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Abstract

We proposea semiparametricmodel for regres-
sion problemsinvolving multiple responsevari-
ables. The model makes useof a set of Gaus-
sian processesthat are linearly mixed to cap-
ture dependenciesthat may exist amongthe re-
sponsevariables. We proposean ef�cient ap-
proximateinferenceschemefor this semipara-
metric modelwhosecomplexity is linear in the
numberof training datapoints. We presentex-
perimentalresultsin the domainof multi-joint
robotarmdynamics.

1 Introduction

We are interestedin supervisedproblemsinvolving mul-
tiple responsesthat we would like to modelascondition-
ally dependent.In statisticalterminology, wewould like to
“sharestatisticalstrength”betweenmultiple responsevari-
ables;in machinelearningparlancethis is oftenreferredto
as“transferof learning.” As we demonstrateempirically,
suchsharingcanbeespeciallypowerful if thedatafor the
responsesis partiallymissing.

In this paperwe focus on multivariate regressionprob-
lems.1 Modelsrelatedto the oneproposedhereareused
in geostatisticsand spatialpredictionunder the nameof
co-kriging [3], andan examplefrom this domainhelpsto
give an idea of what we want to achieve with our tech-
nique. After an accidentaluraniumspill, a spatialmapof
uraniumconcentrationis soughtcovering a limited area.
We cantake soil samplesat locationsof choiceandmea-
suretheir uraniumcontent,andthenuseGaussianprocess
regressionor anotherspatialpredictiontechniqueto infer
a map. However, it is known that thesecarbonconcentra-
tion anduraniumconcentrationareoftensigni�cantly cor-
related,andcarbonconcentrationis easierto measure,al-

1In Section5 we indicatehow our techniquecanbeextended
to othersettingssuchasmulti-labelclassi®cation.

lowing for moredensemeasurements.Thusin co-kriging
the aim is to set up a joint spatialmodel for several re-
sponseswith theaimof improving thepredictionof oneof
them.Themodelto bedescribedin thecurrentpapergoes
beyond simpleco-kriging methodsin several ways. First,
rather than combiningresponsesin a posthocmanneras
in co-kriging, our modeluseslatent randomprocessesto
representconditional dependenciesbetweenresponsesdi-
rectly. The latentprocessesare�tted usingthe datafrom
all responsesandcanbeusedto modelchacteristicsof the
dependenciesbeyondthosebasedsolelyon marginal rela-
tionships.Second,thenatureof thedependenciesdoesnot
have to be known in advancebut is learnedfrom training
datausingempiricalBayesiantechniques.

Anotherexampleof amotivatingapplicationarisesin com-
putervision, whereit is of interestto estimatetheposeof
a human�gure from imagedata. In this casetheresponse
variablesarethe joint anglesof the humanbody [1]. It is
well known thathumanposesarehighly constrained,andit
wouldbeusefulfor aposeestimationalgorithmto takeinto
accountthesestrongdependenciesamongthejoint angles.

Historically, the problem of capturing commonalities
amongmultiple responseswasoneof the motivationsbe-
hind multi-layer neuralnetworks—the“hidden units” of
a neural network were envisagednot only as nonlinear
transformations,but alsoasadaptive basisfunctionsto be
“shared” in predictingmultivariateresponses.As neural
networks gave way to kernel machinesfor classi�cation
and regression,with comcomitantimprovementsin �e x-
ibility , analytical tractability and performance,this core
ability of neuralnetworkswaslargely lost.

To elaborateon this point, note that therehave beentwo
mainpathsfrom neuralnetworks to kernelmachines.The
�rst path, due to [10], involved the observation that in a
particularlimit theprobabilityassociatedwith (a Bayesian
interpretationof) a neural network approachesa Gaus-
sian process. For somepurposes,it is arguably advan-
tageousto work directly with the Gaussianprocessvia
its covariancefunction. However, in this limit it also
turnsout that the componentsof the response(the output



vector) are independent—theability to model couplings
amongthesecomponentsis lost. The secondpathto ker-
nel machines,via the optimizationof margins [14], sim-
pli�ed the problemof �tting one-dimensionalresponses,
but largelyneglectedtheproblemof �tting dependentmul-
tivariateresponses.This problemhasreturnedto the re-
searchagendavia architecturessuchastheconditionalran-
dom�eld which links responsevariablesusingthegraphi-
calmodelformalism[5, 13].

