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Abstract

This p ap er describ es a new c omputational metho d of ful ly automate d anisotr opic triangulatio n of a trimme d

p ar ametric surfac e. Given as input: (1) a domain ge ometry and (2) a 3 x 3 tensor �eld that sp e ci�es a

desir e d anisotr opic no de-sp aci ng , this new appr o ach �rst p acks el lipsoids closely in the domain by de�ning

pr oximity-b ase d inter acting for c es among the el lipsoids and �nding a for c e-b alancin g c on�gur ation using

dynamic simulation. The c enters of the el lipsoids ar e then c onne cte d by anisotr opic Delaunay triangulatio n

for a c omplete mesh top olo gy. Sinc e a sp e ci�e d tensor �eld c ontr ols the dir e ctions and the lengths of the

el lipsoids' princip al axes, the metho d gener ates a high quality anisotr opic mesh whose elements c onform

pr e cisely to the given tensor �eld.
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1 In tro duction

Although most automatic mesh generators try to create a regular isotropic mesh, in some FEM analysis an anisotropic

mesh is more e�cien t in terms of computational time and solution accuracy . F or example, in 
uid dynamics sim ulation

an anisotropic mesh stretc hed along sho c k/b oundary la y ers and stream lines is preferred.

This pap er presen ts a v ersatile computational metho d of automatically generating an anisotropic triangular mesh of

a trimmed parametric surface, applicabl e to v arious FEM analyses. Assuming that an anisotrop y is giv en as a 3 x 3

tensor �eld de�ned o v er the domain to b e meshed, this surface triangulation problem can b e stated as follo ws:

Giv en:

� a geometric domain on a parametric surface S ( u; v ) trimmed b y trimming curv es C

t

( s )

� inside curv es C

i

( s ) and v ertices V on whic h no des are exactly lo cated

� a desired anisotropic no de spacing distribution, giv en as a 3 x 3 tensor �eld M ( x )

Generate:

� an anisotropic triangular mesh that is compatible with trimming curv es, inside curv es, and inside v ertices

In the ab o v e problem statemen t, eac h surface patc h is de�ned as a mapping, denoted as S ( u; v ) =

�

x ( u; v ) ; y ( u; v ) ; z ( u; v )

�

, from a rectangular region called p ar ametric sp ac e in to a 3D co ordinate system called ob-

je ct sp ac e . A surface patc h can b e trimmed b y restricting the rectangular region to a subset called the trimme d

r e gion , and its b oundary curv es are called trimming curves , denoted as C

t

( s ) =

�

x ( s ) ; y ( s ) ; z ( s )

�

. Occasionally

w e need to de�ne extra curv es and v ertices inside the trimmed region so that some no des are exactly lo cated on

those geometric elemen ts. These curv es and v ertices are referred to as inside curves and inside vertic es , denoted as

�
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i

( s ) =

�

x ( s ) ; y ( s ) ; z ( s )

�

and V = ( x; y ; z ) resp ectiv ely . The actual curv e and surface represen tations can b e of an y

form, as long as they are con tin uous and a deriv ativ e v ector can b e calculated an ywhere on the curv es and surfaces.

In order to generate an anisotropic triangular mesh o v er a giv en trimmed parametric surface, w e mo di�ed and

extended the bubble mesh metho d that w e previously prop osed for isotropic meshing [8, 11, 10, 16]. The original

bubble meshing pro cedure consists of t w o steps: (1) pac k an appropriate n um b er of spheres, or bubbles, closely

in the domain, while the sizes of the spheres are adjusted based on a sp eci�ed no de spacing scalar �eld, and (2)

connect the bubbles' cen ters b y constrained Delauna y triangulatio n to generate no de connectivit y . The no v elt y of

this metho d is that the close pac king of bubbles mimics a pattern of V oronoi regions that yield w ell-shap ed triangles

and tetrahedra. Although the original bubble mesh using sphere pac king creates a w ell-shap ed, graded triangular

or tetrahedral mesh, its application is limited to isotropic meshing b ecause the close pac king of spheres, or isotropic

cells, naturally generates an isotropic no de distribution.

In this pap er, to apply the bubble mesh concept to anisotropic meshing of parametric surfaces, w e assume as input a

3 x 3 tensor �eld that sp eci�es the desired anisotrop y of a mesh. With this tensor �eld, a spherical bubble is deformed

to an ellipsoid whose directions and lengths of the principal axes are calculated from the eigen v ectors and eigen v alues

of the tensor resp ectiv ely . By pac king ellipsoid al bubbles closely in the domain, a set of no des is distributed so that a

graded, anisotropic triangular mesh is formed when the no des are connected b y anisotropic Delauna y triangulati on.

