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Abstract

This pap er prop oses a computational metho d for fully automated quadrilateral meshing. Unlik e previous

metho ds, this new sc heme can create a quadrilateral mesh whose directionalit y is precisely con trolled. Giv en

as input: (1) a 2D geometric domain, (2) a desired no de spacing distribution as a scalar function de�ned o v er

the domain, and (3) a desired mesh directionalit y as a v ector �eld de�ned o v er the domain, the prop osed

metho d �rst pac ks square cells closely in the domain. The cen ters of the squares are then connected b y

Delauna y triangulation, yielding a triangular mesh top ology . The triangular mesh is further con v erted in to a

quad-dominan t mesh or an all-quad mesh that satis�es the giv en mesh directionalit y . Since the closely pac k ed

square cells mimic a pattern of V oroni p olygons corresp onding to a w ell-shap ed graded quadrilateral mesh,

the prop osed metho d generates a high qualit y mesh whose elemen t sizes and mesh directionalit y conform

w ell to the giv en input.

Keyw ords: quadrilateral meshing, unstructured grid, mesh directionalit y , V oronoi diagram,

Delauna y triangulation

1 In tro duction

Some FEM analyses prefer quadrilateral meshes o v er triangular meshes. Examples of suc h analyses include

automobile crash sim ulation, sheet metal forming sim ulation, and 
uid dynamics analysis. It is also kno wn

that 4-no de quadrilateral elemen ts p erform b etter than 3-no de triangular elemen ts when used in FEM

analyses of plain stress and strain[15 ].

Quadrilateral meshing is often a b ottlenec k in FEM, ho w ev er, due to its sev ere requiremen ts of elemen t

shap e regularit y , precise no de spacing con trol, mesh directionalit y con trol, and adaptiv e remeshing capabilit y .

These requiremen ts are also common to triangular meshing, with the exception of mesh directionalit y con trol,

whic h is unique to quadrilateral meshing. Quadrilateral meshing usually has a desired \mesh 
o w direction"

predicted b y b oundary geometries or the directionalit y of ph ysical phenomena to b e analyzed using FEM.

F or example, in 
uid dynamics sim ulation a quadrilateral mesh should align along sho c k/b oundary la y ers

and stream lines. Similarly , in automobile crash sim ulation, a mesh should align along the direction of force

transmission.

Assuming that grid size distribution is giv en as a scalar �eld and the directionalit y is giv en as a v ector

�eld de�ned o v er a domain to b e meshed, w e prop ose a computational metho d that creates a w ell-shap ed,

w ell-aligned, graded quadrilateral mesh. The prop osed approac h is an extension of the bubble mesh metho d

that w e previously prop osed for triangular meshing [23 , 21 , 22 , 29 ]. In bubble meshing, a w ell-shap ed graded
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triangular mesh is created b y (1) pac king an appropriate n um b er of spherical cells, or bubbles, closely in

a domain, while the sizes of the spheres are adjusted based on a sp eci�ed no de spacing function, and (2)

connecting the bubbles' cen ters b y constrained Delauna y triangulation to generate no de connectivit y . The

no v elt y of the bubble mesh pro cess is that the close pac king of bubbles mimics a pattern of V oronoi p olygons

that yields w ell-shap ed triangles.

In this pap er, w e extend the bubble mesh concept for quadrilateral meshing suc h that w e pac k square

cells, instead of spherical cells, closely in a domain, mimic king ideal V oronoi p olygons that yield a w ell-shap ed

quadrilateral mesh. Another ma jor extension o v er the original bubble mesh is to allo w the user to sp ecify a

desired mesh directionalit y b y a v ector �eld.

The remainder of the pap er is organized as follo ws. After reviewing previous w ork w e outline our basic

approac h to quadrilateral meshing. W e then elab orate on the tec hnical issues of: (1) ho w to �nd no de

lo cations suitable for quadrilateral meshing, and (2) ho w to connect the no des to obtain a mesh top ology

that aligns along a sp eci�ed mesh directionalit y .

2 Previous W ork

There are sev eral reviews a v ailable of mesh generation metho ds [27 , 5, 9, 19 ]. Ho-Le, in his comprehensiv e

surv ey pap er [9], giv es a classi�cation based on the temp oral order in whic h no des and elemen ts are created.