Our approachto modelingdependenciesamongresponse
variablesheadsin a direction that is morenonparametric
thanthe CRF. In the spirit of factoranalysis,we view the
relationshipsamongC componentsof a responsevectory
as re�ecting a linear (or generalizedlinear) mixing of P
underlyinglatentvariables. Theselatentvariablesare in-
dexed by a covariatevectorx , andthuswe have a setof
indexedcollectionsof variables;that is, a setof stochastic
processes.Speci�cally, we assumethateachof theP vari-
ablesis conditionally independentlydistributedaccording
to a Gaussianprocess,with x asthe (common)index set.
Themeanof theresponsey is thena (possiblynonlinear)
functionof a linearcombinationof theseconditionallyin-
dependentGaussianprocesses.

This model is a semiparametricmodel, as it combines
a nonparametriccomponent(several Gaussianprocesses)
with a parametriccomponent(the linear mixing). We re-
fer to the modelasa semiparametric latent factor model
(SLFM). Note that factoranalysisis a specialcaseof the
SLFM, arisingwhenx is a constant.NotealsothatNeal's
limiting Gaussianprocessis a specialcase,arisingwhen
P = 1. Finally, aswe discussin Section2, whenC = 1
andP > 1 the SLFM canbe viewed asa Gaussianpro-
cessversion of the multiple kernel learning architecture
proposedin [6].

As in thecaseof simplerGaussianprocessmodels,a sig-
ni�cant part of the challengeof working with the SLFM
is computational. This challengecan be largely met by
exploiting recentdevelopmentsin the literatureon �tting
large-scaleGaussianprocessregressionandclassi�cation
models. In particular, we make use of the informative
vectormachine(IVM) framework for Gaussianprocesses
[8, 11]. In this framework, only a subsetof “informative”
likelihood terms are included in the computationof the
posterior, yielding an training algorithmwhich scaleslin-
early in thenumberof trainingdatapoints. Moreover, the
Bayesianunderpinningsof theIVM yieldsgeneralmethods
for settingfreeparameters(hyperparameters),animportant
capabilitywhich is not alwayseasilyachieved within the
context of otherkernel-basedmethodologies.

2 Semiparametric Latent Factor Models

In this sectionwe give a descriptionof our modelfor non-
parametricregressionwith multiple responses.We begin

with a shortoverview of Gaussianprocess(GP)regression
in thesimplersettingof singleresponses.

A GP can be viewed as a prior over randomreal-valued
functionsu : X 7! R, andis parametrizedby ameanfunc-
tion � (�) andacovariancekernelk(�; �). A randomfunction
u(�) is saidto be distributedaccordingto a GP if for any
�nite subsetX = f x 1; : : : ; x mg � X of covariatevec-
tors the randomvectoru(X ) = (u(x 1); : : : ; u(x m))T 2
Rm is distributed according to a Gaussianwith mean
(� (x 1); : : : ; � (x m))T andcovarianceK 2 Rm,m where
the i; j th entry is k(x i; x j). In our work we useGPswith
zeromean:� (x ) = 0 for all x 2 X . Thecovarianceker-
nel k(�; �) hasto satisfya symmetricpositive-de�niteness
(SPD)property;that is, K shouldbeSPDfor every �nite
subsetX . Thus, a GP is simply a consistentway of as-
signingmultivariateGaussiandistributionsto u(X ) for any
�nite X .

GPshave traditionally beenusedfor Bayesianclassi�ca-
tion andregressionwith asingleresponse,wheretheprob-
lem is treatedas that of estimatinga randomunivariate
function from the covariatespaceto the responsespace.
Ratherthan assuminga parametricform for the random
function,thenonparametricBayesianapproachplacesaGP
prior overthespaceof all functions,andinferstheposterior
over functionsgiventhetrainingdata.

Returningto our multiple responsesetting, let X be the
covariate(input) spaceand let Y = RC be the response
(output) space. We are interestedin predicting y =
(y1; : : : ; yC)T 2 Y from x 2 X ; i.e., in estimating
P(y jx ). We model the conditionaldistribution using la-
tent variablesv 2 RC suchthat the componentsyc are
mutuallyindependentandindependentof x givenv :

P(y jv ; x ) =
C
∏

c=1

P(ycjvc):

Theconditionaldistributionof y givenx is then:

P(y jx ) =
∫

P(v jx )
C
∏

c=1

P(ycjvc) dv :

In this paperwe focuson regressionwith Gaussianerrors;
i.e., P(ycjvc) = N (ycjvc; � 2

c ). We treatP(v jx ) nonpara-
metrically, in particularusingGPs.Wedothisby introduc-
ing a furthersetof latentvariablesu 2 RP andletting v
belinearly relatedto u :

v = Φu ; (1)

with Φ 2 RC,P . Finally we assumethat the coordinates
of u have independentGP priors conditionalon x ; i.e.,
therearerandomfunctionsup : X 7! R suchthat up =
up(x ), and up(�) are distributed accordingto a GP with
zeromeanandcovariancekernelkp(�; �). Thissetupallows
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Figure1: A semiparametriclatentfactormodel.

for conditionaldependenciesamongthe coordinatesof v
to beexpressedvia Φ andthelatentu variables.

