Semiparametric Latent Factor Models

YeeWhye Teh
ComputerScienceDiv.
University of California

Berkeley, CA 94720-1776
ywteh@eecs.berkeley.edu

Abstract

We proposea semiparametrienodelfor regres-
sion problemsinvolving multiple responsevari-

ables. The model makes useof a setof Gaus-
sian processeghat are linearly mixed to cap-
ture dependenciethat may exist amongthe re-

sponsevariables. We proposean efcient ap-

proximateinferenceschemefor this semipara-
metric modelwhosecompleity is linear in the
numberof training datapoints. We presentex-

perimentalresultsin the domain of multi-joint

robotarmdynamics.

1 Introduction

We are interestedn supervisedoroblemsinvolving mul-
tiple responseshat we would like to modelas condition-
ally dependentln statisticaterminology we would like to
“sharestatisticalstrength”betweermultiple responseari-
ables;in machindearningparlancehisis oftenreferredto
as‘“transferof learning. As we demonstratempirically,
suchsharingcanbe especiallypowerful if the datafor the
responsess partially missing.

In this paperwe focus on multivariate regressionprob-
lems? Modelsrelatedto the one proposedhereare used
in geostatisticsand spatial predictionunderthe nameof
co-kriging [3], andan examplefrom this domainhelpsto
give an idea of what we want to achieve with our tech-
nigue. After an accidentaluraniumspill, a spatialmap of
uraniumconcentrationis soughtcovering a limited area.
We cantake soil samplesat locationsof choiceand mea-
suretheir uraniumcontent,andthenuseGaussiarprocess
regressionor anotherspatialpredictiontechniqueto infer
amap. However, it is known thatthesecarbonconcentra-
tion anduraniumconcentratiorare often signi cantly cor
related,and carbonconcentratioris easierto measureal-

!In Section5 we indicatehow our techniquecanbe extended
to othersettingssuchasmulti-labelclassi®cation.
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lowing for moredensemeasurementsThusin co-kriging
the aim is to setup a joint spatialmodelfor several re-
sponsesvith theaim of improving the predictionof oneof
them. The modelto be describedn the currentpapergoes
beyond simple co-kriging methodsin severalways. First,
ratherthan combiningresponsesn a posthocmanneras
in co-kriging, our model useslatentrandomprocesseso
representonditional dependenciebetweerresponsesli-
rectly. Thelatentprocessesire tted usingthe datafrom
all responseandcanbe usedto modelchacteristicof the
dependenciebeyondthosebasedsolely on maminal rela-
tionships.Secondthe natureof the dependenciedoesnot
have to be known in adwancebut is learnedfrom training
datausingempiricalBayesiartechniques.

Anotherexampleof amotivatingapplicationarisesn com-
putervision, whereit is of interestto estimatethe poseof
a human gure from imagedata. In this casethe response
variablesarethe joint anglesof the humanbody[1]. It is
well knawn thathumanposesarehighly constrainedandit
would beusefulfor a poseestimatioralgorithmto take into
accounthesestrongdependencieamongthejoint angles.

Historically, the problem of capturing commonalities
amongmultiple responsesvas one of the motivationsbe-

hind multi-layer neural networks—the“hidden units” of

a neural network were ervisagednot only as nonlinear
transformationsbut alsoasadaptve basisfunctionsto be

“shared”in predictingmultivariateresponses.As neural
networks gave way to kernel machinesfor classi cation
and regression,with comcomitantimprovementsin e x-

ibility, analytical tractability and performance this core
ability of neuralnetworkswaslargely lost.

To elaborateon this point, note that therehave beentwo
main pathsfrom neuralnetworksto kernelmachines.The
rst path,dueto [10], involved the obsenation thatin a
particularlimit the probabilityassociatedvith (a Bayesian
interpretationof) a neural network approachesa Gaus-
sian process. For somepurposesit is arguably adwan-
tageousto work directly with the Gaussianprocessvia
its covariancefunction. However, in this limit it also
turnsout that the componentof the responsethe output



vector) are independent—thebility to model couplings
amongthesecomponentss lost. The secondpathto ker
nel machinesyia the optimizationof mamins [14], sim-
plied the problemof tting one-dimensionatesponses,
but largely neglectedtheproblemof tting dependentnul-
tivariateresponses.This problemhasreturnedto the re-
searchlagendavia architecturesuchastheconditionalran-
dom eld which links responseariablesusingthe graphi-
cal modelformalism[5, 13].

