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Abstract

Two-dimensional constrained Delaunay triangulations aregeometric structures that are popular for interpo-
lation and mesh generation because they respect the shapes of planar domains, they have “nicely shaped”
triangles that optimize several criteria, and they are easyto construct and update. The present work gener-
alizes constrained Delaunay triangulations (CDTs) to higher dimensions and describes constrained variants
of regular triangulations, here christenedweighted CDTsand constrained regular triangulations. CDTs
and weighted CDTs are powerful and practical models of geometric domains, especially in two and three
dimensions.

The main contributions are rigorous, theory-tested definitions of constrained Delaunay triangulations and
piecewise linear complexes (geometric domains that incorporate nonconvex faces with “internal” bound-
aries), a characterization of the combinatorial properties of CDTs and weighted CDTs (including a general-
ization of the Delaunay Lemma), the proof of several optimality properties of CDTs when they are used for
piecewise linear interpolation, and a simple and useful condition that guarantees that a domain has a CDT.
These results provide foundations for reasoning about CDTsand proving the correctness of algorithms.
Later articles in this series discuss algorithms for constructing and updating CDTs.
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1 Introduction

Many geometric applications can benefit from triangulations that have properties similar to Delaunay trian-
gulations, but are constrained to contain specified edges orfaces. Delaunay triangulations have virtues when
they are used to interpolate multivariate functions [13, 28, 37, 50], including a tendency to favor “round”
simplices over “skinny” ones. However, some applications rely on the presence of faces that represent
specified discontinuities, as illustrated in Figure 1, and the Delaunay triangulation might not respect these
constraints. Triangulations also serve as meshes that represent objects for rendering or for the numerical so-
lution of partial differential equations. For these purposes, Delaunay triangulations have many advantages,
but the triangulations are required to assume the shapes of the objects being modeled, and perhaps to resolve
interfaces where different materials meet or where boundary conditions are applied.

In two dimensions, there are two popular alternatives for creating a Delaunay-like triangulation that
respects constraints. In either case, the input is aplanar straight line graph(PSLG), such as the one illus-
trated in Figure 2 (left). A PSLGX is a set of vertices and segments (constraining edges) that satisfy two
restrictions: both endpoints of every segment inX are members ofX, and a segment inX may intersect other
segments and vertices inX only at its endpoints. A triangulation is sought that contains the vertices inX and
respects the segments inX.

The first alternative is to form aconforming Delaunay triangulation(Figure 2, second from right). The
vertices ofX are augmented by additional vertices (sometimes calledSteiner points) carefully chosen so that
the Delaunay triangulation of the augmented vertex set conforms to all the segments—in other words, so that
each segment is represented by a contiguous linear sequenceof edges of the triangulation. Edelsbrunner and
Tan [20] show that a PSLGX can be triangulated with the addition ofO(m2n) augmenting vertices, where

x

y

f (x, y)

Figure 1: A triangulation that respects a discontinuity in a function (right) can be a better interpolating surface
than one that does not (left).

Figure 2:The Delaunay triangulation (second from left) of the vertices of a PSLG (far left) might not respect the
segments of the PSLG. These segments can be incorporated by adding vertices to obtain a conforming Delaunay
triangulation (second from right), or by forgoing Delaunay triangles in favor of constrained Delaunay triangles (far
right).
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Figure 3:The edge e and the triangle t are both constrained Delaunay. Bold lines represent segments.

m is the number of segments inX, andn is the number of vertices inX. For many PSLGs, their algorithm
uses far fewer augmenting vertices, but the numbers required in practice are often undesirably large. PSLGs
are known that have no conforming Delaunay triangulation with fewer thanΘ(mn) augmenting vertices.
Closing the gap between theO(m2n) andΩ(mn) bounds remains an open problem.

The second alternative is to form aconstrained Delaunay triangulation(CDT) [29, 9, 43], illustrated
at far right in Figure 2. A CDT ofX has no vertices not inX, and every segment inX is a single edge
of the CDT. However, a CDT, despite its name, is not a Delaunaytriangulation. In an ordinary Delaunay
triangulation, every simplex (triangle, edge, or vertex) is Delaunay. A simplex is Delaunay if its vertices
are inX and there exists acircumcircleof the simplex—a circle that passes through all its vertices—that
encloses no vertex inX. (Any number of vertices is permitted on the circle.) In a CDTthis requirement
is waived, and instead every simplex must either be a segmentspecified inX or beconstrained Delaunay.
A simplex is constrained Delaunay if it has a circumcircle that encloses no vertex inX that isvisible from
any point in the relative interior of the simplex—here visibility is occluded only by segments inX—and
furthermore, the simplex does not “cross” any segment. (Fora formal definition, see Section 1.1.)

Figure 3 demonstrates examples of a constrained Delaunay edgee and a constrained Delaunay triangle
t. Segments inX appear as bold lines. Although there is no empty circle that enclosese, the depicted
circumcircle ofe encloses no vertex that is visible from the relative interior of e. There are two vertices
inside the circle, but both are hidden behind segments. Hence, e is constrained Delaunay. Similarly, the
sole circumcircle oft encloses two vertices, but both are hidden from the interiorof t by segments, sot is
constrained Delaunay.