2 Related W ork

2.1 Anisotropic Meshing

In appro ximating a curv ed surface b y piecewise linear triangular elemen ts, it is e�cien t to use an anisotropic mesh

whose edge sizes are adjusted according to the directions of the principal curv atures. In order to equidistrib ute an

appro ximation error, the edge length should b e longer in a lo w curv ature direction, and shorter in a high curv ature

direction. Similarl y , in �nite elemen t analysis of a ph ysical phenomenon, when the phenomenon has a strong di-

rectionalit y as in 
uid dynamics, an anisotropic mesh is more e�cien t in terms of computational time and solution

accuracy than an isotropic mesh.

One common w a y to represen t an anisotrop y is to de�ne a metric tensor �eld, M , o v er the domain [3, 2, 1]. M is a

symmetric p ositiv e-de�nite 2 x 2 matrix in t w o dimensional problems, and a symmetric p ositiv e-de�ni te 3 x 3 matrix

in three dimensional problems. Castro-D � �az et al. sho w ed ho w a metric tensor can b e de�ned so that it impro v es the

qualit y of the adapted meshes in 
o w computations with m ulti-ph ysica l in teractions and b oundary la y ers [3]. Bossen

and Hec kb ert used as input a 2 x 2 metric tensor in generating a 2D planar anisotropic triangular mesh using a system

of in teracting particles [2]. Borouc haki et al. sho w ed ho w a metric tensor can b e used to generate an anisotropic

triangular mesh on a surface and to con v ert it to a quadrilateral mesh [1 ]. Shimada used a 2D v ector �eld equiv alen t

to a 2 x 2 tensor for 2D anisotropic meshing [9].

In this pap er w e use the same metric tensor to con trol the size and the shap e of an ellipsoi d to b e pac k ed in the

domain.

2.2 In teracting P articles

A particle system is a collection of particles that mo v es o v er time according to either a deterministic or a sto c hastic

set of rules or equation of motion. In computer graphics, a particle system w as originall y used to mo del and render

natural fuzzy phenomena suc h as fog, smok e, and �re [7]. While early particle systems had little or no in terparticle

in teraction, particle systems with pro ximit y-based force in teraction are recen tly used for di�eren t purp oses, includin g

T urk's re-tiling of a p olygonal surface [14], Szeliski's surface mo deling [13], de Figueiredo et al.'s p olygonizati on of

implicit surfaces [4 ], Witkin and Hec kb ert's sampling and con trolling of implicit surfaces [15], and Fleisc her et al.'s

texture generation [5].

These in teracting particle systems use either rep elling only or rep elling and attracting forces among particles. If

the magnitude and range of the force are uniform, the system creates a uniform distributio n of particles yielding a

hexagonal arrangemen t. Unev en, or graded, distribution can also b e obtained b y adjusting the magnitude and the

range of the in terparticle forces.

Bossen and Hec kb ert applied an in teracting particle system to 2D anisotropic FEM mesh generation [2]. The metho d

assumes a 2 x 2 metric tensor to sp ecify an anisotrop y in a planar region, similar to Castro-Diaz's [3], and generates
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Figure 1: Bubble meshing pro cedures

a anisotropic no de distribution using a pro ximit y-based force similar to Shimada's [8, 11 ]. This approac h seems to

b e successful and to create a high-quali t y anisotropic 2D mesh. In terms of the de�nition of the in teracting force, it

is most similar to our bubble mesh in the 2D case.

2.3 Bubble Mesh

The bubble system is similar to the particle systems used in computer graphics in the sense that discrete b o dies

in teract in 3D space as a result of the application of pairwise, repulsiv e/attracti v e forces. Ho w ev er, there are sev eral

unique c haracteristics that mak e this metho d particularly suitable for FEM mesh generation:

� A bubble system can triangulate a curv ed domain, a planar domain, a surface domain, a v olumetric domain,

and a h ybrid of these domains (a non-manifold geometry) in a consisten t manner. Bubbles are pac k ed in order

of dimension, i.e., v ertices, edges, faces, and v olumes, easily iden ti�ed in CAD data. (See Figure 1.)

� Unlik e some early particle systems for rendering, particle motion and its dynamic sim ulation themselv es are

not the fo cus. The mo del and the n umerical solution of a bubble system are devised sp eci�cally to minimize

the computational time necessary for reac hing a force-balancing con�guration.

� A quic k initial guess at the �nal bubble con�guration is obtained b y using hierarc hical spatial sub divisio n. This

reduces the computational time necessary for the normally time-consuming pro cess of dynamic sim ulation, or

ph ysically based relaxation.

� Unlik e in a system of uniform particles, bubble diameters are adjusted individ ual l y b y the no de-spacing function.

This mak es precise con trol of triangle size p ossible throughout the mesh.

� A p opulation con trol mec hanism is used during relaxation to remo v e an y sup er
uous bubble that is largely

o v erlapp ed b y its neigh b ors, and to sub divide an y lone bubble missing some neigh b ors, so that a giv en domain

is �lled with an appropriate n um b er of bubbles. This automatic feature drastically reduces the time necessary

for the system to con v erge to a force-balancing con�guration.
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Figure 2: Ellipsoi dal bubble pac king pro cedure.