Theform assumedin Eq.1 is in directanalogywith factor
analysismodels. Note that the information learnedfrom
eachsingleresponsevariableyc is re�ectedin theposterior
for thelatentGPsu (�). Thus,thereis sharingof statistical
strengthacrossresponsevariables.

We call the model a semiparametric latent factor model
(SLFM); thegraphicalmodelis shown in Figure1. Thepa-
rametersarethecomponentsof Φ andthehyperparameters
(aka,thenuisanceparameters)arethekernelparameters� p

andthe varianceparameters� 2
c associatedwith the Gaus-

sianlikelihoodsP(ycjvc).

Notethateachcoordinatevc(�) of v (�) = Φu (�) is apriori
a GP with covariancekernel given by

∑P
p=1 � 2

c,pkp(�; �),
where� c,p is the (c;p) th elementof thematrix Φ. Hence
oneinterpretationof our modelis thateachresponsevari-
able is modeledasa Gaussianprocesswith a kernel that
is anadaptive, coniccombinationof basekernels.In fact,
if we have C = 1 and P > 1, then this model can be
viewed asa Gaussianprocessversionof the kernel learn-
ing proposedin [6]. However our modeldoesnot just �t
the kernel,it actuallymakesuseof the samelatentGaus-
sianprocessesfor every responsevariable,allowing more
expressivesharingof informationacrosstheresponsevari-
ates. Also, in the caseP < C which is our focus in the
currentpaper, it is moreef�cient to representu explicitly
thanto integrateit out.

3 Inference

Given a modelandtraining samplesD = f (x 1; y 1); : : : ;
(x n; y n)g drawn i.i.d. from the model2, we perform
Bayesianinferencefor thelatentvariablesandestimatethe
parametersand the hyperparameterswithin an empirical
Bayesframework. We begin by introducingthe relevant
latentvariables.

Let ui,p = up(x i) andvi,c = vc(x i). We collect these
into vectorsu = (ui,p)i,p andv = (vi,c)i,c wherethedou-

2We allow incomplete observationsof y i . That is, entriesof
y i areallowedto beunobservedÐthissimply involvesdropping
likelihoodtermscorrespondingto theunobservedentries.

ble indicesare�attened,with index i runningover1; : : : ; n
�rst, e.g.,u = (u1,1; u2,1; : : : ; un,1; : : : ; un,P )T . Thevec-
tors u andv areagain linearly related: v = (Φ 
 I )u ,
where
 is the Kronecker product. In the following we
will assumethatP � C andΦ hasfull ranksothepseudo-
inverseΦy suchthatΦy

Φ = I existsandu = (Φy 
 I )v .
ThecaseP > C requiresa differenttreatmentandwill be
presentedin future work. The variableu is distributeda
priori accordingto a Gaussianwith zeromeanandblock
diagonalcovariancematrix K = diag(K (p) )p, wherethe
pth block hasi; j th entrygivenby K (p)

i,j = kp(x i; x j). The
covarianceof v is thus ~K = (Φ 
 I )K (ΦT 
 I ).

Theposteriorprocessesu (�) j D areGaussianin thecaseof
GaussianlikelihoodsP(ycjvc), andin principle we could
computetheir meanand covariancefunctions explicitly.
However, this is prohibitively expensive for all but fairly
smallvaluesof n andC (theprocedurescalesasO(n3 C3)
in general). We thus make useof the informative vector
machine (IVM) framework [8] which computesa sparse
approximationto the full GaussianposteriorP(v jD ) by
meansof greedyforwardselectionof anactive subset of the
training sampleusing information-theoreticcriteria. The
differencehereis that P > 1 processeshave to be rep-
resentedalongwith their dependencies,andthe empirical
Bayesmaximizationhasto encompassa large numberof
non-kernelparameters,namelytheelementsof Φ.