The resultan t classi�cation is w ell-accepted and referred to b y man y other researc hers. One problem, as

Ho-Le ac kno wledged in the pap er, is that some metho ds do not seem to �t in to an y class, while others

could b e put in to t w o or more classes. In fact, as researc h in mesh generation has matured, most mo dern

algorithms utilize and com bine sev eral sub-pro cesses to impro v e the qualit y and e�ciency of meshing.

In this section, therefore, w e summarize and review some of the k ey sub-pro cesses commonly used in

existing quadrilateral meshing metho ds. These sub-pro cesses include: (1) no de placemen t and connection,

(2) mesh template mapping, (3) elemen t-lev el domain decomp osition, (4) grid-based spatial sub division, and

(5) triangular to quadrilateral mesh con v ersion. One complete meshing sc heme can b e c haracterized b y a

com bination of these sub-pro cesses, p erformed sequen tially or merged in to a single pro cess.

Common limitations among previously prop osed approac hes to quadrilateral meshing include: (1) little

or no con trol o v er mesh directionalit y; (2) p o or con trol o v er no de spacing, and/or (3) no e�cien t adaptiv e

remeshing capabilit y .

2.1 No de placemen t and connection

In this pro cess, a mesh is constructed in t w o stages: (1) no de placemen t, and (2) no de connection. No de

placemen t and connection can serv e as a complete meshing pro cess. The pro cess has b ecome p opular due

to its conceptual simplicit y and the a v ailabilit y of a robust mathematical algorithm for no de connection,

called Delaunay triangulation . When Delauna y triangulation is used for no de connection the triangular

mesh generated m ust b e con v erted to a quadrilateral mesh b y using a mesh con v ersion pro cess describ ed

later under T riangular to Quadrilateral Mesh Con v ersion.

During no de placemen t, an appropriate n um b er of no des needs to b e inserted in a w ell distributed

con�guration. Sev eral early metho ds use random no de placemen t follo w ed b y v alidit y c hec ks[7 , 3 , 4 , 16 ]. Lee

prop osed a CSG-based no de placemen t metho d[12 , 13 ] in whic h regular no de distribution patterns prescrib ed

for all CSG primitiv es are com bined b y Bo olean set op erations in to a single set of no des.

Although most approac hes place all the no des at one time and then connect them at once in another

step, in F rey's and Rupp ert's metho ds[6 , 18 ] t w o stages of no de placemen t and connection are applied in an

iterativ e manner.

Shimada et al.'s bubble mesh [25 ] and Bossen and Hec kb ert's pliant metho d [2] use pro ximit y-based forces

to �nd no de lo cations suitable for anisotropic meshing.

2.2 Mesh template mapping

When used for 2D meshing or surface meshing, the template mapping tec hnique maps a prescrib ed simple

mesh template suc h as a square grid in to a giv en four-sided patc h using a blending function. This mapping

tec hnique has b een one of the most p opular approac hes in commercial soft w are pac k ages. One dra wbac k



of this metho d, ho w ev er, is that it is applicable only to top ologically simple domains, and th us it is often

necessary for users to sub divide the domain man ually in to a set of simple sub domains. If this man ual

sub division is carefully done the mesh directionalit y can b e con trolled to some exten t. The pro cess, ho w ev er,

is highly lab or in tensiv e, and the mesh directionalit y cannot b e con trolled in a precise manner.

2.3 Elemen t lev el domain decomp osition

Elemen t-lev el domain decomp osition refers to the pro cess of sub dividing a domain to the elemen t lev el either

b y: (1) iterativ e elemen t extraction[1 , 28 , 17 , 14 ]; or (2) recursiv e domain splitting to the elemen t lev el.

The former is more suitable for quadrilateral meshing, and the adv ancing fron t metho d, adopted in man y

mo dern commercial pac k ages, is one example of suc h an algorithm. In Blac k er and Stephenson's p aving [1 ],

meshing fron ts that start from domain b oundaries are adv anced to the in terior of the domain, generating

quadrilateral mesh elemen ts one b y one. A mesh created b y an adv ancing fron t t yp e of metho d aligns w ell

along b oundaries, a desirable c haracteristic in most engineering analysis. Suc h a metho d, ho w ev er, cannot

con trol a mesh directionalit y inside the domain or generate a mesh with an arbitrary mesh directionalit y .