The advantage of a CDT over a conforming Delaunay triangulation is that it has no vertex other than
those inX. The advantage of a conforming Delaunay triangulation is that its triangles are Delaunay, whereas
those of a CDT are not. Nevertheless, CDTs retain many of the desirable properties of Delaunay triangula-
tions. For instance, a two-dimensional CDT maximizes the minimum angle in the triangulation, compared
with all other constrained triangulations ofX [29].

We live in a three-dimensional world, and those who model it have a natural interest in constructing
constrained and conforming triangulations in three or moredimensions. Algorithms by Murphy, Mount,
and Gable [33], Cohen-Steiner, Colin de Verdière, and Yvinec [12], Cheng and Poon [8], and Pav and Walk-
ington [34] can construct a conforming Delaunay tetrahedralization of any three-dimensional polyhedron
by inserting carefully chosen vertices on the boundary of the polyhedron. (Their algorithms work not only
on polyhedra, but also on a more general input called apiecewise linear complex, defined below.) These
algorithms might introduce a huge number of new vertices. Noknown algorithm for finding conforming
Delaunay tetrahedralizations is guaranteed to introduce only a polynomial number of new vertices, and no
algorithm of any complexity has been offered for four- or higher-dimensional conforming Delaunay trian-
gulations.
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Figure 4:Schönhardt’s untetrahedralizable polyhedron (center) is formed by rotating one end of a triangular prism
(left), thereby creating three diagonal reflex edges. Every tetrahedron defined on the vertices of Schönhardt’s
polyhedron sticks out (right).

Prior to the present work (in its first incarnation [45]), CDTs had not been generalized to dimensions
higher than two. One reason is that in three or more dimensions, there are polytopes that cannot be triangu-
lated at all without additional vertices. Schönhardt [41] furnishes a three-dimensional example depicted in
Figure 4 (center). The easiest way to envision this polyhedron is to begin with a triangular prism (Figure 4,
left). Imagine twisting the prism so that the top triangularface rotates slightly like the lid of a jar, while the
bottom triangular face is fixed in place. Each of the three square faces is broken along a diagonalreflex edge
(an edge at which the polyhedron is locally nonconvex) into two triangular faces. After this transformation,
the upper left corner and lower right corner of each (formerly) square face are separated by a reflex edge, and
the line segment connecting them is outside the polyhedron.Any four vertices of the polyhedron include
two separated by a reflex edge; thus, any tetrahedron whose vertices are vertices of the polyhedron does
not lie entirely within the polyhedron, as illustrated at right in Figure 4. Scḧonhardt’s polyhedron cannot be
tetrahedralized without an additional vertex. (One extra vertex at its center will do.)

Ruppert and Seidel [40] add to the difficulty by proving that it is NP-hard to determine whether a three-
dimensional polyhedron is tetrahedralizable. Even among polyhedra that can be triangulated without addi-
tional vertices, there is not always a triangulation that isin any reasonable sense “constrained Delaunay.”

What features of polytopes make them amenable to being triangulated with Delaunay-like simplices?
This article offers a partial answer by proposing a conservative extension of the definition of CDT to higher
dimensions, and by demonstrating that there is an easily tested and enforced, sufficient (but not necessary)
condition that guarantees that a CDT exists. This article also shows that CDTs optimize several criteria
for the accuracy of piecewise linear interpolation of certain classes of functions. These results extend to
weighted CDTs(a constrained generalization of regular triangulations), wherein each vertex is assigned a
numerical weight that influences the triangulation.

There is more than one way in which the notion of “constrainedDelaunay” might generalize to three or
more dimensions. The choices made here yield useful CDTs andefficient algorithms for their construction,
though other generalizations of CDTs might be discovered inthe future.

This article is the first in a three-part series. The second article discusses sweep and gift-wrapping
algorithms for constructing the CDT of any piecewise linearcomplex that has one, except for a class of dif-
ficult, “nongeneric” inputs. It also demonstrates the NP-completeness of determining whether a nongeneric
polyhedron has a CDT. The third article discusses algorithms for updating a CDT to reflect the insertion or
deletion of a (d−1)-facade, a vertex, or several vertices, as well as an incremental algorithm for constructing
CDTs that have a property called “ridge protection” (described in the next section).
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Figure 5:Each facade of a PLC (left) may have holes, slits, and interior vertices, which are used to constrain a
triangulation or to support intersections with other facades. The illustration at right is the constrained Delaunay
triangulation of the PLC at left. It is a PLC, too.

1.1 Summary of Results

The input is apiecewise linear complex(PLC), following Miller, Talmor, Teng, Walkington, and Wang [32].1

A PLC is a finite set offacadesin an ambient spaceEd. A facade is a polytope (roughly speaking) of any
dimension from zero tod, possibly with holes and lower-dimensional facades insideit. Figure 5 illustrates
a three-dimensional PLC. As the figure shows, a facade may have any number of sides, may be nonconvex,
and may have holes, slits, or vertices inside it. Ak-facadeis a k-dimensional facade. Zero-facades are
vertices, and 1-facades are segments. Observe that a PSLG isa two-dimensional PLC without 2-facades.