Our approachto modelingdependencieamongresponse
variablesheadsin a directionthat is more nonparametric
thanthe CRE In the spirit of factoranalysis,we view the
relationshipsamongC component®f aresponseectory
asre ecting a linear (or generalizedinear) mixing of P
underlyinglatentvariables. Theselatentvariablesare in-
dexed by a covariatevectorx, andthuswe have a setof
indexed collectionsof variables;thatis, a setof stochastic
processesSpeci cally, we assumehateachof the P vari-
ablesis conditionallyindependentlyistributed according
to a Gaussiarprocesswith x asthe (common)index set.
The meanof theresponseg is thena (possiblynonlinear)
function of alinear combinationof theseconditionallyin-
dependenGaussiarprocesses.

This model is a semiparametrianodel, as it combines
a nonparametricomponent(seseral Gaussiarprocesses)
with a parametriccomponenfithe linear mixing). We re-
fer to the modelas a semiparametric latent factor model
(SLFM). Note that factoranalysisis a specialcaseof the
SLFM, arisingwhenx is aconstantNotealsothatNeal's
limiting Gaussiarprocesss a specialcase,arisingwhen
P = 1. Finally, aswe discussn Section2, whenC = 1
andP > 1 the SLFM canbe viewed asa Gaussiamro-
cessversion of the multiple kernel learning architecture
proposedn [6].

As in the caseof simplerGaussiarprocesanodels,a sig-
ni cant part of the challengeof working with the SLFM
is computational. This challengecan be largely met by
exploiting recentdevelopmentsn the literatureon tting
large-scaleGaussiarprocessregressionand classi cation
models. In particular we make use of the informative
vectormachine(lVM) framework for Gaussiarprocesses
[8, 11]. In this framework, only a subsebf “informative”
likelihood terms are included in the computationof the
posterior yielding an training algorithmwhich scaledin-
earlyin the numberof training datapoints. Moreover, the
Bayesiarunderpinning®f thelVM yieldsgeneramethods
for settingfreeparameterghyperparametersgnimportant
capabilitywhich is not always easily achieved within the
contet of otherkernel-basednethodologies.

2 Semiparametric Latent Factor Models

In this sectionwe give a descriptionof our modelfor non-
parametricregressionwith multiple responsesWe begin

with a shortoverview of Gaussiarmprocesg{GP)regression
in the simplersettingof singleresponses.

A GP canbe viewed as a prior over randomreal-valued
functionsu : X 7! R, andis parametrizedy a meanfunc-
tion () andacovariancekernelk( ; ). A randomfunction
u( ) is saidto be distributedaccordingto a GP if for ary
X of covariatevec-

thei; j 1 entryis k(x; X ;). In our work we useGPswith
zeromean: (x) = Oforall x 2 X. Thecovarianceker-
nel k( ; ) hasto satisfya symmetricpositive-de niteness
(SPD)property;thatis, K shouldbe SPDfor every nite
subsetX . Thus,a GP is simply a consistentway of as-
signingmultivariateGaussiamlistributionsto u(X ) for ary
nite X.

GPshave traditionally beenusedfor Bayesianclassi ca-
tion andregressiorwith a singleresponsewherethe prob-
lem is treatedas that of estimatinga randomunivariate
function from the covariate spaceto the responsespace.
Ratherthan assuminga parametricform for the random
function,thenonparametriBayesiarapproactplacesaGP
prior overthespaceof all functions,andinferstheposterior
overfunctionsgiventhetrainingdata.

Returningto our multiple responsesetting,let X be the
covariate (input) spaceandlet Y = R® be the response
(output) space. We are interestedin predictingy =

P(yjx). We modelthe conditionaldistribution usingla-
tent variablesv 2 R suchthat the components/. are
mutuallyindependenandindependentf x givenv:

C
P(yjvix) = JIP(yejve):

c=1

Theconditionaldistribution of y givenx is then:

C
Pyix) = [ Pwi) []Podv) dv:

c=1

In this paperwe focuson regressionwith Gaussiarerrors;
i.e., P(Yjve) = N(YeVe; 2). WetreatP (vjx) nonpara-
metrically, in particularusingGPs.We dothis by introduc-
ing a further setof latentvariablesu 2 R¥ andletting v
belinearlyrelatedto u :

Vv = ®u; (1)

with & 2 RSP, Finally we assumethat the coordinates
of u have independentGP priors conditionalon x; i.e.,
therearerandomfunctionsu,, : X 7! R suchthatu, =
up(x), andu,( ) aredistributed accordingto a GP with
zeromeanandcovariancekernelk,( ; ). This setupallows



linear likelihood

mixing

processes

Figurel: A semiparametritatentfactormodel.

for conditionaldependencieamongthe coordinateof v
to beexpressediia & andthelatentu variables.