3.1 Forward selection

The active set I of size d consistsof tuples (i; c) 2
f 1; : : : ; ng � f 1; : : : ; Cg. Thegoal is to selectI suchthat
theapproximateposterior

Q(v ) / P(v )
∏

(i,c)2 I

P(yi,cjvi,c) (2)

is closeto P(v jD ). For given I , the posteriorapproxi-
mationQ is givenby simply ignoringall observationsnot
in I . However, our methodof selectingI dependson the
completesampleD , as is discussedin this section. The
ideais to greedilyselectthecandidate(i; c) whichchanges
the posteriormost if we were to include it (i.e., incorpo-
rateits likelihoodterminto Q). A goodway of measuring
thischangeis theinformation gain studiedin thesettingof
active learning(or sequentialdesign).If Qk� 1 denotesthe
posteriorapproximationafterk � 1 inclusions,thecriterion
is

� info
i,c = D [Qi,c(v ) k Qk� 1(v )]

= D [Qi,c(vi,c) k Qk� 1(vi,c)] ;

whereQi,c is the approximateposteriorwe obtain if the
term (i; c) is includedat iterationk. At eachiterationwe
pick the (i; c) that maximizes� info

i,c . SinceQi,c(vi,c) /

P(yi,cjvi,c)Qk� 1(vi,c), we cancompute� info
i,c in O(1) if



the currentmarginal Qk� 1(vi,c) is known. The represen-
tation of Q describedin Section3.2 makes it possibleto
maintainall thesemarginals at all times so that we can
scoreall (i; c) 62 I prior to eachinclusion. After d it-
erationswe have an active set (i 1; c1); : : : ; (ik; ck) which
determinestheapproximateposteriorin Eq.2.

3.2 Representingthe approximateposterior

The representationfor the approximateposteriorin Eq. 2
hasto satisfythe following propertiesin orderfor it to be
useful: it shouldallow all marginalsQ(vi,c) to be main-
tainedexplicitly at all times,which allows for forwardse-
lection (seeSection3.1); it shouldhave a small memory
footprint;andit canbeef�ciently updatedwhenanew like-
lihood term is included. In this sectionwe describehow
thesepropertiesareachieved.

LetΠ = diag(� k)k beadiagonalmatrixandb = (bk)k be
a vectorwhich collectstheparametersof theapproximate
posterior, in thesensethat

Q(v ) / P(v ) exp
(

�
1
2

vT
I ΠvI + bT vI

)

;

wherev I = (vi1 ,c1 ; : : : ; vid ,cd )T . In the caseof regres-
sion we have � k = � � 2

ck
andbk = � � 2

ck
yik ,ck . Note that

Π andb areorderedaccordingto theorderin which like-
lihood termsareincluded.To convert from thisorderingto
the naturalorderingof u andv , de�ne a selectionmatrix
P 2 Rd,nC whereP k,(ik ,ck ) = 1 for k = 1; : : : ; d, and
zeroselsewhere(notethatthenaturalorderingin whichwe
�atten i; c indicesrunsover i �rst).

GivenΠ andP , thecovarianceof Qk(v ) is

~A = ( ~K
y

+ P T
ΠP )y:

Given our assumptionP � C, we can representthe ap-
proximateposteriorin termsof u to minimizememoryand
time requirements.As u = (Φy 
 I )v , thecovarianceof
Qk(u ) is

A = (Φy 
 I )( ~K
y

+ P T
ΠP )y(ΦyT 
 I ):

Using the Sherman-Morrison-Woodbury formula, we ob-
tain

A = K � M M T ; M = K (ΦT 
 I )P T
Π

1/2L � T ;
(3)

whereL is thelower triangularCholesky factorof

B = I + Π
1/2P ~K P T

Π
1/2:

Themeanof Qk(u ) is obtainedas

h = EQk [u ] = M � ; � = L � 1
Π

� 1/2b (4)

while themeanandvarianceof vi,c underQk are

~hi,c = � (c) h i; ~ai,c = � (c) A i�
(c) T ;

whereh i andA i arethe meanandcovarianceof u i, ex-
tractedfrom entriesof Eq. 4 and Eq. 3 respectively, and
� (c) is thecth row of Φ. Theforwardselectioncanbecar-
riedoutonce~hi,c and~ai,c arecomputedfor every (i; c) not
alreadyincludedin theactive set.

Finally, therepresentationof Q(u ) is givenby L 2 Rd,d,
� 2 Rd, M 2 RnP,d, and the meanh i 2 RP andco-
varianceA i 2 RP,P of u i, for i = 1; : : : ; n. Sincethe
rows of L , � , and M are alreadyorderedby inclusion
iteration,they canbeupdatedef�ciently andstablyby ap-
pendingnew rowsor columns.If at iterationk weincluded
likelihoodterm(i; c), wecompute

l =
√

1 + � k~ai,c; l = � 1/2
k

∑

p

� c,pM (i,p) T

� p =
� c,p� 1/2

k K (p)
i � M (p) l
l


 =
� � 1/2

k bk � l T �
l

;

whereM (p) is a matrix whoserows areM (i,p) . Thenew
row of L is (l T l ), thenew columnof M (p) is � p, andthe
new entryof � is 
 . Let � i = (� i,p)p. Thenh i is updated
by adding
 � i while � i�

T
i is subtractedfrom A i.