2.4 Grid-based spatial sub division

Grid-based spatial sub division metho ds sup erimp ose a hierarc hical grid, similar to a quadtree, on to the

domain to b e meshed. Suc h metho ds are t ypically follo w ed b y a t w o-step pro cedure: (1) classi�cation of

grid elemen ts in to three t yp es, inside/outside/on-b oundary; and (2) adjustmen t of on-b oundary elemen ts to

mak e them consisten t with the domain b oundary . Y erry and Shephard's mo di�e d o ctr e e is a represen tativ e

metho d in this category[30 , 20 ]. A mesh created b y a grid-based metho d t ypically has a strong directionalit y

in the co ordinate axis directions, and it is not p ossible to adjust mesh directionalit y o v er a domain.

2.5 T riangular to quadrilateral mesh con v ersion

It is w ell kno wn that an y triangular mesh can b e con v erted in to a quadrilateral mesh b y adding a no de

to the cen ter of eac h triangle and b y dividing the triangle in to three quadrilaterals. Although the idea is

straigh tforw ard and the implemen tation is simple, this pro cess in tro duces a signi�can t top ological irregularit y

in to a mesh, and th us it is usually not practical.

More sophisticated w a ys to con v ert triangles in to quadrilaterals are prop osed b y Heigh w a y[8 ] and Jonston

et al.[10 ].

Heigh w a y presen ts a tec hnique for com bining t w o adjacen t triangles in to a quadrilateral. Isolated triangles

remaining in the mesh are then com bined b y mo ving them to w ard eac h other un til they b ecome adjacen t

and can b e com bined.

Johnston prop oses a three step pro cedure: (1) extract b oundary information from mesh data, and apply

Laplacian smo othing; (2) iden tify and prioritize corner- and b oundary-elemen ts, and p erform elemen t b y

elemen t con v ersion b y coupling elemen ts, splitting a coupled elemen t, and propagating the split to main tain

the conformit y; and (3) com bine all isolated triangles in to adjacen t quadrilaterals, and divide the com bined

�v e-sided elemen ts in to three quadrilaterals b y in tro ducing no des inside.

Shimada and Itoh prop ose a con v ersion metho d that uses three con v ersion templates: (1) from one

triangle to three quadrilaterals; (2) from t w o triangles to four quadrilaterals; and (3) from four triangles to

nine quadrilaterals[24 ]. The metho d �rst sub divides a triangular mesh in to la y ers b y o�setting b oundary ,

similar to the adv ancing fron t metho d, and then applies con v ersion templates within eac h la y er.

3 Outline of the T ec hnical Approac h

This section describ es our basic approac h to the follo wing quadrilateral meshing problem.

Giv en:

� a 2D geometric domain

� a desired no de spacing distribution d ( x ), giv en as a scalar �eld

� a desired mesh directionalit y v ( x ), giv en as a v ector �eld



Step 1 Step 2 Step 3

(a) mesh directionalit y (b) v ertex square cells (c) edge square cells (d) face square cells

Step 4 Step 5 Step 6 Step 7

(e) no de lo cations (f ) Delauna y triangulation (g) quad-dominan t mesh (h) all-quad mesh

Figure 1: Quadrilateral meshing pro cedure

Generate:

� a w ell-shap ed, graded quadrilateral mesh that is compatible with the giv en no de spacing and mesh

directionalit y

The prop osed approac h consists of sev en steps, as illustrated in Figure 1:

Step 1: Place square cells on all v ertices.

Step 2: P ac k square cells on all edges.

Step 3: P ac k square cells on the face.

Step 4: Place no des at cen ters of square cells.

Step 5: T riangulate the domain b y Delauna y triangulation.

Step 6: Selectiv ely com bine pairs of triangles to generate a quad-dominan t mesh.

Step 7: Apply mesh con v ersion templates to obtain an all-quad mesh.

In Steps 1, 2, and 3 w e �nd a no de con�guration suitable for quadrilateral meshing b y closely pac king

square cells in a domain. The reason w e pac k squares is that the pattern of pac k ed squares mimics a V oronoi

diagram of a w ell-shap ed quadrilateral mesh as sho wn in Figure 2. Note that the sizes of the cells are

adjusted based on a giv en no de spacing distribution d ( x ) and that the directions of the squares are adjusted

based on a giv en mesh directionalit y v ( x ).

There are t w o tec hnical issues to b e solv ed in pac king square cells tigh tly in a domain: (1) what are the

optimal lo cations of the squares? (2) ho w man y squares should b e pac k ed to �ll the domain?