Theform assumedhn Eqg. 1 is in directanalogywith factor
analysismodels. Note that the information learnedfrom
eachsingleresponsariabley. is re ectedin the posterior
for thelatentGPsu ( ). Thus,thereis sharingof statistical
strengthacrosgesponseariables.

We call the model a semiparametric latent factor model
(SLFM); thegraphicaimodelis shavn in Figurel. Thepa-
rameterarethecomponentsf & andthehyperparameters
(aka,thenuisanceparametersyrethekernelparameters,
andthe varianceparameters 2 associateavith the Gaus-
sianlikelihoodsP (y.jv.).

Notethateachcoordinatev.() of v() = ®u () isapriori
a GP with covariancekernel given by 25:1 g’pkp( 7)),
where ., is the(c;p)"" elementof the matrix &. Hence
oneinterpretationof our modelis thateachresponsevari-
ableis modeledas a Gaussiamrocesswith a kernelthat
is anadaptve, conic combinationof basekernels.In fact,
if wehave C = 1andP > 1, thenthis modelcanbe
viewed asa Gaussiarprocessversionof the kernellearn-
ing proposedn [6]. However our modeldoesnot just t
the kernel,it actuallymakesuseof the samelatentGaus-
sianprocesse$or every responsevariable,allowing more
expressie sharingof informationacrosgheresponseari-
ates. Also, in the caseP < C which is our focusin the
currentpaper it is moreef cient to represent explicitly
thanto integrateit out.

3 Inference

(Xn;Y,)g drawn iid. from the modef, we perform
Bayesiarinferencefor thelatentvariablesandestimatethe
parametersand the hyperparametersvithin an empirical
Bayesframevork. We begin by introducingthe relevant
latentvariables.

Letu;, = up(x;) andv; . = v.(x;). We collectthese
into vectorsu = (u;p);,p andv = (v; .);,. wherethedou-

2\We allow incomplete obserationsof y;. Thatis, entriesof
y; areallowedto be unobseredbthissimply involvesdropping
likelihoodtermscorrespondingo theunobseredentries.

torsu andv areagnin linearly related:v = (& |)u,
where s the Kronecler product. In the following we
will assumehatP  C and® hasfull ranksothepseudo-
inverse®’ suchthat®’® = | existsandu = (&Y 1)v.
ThecaseP > C requiresadifferenttreatmentandwill be
presentedn future work. The variableu is distributeda
priori accordingto a Gaussiarwith zeromeanand block
diagonalcovariancematrixK = diag(K ), wherethe

p" block hasi; j " entry givenby K Ep.) = k,(x4;% ;). The

sJ
covarianceof v isthusk = (& 1)K (&7 1).

Theposteriomprocesses () j D areGaussiarn thecaseof
GaussiarlikelihoodsP (y.jv.), andin principle we could
computetheir meanand covariancefunctions explicitly.
However, this is prohibitively expensve for all but fairly
smallvaluesof n andC (theprocedurescalesasO(n® C3)
in general). We thus make useof the informative vector
machine (IVM) frameavork [8] which computesa sparse
approximationto the full GaussiarposteriorP (vjD) by
meanof greedyforwardselectiorof anactive subset of the
training sampleusing information-theoreticcriteria. The
differencehereis thatP > 1 processehave to be rep-
resentechlongwith their dependenciesgndthe empirical
Bayesmaximizationhasto encompass large numberof
non-kernelparametersmamelythe elementf &.