The memory requirementis dominatedby M which is
O(nP d), while the P matrix-vector multiplications in-
volved in computing� p dominatethe updatetime com-
plexity, whichis O(nP d). Computingtheinformationgain
scores� info

i,c requiresO(nCP 2) time which is in general
subdominantto O(nP d). Note that all costsarelinear in
thenumberof trainingpointsn which is thedominantfac-
tor in many largeapplications.

3.3 Parameter and hyperparameter estimation

We have describedan effective procedureto computean
approximationto theposteriorof thelatentvariables.Here
we outline empirical Bayesestimationof the parameters
and hyperparameters.Let � denotea parameteror hy-
perparameterof interest,and let s denotethe variational
parameterswhich de�ne theapproximateposterior—these
are the active set indicators,Π and b. Sincewe cannot
computethemarginal probabilityof y givenx and� ex-
actly, weoptimizeavariationallowerboundinstead:

logP(y j x ; � ) �

EQ[logP(y j u ; � )] � D[Q(u )kP(u j � )]; (5)

whereQ(u ) is the approximateposterior, given by Eq. 2.
We usea doubleloop iterative procedure,wherein the in-
nerloopweoptimizeEq.5 with respectto � usingaquasi-
Newton methodwhile keepings �x ed, and in the outer



loop we reselecta new s greedilyasdetailedabove. No-
tice thatQ(�) is dependenton boths and� . For purposes
of optimizing� wepropagatederivativeswith respectto �
throughQ(�), but keeps �x ed.Thisdiffersfrommostother
variationalmethodsthat keepall of Q(�) �x edwhenopti-
mizing � . Note that the overall optimizationis not guar-
anteedto converge,sincethes updatesarenot guaranteed
to increasethe lower bound. In practicewe �nd the opti-
mizationalmostalways increasesandbehaveswell. The
criterionandgradientcomputationhasthesamecomplex-
ity astheconditionalinference,but is muchfasterin prac-
tice becausecodefor largematrix operationscanbeused.
The memoryrequirementsarenot increasedsigni�cantly,
becauseM can be overwritten. The derivation is rather
involved;it canbefoundin [12].

4 Experiments

In this sectionwe presentexperimentalresultsfor the re-
gressiontaskof modelingof thedynamicsof a 3-D, four-
joint robotarm.Thedatasetis createdusingrealisticsimu-
lation codewhich providesa mappingfrom twelve covari-
ates(the angles,angularvelocitiesandtorquesat eachof
the four joints of the arm) to four responses(the angular
accelerationsat thefour joints).

We preprocessedtheraw databy �tting a linearregression
to the training setandreplacingall responsesby the cor-
respondingresiduals,thennormalizingbothcovariateand
responsevariablesto have meanzero and varianceone.
This removal of the linear componentof the regression
helpsclarify therelative contributionsmadeby thenonlin-
earmethodsthatareour focus. Finally the four responses
were linearly mixed using randomlysampledunit length
vectorsto producesix responsevariables.Thusthedataset
isamappingfromtwelvecovariatestosix responses,where
it is known thatfour latentvariablesaresuf�cient tocapture
themapping.

Thedatasetsizesaren = 1000for trainingand500points
for testing. We reportmeansquarederror (MSE) andav-
eragemarginal log probability (LOGP) in theexperiments
below.3 To calibratethe numbers,notethat linear regres-
sionwouldhave anaverageMSEof 1 on this task.

Wecompareourmodelagainstabaselinemethod(INDEP)
in which eachresponsevariableis simply modeledinde-
pendently, i.e., taking P = C andΦ = I . We usethe
IVM techniquefor both models. For our modelwe usea
joint active set I of sized, while for the baselinewe use
individual active setsof sized0 per responsevariate. It is
clearthat for similar trainingsetsizeandcoverageby ac-
tive points,training for INDEP is signi�cantly fasterthan
for SLFM, andin this studywe do not attemptto equalize
trainingtimes.

3LOGPis log Q(y∗|x ∗) averagedover thetestset.

In bothmodelswe usethesquared-exponential covariance
function(SQEXP):

kp(x ; x 0) = � p exp

(

�
∑

l

1
2� 2

p,l

jxl � x0
lj

2

)

; (6)

where� p,l is the lengthscalefor dimensionl, and� p > 0
setstheoverall variance.For theSLFM, thesamekernelis
usedfor all latentGPsandweset� p = 1 sincethevariance
canalreadybe representedby scalingthe columnsof Φ.
We allow differentlengthscalesfor eachinput dimension
becausewe �nd that this hasa signi�cant impact on the
quality of prediction—if the lengthscaleis constrainedto
bethesamefor all covariatedimensionsthenlessrelevant
input dimensionstendto obscurethe morerelevant ones.
Notethatthislargesetof hyperparametersisadjustedbased
on the training set within our empirical Bayesianframe-
work; novalidationsetis needed.

