y,

As before, we introduce an auxiliary random variable [0, 1] so that the joint
distribution overy andn can be written as

p(y,n | K,m.) p(fy)iyf{_l(fy F )T (1— )™t
(D7) x ,Ya+K—2(,Y + m“)e—’y(b—logn)(l o 77)77%—1.

Here, we have used the fact that there is a Gafanda prior on~. We may add an
indicator random variablé € {0, 1} as we did in Eq.[0.4), such that

_ o m..
Pl C | Kom.) o A*HE 1(—

)C e—'y(b—logn)(l - n)m.,—l.
Y
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The resulting conditional distributions are given by:

p(fy ‘ 777 C; K, "Iﬂ) X ’Ya+l_{_1_<e_'y(b—10g 77)

= Gammda + K — ¢,b—logn)
p(n |7, ¢ K m.) o n'(1—n)™ "' =Betay+1,m.)

(D.8) p(C v, K,m.) (m7>< = Ber(m.?.n—.i.—’y> .

Alternatively, we can directly identify EqX.7) as leading to a conditional distri-
bution on~ that is a simple mixture of two Gamma distributions:

p(y [0 K m.) o 4" FE72(y 4 . )e 0 loam)

(D.9) x mnGammda + K,b—logn)
+(1 — 7)Gammda + K — 1,b — logn)
(D.10) p(n |~ K,m.) o n'(1—n)™ "' =Betay+1,m.),
where
a+K—1

m..(b —logn)”
The distribution in Eq.[D.3) would lead to a much more complicated mixture of

Gamma distributions. The addition of auxiliary variablgsgreatly simplifies the
interpretation of the distribution.

T —

D.3. Posterior of o. The derivation of the conditional distribution anis
similar to that of(c + ) in that we haveJ distributionsy; ~ GEM(¢). The state-
specific mixture component index is generated;as v, implying that we have
n;. total draws fromy);, one for each occurrence of = j. Let K’} be the number
of unigue mixture components associated with these draovs {f;. Then, after
adding auxiliary variables’ and s’, the conditional distributions of and these
auxiliary variables are:

p(U | T/v 3/7 Ki? s 7K(/]_,’I’Ll., T ,’I’LJ.)
N (o—)‘”K‘/‘ _1_23’:1 s/ e—(a)(b—z;.lzl log ")
/ PR
p(r L oyrly s’ Ky Klynaeyng) o (1= )™

ni\ 5
p(s} | 07r’,s’\j,K{,,...,K},,nl.,...,nJ.) o (73) .
In practice, it is useful to alternate between sampling theliary variables
and concentration parametersy, ando for several iterations before moving to
sampling the other variables of this model.
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D.4. Posterior of p. Finally, we derive the conditional distribution pf We
havem.. = 37, m. total draws ofw;; ~ Ber(p), with 3~ w;. the number of
Bernoulli successes. Here, each success represents’a talsidered dish being
overridden by the house specialty dish. Using these fantstlee Betéc, d) prior
on p, we have

plp|w) o p(w|p)p(p)

m.. ij]-, . m..—zjwj.r(c"i'd) c— o —
< (g ) for@” O

-~ pzi wjy—i-c—l(l . p)m“—zj wj.+d—1

(D.11) x Beta(Z wj. +c¢,m.. — ij. + d) .
j J

J
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