3.1 Forward selection
The active set| of size d consistsof tuples (i;c) 2
theapproximateposterior

QW) / P(v) [I Picivie)

(i,c)21

)

is closeto P(vjD). For givenl, the posteriorapproxi-
mationQ is given by simply ignoring all obserationsnot

in I. However, our methodof selectingl dependsn the

completesampleD, asis discussedn this section. The

ideais to greedilyselectthe candidat€i; c) which changes
the posteriormostif we wereto includeit (i.e., incorpo-
rateits likelihoodterminto Q). A goodway of measuring
this changes theinformation gain studiedin the settingof

active learning(or sequentiatiesign).If Q; 1 denoteghe

posteriorapproximatiorafterk 1 inclusionsthecriterion

is

info _

ie = DI[Qic(v)KkQx 1(V)]
=D [Qi,c(vi,c) ka 1(Vi,c)];

whereQ); . is the approximateposteriorwe obtainif the
term (i; ¢) is includedat iterationk. At eachiterationwe
pick the (i; ¢) thatmaximizes ;"f". SinceQ; (Vi) /

P(YiciVic)Qr 1(Vic), we cancdmpute ?Cf" in O(1) if



the currentmamginal Qy 1(V; ) is known. The represen-
tation of Q describedn Section3.2 malkesit possibleto
maintainall thesemaminals at all times so that we can
scoreall (i; ¢) 621 prior to eachinclusion. After d it-

determinesheapproximateposteriorin Eq. 2.

3.2 Representingthe approximate posterior

The representatioffior the approximateposteriorin Eq. 2
hasto satisfythe following propertiesn orderfor it to be
useful: it shouldallow all maginals Q(v; .) to be main-
tainedexplicitly atall times,which allows for forward se-
lection (seeSection3.1); it shouldhave a small memory
footprint; andit canbeef ciently updatedvhenanew like-
lihood termis included. In this sectionwe describehow
thesepropertiesaareachieved.

LetII = diag( x)r beadiagonalmatrixandb = (by); be
avectorwhich collectsthe parametersf the approximate
posteriorin the sensehat

Q(v)/ P(v)exp( %V?HVIJr bTVI);

sionwehave , = _2andb, = _2y; . Notethat
IT andb areorderedaccordingto the orderin which like-
lihoodtermsareincluded.To convert from this orderingto
the naturalorderingof u andv, de ne a selectionmatrix

zeroselsavhere(notethatthe naturalorderingin whichwe
atten i; cindicesrunsoveri rst).

GivenII andP , the covarianceof Qx(v) is
A=K +pPTIIP):

Given our assumptiorP C, we canrepresenthe ap-
proximateposteriofin termsof u to minimizememoryand
time requirementsAsu = (®¥ 1)v, thecovarianceof
Qx(u)is

A= (@ 1)K +PTOPY@T 1)
Using the Sherman-Morrison-Wodhury formula, we ob-
tain
A=K MMT,

M =K (@' npTm/2 T,

3
whereL is thelower triangularCholesly factorof
B =1 +IY?2pk PTm¥/2
Themeanof Q. (u) is obtainedas

h=Egul=M ; =LY @

while themeanandvarianceof v; . underQ, are

Mie= “Oh; &= DA, 9T,
whereh; andA ; arethe meanand covarianceof u;, ex-
tractedfrom entriesof Eg. 4 and Eq. 3 respectiely, and
() is thec!" row of ®. Theforwardselectioncanbe car
ried outoncef; . anda; . arecomputedor every (i; ¢) not

alreadyincludedin the active set.

Finally, the representationf Q(u) is givenby L 2 R%4,

2 RYL, M 2 R4 andthemeanh; 2 R¥ andco-
varianceA,; 2 RPP of u,, fori =
rows of L, , andM are alreadyorderedby inclusion
iteration,they canbe updatedef ciently andstablyby ap-
pendingnew rows or columns.If atiterationk weincluded
likelihoodterm(i; ), we compute

| = \/1+ kafi,c; I =

1/2 (p)
- Pk K M@

p I I ’

1/2 ip) T
k/ Z epM (i,p)

whereM (P is a matrix whoserows areM (“P), The new
row of L is (I7'1), thenew columnof M " is  andthe
new entryof is .Let ;= ( ;,)p. Thenh, isupdated
by adding ; while T'is subtractedrom A ;.

The memory requirementis dominatedby M which is
O(nPd), while the P matrix-vector multiplications in-
volved in computing ,, dominatethe updatetime com-
plexity, whichis O(nP d). Computingtheinformationgain
scores jflcf" requiresO(nC P ?) time which is in general
subdominanto O(nP d). Notethatall costsarelinearin
the numberof training pointsn whichis thedominantfac-
tor in mary large applications.