Themeansquarederrorsandlog probabilitiesareshown in
Table1 asa functionof P asP is variedfrom 2 to 6. The
modelperformsbestat P = 4, althoughsimilar accuracy
is achievedfor P = 4; 5; 6. We do expecttheperformance
to degradefor even largervaluesof P but we have not in-
vestigatedthis. For therestof thissectionwechoseP = 4
sincethis is thesmallestvaluesupportedby thedata.

c \ P 2 3 4 5 6
1 0.2930 0.2340 0.1220 0.1190 0.1130
2 0.2840 0.2950 0.1780 0.1890 0.1880
3 0.3940 0.1570 0.1080 0.1060 0.1030
4 0.3630 0.2980 0.1270 0.1490 0.1410
5 0.3080 0.2830 0.1760 0.1840 0.1810
6 0.5560 0.3010 0.1180 0.1190 0.1100

LOGP -5.770 -4.571 -2.342 -2.516 -2.466

Table1: Themeansquarederrorsfor eachresponsevariate
on the testsetandtheaveragelog probabilityper training
pointassignedby ourmodelfor varyingP.

Next we comparedthe SLFM with P = 4 to the base-
line of independentlymodeledresponsevariables.Weused
a training set of size n = 1000 and active setsof size
d = 1000andd0 = 180(if all INDEP active setsaredis-
joint, their unionhassize6 � 180 = 1080). Theresultsare
shown in Table2. Note that the MS errorsfor our model
aresmallerthanfor thebaseline.

We alsotestedfor theeffectsof varyingtheactive setsize
d; resultsaregivenin Table3.

We seethat theactive setsized hasa signi�cant effect on
predictionaccuracy. Thequadraticscalingin d canbeob-
servedfrom thetrainingtimes,exceptfor thelargestvalues
of d, wheretheO(d3) componentin thegradientcomputa-
tion dominatestheO(n P d2) component.

Since our method models dependenciesamong the re-
sponsevariables,for everytestpointwehaveajoint predic-
tivedistributionover theresponsevariablesy � 2 RC . This



SLFM INDEP SLFM INDEP
c MSE MSE LOGP LOGP
1 0.122 0.133 0.018 -0.110
2 0.178 0.202 -0.244 -0.335
3 0.108 0.152 -0.025 -0.352
4 0.127 0.179 0.011 -0.271
5 0.176 0.202 -0.340 -0.349
6 0.118 0.135 0.053 -0.046

Table2: Comparingour model(SLFM) against the base-
line (INDEP) on the robotarm task,with C = 6; P = 4.
Rows correspondto responsevariables.

c \ d 500 1000 2000 3000
1 0.174 0.122 0.096 0.067
2 0.285 0.178 0.107 0.094
3 0.228 0.108 0.072 0.062
4 0.283 0.127 0.082 0.068
5 0.281 0.176 0.100 0.090
6 0.196 0.118 0.090 0.066

time 382 1269 5806 16746

Table3: MS testerrorsfor eachresponseastheactive set
sized is varied. time gives the completetraining time in
seconds.

canbeusedto further improve thepredictionof themodel
for any speci�c componenty� ,c, if in addition to the co-
variatesx � wearealsogivenasubsetof theotherresponse
variablesy� ,c′ . In Table4 weshow themeansquarederrors
attainedfor responsec = 5, whenwe arealsogivenother
responses.Theerrorsarereducedsigni�cantly, especially
for c0 = f 2g, andfurther improve aswe observe morere-
sponses;in particularwhenwe observe c0 = f 3; 4g. Note
thatfor thebaselinemethodeachresponsevariableis mod-
eledindependentlyandthepredictive distribution over v �

factorizes,henceknowledgeof otherresponsescannothelp
in predictingy� ,c.

c′ MSE LOGP
{1} 0.1770 -0.2640
{2} 0.0380 0.2450
{3} 0.1490 -0.2760
{4} 0.1320 -0.2940
{6} 0.1740 -0.3440
{3; 4} 0.112 -0.221

Table 4: Improved predictionsof the model on response
variablec = 5 when the model is given other responses
y� ,c′ .