In the original bubble mesh, spheres are closely pac k ed to create isotropic meshes in 1D, 2D, surface, and 3D domains

[10, 8, 11 , 16 ]. The metho d w as later extended to generate a 2D planar anisotropic mesh b y pac king ellipsoids instead

of spheres and mo difying a circumcircle test in Delauna y triangulation [9]. In this pap er, w e demonstrate that the

same idea of pac king ellipsoi ds can b e applied to anisotropic meshing of a trimmed parametric surface. The prop osed

surface meshing can b e used as a subpro cess of 3D and non-manifold meshing, and anisotropic meshing of suc h

v olumetric domains can b e p erformed b y the same ellipsoid al bubble pac king. (Simply replace the spheres in Figure

1 b y ellipsoi ds.)

3 Anisotropic T riangulation of P arametric Surfaces

3.1 T riangulation Pro cedures

The no v elt y of our anisotropic meshing lies in the pro cess of pac king ellipsoidal bubbles closely in a domain. W e

ac hiev e this close pac king con�guration b y de�ning a pro ximit y-based in terbubble force and then solving the equation

of motion n umerically to yield a force-balancing con�guration.

This pac king pro cess should b e p erformed in order of dimension as sho wn in Figure 2, that is:

1. Bubbles are placed on all the v ertices V , includin g inside v ertices, as w ell as endp oin ts of trimming curv es and

inside curv es.

2. Bubbles are pac k ed on all the trimming curv es C

t

and inside curv es C

t

.

3. Bubbles are placed inside the trimmed region of the surface S .

Because bubbles are placed in order of dimension t w o �xed bubbles are already placed at the t w o endp oin ts of

the curv e when bubbles are pac k ed on a curv e, and these t w o bubbles are stable throughout the pac king pro cess,

prev en ting mo ving bubbles from escaping the range of the curv e. Similarly , when bubbles are pac k ed inside the

trimmed region of a surface, the trimming curv es are already �lled with �xed bubbles, prev en ting mo ving bubbles

from escaping the trimmed region. In this w a y w e put higher priorit y on the bubble placemen t of lo w er dimensional

elemen ts, i.e., v ertex bubbles o v er edge bubbles, and edge bubbles o v er face bubbles. This strategy mak es sense

b ecause lo w er order geometric elemen ts are often more critical in FEM analysis.

Once all the bubbles are pac k ed so that they co v er the en tire region of a trimmed parametric surface, their cen ters

are connected b y anisotr opic Delaunay triangulatio n, detailed in Section 3.5, for a complete mesh top ology .

3.2 Ellipsoid al Bubbles

W e assume as input a symmetric p ositiv e-de�nite 3 x 3 metric tensor �eld M ( x ) that sp eci�es a desired anisotrop y ,

as in previous w ork of anisotropic mesh generation [3, 2, 1]. W e then use this metric tensor to sp ecify the shap es



and the sizes of the ellipsoida l bubbles pac k ed in 3D space. Suc h a 3 x 3 tensor matrix can b e c haracterized b y three

eigen v alues �

i

; i = 1 ; 2 ; 3. and three eigen v ectors v

i

; i = 1 ; 2 ; 3.

The eigen v alues de�ne the in v erse squares of the radii of the ma jor, medium, and minor radii of the ellipsoi dal bubble,

and they are calculated b y solving the equation

det

�

�

M � � I

�

�

= 0 : (1)

After the eigen v alues �

i

are determined, the eigen v ectors v

i

can b e found b y solving the equation

Mv

i

= �

i

v

i

; i = 1 ; 2 ; 3 : (2)

The three eigen v ectors are th us expressed as

v

i

= �

i

e

i

; i = 1 ; 2 ; 3 ; (3)

where e

i

; i = 1 ; 2 ; 3 are unit v ectors in the directions of the eigen v ectors v

i

; i = 1 ; 2 ; 3. These unit v ectors are m utually

orthogonal, and they are used to de�ne the directions of the ma jor, medium, and minor axes

1

of an ellipsoi dal bubble.

Giv en unit v ectors of the ma jor, medium, and minor axes of an ellipsoi d, e

1

, e

2

, and e

3

, and the diameters along

these axes, d

1

, d

2

, and d

3

, a 3 x 3 metric tensor is written as

M = R

 

�

1

0 0

0 �

2

0

0 0 �

3

!

R

T

= R

0

B

@

�

d

1

= 2

�

� 2

0 0

0

�

d

2

= 2

�

� 2

0

0 0

�

d

3

= 2

�

� 2

1

C

A

R

T

; (4)

where

R =

�

e

1

e

2

e

3

�

=

 

e

1 x

e

2 x

e

3 x

e

1 y

e

2 y

e

3 y

e

1 z

e

2 z

e

3 z

;

!

(5)

and d

i

; i = 1 ; 2 ; 3 are ellipsoid 's diameters along the principal axes. The size and the shap e of an ellipsoid al bubble

is th us giv en as a function of its cen ter p osition using the ab o v e 3 x 3 tensor �eld.