PLCs have restrictions similar to those of PSLGs or any othertype of complex. For each facadef in a
PLC X, the boundary off must be composed of lower-dimensional facades inX. Nonempty intersections of
facades inX must be facades inX. For details, see Section 2.1, where the termsfacadeandPLCare defined
with full mathematical rigor.

The purpose of most facades is to constrain a triangulation.A d-dimensional PLC typically includesd-
facades, whose purpose is to specify what region the triangulation should fill. The union of all the facades in
a PLCX is thetriangulation domain|X|, the portion of space a user wishes to triangulate. The specification
of a triangulation domain is sometimes crucial, because there are PLCs for which a CDT of the triangulation
domain exists but a CDT of its convex hull does not. For example, it is easy to tetrahedralize the region
sandwiched between Schönhardt’s polyhedron and a suitable bounding box, even though the interior of the
polyhedron is not tetrahedralizable.

The complement of the triangulation domain,Ed\|X|, is called theexterior domainand includes any
hollow cavities enclosed by the triangulation domain, as well as outer space. BecauseX is a complex,
some of its (d − 1)-facades separate the interior of the triangulation domain from the exterior domain. But
not all (d − 1)-facades play this role. Figure 5 includes severaldangling lower-dimensional facades that
are not part of anyd-facade. Some facades areinternal facades, which do not lie on the boundary of the
exterior domain. These facades allow PLCs to represent multiple-component domains and domains with
nonmanifold boundaries.

The goal of this work is to subdivide a domain into simplices.A k-simplexis ak-dimensional simplex—
the convex hull ofk + 1 affinely independent points. Atriangulation or simplicial complex Tis a finite
set of simplices that intersect each other “nicely”:T contains every face of every simplex inT, and the
intersection of any two simplices inT is either empty or a face of both simplices. A triangulationT fills a
PLC X if

⋃
t∈T t =

⋃
f∈X f ; that is, if the union of simplices inT is the triangulation domain|X|.

1Miller et al. call it apiecewise linear system, but their construction is so obviously a complex that a change in name seems
obligatory.
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Figure 6: Left: examples of triangles that respect a shaded facade. Center: examples of triangles that do not
respect the facade. Right: examples of triangles that respect the facade, but do not respect all its edges and
vertices (which are facades themselves).

Of course, not all triangulations that fillX are equally good. Facades constrain what sort of simplex is
acceptable. A simplexs respectsa facadef if s∩ f is a union of faces ofs (possibly empty). As Figure 6
illustrates, the intersection of a nonconvex facade and a triangle that respects it might be the empty set, a
vertex, an edge, the entire triangle, the union of two or all three edges, the union of two or all three vertices,
or the union of an edge and opposite vertex of the triangle. Loosely speaking, ifs respectsf , thens cannot
“cross” f or f ’s boundary.

A simplexs respects Xif s⊆ |X| ands respects every facade inX, except perhaps some of the vertices.
(Weighted CDTs may omit some of the vertices inX, unlike ordinary CDTs. But some designated vertices
must be respected; see Section 2.3 for details.)

A triangulationT is a triangulation of Xif T fills X, every simplex inT respectsX, and every vertex in
T is in X. This definition implies that every facade inX (except perhaps the vertices) is a union of simplices
in T. (See Section 2.3 for a discussion of why the definition does not explicitly require every vertex inX to
be inT. This requirement arises implicitly if every vertex is designated as one that must be respected.)

Sometimes it is desirable to permit a triangulation to have vertices not present inX—and sometimes
it is necessary, as Schönhardt demonstrates. A triangulationT is a conforming triangulationor Steiner
triangulationof X if T fills X and every simplex inT respectsX. This article is devoted to pure triangulations
in which extra vertices are not permitted, but Steiner triangulations are investigated elsewhere [47, 49].

Within a PLCX, the visibility between two pointsp andq is occludedif pq * |X| or there is a facade
betweenp andq whose affine hull contains neitherp nor q. (Note, however, that some vertices do not
obstruct visibility—namely those that the triangulation is not required to respect. See Section 2.4.) The
pointsp andq arevisiblefrom each other ifpq⊆ |X| andX contains no occluding facade.

Let s be ak-simplex (for anyk) whose vertices are inX (thoughs is not necessarily a facade inX). Let
S be a (full-dimensional) hypersphere inEd. S is acircumsphereof s if S passes through all the vertices of
s. If k = d, thens has a unique circumsphere; otherwise,s has infinitely many circumspheres. The simplex
s is Delaunayif there exists a circumsphereS of s that encloses no vertex inX. The simplexs is strongly
Delaunayif there exists a circumsphereS of ssuch that no vertex inX lies insideor on S, except the vertices
of s. Every 0-simplex (vertex) is trivially strongly Delaunay.