Finally we report an experiment that aimed at improv-
ing our understandingof how statisticalstrengthis shared
acrossresponsevariables.Weagainfocusonpredictingre-
sponsevariatec = 5 in thetaskwith 1000trainingpoints.
However, insteadof presentingall 1000covariate/response
pairssimultaneously, we startby observingonly response
variablec = 5, for a subsetof l < 1000points. Subse-

quently, wearegivenall 1000covariatevectorsandthecor-
respondingresponsesfor a subsetc0 not including c = 5.
We ask whetherthis will improve our prediction of re-
sponsevariablec = 5. Note that this setupis similar to
co-krigingscenariosmentionedin Section1. Table5 shows
themeansquarederrorsattainedfor variousvaluesof l and
for varioussubsetsc0 of additionalobservedresponsevari-
ables. We seea large improvementof the meansquared
error for c0 = f 1; 2g. Even for l = 50 the errorsareal-
readysmaller than thosein Table 2. This is becauseof
thestrongdependenciesbetweenresponsevariablesc = 2
and c = 5 (as seenin Table 4). Note also that the case
c0 = f 1; 2; 3; 4; 6g performedworse than c0 = f 1; 2g,
thoughstill yielding a marked improvementover no addi-
tional trainingset(c0 = ; ). This occursbecausethe func-
tional thatour methodoptimizesis a joint functionalover
theresponsevariables,andthusdependsmorestronglyon
responsevariableswith more training data. Performance
asassessedby this functional indeedimproved for larger
c0. If our goal is to obtaingoodpredictionfor a particular
responsevariable,we can considera different functional
which focuseson theresponsevariableof interest.

l \ c′ ∅ {1; 2} {1; 2; 3; 4; 6}
50 1.011 0.111 0.202
150 0.752 0.111 0.198
250 0.278 0.105 0.183

Table5: Meansquarederrorontestsetfor varyingtraining
setsizesl andadditionalresponsevariablesc0.

5 Discussion

We have describeda model for nonlinear regressionin
problemsinvolving multiple, linkedresponsevariables.In
a mannerreminiscentof factoranalysisin the parametric
setting,we modelthe responsevectoras(a function of) a
linearcombinationof a setof independentlatentGaussian
processes.This rathersimplesemiparametricapproachto
sharingstatisticalstrengthhasa numberof virtues—most
notablyits �e xible parametrizationin termsof setsof co-
variancekernelsandits computationaltractability. Wepre-
sentedanef�cient approximateinferencestrategy basedon
the IVM. While our primary focus has beenprediction,
the inferentialtoolsprovidedby the IVM alsoallow us to
computeposteriorsover variouscomponentsof themodel,
in particularthe latent factorsandthe parameters.Possi-
ble extensionsof the model includeplacingan automatic
relevantdetermination(ARD) prior on thecolumnsof the
mixing matrix Φ andletting themodeldetermineP auto-
matically. It is alsoof interestto considerwaysin which
themixing matrix might bedependenton thecovariatesas
well.

Thereareotherwaysof combiningmultiple Gaussianpro-
cesses.[9] and[7] presentmodelsin which the hyperpa-



rametersof asetof Gaussianprocessesareendowedwith a
commonprior. This hierarchicalmodelcouplestheGaus-
sian processesas in the SLFM, but the amountof shar-
ing that it inducesis ratherlimited, sinceit involvesonly
thehyperparametersof theGaussianprocesses.In our ap-
proachthe sharinginvolves entire processesand as such
canbemuchmoreexpressive. Notealsothatalthoughwe
consideredtasksinvolvingasingleregressionproblemwith
multiple responses,the SLFM can readily accommodate
the settingin which therearemultiple relatedtasks,each
with asingleresponseandwith aseparatetrainingset.

As we have noted,thesemiparametricapproachpresented
hereis analternativeto theparametricmethodologyof con-
ditional random�elds (CRFs)that hasrecentlybeenthe
focusof attentionin themachinelearningandcomputervi-
sioncommunities[5, 4]. Whentheresponsevariablescan
plausiblybe linked in a simplestructure,for exampleac-
cordingto achainor a tree,theCRFapproachwouldseem
to bepreferableto theSLFM approach.On theotherhand,
whenthe graphis not a chain, the potentialintractability
of the partition function canbe a signi�cant drawbackof
the CRF approach.In vision problems,for example,one
would like to usea two-dimensionalMarkov random�eld
for modelingdependencies,but this runs agroundon the
problemof the partition function. In our approach,cou-
plingsamongvariablesariseby marginalizingovera latent
setof linearlymixedGaussianprocesses,andthisprovides
an alternative, implicit approachto linking variables. In
casesin which graphicalmodelsare intractable,this ap-
proachmay provide the requisitetractability at a cost of
modeling�e xibility . Finally, notealsothat the SLFM ap-
proachis akernel-basedapproachby de�nition; thereis no
needto explicitly “kernelize”theSLFM.