3.3 Metric T ensor for P arametric Surfaces

Although w e need a 3 x 3 metric tensor �eld M ( x ) to sp ecify the size and the shap e of an ellipsoid , a desired

anisotrop y is often giv en b y a 2 x 2 metric tensor �eld de�ned in either parametric space or ob ject space. A go o d

example of suc h a case is when a surface is triangulated based on its curv ature. Hence it is imp ortan t that w e discuss

the follo wing t w o issues in this section:

� Ho w to �nd a corresp onding ellipse, or a 2 x 2 tensor in parametric space, when an anisotrop y is de�ned b y a

2 x 2 tensor in ob ject space. This is necessary for anisotropic Delauna y triangulation in parametric space.

� Ho w to de�ne an ellipsoid , or a 3 x 3 tensor, in ob ject space, necessary for the force calculation , when only a 2

x 2 tensor is giv en as input.

Giv en a p oin t on a surface, w e can calculate t w o tangen t v ectors in the u direction and v direction,

@ S

@ u

and

@ S

@ v

resp ectiv ely . W e then de�ne a lo cal co ordinate sytem x

0

y

0

z

0

in suc h a w a y that: (1) the x

0

-axis is parallel to

@ S

@ u

;

(2) the z

0

-axis is parallel to the normal direction

@ S

@ u

�

@ S

@ v

; and (3) the y

0

-axis is parallel to the cross pro duct of the

z

0

-axis and the x

0

-axis (See Figure 3(b)).

A 2 x 2 metric tensor M

x

0

y

0
represen ts an ellipse in ob ject space lying on the tangen t plane x

0

y

0

, and this tensor can

b e expressed as

M

x

0

y

0
= R

2

( � )

 

�

d

1

= 2

�

� 2

0

0

�

d

2

= 2

�

� 2

!

R

2

( � )

T

; (6)

1

In some computational mec hanics applications, particularly in the study of materials, these axes are referred to as the principal

axes of the tensor and they are ph ysically imp ortan t. F or example, if the tensor is a stress tensor, the principal axes are the directions

of normal stress with no shear stress.
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where � measures an angle b et w een the x

0

-axis and the ma jor axis of the ellipse, and d

1

and d

2

are diameters along

the ma jor axis and the minor axis.

T o �nd a corresp onding ellipse in parametric space, w e �rst �nd the follo wing 2 x 2 matrix A that transforms the

x

0

y

0

co ordinate system to the uv co ordinate system,

�

u

v

�

= A

�

x

0

y

0

�

=

0

B

@










@ S

@ u



















@ S
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cos( �

w

)

0










@ S

@ v










sin ( �

w

)

1

C

A

�

x

0

y

0

�

; (7)

where �

w

measures an angle b et w een the x

0

-axis and

@ S

@ v

.

Using this co ordinate transformation matrix A and the 2 x 2 metric tensor in ob ject space M

x

0

y

0
, the 2 x 2 metric

tensor in parametric space M

uv

can b e obtained as

M

uv

= AM

x

0

y

0
A

T

=

�

m

11

m

12

m

21

m

22

�

: (8)

This is a 2 x 2 symmetric p ositiv e-de�ni te matrix and hence m

12

= m

21

.

By calculating eigen v alues and eigen v ectors, w e can also express M

uv

in the form

M

uv

= R

2

( �

p

)

 

�

d

p 1

= 2

�

� 2

0

0

�

d

p 2

= 2

�

� 2

!

R

2

( �

p

)

T

; (9)

where �

p

measures an angle b et w een the u -axis and the ma jor axis of the ellipse in parametric space, and d

p 1

and

d

p 2

diameters along the ma jor axis and the minor axis in parametric space. The implicit form of this ellipse is

m

11

u

2

+ m

22

v

2

+ 2 m

12

uv = 1 : (10)

No w w e ha v e found ho w to calculate a corresp onding 2 x 2 metric tensor, or an ellipse, in parametric space when a

2 x 2 tensor �eld is giv en on the surface in ob ject space.

A particularly useful 2 x 2 metric tensor is one based on the curv ature of a surface; a surface region of high curv ature

is meshed with �ne triangles, and a region of lo w curv ature with coarse triangles. The curv ature c hanges dep ending

on a cross-sectional plane p erp endicular to the tangen t plane, and t w o principal curv ature directions can b e iden ti�ed.

These t w o principal axes are orthogonal, and they represen t the directions of the maxim um radius of curv ature and

the minim um radius of curv ature. In order to equidistri bute the appro ximation error, one can de�ne d

1

and d

2

in

Equation 6 as follo ws [8]

d

1

= min

�

2

p

2 e�

max

� e

2

; D

max

�

;

d

2

= min

�

2

p

2 e�

min

� e

2

; D

max

�

; (11)



where �

min

and �

max

denote the minim um radius of curv ature and the maxim um radius of curv ature resp ectiv ely ,

e a target constan t error b et w een the original surface and the mesh, and D

max

the allo w able maxim um size of the

diameter of an ellipsoid . Setting this maxim um size is necessary b ecause, when a surface is nearly 
at in one direction,

�

max

approac hes in�nit y , yielding an o v ersized mesh elemen t.