A simplexs is constrained Delaunayif

• the vertices ofs are inX,

• s respectsX, and

• there is a circumsphereS of ssuch that no vertex ofX insideS is visible from any point in the relative
interior of s.
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Figure 7:A constrained Delaunay tetrahedron t.

Figure 7 depicts a constrained Delaunay tetrahedront in E3. The intersection oft with the facadef is a
face oft, sot respectsX. The circumsphere oft encloses one vertexv, butv is not visible from any point in
the interior oft, becausef occludes its visibility.

A constrained Delaunay triangulation Tof X is a triangulation ofX in which everyd-simplex is con-
strained Delaunay. IfX has dangling facades, this characterization is insufficient, and we must resort to the
(less readable) true definition: a CDTT of X is a triangulation ofX in which each simplex is constrained De-
launay “within” the lowest-dimensional facade inX that includes it. For example, a three-dimensional CDT
fills each 2-facade (dangling or not) with triangles that areconstrained Delaunay “within” that 2-facade, and
collectively comprise a two-dimensional CDT of the 2-facade. However, those triangles might not be con-
strained Delaunay within the three-dimensional PLC—they might have empty circumcircles, but not empty
circumspheres. (That is why the 2-facade is there—to enforce the presence of triangles that might otherwise
be absent.) The definition of “CDT” is therefore recursive inthe dimension. See Section 2.4 for details.

The first main result of this article is a characterization ofmany basic properties of constrained Delaunay
and weighted constrained Delaunay triangulations, analogous to the well-known properties of Delaunay
triangulations. (Weighted CDTs are defined in Section 2.4.)For example, every face of a constrained
Delaunay simplex is itself constrained Delaunay within some facade. A CDT of a facade includes CDTs of
all the facade’s faces (Section 3.1). If a PLC has nod + 2 vertices lying on a common hypersphere, then
its constrained Delaunay simplices have disjoint relativeinteriors and form a simplicial complex, and it has
at most one CDT (Section 3.3). The Delaunay Lemma, which guarantees that a triangulation of a vertex
set is Delaunay if and only if its facets are locally Delaunay[14], generalizes to CDTs (Section 3.2). The
Delaunay Lemma is a fundamental tool for verifying that a triangulation is a CDT, and for dynamically
maintaining the CDT of a PLC whose vertices are moving or changing their weights.

The second main result is that CDTs are optimal by several criteria (described in Section 4) when they
are used for piecewise linear interpolation. This fact is among the reasons why CDTs are so valuable.

The third main result is a condition that guarantees the existence of a CDT. The main impediment to
the existence of CDTs is the difficulty of respecting facades of dimensiond − 2 or less. Figure 8 offers
an example of a three-dimensional PLC with no CDT. There is one segment that runs through the interior
of the PLC. There is only one tetrahedralization of this PLC—composed of three tetrahedra encircling the
central segment—and its tetrahedra are not constrained Delaunay, because each of them has a visible vertex
inside its circumsphere. If the central segment were removed, the PLC would have a CDT made up of two
tetrahedra.
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Figure 8:Left: a PLC with no CDT. Center: the sole tetrahedralization of this PLC. Its three tetrahedra are not
constrained Delaunay. Right: the two Delaunay tetrahedra do not respect the central segment.

The condition that guarantees that a PLC has a CDT is easiest to describe, and easiest to enforce, in three
dimensions. A three-dimensional PLCX is ridge-protectedif every segment (1-facade) inX is strongly De-
launay. (See Section 2.4 for the general-dimensional definition.) Every ridge-protected PLC has a CDT. This
result, called theCDT Theorem, makes three-dimensional CDTs useful in geometric modeling applications.

It is not sufficient for every segment to be Delaunay. If Schönhardt’s polyhedron is embedded so that
all six of its vertices lie on a common sphere, then all of its edges (and its triangular faces as well) are
Delaunay, but it still does not have a tetrahedralization. It is not possible to place the vertices of Schönhardt’s
polyhedron so that all three of its reflex edges are strongly Delaunay (though any two may be).

Here is a stronger and even more useful version of the CDT Theorem. In three dimensions a segment
may serve as a boundary to several 2-facades, which can be sorted by their rotary order around the segment.
A segment isgrazeableif two consecutive 2-facades in the rotary order are separated by an interior angle
of 180◦ or more, or if the segment is included in fewer than two 2-facades and is internal, not dangling.
(An interior anglesubtends the interior of the triangulation domain. Exterior angles of 180◦ or more are
irrelevant to the CDT Theorem.) Only the grazeable segmentsneed to be strongly Delaunay to guarantee
a CDT. A three-dimensional PLCX is weakly ridge-protectedif every grazeable segment inX is strongly
Delaunay. Every weakly ridge-protected PLC has a CDT.

Segments that are not grazeable are common. For instance, ina complex of convex polyhedra, no
segment is grazeable. The stronger result exempts the segments of the complex from the need to be strongly
Delaunay.

Testing whether a PLC is ridge-protected, or weakly ridge-protected, is straightforward. See the com-
ments following Definition 23.