3.3 Parameter and hyperparameter estimation

We have describedan effective procedureto computean
approximatiorto the posteriorof the latentvariables.Here
we outline empirical Bayesestimationof the parameters
and hyperparameters.Let  denotea parameteror hy-
perparameteof interest,andlet s denotethe variational
parametersvhich de ne the approximateposterior—these
are the active setindicators,IT andb. Sincewe cannot
computethe maginal probabilityof y givenx and ex-
actly, we optimizea variationallower boundinstead:

logP(y jx; )
EqllogP(yju; )l DIQ(u)kP(uj )l (5)
whereQ(u) is the approximateposterior given by Eq. 2.
We usea doubleloop iterative procedurewherein thein-
nerloopwe optimizeEq.5 with respecto  usingaquasi-
Newton methodwhile keepings x ed, andin the outer



loop we reselecta new s greedilyasdetailedabore. No-
ticethatQ( ) is dependenbnboths and . For purposes
of optimizing we propagtederiativeswith respecto
throughQ( ), butkeeps x ed. Thisdiffersfrom mostother
variationalmethodsthatkeepall of Q() x edwhenopti-
mizing . Note thatthe overall optimizationis not guar
anteedo corverge, sincethe s updatesarenot guaranteed
to increasethe lower bound. In practicewe nd the opti-
mization almostalwaysincreasesand behaeswell. The
criterion andgradientcomputatiorhasthe samecomple-
ity asthe conditionalinference put is muchfasterin prac-
tice becauseodefor large matrix operationscanbe used.
The memoryrequirementsre not increasedsigni cantly,
becauseM canbe overwritten. The dervation is rather
involved;it canbefoundin [12].

4 Experiments

In this sectionwe presentexperimentalresultsfor the re-

gressiorntaskof modelingof the dynamicsof a 3-D, four-

joint robotarm. The datasets createdusingrealisticsimu-
lation codewhich providesa mappingfrom twelve covari-

ates(the angles,angularvelocitiesand torquesat eachof

the four joints of the arm) to four responsegthe angular
accelerationsitthefour joints).

We preprocessetheraw databy tting alinearregression
to the training setandreplacingall responsesdy the cor
respondingesidualsthennormalizingboth covariateand
responsevariablesto have meanzero and varianceone.
This removal of the linear componentof the regression
helpsclarify therelative contritutionsmadeby the nonlin-
earmethodghatareour focus. Finally the four responses
were linearly mixed using randomly sampledunit length
vectorsto producesix response&ariables.Thusthe dataset
isamappingrrom twelve covariatedo six responsesyhere
it is known thatfour latentvariablesaresufcient to capture
themapping.

Thedatasesizesaren = 1000for trainingand500 points
for testing. We reportmeansquarederror (MSE) and av-
eragemarginal log probability (LOGP)in the experiments
belav.® To calibratethe numbers notethat linear regres-
sionwould have anaverageMSE of 1 onthistask.

We compareour modelagainstabaselinenethod(INDEP)
in which eachresponsevariableis simply modeledinde-
pendentlyi.e.,takingP = C and® = |. We usethe
IVM techniquefor both models. For our modelwe usea
joint actve setl of sized, while for the baselinewe use
individual active setsof sized® per responsevariate. It is
clearthatfor similar training setsizeand coverageby ac-
tive points, training for INDEP is signi cantly fasterthan
for SLFM, andin this studywe do not attemptto equalize
trainingtimes.

3LOGPis log Q(y.|x «) averagedover thetestset.

In bothmodelswe usethe squared-exponential covariance
function (SQEXP):

kp(x;x9) = peXp< Zzizm X?J'2>; (6)

l Dl

where ,; is thelengthscalefor dimensionl, and , > 0
setsthe overall variance For the SLFM, the samekernelis
usedfor all latentGPsandweset , = 1sincethevariance
canalreadybe representedby scalingthe columnsof ®.
We allow differentlengthscalesfor eachinput dimension
becauseve nd that this hasa signi cant impacton the
quality of prediction—ifthe lengthscaleis constrainedo
be the samefor all covariatedimensionghenlessrelevant
input dimensiongendto obscurethe more relevant ones.
Notethatthislargesetof hyperparameteris adjustedased
on the training setwithin our empirical Bayesianframe-
work; no validationsetis needed.