Severalmethodsfor multiple responsesin regressionhave
beenproposedwhich involve posthoccombinationsof the
outputsof the independentbaselinemethod. An example
is the curds and whey method[2] for multiple linear re-
gression.It is importantto stressthatour approachis fun-
damentallydifferent in that the latentu processesare �t-
ted jointly using all data. Theseprocessescan represent
conditionaldependenciesdirectly, while the processesof
the baselinemethodonly ever seemarginal datafor each
response. Posthoccombinationschemesshouldbe suc-
cessfulif responsedependenciesaremainly unconditional
but mayfail to representdependencieswhich changewith
x . An advantageof posthocmethodsis that they canbe
cheapcomputationally, having essentiallythesamescaling
as the independentbaseline(which they useasa subrou-
tine). Whethera more�e xible techniquesuchasourswith
a computationalcomplexity closerto the baselinemethod
existsis anopenquestion.

5.1 Applications to classi�cation

Our model can be extended to classi�cation problems
andto otherproblemsinvolving non-Gaussianlikelihoods
P(ycjvc). Thebasicideais to againmakeuseof GP-based
techniquessuchastheIVM thathavebeenextendedto GP-
basedclassi�cationin thesingleresponsevariablecase[8].
The non-Gaussianlikelihoodsareeffectively replacedby
Gaussianswhoseparametersaredeterminedby sequential
momentmatching.

The extensionto classi�cation is of particular interestin
themultiple responsevariablesettingbecauseit allows us
to addressmulti-labelclassi�cationproblemsin which the
classlabelsarenot assumedto be mutually exclusive and
mayexhibit interestingandusefulinterdependencies.

In a preliminary investigation of this extensionwe con-
sideredthe toy exampleshown in Figure2. We sampled
500 two-dimensionalcovariatevectorsuniformly at ran-
domfrom [� 1; 1]2 andlabeledthesevectorsusingeightbi-
naryresponsevariables,onefor eachof theregionsshown
in thetop left panelof Figure2. Therewasno labelnoise,
but 10%of then = 500trainingresponsesweremissingat
random.We �t this datawith anSLFM suitablyextended
to probit likelihoods,usingP = 3 latentGPs,eachwith
a differentSQEXPkernel(Eq. 6) andwith a singlelength
scaleparameter(i.e., � p,l = � p,l′ ).
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Figure2: Top left: theeightregions.Rest:posteriormean
functionof thelatentGPs.Light colorscorrespondto larger
values.

After training, the test set errors for the eight response
variableswere 0:0345, 0:0261, 0:0133, 0:0296, 0:0602,
0:0176, 0:0494 and 0:0230. The remainingthreepanels
in Figure2 show theapproximateposteriormeanfunctions



for thethreelatentGPs.Roughlyspeaking,oneGPis used
for vertical discrimination,onefor horizontal,anda third
for inside-vs-outsideseparation(althoughthe�rst two GPs
alsodistinguishinside-vs-outsideseparationto a lesserex-
tent). Thus we seethat the model hasformed a combi-
natorialcodein which it is ableto classifyeight response
variablesusingonly threelatentGPs.

5.2 Other issues

Computationalissues remain a serious concern if the
SFLM is to bescaledto largerproblems.Themainavenue
openfor tackling largerdatasetsis to refrain from scoring
all remainingpointsfor all later inclusions. In particular,
after a numberof initial inclusionsselectedfrom all re-
mainingpointswe canpotentiallynarrow down thecandi-
datesetstepwiseby excludingpointswith theworstcurrent
scores.The empiricalBayeslearningprocedurethenap-
proximatesthe full likelihoodby the likelihoodrestricted
to the �nal candidateset (which always includesthe ac-
tiveset).For very largetasks,evenmoreelaboratecaching
strategiescould be envisaged. A naturallimit for the ac-
tive setsized is imposedby the O(d3) time andmemory
scaling.

While we have focusedon thecaseP < C in thecurrent
paper, it is alsoof greatinterestto explorecasesin which
P > C. In particular, in the P < C regime the variable
v 2 RC is constrainedto lie in a P-dimensionalsubspace;
while theanalogyto factoranalysissuggeststhat this may
be a useful constraintin someproblems,it alsomay im-
posean overly narrow bottleneckon the regressionmap-
ping in otherproblems.Thereareseveralpossiblewaysto
remove this constraintandconsiderversionsof theSFLM
that operatein the P > C regime. One interestingvari-
ant involves replacingEq. 1 by v = v (0) + Φu where
all componentsof (v (0) T ; uT )T areconditionallyindepen-
dentandaregivenGPpriorswith differentkernels.While
this setupcanbe viewed assimply a particularchoiceof
Φ in a genericSFLM with P > C, the additionalinde-
pendencesin the modelaid in the designof approximate
inferencemethodsbasedonavariantof beliefpropagation.
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