As men tioned earlier in this section w e also need to �nd ho w to de�ne a 3 x 3 metric tensor, or a tensor ellipsoi d, when

only a 2 x 2 metric tensor is giv en on the surface. This is essen tial b ecause, as detailed in Section 3.4, in terbubble

forces are calculated using ellipsoids de�ned b y a 3 x 3 metric tensor. T o decide the diameter along the third axis,

parallel to the normal to the surface, w e compare the t w o diameters d

1

and d

2

along the t w o principal axes on the

tangen t plane x

0

y

0

and giv e the smaller v alue to the diameter along the third axis. The 3 x 3 metric tensor is th us

de�ned as

M

xy z

= R

0

B

B

@

�

d

1

= 2

�

� 2

0 0

0

�

d

2

= 2

�

� 2

0

0 0

�

min

�

d

1

; d

2

�

= 2

�

� 2

1

C

C

A

R

T

: (12)

3.4 Bubble P ac king b y Pro ximit y-Based F orces

In isotropic meshing the ideal no de con�guration is a regular hexagonal arrangemen t, a rep eating pattern often

observ ed in nature. One suc h example of a regular hexagonal arrangemen t is a molecular structure; The pattern is

created b y the v an der W aals force, whic h exerts a rep elling force when t w o molecules are lo cated closer together

than the stable distance and exerts an attracting force when t w o molecules are lo cated farther apart than the stable

distance. One of the mathematical represen tations of this v an der W aals force is

f ( r ) = 12 Ar

� 13

� 6 B r

� 7

; (13)

where A and B are p ositiv e constan ts, and r is the distance b et w een t w o p oin ts. The �rst term describ es the repulsion

force, and the second the attraction force.

Since the v an der W aals force creates a regular la y out of p oin ts, as observ ed in metal b onding, w e could simply

tak e one of the standard mathematical mo dels of this force and implemen t it as the in terbubble force �eld. This is

not a go o d approac h ho w ev er, b ecause our goal is not a realistic sim ulation of molecules' b eha vior, but is to �nd a

force-balancing con�guration e�cien tly . This is wh y w e devised the follo wing simpli�ed force mo del using a single

piecewise cubic p olynomial function.

Let the p ositions of adjacen t bubbles i and j b e x

i

and x

j

; the curren t distance b et w een the t w o bubbles l ( x

i

; x

j

); the

target stable distance l

0

( x

i

; x

j

); the ratio of the curren t distance and the target distance w ( x

i

; x

j

) =

l ( x

i

; x

j

)

l

0

( x

i

; x

j

)

; and

the corresp onding linear spring constan t at the target distance k

0

. Our simpli�ed force mo del can then b e written as

f ( w ) =

�

k

0

l

0

�

1 : 25 w

3

� 2 : 375 w

2

+ 1 : 125

�

0 � w � 1 : 5

0 1 : 5 < w :

(14)

As sho wn in Figure 4, this force mo del applies either a rep elling or attracting force b et w een t w o bubbles based on the

follo wing distance comparison. Assuming that t w o bubbles are adjacen t to eac h other, a rep elling force is applied if

l is smaller than l

0

, or if w < 1 : 0. An attracting force is applied if l is longer than l

0

, or if 1 : 0 < w < 1 : 5. No force is

applied if t w o bubbles are lo cated exactly at the stable distance or if they are lo cated m uc h farther apart, the cases

where w = 1 : 0 or 1 : 5 < w .

In original isotropic bubble meshing, where t w o bubbles are spherical, the stable distance can b e calculated simply

as the sum of the radii of the t w o bubbles [8 , 11, 16]

l

0

( x

i

; x

j

) =

d ( x

i

)

2

+

d ( x

j

)

2

; (15)

where d ( x

i

) and d ( x

j

) are the diameters of bubble i and bubble j resp ectiv ely . If t w o bubbles are ellipsoida l, ho w ev er,

this target stable distance should b e calculated as the summation of the t w o lengths, measured along the line segmen t

that connects the cen ters of the t w o ellipsoid s, from the cen ter to b oundary of eac h ellipsoi d (See Figure 4). Let these

t w o lengths b e l

ij

and l

j i

; the target stable distance l

0

is then giv en as

l

0

( x

i

; x

j

) = l

ij

+ l

j i

; (16)
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Figure 4: T arget stable distance.
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Figure 5: In terbubble pro ximit y-based force.

where l

ij

is calculated with a relativ ely lo w computational cost b y m ultiplyin g the tensor matrix M ( x

i

) and a unit

v ector from x

i

to x

j

, and l

j i

is calculated similarly . Note that Equation 15 is a sp ecial case of Equation 16.

