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Delauna y T riangulation

� Giv en a set of p oin ts P 2 I R

2

�nd their

Delauna y triangulati on.

� T is a Delauna y triangle if its circumcircle

con tains no p oin ts from P in its in terior.

� Man y applicati ons; w e are motiv ated b y

scien ti�c computing applications suc h as mesh

generation.
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Goal of this W ork

Dev eloping a practical parallel Delauna y algorithm

that w orks w ell for a v ariet y of distributions

Uniform

Normal

Line

Kuzmin
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Sequen tial Delauna y Algorithms

V ariet y of theoretical paradigms:

Algorithm b y: P aradigm Ma jor Subroutines

Shamos and Ho ey [75] divide and conquer stitc hing t w o

Guibas and Stol� [83] sub diagrams

Dwy er [87] divide and conquer stitc hing t w o

with buc k eting sub diagrams

F ortune [87] sw eepline adv ancing a fron t

of Delauna y edges

� � � incremen tal construction planar p oin t lo cation

.

.

.

.

.

.

All ha v e b een implemen ted and w ell{studied :

� Surv eys b y Su and Drysdale[95] and F ortune[90].

� Algorithms' run times within a factor of 2 of eac h other.

� Dwy er's algorithm:

{ Generally the b est: run times, op eration coun ts.

{ Guaran teed O ( n log n ).

{ On some distributions (e.g. uniform) exp ected O ( n ).

{ Buc k eting: merge subsolutions in to ro ws; merge ro ws.
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P arallel Delauna y Algorithms

� V ariet y of theoretical paradigms:

Algorithm P aradigm Ma jor Subroutines

Aggarw al et al. [88] divide parallelize

and conquer stitc hing step

Reif and Sen [89] p olling - compute sub-diagram;

Randomized divide with

divide and conquer duplication

Edelsbrunner marriage planar p oin t

and Shi [91] b efore conquest: lo cation; 2D CH;

pro jection{based linear programming

� Implemen tations not based on theory:

{ Implemen tations based on buc k eting algorithms and lo cal

searc h: Su[94], Merriam[92],T eng et al. [93]

{ E�cien t only for uniform distributions:

p erformance degrades to O ( n

2

) w ork for clustered p oin ts.

{ Un til no w, no w ork addressed at general distributions.

� The problem: ine�ciency of theoretical algorithms

{ High constan t factors can not b e o�set b y a v ailable

parallelism.

{ W e ha v e to dev elop more e�cien t v arian ts
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W ork{E�ciency

� W ork: T otal n um b er of op erations.

� Estimating E�ciency: Measuring the

constan t factors in w ork complexit y .

program A is � {work e�cient with resp ect to

program B if w ( A ) �

1

�

w ( B ).

W ork{e�ciency in our case:

� The base{line w e pic k ed is Dwy er's program.

� W ork : 
oating p oin t op eration coun t.

� Exp erimen tal measuremen ts o v er our test-suite.

Restating our goal: dev eloping a parallel

Delauna y algorithm whic h is

� w ork-e�cien t with resp ect to Dwy er's algorithm

o v er our test-suite.

� parallel.
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Whic h P aradigm to pic k?

� Obstacles to e�ciency:

Algorithm obstacles

Aggarw al et al. complicated data structures

\divide and conquer" and subroutines

Reif and Sen study b y Su: duplication causes

\p olling" expansion factor of 6

Edelsbrunner complexit y O ( n log

2

n )

and Shi subroutines: linear programming;

\marriage b efore conquest" planar p oin t lo cation; 2D con v ex h ull

� Our Algorithm:

{ \Marriage b efore conquest".

{ Pro jection{based.

{ A simpler algorithm:

� solv es a simpler problem: Edelsbrunner

and Shi �nd 3D CH, w e �nd 2D Delauna y

triangulati on.

� only subroutine used: 2D CH.
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Algorithm: \Marriage b efore Conquest"
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Algorithm: Pro jection{Based
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Algorithm: Qualit y of Divide

� Lemma: If the path is deriv ed from a parab ola cen tered on a

line L , then the left sub{problem is comp osed of p oin ts:

{ Left of L or

{ On the path.

Tw o imp ortan t implications:

1. T o decide if a p oin t is in the left sub-problem, need only its

orien tation with resp ect to L (no planar p oin t lo cation).

2. If L is a median line, n um b er of in ternal p oin ts is halv ed.
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Algorithm: End Game (Theory)

� No in ternal p oin ts - our strategy no longer O ( n log n ) w ork.

{ Edelsbrunner and Shi's strategy w orks till the end.

{ The strategy uses linear programming, ham sandwic h cuts

and planar p oin t lo cation.

� Finding triangulation of a p olygon (theory):

{ O ( n ) sequen tial algorithm b y W ang and Chin [95].

{ Switc h to other O ( n log n ) parallel algorithms.
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Algorithm: Theoretical view

Our algorithm: using certain subroutines w e get the

�rst O ( n log n ) w ork pro jection{based algorithm.