This article’s results extend to weighted CDTs, which are described in Section 2.4. Weighted CDTs are
central in the design of flip algorithms for updating and constructing CDTs; see the third article in this series.
Several researchers have shown that weighted Delaunay triangulations are useful for three-dimensional mesh
generation, because some undesirable tetrahedra can be removed by adjusting the vertex weights [6, 7, 16].
Weighted CDTs share this virtue and are even more powerful, because of the ease with which they respect
the shape of a domain.

The definition of “ridge-protected” generalizes to weighted PLCs, and every weakly ridge-protected,
weighted PLC has a weighted CDT. Interestingly, even in two dimensions there are weighted PLCs that do
not have weighted CDTs.
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Conforming Delaunay / Almost Delaunay

Steiner Constrained Delaunay

Figure 9: Two methods for recovering a 2-facade in the interior of a cubical triangulation domain. The initial
Delaunay tetrahedralization does not respect the facade. (For clarity, the tetrahedra are not shown.) Both meth-
ods insert new vertices to recover missing segments. Next, the customary method is to insert more vertices to
recover missing 2-facades (top), but no additional vertices are needed if constrained Delaunay tetrahedra are
used (bottom).

1.2 Benefits of the CDT Theorem

Why is it useful to know that weakly ridge-protected PLCs have CDTs? Although a given PLCX might
not be weakly ridge-protected, the insertion of additionalvertices can transform it into a weakly (or fully)
ridge-protected PLCY, which has a CDT. The CDT ofY is not a CDT ofX, because it has vertices that
X lacks, but it is aconforming CDTor Steiner CDTof X: “conforming” or “Steiner” because boundary
conformity is obtained by inserting new vertices (Steiner points), and “CDT” because the simplices of the
Steiner CDT are constrained Delaunay (rather than Delaunay).

Compare this idea to the most common methods of recovering missing facades in three-dimensional
Delaunay-based mesh generation algorithms, which insert additional vertices into all the missing facades.
Some of these algorithms produce conforming Delaunay meshes [8, 34, 39], and some recover the missing
facades by bisecting and flipping tetrahedra, yielding a mesh that is not necessarily Delaunay nor constrained
Delaunay, although you might say it is “almost” Delaunay [22, 27, 52, 53]. Figure 9 illustrates the advantage
of a Steiner CDT. All the procedures use vertex insertions torecover missing grazeable segments, but the
customary approaches require additional vertex insertions to recover missing 2-facades and non-grazeable
segments. A Steiner CDT does not need these extra vertices.

Figure 10 (left) depicts an example of a PLC for which a Steiner CDT is much more effective than a
conforming Delaunay tetrahedralization. In the interior of the box, many oddly shaped 2-facades adjoin
a single shared segment. The triangulation domain is the entire box. Vertices inserted to recover one 2-
facade—so that it is a union of triangular faces of the Delaunay tetrahedralization—are likely to knock out
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Figure 10: Left: it is difficult to mesh the interior of this box with Delaunay tetrahedra that conform to all the
facades. Right: the box can be meshed with constrained Delaunay tetrahedra with the addition of just the vertices
shown.

triangles from the adjacent 2-facades. The aforementionedalgorithms of Murphy et al. and others [12, 8, 33,
34] can construct conforming Delaunay tetrahedralizations of this PLC, but they require many more vertices
than are needed to form a Steiner CDT, most of them in the 2-facade interiors. The PLC augmented with a
modest number of vertices (Figure 10, right) is weakly ridge-protected and has a CDT.

I conjecture that for the worst three-dimensional PLCs, conforming Delaunay triangulations need asymp-
totically more vertices than Steiner CDTs. It is an open question whether this is true, but based on the
two-dimensional complexity results, it seems like a safe gamble.

An algorithm that decides how to choose new vertices so that there are provably good bounds on the
edge lengths of the Steiner CDT (i.e. edges are not made unnecessarily short) is described elsewhere [47].
This algorithm does not guarantee a polynomial bound on the number of new vertices, but its guarantees on
edge lengths are in some ways more useful, because the Steiner CDT is an excellent starting triangulation
for several algorithms for three-dimensional mesh generation. One algorithm uses the constrained Delaunay
property to guarantee its ability to tetrahedralize any PLC[46], and another uses it to establish provable
bounds on the quality of the tetrahedra it produces and on theedge lengths of the final mesh [44]. The
results in this article underpin those algorithms.

Why does this article take piecewise linear complexes as theinput rather than, for simplicity, boundary
triangulations? Consider finding a tetrahedralization of acube. The edges of the cube are strongly Delaunay,
so the CDT Theorem guarantees that the cube has a CDT. By contrast, consider a boundary triangulation
of a cube. Any boundary triangulation bisects each square face of the cube with a diagonal edge. These
diagonals are not strongly Delaunay, so the CDT Theorem doesnot apply. Moreover, a tetrahedralization
respecting the boundary triangulation might not exist (depending on the choice of diagonals). Thus, the
option to specify facades more general than simplices is an advantage both for the theorem and for CDT
construction algorithms, which can choose a compatible setof diagonals.