Compared to the v an der W aals force, our force, as also sho wn in Figure 5, has the follo wing t w o c haracteristics that

mak e it suitable for our ph ysically-b ased relaxation:

� The force is saturated near w =0, where t w o bubbles are lo cated extremely close together. This prev en ts the

in terbubble force from gro wing in�nitely large and causing n umerical instabili t y in dynamic sim ulation.

� The force in teraction is activ e only within a sp eci�ed distance and only when t w o bubbles are adjacen t.

The second p oin t is particularly imp ortan t to reduce the single most time consuming pro cess in ph ysically-bas ed

no de placemen t: calculation of pairwise in teraction forces. In our implemen tation, w e run the anisotropic Delauna y

triangulation , detailed in Section 3.5, ev ery certain n um b er of iterations in order to iden tify adjacen t pairs of bubbles.

F orce is exerted, consequen tly , only on adjacen t bubbles.

Giv en the pro ximit y-based in terbubble force, our goal of ph ysically-ba sed relaxation is to �nd a bubble con�guration

that yields a static force balance in a direction tangen tial to the surface. In other w ords, w e w an t the summation of

in terbubble force v ectors applied to a bubble to b e parallel to the surface normal direction. This condition can b e

written as

f

i

� n

i

= 0 ; i = 1 ; : : : ; n; (17)

where f

i

represen ts the total force on bubble i from all its adjacen t bubbles, n

i

the surface normal

@ S

@ u

�

@ S

@ v

at the

lo cation of the bubble cen ter x

i

, and n the n um b er of mobile bubbles.

Due to an arbitrarily de�ned tensor �eld and geometric constrain ts on bubble lo cations, Equation 17 is highly

nonlinear, and th us it is di�cult to solv e the equation directly b y a m ultidimensi onal ro ot-�nding tec hnique suc h as

the Newton-Raphson metho d. Our alternativ e approac h is to assume a p oin t mass m at the cen ter of eac h bubble

and the e�ect of viscous damping c , and to solv e the follo wing equation of motion

2

b y using a standard n umerical

in tegration sc heme, the fourth-order Runge-Kutta metho d.

m
•

x

i

( t ) + c
_

x

i

( t ) = f

i

( t ) ; i = 1 ; : : : ; n: (18)

2

The �rst order equation can also b e used [2]. In either case, the essen tial p oin t is that after a certain n um b er of iterations the

system reac hes a virtual equilibrium, where b oth the v elo cit y term _x and the acceleration term • x approac h zero, lea ving a static force

balance.
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Figure 6: Anisotropic circumcircle test.

In solving Equation 18 n umerically , w e ha v e to imp ose geometric constrain ts so that all the mobile bubbles do not

p op out of giv en parametric curv es and surfaces. F or this purp ose, w e p erform a pro cess of remapping unconstrained

bubble mo v emen ts on to a curv e or a surface b y using tangen t v ectors.

Another pro cess incorp orated in solving the equation of motion is adaptiv e bubble p opulation con trol. This is

imp ortan t b ecause w e do not kno w b eforehand an appropriate n um b er of bubbles that is necessary and su�cien t

to �ll the region. Although our initial bubble con�guration generator giv es a reasonably go o d guess, it is still not

optimal. T o solv e this problem, w e implemen ted a pro cedure to c hec k a lo cal p opulation densit y and to add more

bubbles in sparse areas and delete bubbles in o v er-pac k ed areas.

The metho ds of imp osing geometric constrain ts on the bubble mo v emen ts and adjusting bubble p opulation are

common b et w een anisotropic meshing and isotropic meshing, and the details can b e found elsewhere [8, 11 ].

3.5 Anisotropic Delauna y T riangulation

Once a force-balancing con�guration of ellipsoi dal bubbles is obtained bubble cen ters m ust b e connected to form

a complete triangular mesh. In connecting no des, Delauna y triangulation is considered suitable for �nite elemen t

analysis, as the triangulation maximizes the sum of the smallest angles of the triangles. It creates triangles as

equilateral, or isotropic, as p ossible for the giv en set of p oin ts; th us thin, or anisotropic triangles are a v oided whenev er

p ossible.

One imp ortan t prop ert y of Delauna y triangulation is that a circumscribin g circle of a Delauna y triangle, called a

cir cumcir cle , m ust not con tain other p oin ts inside. T o c hec k this, man y Delauna y triangulatio n algorithms use the

so-called cir cumcir cle test . This test is also used in Sloan's algorithm [12], whic h w e implemen ted in the original 2D

isotropic bubble mesh. As sho wn in Figure 6, the circumcircle test is p erfomed for a pair of adjacen t triangles that

form a con v ex quadrilateral . Giv en a set of suc h four p oin ts, the circumcircle test c hec ks one of the triangles to see

whether the forth p oin t is inside the circumcircle. If it is, the diagonal edge is sw app ed.

Ob viously the original Delauna y triangulati on with this circumcircle test is not suitable for our anisotropic meshing.

W e therefore mo di�ed the original Delauna y triangulation sligh tly to incorp orate anisotrop y in the circumcircle test.