Themeansquarecerrorsandlog probabilitiesareshovn in
Tablel asafunctionof P asP is variedfrom 2to 6. The
modelperformsbestat P = 4, althoughsimilar accurag
is achievedfor P = 4;5; 6. We do expectthe performance
to degradefor evenlargervaluesof P but we have notin-
vestigatedthis. For therestof this sectionwe choseP = 4
sincethisis thesmallestvaluesupportedy thedata.

c\P 2 3 7 5 6
0.2930 0.2340 0.1220 0.1190 0.1130
0.2840 0.2950 0.1780 0.1890 0.1880
0.3940 0.1570 0.1080 0.1060 0.1030
0.3630 0.2980 0.1270 0.1490 0.1410
0.3080 0.2830 0.1760 0.1840 0.1810
0.5560 0.3010 0.1180 0.1190 0.1100
5770 4571 -2.342 -2516 -2.466

OO~ WNE

LOGP

Tablel: Themeansquarecerrorsfor eachresponseariate
on the testsetandthe averagelog probability pertraining
pointassignedy our modelfor varyingP.

Next we comparedthe SLFM with P = 4 to the base-
line of independentlynodeledesponseariables We used
a training set of sizen = 1000 and actve setsof size
d = 1000andd® = 180 (if all INDEP active setsaredis-
joint, their unionhassize6 180= 1080. Theresultsare
shavn in Table2. Notethatthe MS errorsfor our model
aresmallerthanfor thebaseline.

We alsotestedfor the effectsof varyingthe active setsize
d; resultsaregivenin Table3.

We seethatthe active setsized hasa signi cant effecton
predictionaccurag. The quadraticscalingin d canbe ob-
senedfrom thetrainingtimes,exceptfor thelargestvalues
of d, wherethe O(d®) componentn thegradientcomputa-
tion dominategshe O(n P d?) component.

Since our method models dependencieamong the re-
sponsevariablesfor everytestpointwe have ajoint predic-
tive distribution overtheresponseariablesy 2 RC. This



SLFM INDEP | SLFM INDEP
c | MSE MSE | LOGP LOGP
1| 0122 0.133 | 0.018 -0.110
2| 0.178 0.202 | -0.244 -0.335
3| 0.108 0.152 | -0.025 -0.352
4| 0.127 0.179 | 0.011 -0.271
5] 0176 0.202 | -0.340 -0.349
6| 0.118 0.135 | 0.053 -0.046

Table2: Comparingour model (SLFM) againstthe base-
line (INDEP) on therobotarmtask,with C = 6;P = 4.
Rows correspondo response&ariables.

d | 500
0.174
0.285
0.228
0.283
0.281
0.196
382

1000
0.122
0.178
0.108
0.127
0.176
0.118
1269

2000
0.096
0.107
0.072
0.082
0.100
0.090
5806

3000

0.067
0.094
0.062
0.068
0.090
0.066
16746

O UThA WN ]

time

Table3: MS testerrorsfor eachresponsesthe active set
sized is varied. time givesthe completetraining time in
seconds.

canbeusedto furtherimprove the predictionof the model
for ary speci c componenty ., if in additionto the co-
variatesx we arealsogivenasubsebf theotherresponse
variablesy .. In Table4 we shav themeansquareckrrors
attainedfor response = 5, whenwe arealsogiven other
responsesThe errorsarereducedsigni cantly, especially
for c® = f2g, andfurtherimprove aswe obsere morere-
sponsesin particularwhenwe obsere c® = f 3;4g. Note
thatfor thebaselinemethodeachresponseariableis mod-
eledindependenthandthe predictive distribution over v
factorizeshenceknowledgeof otherresponsesannothelp
in predictingy .

d MSE  LOGP
(I} [ 0.1770 -0.2640
{2} | 0.0380 0.2450
{3} | 0.1490 -0.2760
{4} | 0.1320 -0.2940
{6} | 0.1740 -0.3440
{34} | 0112 -0.221

Table 4: Improved predictionsof the model on response
variablec = 5 whenthe modelis given otherresponses

y N

Finally we report an experimentthat aimed at improv-
ing our understandin@f how statisticalstrengthis shared
acrosgespons&ariables We again focuson predictingre-
sponsevariatec = 5 in thetaskwith 1000training points.
However, insteadof presentingall 1000covariate/response
pairssimultaneouslywe startby observingonly response
variablec = 5, for a subsetof | < 1000points. Subse-