T o solv e the �rst issue w e use a ph ysically-based mo del, similar to a particle system in computer graphics.

A pro ximit y-based force �eld is de�ned b et w een t w o squares suc h that the force �eld exerts an attracting

force or a rep elling force, mo ving the cells so that they touc h eac h other along their edges. Also assuming a

p oin t mass at the cen ter of eac h square and the e�ect of viscous damping, w e solv e the equation of motion

n umerically to �nd a tigh tly pac k ed con�guration of cells.

The second issue of obtaining an appropriate n um b er of squares in the domain is solv ed b y c hec king the

p opulation densit y and then adaptiv ely adding or remo ving squares during the n umerical in tegration of the

equation of motion, or dynamic sim ulation.



Quadrilateral mesh
(Delaunay triangles) Voronoi polygons Packed squares

Quadrilateral mesh
(Delaunay triangles) Voronoi polygons Packed squares

(a) uniform no de spacing (b) non-uniform no de spacing

Figure 2: Close pac king of square cells for quad meshing

Because square cells are placed in order of dimension (i.e. v ertices, then edges, then faces) t w o �xed

squares are already placed at the t w o endp oin ts when squares are pac k ed on an edge; these t w o end squares

are stable throughout the pac king pro cess, whic h prev en t mo ving squares from escaping the range of the

edge. Similarly , when squares are pac k ed on the face, the b oundary edges are already �lled with �xed

squares, prev en ting mo ving squares from escaping the domain. In this w a y w e put higher priorit y on the

cell placemen t of lo w er dimensional elemen ts, i.e., v ertex square cells o v er edge square cells, and edge square

cells o v er face square cells. This strategy is sensible b ecause lo w er order geometric elemen ts are often more

critical than higher order elemen ts in FEM analyses.

Once square cells are pac k ed so that they co v er the en tire domain without signi�can t gaps and o v erlaps,

their cen ters are connected b y Delauna y triangulation (Steps 4 and 5), yielding a triangular mesh. P airs of

triangles are then selectiv ely connected to create a quad-dominan t mesh that aligns along the giv en mesh

directionalit y (Step 6). When an all-quad mesh is required w e further apply mesh con v ersion templates (Step

7). The edge lengths of the mesh elemen ts in Step 7 are reduced b y a factor of t w o compared with the mesh

elemen ts in Step 6.

The next t w o sections, (1) Close P ac king of Square Cells and (2) Mesh T op ology Generation, describ e

the essen tial elemen ts of Steps 1 to 3 and Steps 5 to 7 resp ectiv ely .

4 Close P ac king of Square Cells

In this section w e will �rst discuss ho w w e can generate mesh directionalit y o v er the domain. W e will then

describ e ho w pro ximit y-based forces and p oten tial �elds are sp eci�ed so that square cells rep el or attract

eac h other to yield a force-balancing con�guration, or a closely pac k ed con�guration.

4.1 Mesh directionalit y

It is imp ortan t that a desired mesh directionalit y b e sp eci�ed o v er the en tire domain so that directions of

pac k ed square cells are adjusted accordingly . Unless a desired mesh directionalit y is automatically generated

from a previous FEM result, the user t ypically giv es only partial directions or no preference. In suc h a case

it is imp ortan t that the algorithm generates a complete mesh directionalit y o v er the en tire domain.

T o store a desired mesh directionalit y w e de�ne a bac kground grid that co v ers the whole domain. The

mesh directions are then explicitly stored at the grid no des, and for an in ternal p oin t of a grid cell a mesh

directionalit y v ector is calculated b y linearly in terp olating the directions at the four grid no des.

If mesh directionalit y v ectors are giv en at only some grid no des w e need to �nd the mesh directionalit y

v ectors at all the others so that the mesh directionalit y c hanges smo othly o v er the domain.

W e solv e this smo oth in terp olation problem b y using relaxation, similar to Laplacian smo othing, widely

used to impro v e mesh elemen t shap es. As in Laplacian smo othing, whic h mo v es a mesh no de iterativ ely to

a lo cation whic h represen ts the cen ter of gra vit y of its adjacen t no de lo cations, the mesh direction v ector at
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(a) p oten tial �eld in the original bubble mesh (b) new p oten tial �eld for quadrilateral meshing

Figure 3: P oten tial �elds

a grid no de is iterativ ely mo di�ed to approac h an a v erage of the direction v ectors at its four adjacen t grid

no des.