Assuming the metric tensor is lo cally constan t, w e p erform the same circumcircle test in parametric space, but only

after the four no des' co ordinate v alues ha v e b een transformed so that an ellipse is mapp ed bac k to a circle. A lo cal

a v erage tensor for four no des in parametric space can b e calculated b y �rst calculating the barycen ter of the four
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no des and then �nding the metric tensor at this barycen ter
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Figure 6 sho ws a case where a di�eren t pair of triangles is selected when the circumcircle test is p erformed after the

p ositions of the four no des are transformed.

T o demonstrate the e�ectiv eness of this anisotropic Delauna y triangulation , Figure 7(a) and Figure 7(c) compare

the original Delauna y triangulation and the anisotropic Delauna y triangulation . Giv en the same set of triangular

grid no des, the anisotropic Delauna y triangulati on creates anisotropic mesh that is stretc hed and \
o ws" along the

direction of the ma jor eigen v ectors sho wn in 7(b).

4 Results

The anisotropic meshing describ ed ab o v e has b een implemen ted in C and C++. Three meshing results are sho wn in

Figures 8, 10, and 12, and their qualit y measures are sho wn in Figures 9, 11, and 13 resp ectiv ely . T able 1 summarizes

the statistics of these three meshes, includin g: (1) the n um b ers of mesh no des and elemen ts; (2) CPU times for the

initial meshing, in termediate meshing after 30 iterations of dynamic sim ulations, and the �nal meshing after 100

iterations of dynamic sim ulation s; and (3) mesh irregularit y after 100 iterations. The CPU time w as measured on an

IBM Unix w orkstation (P o w erPC 604e, 133MHz).

T o measure the mesh irregularit y sho wn in Figure 9, Figure 11, Figure 13, and T able 1, w e used t w o t yp es of

irregularit y measure, top olo gic al irr e gularity and ge ometric irr e gularity .

F or top ological irregularit y , w e de�ned the follo wing measure, similar to that de�ned b y F rey and Field [6]:

"

t

=

1

n

n

X

i =0

j �

i

� 6 j (20)

where �

i

represen ts the de gr e e , or the n um b er of neigh b orin g no des, connected to the i th in terior no de, and n represen ts

the total n um b er of in terior no des in the mesh. As elemen ts b ecome more equilateral, this top ological irregularit y

approac hes 0, but v anishes only when all the no des ha v e exactly 6 neigh b ors, a rare situation. Otherwise, it has a

p ositiv e v alue that measures ho w m uc h the mesh top ological ly di�ers from a p erfectly regular triangular lattice.

F or geometric irregularit y w e de�ne the follo wing measure, "

g

, using the ratio of the inscrib ed circle radius to the

circumcircle radius
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) (21)

3

Sligh tly di�eren t anisotropic Delauna y triangulation sc hemes are used b y other researc hers [3, 2 , 1]. F or example, an alternativ e

w a y to tak e an a v erage of four metric tensors is:
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.



T able 1: Mesh statistics.

Mesh No des Elements

CPU time CPU time CPU time Mesh irr e gularity

for initial mesh for 30 iteration for 100 iter ation after 100 iter ation

Mesh 1 1468 2872 3 sec. 13 sec. 45 sec. "

t

= 0 : 2689 "

g

= 0 : 0197

Mesh 2 442 782 0.4 sec. 4 sec. 12 sec. "

t

= 0 : 2472 "

g

= 0 : 0243

Mesh 3 415 732 0.2 sec. 2 sec. 8 sec "

t

= 0 : 2555 "

g

= 0 : 0321

where m is the n um b er of triangles, and r

i

the inscrib ed circle radius of the i th triangle, and R

i

the circumcircle

radius of the i th triangle. Since a resultan t mesh is anisotropic and stretc hed according to a giv en tensor �eld, radii

of inscrib ed circles and circumcircles should b e calculated after the triangles' three no de lo cations are transformed

so that an ellipsoi d is mapp ed bac k to a circle, a pro cess similar to that of the anisotropic Delauna y triangulatio n

describ ed in Section 3.5. An a v erage tensor for eac h triangle is calculated at the barycen ter of the triangle. Since

the ratio r

i

=R

i

is at maxim um 0 : 5 for an equilateral triangle, an ideal elemen t, the smaller the v alue of "

g

, the more

geometrically regular the mesh.

Figure 8 sho ws an example of graded isotropic meshing of a single bicubic parametric surface. The diameters of the

pac k ed ellipsoid s are adjusted b y the minim um radius of curv ature as follo ws

d
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= d

2

= d

3

= min

�

2

p

2 e�

min

� e

2

; D

max

�

(22)

where �

min

denotes the minim um radius of curv ature, e a target constan t error b et w een the original surface and the

mesh, and D

max

the allo w able maxim um diameter of an ellipsoi d. With this metric tensor de�nition all the bubbles

b ecome spheres, yielding a graded isotropic triangular mesh.