If a PLC is ridge-protected, its CDT can be built by a simple incremental facade insertion algorithm
described in the third article in this series. PLCs that are not ridge-protected (but have CDTs) currently
require a more complicated sweep algorithm or a slower gift-wrapping algorithm, described in the second
article in this series.
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2 Complexes

This section defines the geometric constructions and ideas at the center of this work. The input structures—
facades and piecewise linear complexes—are formalized in Section 2.1. The output structures, a generaliza-
tion of CDTs calledweighted CDTs, are described in Sections 2.2–2.4. Definitions are often a perfunctory
part of a mathematics article, so it is worth noting that eight years of trial and error led to the definitions
given here. “Constrained Delaunay” and the notion of visibility are defined differently here than in the ear-
lier incarnation of this work [45], and the present definitions are more sound. These and other definitions in
this article evolved with the proofs of the theorems here andin the sequel articles.

Throughout this article, the terms “simplex,” “triangle,”“tetrahedron,” and “convex hull” refer to closed,
convex sets of points; for instance, a “triangle” is not justthree edges, but the points inside as well. The
notation conv(S) represents the convex hull of the point setS.

Some simplices of specific dimensions have their own names. Of course, a vertex is a 0-simplex, an
edge is a 1-simplex, a triangle is a 2-simplex, and a tetrahedron is a 3-simplex. In ad-dimensional ambient
space, a (d− 2)-dimensional convex polytope or (d− 2)-simplex is called aridge, and a (d− 1)-dimensional
convex polytope or (d− 1)-simplex is called afacet.

The notationpqdenotes a line segment with endpointsp andq. The notationp ·q denotes the Euclidean
inner product,|p| = √p · p is the Euclidean norm, and|pq| = |p− q| is the Euclidean length ofpq. It might
help the reader to know that this article strictly distinguishes between the verbscontainfor set membership
(∋) andincludefor set inclusion (⊇).

2.1 Piecewise Linear Complexes

Consider points in an ambient spaceEd. A k-flat (k-dimensional flat) is the affine hull of k + 1 affinely
independent points. (A flat is also known as anaffine subspace—unlike a true subspace it is not required
to contain the origin. For readers familiar with flats but notaffine hulls, theaffine hullof a point set is the
lowest-dimensional flat that includes it.) A set of pointsS ⊆ Ed is k-dimensionalif the affine hull ofS is
a k-flat. (In other words,S containsk + 1 affinely independent points, but does not containk + 2 affinely
independent points.) Ahyperplaneis a (d−1)-flat. The set of points on one designated side of a hyperplane,
excluding every point of the hyperplane itself, is anopen halfspace. By contrast, aclosed halfspaceincludes
the hyperplane as well.

An open convex k-polyhedronis the nonempty intersection of ak-flat and a finite number of open half-
spaces. It isboundedif it does not include a ray (equivalently, if its diameter isfinite). A closed convex
k-polyhedronis the closure of an open convexk-polyhedron. Theclosureof a polyhedron has its usual
meaning from real analysis—the set of all the points and accumulation points of the polyhedron—and more
intuitively is a point set containing all the points of the polyhedron, plus all the points on its boundary.

Definition 1 (facade). An openk-facadeis the union of a finite number of bounded, open, convex k-poly-
hedra, all included in some common k-flat. Aclosedk-facadeis the closure of an open k-facade.

Observe that a facade is not required to be connected. A 0-facade (open or closed—there is no difference)
is a vertex, and a 1-facade is either a segment or a sequence ofcollinear segments.

A closed facade is equivalent to Hadwiger’s classic polyhedron [26], which is defined to be a union of
closed convex polyhedra. It is the open facades that motivate the new name. In geometric modeling, open
facades are more versatile than closed facades as abstractions of geometric domains and their boundaries,
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Boundary
boundary boundary

Open facade Closed facade

InternalExternal

Figure 11:At left are two connected 2-facades and a 1-facade (composed of two segments). At center and right
appear one of the 2-facades, represented as both an open and a closed facade. Dashed lines and open circles
represent points that are not part of the open facade. The internal boundary includes a slit and an isolated vertex,
both of which are needed to support contacts with other facades. The internal boundary cannot be inferred from
the closed facade alone.

because an open facade can have internal boundaries. Internal boundaries serve at least two purposes: they
support intersections between surfaces, as Figure 11 illustrates, and they constrain the permissible triangu-
lations of the facade—for instance, to support the application of boundary conditions to a finite element
mesh, or to model discontinuities in the lighting of a surface for computer graphics. Internal boundaries are
necessary to model some domains with nonmanifold boundaries, like the domain in Figure 5.

Definition 2 (external and internal boundaries). Theexternal boundaryof a facade is the boundary of the
closure of the facade. (Observe that the external boundary includes boundaries of holes.) Theinternal
boundaryof an open facade is the boundary of the open facade minus the external boundary. (Equivalently,
it is the intersection of the boundary with the relative interior of the closure of the facade.) See Figure 11.

Throughout this article,relative interiorhas its usual meaning from real analysis, butboundaryis used
as shorthand forrelative boundary, andopenfor relatively open.