4.2 Pro ximit y-based p oten tial �elds and forces

In triangular meshing the ideal no de con�guration is a regular hexagonal arrangemen t. As pro v en in the

original bubble mesh metho d [25 , 21 , 22 ], suc h an arrangemen t can b e obtained b y de�ning a force �eld

similar to the v an der W aals force, whic h exerts a rep elling force when t w o molecules are lo cated closer

together than the stable distance and exerts an attracting force when t w o molecules are lo cated farther

apart than the stable distance.

Let the p ositions of adjacen t no des i and j b e x

i

and x

j

; the curren t distance b et w een the t w o no des

l ( x
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; x

j

); the target stable distance l
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)), whic h is a desired elemen t size sp eci�ed b y
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)

l

0

( x
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)

;

and the corresp onding linear spring constan t at the target distance k

0

. The force mo del used in the original

bubble mesh is then written as

f ( w ) =
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; 0 � w � 1 : 5

0 ; 1 : 5 < w :

(1)

By in tegrating the ab o v e force �eld w e obtain the follo wing p oten tial �eld around the cen ter P of the p oten tial

�eld.
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Figure 3(a) sho ws this p oten tial �eld function used in the original bubble mesh for triangular meshing.

This p oten tial �eld applies either a rep elling or attracting force b et w een t w o no des based on the follo wing

distance comparison. Assuming that t w o no des are adjacen t to eac h other, a rep elling force is applied if l is

smaller than l

0

, or if w < 1 : 0. An attracting force is applied if l is larger than l

0

, or if 1 : 0 < w � 1 : 5. No

force is applied if t w o no des are lo cated exactly at the stable distance or if they are lo cated m uc h farther

apart, the cases where w = 1 : 0 or 1 : 5 < w . Note that the p oten tial �eld sho wn in Figure 3(a) has circular

stable p ositions{an ywhere on the circle is equally stable.

In ac hieving a close pac king of squares, ho w ev er, the p oten tial �eld sho wn in Figure 3(a) is not appropriate

b ecause it do es not tak e in to accoun t mesh directionalit y , essen tial to quadrilateral meshing. Considering a

mesh directionalit y there should b e only four stable lo cations around a no de, as sho wn in 3(b), and eac h of

the stable lo cations corresp onds to a situation where t w o square cells are placed side b y side with their edges

touc hing eac h other. In order to force squares to align this w a y , w e need to add to the original p oten tial



A desired mesh
direction

P0

P2 P1

P3 P4

Q0

Q1
Q2Q3

Q4

Q5 Q6 Q7

Figure 4: Stable p ositions in pac king square cells
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sho wn in Figure 4.

If the desired elemen t size is lo cally uniform the radii of the four sub-p oten tial �elds should b e (

p

2 � 1) r

0

,

where r

0

is the radius of the cen tral p oten tial �eld 	

P

0

. If graded elemen t sizes are sp eci�ed, ho w ev er, the

radii of the sub-p oten tials should b e adjusted accordingly .

The p oten tial �eld sho wn in Figure 3(b) is th us expressed as a w eigh ted linear com bination of the cen tral

p oten tial �eld and the four sub-p oten tial �elds, i.e.,
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With the ab o v e p oten tial �eld, the primary stable p ositions of the squares surrounding square P

0

are Q

0

,

Q

2

, Q

4

and Q

6

as sho wn in Figure 4. Once these primary stable p ositions are o ccupied b y square cells, then

Q

1

, Q

3

, Q

5

and Q

7

also b ecome stable p ositions.

4.3 F orce-balancing con�guration of square cells

Giv en the pro ximit y-based in tercell force, w e apply ph ysically-based relaxation to �nd a close pac king con-

�guration of square cells. This is also a con�guration that yields a static force balance.

Due to the nonlinearit y of the force and complex geometric constrain ts on square lo cations, the force

balance equation b ecomes highly nonlinear, and th us it is di�cult to solv e the equation directly b y a m ulti-

dimensional ro ot-�nding tec hnique suc h as the Newton-Raphson metho d.