( , )P BDelaunay

return Delaunay(P',B') U Delaunay(P'',B'')

OTHER_DELAUNAY(P)

O(n)

O(n)

O(n)

O(n)

Q = projection(P)

O(n log n)O(log  n)

find median  line   L=(x,0) or  L=(0,y) 2

O(1)

O(1)

find  Delaunay path H using Q:

depth work 

O(log  n)

split  (P,B) into (P',B') and (P'',B'')

O(log  n)

2

2

3O(log n)     O(n log n)

If ( no internal points )  then return

H= OVERMARS(Q)
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Algorithm: Exp erimen tal view

Our implemen tation: w orst case O ( n

2

), e�cien t in

practice.

( , )P BDelaunay

return Delaunay(P',B') U Delaunay(P'',B'')

Q = projection(P)
find median  line   L=(x,0) or  L=(0,y) 2

O(1)

O(1)

find  Delaunay path H using Q:

work 

OUR_END_GAME(B)
O(n)

H= OUR_CH(Q)

O(n)

O(n)

O(n)

O(n  )

split  (P,B) into (P',B') and (P'',B'')

O(n)

2

work 

O(nlogn)

O(n)

O(nlogn)

O(n)

O(n)

O(n)

O(n  )

2

O(log  n)

O(log  n)

2 O(nlogn)

experimental

If ( no internal points )  then return

depth
worst case
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Algorithm: End Game (Practice)

� End{game subproblems: 10-20 p oin ts.

� Switc h strategy once problem size is small.

Our strategy for �nding a triangulatio n of a

simple Delauna y p olygon:

� Pic k some no de u , �nd one edge out of it.

� Cost: small constan t factor O ( n ) w ork.

� Use edge to split in to t w o Delauna y p olygons.

� W orst case O ( n

2

).
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Algorithm: Con v ex Hull (Practice)

� Simple quic kh ull: O ( n

2

).

� Guaran teed O ( n log n ) 2D CH:

{ Chan et al. [SOD A 95]

{ An e�cien t v ersion of Kirkpatric k and

Seidel's ultimate con v ex h ull.

� A h ybrid algorithm:

{ F ew lev els of quic kh ull follo w ed b y the

optimal algorithm:

{ T ry to reduce problem size quic kly using

quic kh ull.

{ Switc h to guaran teed metho d.

uniform
non

uniform
non

uniform
non

Quickhull Chan et al. Hybrid

uniform          
uniform          

uniform          
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Exp erimen tal T ec hniques: Language

The NESL language:

� Nested data paralleli sm: w ell suited for irregular

algorithms

� Go o d protot yping language:

{ Bridges b et w een the PRAM mo del and the

pro cessor based mo del.

{ Measuring w ork and depth: complexit y

guaran tees for primitiv es.

{ P ortable to v arious parallel arc hitectures.

{ Easy debugging on w orkstation.

{ W ork in progress: compiled in to C with MPI

primitiv es.

Goals of the NESL implemen tation

� Measure w ork e�ciency

� Measure paralleli sm (depth)

Carnegie
Mellon 15



Exp erimen tal T ec hniques: T est Suite

� Scien ti�c Computing Motiv ated

{ No arti�cial distributions

� Related to the uniform distribution via a

Lipsc hitz function

� Easy to generate

{ No \one{sized" examples.

Uniform Normal Line Kuzmin
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Exp erimen tal T ec hniques: Measuremen ts

W e compare the n um ber of 
oating p oin t

op erations b et w een our parallel program and

Dwy er's implemen tation:

� Correlated with run{time for this t yp e of

programs.

� Can b e used to compare programs with di�eren t

primitiv es.

� Primitiv e coun ts do not accoun t for the

follo wing:

{ Orien tation test(CCW): costs 5.

{ N orien tation tests with the same line: cost

3 N + 5.

� P articular implemen tation of Dwy er's kno wn to

b e e�cien t.

Our exp erimen tation sho ws our program

is close to 0 : 5-w ork-e�cien t.
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Exp erimen tal Results: E�ciency

� Our algorithm p erforms almost uniformly on

the v arious distributions.

� Dwy er's smarter cuts and merge order bring less

sa vings on the Line distribution.
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Exp erimen tal Results:Depth

� Estimated the total depth of the call tree.

� Depth not strongly in
uenced b y distribution.

� P arallelism =

W ork

Depth

.

� E.g. for N = 131072 a v ailable parallelism is

45000.

0 5 10 15

x 10
4

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

Problem Size

D
ep

th
 E

st
im

at
es

uniform - *

kuzmin - o

normal - +

line - x

Carnegie
Mellon 19



Exp erimen tal Results: W ork Division

� Con v ex Hull accoun ts for the largest p ortion of

op erations.

� Similar con v ex h ull costs across the

distributions.

� Similar o v er all w ork division across the

distributions.
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Conclusions and Con tin uations

Our con tributions:

� W e dev elop ed a parallel pro jection{based

algorithm whic h is:

{ comp etitiv el y w ork-e�cien t for a v ariet y of

distributions, ev en compared to the b est

sequen tial algorithms.

{ O ( n log n ) w ork (theoretical l y).

� An application{dri v en represen tativ e test{suite.

F uture w ork:

� Comm unication costs and run times:

{ On{going w ork: translating to C with MPI

primitiv es (Jonathan Hardwic k).

� Op en Questions:

{ Exp erimen tally observ ed 2D CH b eha viour:

O ( n ) exp ected run{time (for our test-suite).

{ P arallel Delauna y triangulati on of simple

p olygons.
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