The faces of a facade are defined in a fundamentally different way than the faces of a convex polyhedron.
The faces of a convex polyhedron are an intrinsic property ofthe polyhedron, whereas the faces of a facade
are defined only in the context of a piecewise linear complex.Compare the following two definitions.

Definition 3 (face of a convex polyhedron). Thefacesof a closed, convex k-polyhedron P are P and every
polyhedron found by taking the intersection of P with a hyperplane that does not intersect the relative
interior of P. Theproper facesof P are the faces of dimensionalities zero through k− 1.

This standard construction also defines the faces of a simplex. For example, the faces of a tetrahedron
include its four vertices, its six edges, its four triangular faces, and the tetrahedron itself. By convention,
the empty set is considered to be a (−1)-dimensional face of every polyhedron. This article makes no use of
this convention, but in some circumstances it is convenientto assume that∅ is a member of every nonempty
piecewise linear complex and triangulation.
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Piecewise linear complexes and the faces of a facade are defined in a way that gives a geometric model
the power to constrain how the boundary of a facade can be triangulated.

Definition 4 (piecewise linear complex; face of a facade). An open piecewise linear complex(PLC) X is a
set containing a finite number of open facades that satisfy the following two restrictions.

• For every facade f∈ X, the boundary of f is a union of facades in X.2 For example, X contains both
endpoints of every segment in X, and every 2-facade’s boundary is a union of segments and vertices
in X.

• For any two facades f,g ∈ X, f ∩ g = ∅.

Thefacesof a facade f are{g ∈ X : g ⊆ closure(f )}. They include f itself and its vertices. Theproper
facesof f are all its faces except f and∅.

For any open piecewise linear complex X,{closure(f ) : f ∈ X} is aclosed piecewise linear complex.

It is possible to reverse the transformation and convert a closed piecewise linear complex into an open
piecewise linear complex by subtracting from each facade every facade of lower dimension. Hence, for a
closed facade in a closed PLC, define theinternal boundaryof the closed facade to be the internal boundary
of the corresponding open facade. The internal boundary of aclosed facade is not really part of the boundary
of the closed facade, and it is defined only in the context of a PLC.

Definition 5 (triangulation domain). Let |X| denote the union of facades
⋃

f∈X f . |X| is called thetriangula-
tion domain, or simply thedomain. (It is also known as theunderlying space ofX.)

A corollary of the definition of PLC is that
⋃

f∈X f is the same for an open PLC and the corresponding
closed PLC. Another corollary is that a closed PLCY satisfies the restrictions that Miller et al. [32] specified
when they introduced the notion of a PLC.

• For every facadef ∈ Y, the boundary off is a union of facades inY.

• For any two facadesf ,g ∈ Y, f ∩ g is a union of facades inY. (Usually f ∩ g is a single facade or the
empty set, but imagine two nonconvex 2-facades that intersect each other at several isolated vertices
and along several line segments. Each of these vertices and line segments must be inY.)

• For any two facadesf ,g ∈ Y, if f ∩ g has the same dimensionality asf , then f ⊂ g, and f is of lower
dimensionality thang.

Miller’s third restriction is somewhat cryptic; its main effect is to prevent two facades of the same
dimensionality from having overlapping relative interiors. The formulation of PLCs in terms of open facades
is more elegant, because no similarly cryptic restriction is needed. However, closed PLCs offer a more
elegant model for the incremental update of a PLC (discussedin the third article of this series). The insertion
or deletion of a facade in a closed PLC can imply several modifications to the corresponding open PLC. For
instance, when a vertex is added to an open PLC, if a facade contains the vertex, the facade must have that
point removed.

This formal hair-splitting between open and closed facadesis necessary because it is the open facades
that determine the facade boundaries, but it is the closed facades that occlude visibility, and simplices must

2The boundary of a vertex is the empty set, which is a union of zero facades.
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respect the closed facades. The rest of this article maintains an uneasy duality, wherein every use of the word
“facade” refers to both the open and the closed versions of the facade. Fortunately, the bijective map between
open and closed PLCs usually makes it unnecessary to specifywhich type of PLC is under discussion.

The reader should be aware that every reference to the “boundary of a facade” or the “faces of a facade”
regards the boundary of the open facade, including the internal boundary. Similarly, the “relative interior of
a facade” refers to the open facade. However, wherever this article states that a facade contains a point, a
facade obstructs visibility, or a simplex respects a facade, the closed facade is implied.

It makes no difference to most of this article’s results whether or not facades are connected. An open
facade made up ofn connected components can be replaced withn separate facades without changing any
essential properties of the PLC. Some components of a facademay be grazeable while others are not, so
breaking up a facade into its components may improve the prospects for having a weakly ridge-protected
PLC. However, there is an important convention for weightedCDTs. If a vertex in a PLC is an endpoint of
two collinear segments and is not needed to support their intersection with some other facade, it is usually
better to think of the two segments as parts of a single 1-facade, because the vertex might be absent from
the weighted CDT. (See Definition 12 in Section 2.3 for details.)