Our alternativ e approac h is to assume a p oin t mass m at the cen ter of eac h cell and the e�ect of viscous

damping c , and to solv e the follo wing equation of motion

1

b y using a standard n umerical in tegration sc heme

suc h as the fourth-order Runge-Kutta metho d.

m
•

x

i

( t ) + c
_

x

i

( t ) = f

i

( t ) ; i = 1 ; : : : ; n: (4)

In solving Equation (4) n umerically , w e adaptiv ely adjust the n um b er of square cells pac k ed in the

domain. This is imp ortan t b ecause w e do not kno w b eforehand an appropriate n um b er of squares that is

necessary and su�cien t to �ll the region. W e generate an initial con�guration b y using o ctree sub division,

and although this pro cess giv es a reasonably go o d guess of the n um b er of squares it is still not optimal. W e

therefore implemen ted a pro cedure to c hec k a lo cal p opulation densit y and to add more squares in sparse

areas and delete squares in o v er-pac k ed areas.

1

The �rst order equation can also b e used [2]. In either case, the essen tial p oin t is that after a certain n um b er of iterations

the system reac hes a virtual equilibrium, where b oth the v elo cit y term _x and the acceleration term •x approac h zero, lea ving a

static force balance.



(a) triangular (b) mesh (c) quad mesh

mesh directionalit y

Figure 5: Con v erting a triangular mesh in to a quad-dominan t mesh

Note that the dynamic sim ulation and the adaptiv e no de p opulation con trol describ ed ab o v e mak e e�cien t

adaptiv e remeshing p ossible b ecause w e do not need to rebuild a mesh from scratc h when the domain

geometry , no de spacing, and/or mesh directionalit y is sligh tly mo di�ed.

5 Mesh T op ology Generation

Once a force-balancing con�guration of squares is obtained, the squares' cen ters m ust b e connected to

form a complete quadrilateral mesh. In connecting no des, Delaunay triangulation is �rst applied to create

a triangular mesh, and the triangular mesh is then con v erted in to a quad-dominan t mesh b y selectiv ely

merging t w o adjacen t triangular elemen ts in to a quadrilateral elemen t in suc h a w a y that the resultan t mesh

aligns along the sp eci�ed mesh directionalit y (see Figure 5). In the �nal step the quad-dominan t mesh is

con v erted in to an all-quad mesh b y applying t w o mesh con v ersion templates: (1) splitting a quad elemen t

in to four quad elemen ts, and (2) splitting a triangular elemen t in to three quad elemen ts.

In con v erting a triangular mesh to a quad-dominan t mesh w e use the follo wing three steps so that the

resultan t mesh aligns along the sp eci�ed mesh directions. This pro cedure is based on the practice of remo ving

the shared edge b et w een t w o adjoining triangles in order to form a quadrilateral elemen t.

1. F or the i th non-b oundary edge of a triangular elemen t, calculate a score �

i

that measures ho w w ell

the resultan t quadrilateral elemen t aligns along the sp eci�ed mesh directions if the edge is remo v ed to

form a quadrilateral.

2. Mak e a priorit y queue of all the non-b oundary edges b y sorting the scores assigned to the edges.

3. Delete edges one b y one from the top of the priorit y queue|one edge deletion creates one quadrilateral

elemen t.

The qualit y score �

i

of a p ossible quadrilateral elemen t is calculated b y comparing the directions of the

four side edges of the resultan t quadrilateral elemen t with sp eci�ed mesh direction v ectors at the cen ters of

the four edges. F or the j th side edge of the quadrilateral elemen t, w e tak e the absolute v alue of the inner

pro duct �

ij

of: (1) the unit v ector u

ij

of the side edge; and (2) the mesh direction v ector v

ij

at the cen ter

of the edge or the unit v ector orthogonal to the mesh direction. �

ij

is th us expressed

�

ij

=

(

j u

ij

� v

ij

j ; j u

ij

� v

ij

j �

1

p

2

p

1 � ( u

ij

� v

ij

)

2

; j u

ij

� v

ij

j <

1

p

2

(5)

where j = 1 ; 2 ; 3 ; 4, the subscript i represen ts the index of a quadrilateral elemen t, and the subscript j the

index of the side edge of the quadrilateral elemen t. Note that the the v alue of �

ij

is b ounded b et w een

1

p

2

and 1.



Using the � de�ned ab o v e w e can calculate the score �

i

as follo ws, and it measures ho w w ell the i th

quadrilateral elemen t aligns along the giv en mesh direction v ector v ( x )

�

i

=

1

4

4

X

j =1

�

ij

(6)

The v alue of �

i

is b ounded b et w een

1

p

2

and 1, and as �

i

approac hes 1 the i th quadrilateral elemen t aligns

more accurately along the mesh direction v ector �eld.