In addition to the minim um radius of curv ature w e can also calculate the maxim um radius of curv ature and use b oth

radii to shap e ellipsoids to b e pac k ed, as sho wn in Figure 10. In this case the metric tensor is de�ned with

d

1

= min

�

2

p

2 e�

max

� e

2

; D

max

�

;

d

2

= d

3

= min

�

2
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2 e�
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� e

2

; D

max

�

; (23)

where �

max

denotes the maxim um radius of curv ature, and D

max

the allo w able maxim um v alue of the ma jor diameter

of an ellipsoid .

Figure 12 sho ws an anisotropic triangulation of a trimmed parametric surface with �v e trimming curv es C

t

and one

inside curv e C

i

as sho wn in Figure 12(a). Because w e pac k bubbles on these curv es b efore pac king bubbles inside the

trimmed region, mesh no des are placed exactly on these curv es in the �nal mesh sho wn in the righ t of Figure 12(b).

Figure 14 sho ws ho w bubbles are mo v ed to a force-balancing con�guration during dynamic sim ulation, yielding the

mesh sho wn in Figure 10. During the mesh relaxation pro cess b oth top ological irregularit y and geometric irregularit y

are reduced as sho wn in Figure 15. Although w e can get a reasonably go o d mesh after ab out 30 iterations, mesh

qualit y can b e still impro v ed after 100 iterations. The actual termination criteria of iterations should b e decided

based on analysis requiremen ts.

5 Discussion and Conclusion

W e ha v e presen ted a new ph ysically-bas ed metho d for anisotropic triangulation of a trimmed parametric surface. Our

cen tral idea w as to pac k ellipsoi ds (and ellipses in parametric space) closely in a domain to create a w ell-shap ed mesh

that conforms to a giv en 3 x 3 metric tensor �eld that sp eci�es a desired anisotrop y . The application is not limited

to surface meshing as previous tec hniques are; in fact the metho d is designed so that it can b e used as a subpro cess

in anisotropic meshing of 3D and non-manifold domains.

In our original sphere pac king metho d for isotropic meshing, the hexagonal pattern created b y the close pac king

of spheres mimics a V oronoi diagram corresp onding to a w ell-shap ed isotropic Delauna y triangulati on. In our new



metho d of pac king ellipsoi ds for anisotropic meshing, the same concept applies, except the space is stretc hed, or de-

formed, b y an anisotropic metric tensor. Consequen tly if an anisotropic mesh generated b y our metho d is transformed

b y the in v erse of the metric tensor, the no de arrangemen t will b e close to a regular hexagonal pattern.

Pro viding a go o d initial no de distribution is essen tial in ph ysically -based meshing approac hes lik e ours. Although

it is p ossible to start with a minim um n um b er of \seed no des" or \seed triangles" and w ait un til more no des or

triangles are added adaptiv ely during the relaxation pro cess, starting from a go o d initial con�guration helps to

reduce con v ergence time signi�can tl y . Also, when sp eed is more critical this initial no de distribution can itself b e

used for a quic k triangulation solution.

In this pap er w e assumed that a desired anisotrop y is giv en b y a 3 x 3 metric tensor, whic h decides the shap e and

the size of an ellipsoi d to b e pac k ed. This is b ecause w e w an ted to mak e our metho d consisten tly applicabl e to 1D,

2D, surface, 3D, and non-manifold domains. In some cases, ho w ev er, a desired anisotrop y is naturally giv en b y a 2

x 2 metric tensor in parametric space or on the tangen t plane in ob ject space; all of the curv ature-based meshing

examples in Section 4 are suc h cases. T o deal with this situation, w e prop osed a simple rule to \expand" a 2 x 2

metric tensor to a 3 x 3 metric tensor b y adding a third eigen v alue and eigen v ector based on the �rst t w o.
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(a) P ac k ed bubbles and a triangular mesh in parametric space

(b) P ac k ed bubbles and a triangular mesh in ob ject space

Figure 8: Mesh 1: graded isotropic mesh based on the maxim um curv ature (1468 no des, 2872 elemen ts).
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Figure 9: Mesh 1: mesh qualit y histogram after 100 iterations.



(a) P ac k ed bubbles and a triangular mesh in parametric space

(b) P ac k ed bubbles and a triangular mesh in ob ject space

Figure 10: Mesh 2: graded anisotropic mesh based on the principal curv atures (442 no des, 782 elemen ts).
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Figure 11: Mesh 2: mesh qualit y histogram after 100 iterations.



(a) P ac k ed bubbles and a triangular mesh in parametric space

(b) P ac k ed bubbles and a triangular mesh in ob ject space

Figure 12: Mesh 3: mesh qualit y based on the arbitrarily de�ned metric tensor (415 no des, 732 elemen ts).
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Figure 13: Mesh 3: mesh qualit y histogram after 100 iterations.



(a) Initial con�guration. (b) After 10 iterations.

(c) After 30 iterations. (d) After 100 iterations.

Figure 14: Dynamic sim ulation of bubble mo v emen t (Mesh 2).
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Figure 15: Irregulartit y reduced during mesh relaxation (Mesh 2).