guently we aregivenall 1000covariatevectorsandthecor
respondingesponsesor a subsetc® notincludingc = 5.
We ask whetherthis will improve our prediction of re-
sponsevariablec = 5. Note that this setupis similar to
co-krigingscenariosnentionedn Sectionl. Table5 shavs
themeansquarecerrorsattainedfor variousvaluesof | and
for varioussubsets? of additionalobseredresponseari-
ables. We seea large improvementof the meansquared
errorfor c® = f1;2g. Evenfor | = 50 the errorsareal-
ready smallerthanthosein Table 2. This is becauseof
the strongdependenciebetweerresponsevariablesc = 2
andc = 5 (asseenin Table4). Note alsothatthe case
® = f1;2;3;4;6g performedworsethanc® = f1;2g,
thoughstill yielding a markedimprovementover no addi-
tional trainingset(c® = ;). This occursbecausehe func-
tional that our methodoptimizesis a joint functionalover
theresponse&ariablesandthusdependsnorestronglyon
responsevariableswith moretraining data. Performance
asassessedby this functionalindeedimproved for larger
c®. If our goalis to obtaingoodpredictionfor a particular
responsevariable,we can considera differentfunctional
whichfocusesontherespons&ariableof interest.

N[ 0 (L2} {12346
50 1.011 0.111 0.202
150 | 0.752 0.111 0.198
250 | 0.278 0.105 0.183

Table5: Meansquareckerrorontestsetfor varyingtraining
setsizesl andadditionalresponseariablesc’.

5 Discussion

We have describeda model for nonlinearregressionin
problemsinvolving multiple, linked responsevariables.In
a mannerreminiscentof factoranalysisin the parametric
setting,we modelthe response/ectoras (a function of) a
linearcombinationof a setof independentatentGaussian
processesThis rathersimple semiparametri@pproacto
sharingstatisticalstrengthhasa numberof virtues—most
notablyits e xible parametrizationn termsof setsof co-
variancekernelsandits computationatractability We pre-
sentechnef cient approximaténferencestratgy basecn
the IVM. While our primary focus has beenprediction,
theinferentialtools provided by the IVM alsoallow usto
computeposteriorsover variouscomponent®f the model,
in particularthe latentfactorsandthe parameters.Possi-
ble extensionsof the modelinclude placing an automatic
relevantdetermination(ARD) prior on the columnsof the
mixing matrix ® andletting the modeldetermineP auto-
matically It is alsoof interestto considerwaysin which
the mixing matrix might be dependentn the covariatesas
well.

Thereareotherwaysof combiningmultiple Gaussiarpro-
cesses.[9] and[7] presentmodelsin which the hyperpa-



rameterof asetof Gaussiamprocesseareendavedwith a
commonprior. This hierarchicalmodelcouplesthe Gaus-
sian processe®s in the SLFM, but the amountof shar
ing thatit inducesis ratherlimited, sinceit involvesonly
the hyperparametersf the Gaussiarprocessesln our ap-
proachthe sharinginvolves entire processesnd as such
canbe muchmoreexpressve. Note alsothatalthoughwe
consideredasksinvolving asingleregressiorproblemwith
multiple responsesthe SLFM can readily accommodate
the settingin which thereare multiple relatedtasks,each
with a singlerespons@ndwith a separatdrainingset.

As we have noted,the semiparametriapproactpresented
hereis analternatve to theparametrianethodologyf con-
ditional random elds (CRFs)that hasrecentlybeenthe
focusof attentionin themachindearningandcomputervi-
sioncommunitieg5, 4]. Whentheresponsevariablescan
plausibly be linked in a simple structure for exampleac-
cordingto achainor atree,the CRFapproachwould seem
to be preferablgo the SLFM approachOn the otherhand,
whenthe graphis not a chain, the potentialintractability
of the partition function canbe a signi cant dravback of
the CRF approach.In vision problems,for example,one
would like to usea two-dimensionaMarkov random eld
for modelingdependenciedyut this runs agroundon the
problemof the partition function. In our approachcou-
plingsamongvariablesariseby maginalizingover alatent
setof linearly mixed Gaussiarprocessesandthis provides
an alternatve, implicit approachto linking variables. In
casesin which graphicalmodelsare intractable,this ap-
proachmay provide the requisitetractability at a cost of
modeling e xibility. Finally, notealsothatthe SLFM ap-
proachis akernel-base@dpproactby de nition; thereis no
needto explicitly “kernelize”"the SLFM.

Severalmethodsfor multiple responsef regressiorhave
beenproposedvhich involve posthoccombinationsof the
outputsof the independenbaselinemethod. An example
is the curds and whey method[2] for multiple linear re-
gression.lt is importantto stresghatour approacthis fun-
damentallydifferentin thatthe latentu processesre t-
ted jointly usingall data. Theseprocessegan represent
conditionaldependenciedirectly, while the processe®f
the baselinemethodonly ever seemarginal datafor each
response. Posthoccombinationschemesshould be suc-
cessfulif responsalependencieare mainly unconditional
but mayfail to representiependencieshich changewith
X . An adwantageof posthocmethodsis thatthey canbe
cheapcomputationallyhaving essentialljthe samescaling
asthe independenbaseling(which they useasa subrou-
tine). Whetheramore e xible techniquesuchasourswith
a computationatompleity closerto the baselinemethod
existsis anopenquestion.