6 Results and Discussions

The prop osed quadrilateral meshing algorithm has b een implemen ted in C and C++ on Unix w orkstations

(IBM RS6000 and SGI O2) and Windo ws PCs.

In this section w e measure the qualit y of generated quadrilateral meshes using t w o t yp es of mesh irregu-

larit y measures, top olo gic al irr e gularity and ge ometric irr e gularity .

F or top ological irregularit y , w e use the follo wing measure [24 ]:

"

t

=

1

n

n

X

i =0

j �

i

� D j ; (7)

where �

i

represen ts the de gr e e , or the n um b er of neigh b oring no des, and n represen ts the total n um b er of

no des in the mesh. D = 4 if the i th no de is an in ternal no de; D = 3 if the i th no de is a b oundary no de. As

the mesh b ecomes top ologically similar to a structured grid this top ological irregularit y approac hes 0, but

v anishes only when the mesh is p erfectly structured, a rare situation. Otherwise, it has a p ositiv e v alue that

measures ho w m uc h the mesh top ologically di�ers from a p erfectly regular structured grid.

F or geometric irregularit y w e de�ne the measure, "

g

, that is the ratio of the radius of the minimum

inscrib e d cir cle

2

to the radius of the maximum cir cumcir cle

3

. Geometric irregularit y "

g

is th us calculated

as

"

g

=

1

m

m

X

i =0

g

i

; (8)

where g

i

=

�

1

p

2

�

r

i

R

i

�

, m is the n um b er of quadrilaterals, r

i

the minim um inscrib ed circle radius of the i th

quadrilateral, and R

i

the maxim um circumcircle radius of the i th quadrilateral. Since the ratio r

i

=R

i

tak es

its maxim um v alue

1

p

2

for a p erfect square elemen t, an ideal elemen t, the smaller the v alue of "

g

, the more

geometrically regular the quadrilateral mesh.

Fiv e meshing results are sho wn in Figures 6, 7, 8, 9, and 10, and some statistics are sho wn in T able 1 and

Figure 11 for the �rst four meshes. T able 1 summarizes the mesh statistics including: (1) the n um b ers of

mesh no des and elemen ts; (2) CPU times for the initial meshing and CPU times for 100 iterations of dynamic

sim ulation; and (3) mesh irregularit y measure. All the CPU times are measured on a SGI O2 w orkstation

with a R5000/180MHz CPU.

In generating Mesh 1 and Mesh 2 sho wn in Figures 6 and 7 resp ectiv ely the v ector �elds that represen t

desired mesh directions are automatically generated from the b oundary geometry . The �nal quadrilateral

meshes are th us aligned along the b oundary directions. The no de spacing functions are uniform so that the

domain is pac k ed with squares of a uniform size, yielding uniform quadrilateral meshes.

In Mesh 3 sho wn in Figure 8 a non-uniform no de spacing function is sp eci�ed to generate a graded

quadrilateral mesh. Note that the sizes of the pac k ed square cells in Figure 8(c) are adjusted based on the

no de spacing function sho wn in Figure 8(b), yielding the w ell-shap ed, graded quadrilateral mesh sho wn in

Figure 8(f ).

Mesh 4 and Mesh 5 sho wn in Figures 9 and 10 resp ectiv ely are meshes of the same geometric domain. The

t w o meshes are created, ho w ev er, using di�eren t mesh direction v ector �elds. In Mesh 4 the mesh directions

are sp eci�ed so that they align along the domain b oundary , and in Mesh 5 the mesh directions are uniform.

Note that b oth meshes are w ell aligned along the sp eci�ed mesh directions.

2

The minim um inscrib ed circle is the smallest circle tangen t to at least three edges of a quadrilateral elemen t.

3

The maxim um circumcircle is the largest circle that go es through at least three v ertices of a quadrilateral elemen t.



T able 1: Mesh statistics.

Mesh

Numb er of Numb er of CPU time CPU time Mesh irr e gularity

elements in no des, quad, and tri initial mesh 100 iter ations

�

after c onver genc e

al l-quad mesh in quad-dominant mesh

Mesh 1 743 222, 167, 25 0.787 sec. 4.366 sec. "

t

= 0 : 18468 "

g

= 0 : 09933

Mesh 2 1748 488, 401, 48 1.259 sec. 11.631 sec. "

t

= 0 : 12705 "

g

= 0 : 08428

Mesh 3 617 166, 134, 27 0.660 sec. 2.480 sec. "

t

= 0 : 19880 "

g

= 0 : 08841

Mesh 4 804 239, 180, 28 0.794 sec. 4.432 sec. "

t

= 0 : 13389 "

g

= 0 : 09867

* Appro ximately 50 to 100 iterations are su�cien t to generate a reasonably go o d mesh.

7 Conclusion

W e ha v e presen ted a new ph ysically-based metho d for w ell-shap ed, graded quadrilateral meshing of a 2D

region. Our cen tral idea w as to pac k squares closely in a domain to mimic a pattern of V oronoi p olygons

corresp onding to a w ell-shap ed, graded quadrilateral mesh. T o obtain a close pac king of squares, w e prop osed

a ph ysically-based approac h using a pro ximit y-based p oten tial �eld.

The most p o w erful feature of this new approac h is that w e can sp ecify arbitrary mesh directionalit y as a

v ector �eld de�ned o v er a domain as w ell as arbitrary no de spacing as a scalar �eld. The mesh directionalit y

can b e either: (1) man ually sp eci�ed b y the user; (2) automatically generated from domain b oundary

directions; or (3) automatically generated from a previous analysis result.

One adv an tage of our ph ysically-based pac king of square cells is that the quadrilateral elemen ts generated

are so w ell-shap ed that no further smo othing or top olo gic al cle anup [26, 11 ] is necessary . Most previous

approac hes require smo othing or top ological clean up to impro v e the mesh qualit y , and these op erations

often destro y the no de spacing or mesh directionalit y in the original mesh.

Another adv an tage of using dynamic sim ulation is that it mak es adaptiv e remeshing e�cien t. Adaptiv e

remeshing is necessary in some FEM analyses in whic h the domain b oundary , no de spacing, and/or mesh

directionalit y c hange o v er time. Fluid dynamics sim ulations with mo ving b oundaries and large deformation

structural analyses fall in to this category . In these analyses it is p ossible that a mesh b ecomes to o distorted

o v er time to yield a v alid computational result, and the mesh has to b e up dated. Our metho d can handle this

remeshing e�cien tly b ecause it up dates the mesh easily b y running a few iterations of dynamic sim ulation

without constructing the new mesh from scratc h.

A p oten tial limitation of the prop osed metho d is its relativ ely exp ensiv e computational cost compared to

some of the purely geometric approac hes. The metho d, therefore, can b est b e utilized in applications that

b ene�t from regular elemen t shap es, w ell-con trolled elemen t sizes, and w ell-con trolled mesh directionalit y .

Suc h applications include FEM analysis of thermal/
uid dynamics sim ulation, automobile crash sim ulation,

and sheet metal forming sim ulation.

Finally , lik e the original bubble mesh metho d for triangular and tetrahedral meshing, the prop osed

metho d can b e naturally extended to quadrilateral meshing of a parametric surface and hexahedral meshing

of a solid b y pac king cubical cells instead of square cells.
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(a) mesh directionalit y (b) pac k ed square cells

(c) triangular mesh (d) quad-dominan t mesh (e) all-quad mesh

Figure 6: Mesh 1: uniform size, mesh directionalit y aligned along b oundary



(a) mesh directionalit y (b) pac k ed square cells

(c) triangular mesh (d) quad-dominan t mesh (e) all-quad mesh

Figure 7: Mesh 2: uniform size, mesh directionalit y aligned along b oundary

(a) mesh directionalit y (b) no de spacing (c) pac k ed square cells

(d) triangular mesh (e) quad-dominan t mesh (f ) all-quad mesh

Figure 8: Mesh 3: graded size, uniform mesh directionalit y



(a) mesh directionalit y (b) pac k ed square cells

(c) triangular mesh (d) quad-dominan t mesh (e) all-quad mesh

Figure 9: Mesh 4: uniform size, mesh directionalit y aligned along b oundary

(a) mesh directionalit y (b) pac k ed square cells

(c) triangular mesh (d) quad-dominan t mesh (e) all-quad mesh

Figure 10: Mesh 5: uniform size, uniform mesh directionalit y
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(a) Mesh 1 irregularit y
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(b) Mesh 2 irregularit y
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(c) Mesh 3 irregularit y
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(d) Mesh 4 irregularit y

Figure 11: T op ological irregularit y and geometric irregularit y