5.1 Applicationsto classi cation

Our model can be extendedto classi cation problems
andto otherproblemsinvolving non-Gaussiafik elihoods
P(y.jv.). Thebasicideais to again make useof GP-based
techniquesuchasthelVM thathave beenextendedo GP-
basedtlassi cationin thesingleresponseariablecase8].
The non-Gaussiatik elihoodsare effectively replacedby
Gaussiansvhoseparametergredeterminedoy sequential
momentmatching.

The extensionto classi cationis of particularinterestin
the multiple responsevariablesettingbecauset allows us
to addressnulti-label classi cationproblemsin which the
classlabelsarenot assumedo be mutually exclusive and
may exhibit interestingandusefulinterdependencies.

In a preliminary investigation of this extensionwe con-

sideredthe toy exampleshavn in Figure2. We sampled
500 two-dimensionalcovariate vectorsuniformly at ran-

domfrom[ 1;1]° andlabeledthesevectorsusingeightbi-

naryresponseariablesponefor eachof theregionsshavn

in thetop left panelof Figure2. Therewasno labelnoise,
but 10%o0f then = 500trainingresponseweremissingat
random.We t this datawith an SLFM suitablyextended
to probit likelihoods,usingP = 3 latent GPs,eachwith

a differentSQEXPkernel (Eq. 6) andwith a singlelength
scaleparamete(i.e., ,; = ).

08 06 04 02 0 02 04 06 08

1l
02 04 06 08 1

08 06 04 02 0 08 06 04 02 0

02 04 06 08 1

Figure2: Top left: theeightregions. Rest: posteriormean
functionof thelatentGPs.Light colorscorrespondo larger
values.

After training, the test set errors for the eight response
variableswere 0:0345 0:0261, 0:0133 0:0296 0:0602

0:0176 0:0494and 0:023Q The remainingthree panels
in Figure2 shav theapproximateosteriormeanfunctions



for thethreelatentGPs.RoughlyspeakingpneGPis used
for vertical discrimination,onefor horizontal,and a third
for inside-vs-outsidseparatiorfalthoughthe rst two GPs
alsodistinguishinside-vs-outsideeparatiorio a lesserex-
tent). Thuswe seethat the model hasformeda combi-
natorialcodein which it is ableto classifyeightresponse
variablesusingonly threelatentGPs.

5.2 Other issues

Computationalissuesremain a serious concernif the
SFLMis to bescaledo largerproblems.Themainavenue
openfor tackling larger datasetss to refrainfrom scoring
all remainingpointsfor all later inclusions. In particular
after a numberof initial inclusionsselectedfrom all re-
mainingpointswe canpotentiallynarrov down the candi-
datesetstepwisehy excludingpointswith theworstcurrent
scores. The empirical Bayeslearningprocedurethen ap-
proximatesthe full likelihood by the likelihood restricted
to the nal candidateset (which always includesthe ac-
tive set).For very largetasks ,evenmoreelaboratecaching
stratgies could be ervisaged. A naturallimit for the ac-
tive setsized is imposedby the O(d®) time andmemory
scaling.

While we have focusedon the caseP < C in the current
paper it is alsoof greatinterestto explore casedn which
P > C. In particularin theP < C regime the variable
v 2 R¢ is constrainedo lie in a P -dimensionabubspace;
while the analogyto factoranalysissuggestshatthis may
be a useful constraintin someproblems,it also may im-
posean overly narrov bottleneckon the regressionmap-
ping in otherproblems.Thereareseveral possiblewaysto
remove this constraintandconsiderversionsof the SFLM
that operatein the P > C regime. Oneinterestingvari-
antinvolvesreplacingEq. 1 by v = v@ + &u where
all componentsf (v@ T; uT)T areconditionallyindepen-
dentandaregiven GP priorswith differentkernels.While
this setupcan be viewed as simply a particularchoice of
® in a genericSFLM with P > C, the additionalinde-
pendence# the modelaid in the designof approximate
inferencemethodsasedn avariantof belief propagtion.
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