There appear to be few publications exploring the properties of geometric partitions that permit the
existence of faces with internal boundaries. An interesting exception by Grunbaum and Shephard [25]
shows how to reliably compute Euler characteristics for a class of objects more general than PLCs. One
can convert an open PLC into a “relatively open convex dissection” by partitioning its open facades into
open convex facades (polyhedra), whereupon its Euler characteristic is easy to calculate. This method is
particularly interesting when applied to an open facade with a complicated internal boundary, or to a subset
of an open PLC that allows faces of facades to be absent.

The notion of a PLC generalizes to complexes of curved manifolds. For example, every semialgebraic
or subanalytic set of points can be partitioned into astratification—a set ofstrata (which generalize open
facades), each of which is a manifold. See Gomes [23] for an excellent introduction to the topic.

How might a PLC be represented as a data structure? Here are a few suggestions. A 0-facade (vertex)
is represented by itsd coordinates. Forj ≥ 1, a j-facade f is most easily represented by a list of its
proper faces. To conserve space,f can be represented by a list of every proper face off that is not a
proper face of a proper face off ; the unlisted faces can be inferred by reading the listed faces’ lists. This
representation differs in several ways from the usual face lattice representation of polyhedra and polyhedral
complexes. First, the faces inf ’s list are not necessarily all (j − 1)-faces, becausef ’s internal boundary
may include lower-dimensional faces that are not included in any (j − 1)-face. For example, a 2-facade may
have an isolated vertex inside it. Second, this representation is technically not a lattice. For example, two
2-facades might intersect at two separate vertices that areincluded in no other facades, so a pair of facades
do not necessarily have a unique meet and join, contrary to the definition of “lattice.” See Ziegler [54] for a
definition and discussion of face lattices.

Within the affine hull of a j-facadef , each (j − 1)-face of f has two sides. In an implementation of the
sweep algorithm or gift-wrapping algorithm for CDT construction, the list off ’s ( j−1)-faces should include
annotations that indicate which side (or sides) of each (j − 1)-face adjoinsf . A ( j − 1)-face onf ’s internal
boundary adjoinsf on both sides. If an open (j − 1)-face is composed of several connected components, it
needs one annotation for each side of each connected component.

For the algorithms described in the sequel articles, it is unnecessary to specify thed-facades explicitly as
part of the input. Instead, each side of each (d − 1)-facade should bear an annotation that indicates whether
it adjoins the exterior domain or the interior of the triangulation domain. A (d − 1)-facade is part of the
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internal boundary of a PLC if both sides adjoin the triangulation domain, part of the external boundary if
one side adjoins the exterior domain, and a dangling facade if both sides adjoin the exterior domain.

Definition 6 (dangling facade). Let X be a d-dimensional PLC. A facade in X is adangling facadeif it is
not a face of any d-facade in X.

To a programmer, the distinction between open and closed facades is almost irrelevant. Any reasonable
PLC data structure simultaneously represents both.

2.2 Weighted Delaunay Triangulations

This section reviews known facts about weighted Delaunay triangulations [2] and introduces new terminol-
ogy as a preliminary to introducing weighted CDTs in Section2.4. Consider the Euclidean spaceEd+1, and
let x1, x2, . . . , xd+1 be the coordinate axes.Ed is the subspace ofEd+1 orthogonal to thexd+1-axis. In the
spaceEd+1, ad-flat isvertical if it includes a line parallel to thexd+1-axis.

Definition 7 (polyhedral complex; triangulation). Apolyhedral complexT is a set containing a finite number
of closed, convex polyhedra that satisfy the following two restrictions.

• For every polyhedron s∈ T, every face (in the sense of Definition 3) of s is in T .

• For any two polyhedra s, t ∈ T, if s and t are not disjoint, then s∩ t is a face of both s and t.

A triangulationor simplicial complexis a polyhedral complex whose members are all simplices.

Every polyhedral complex is a PLC. Observe that polyhedral complexes are less general than PLCs
whose facades are all convex, because they use a different definition of “face.” In a PLC, one side of a
tetrahedron might be subdivided into several triangular faces, and a (closed) tetrahedron might have an edge
passing through its interior. In a polyhedral or simplicialcomplex, both circumstances are forbidden: a side
of a tetrahedron is represented by exactly one triangular face, and a tetrahedron’s interior intersects no other
simplex of equal or lesser dimension.

A d-dimensional triangulation or polyhedral complex isregular if it is the vertical projection of one
“side” of some convex (d + 1)-polyhedron.

Definition 8 (downward-facing; underside; regular). Let P be a convex(d + 1)-polyhedron in Ed+1. A face
f of P isdownward-facingif no point in P is directly below any point in f (i.e. having the same x1- through
xd-coordinates but a lesser xd+1-coordinate). Theundersideof P is the set of all its downward-facing faces.

A d-dimensional triangulation or polyhedral complex isregularif it can be formed by vertically project-
ing the underside of some convex(d + 1)-polyhedron P into Ed (by dropping the xd+1-coordinate of each
vertex).

The best-known regular triangulation is the Delaunay triangulation. The regularity of most Delaunay
triangulations is demonstrated by the well-knownparabolic lifting mapof Seidel [42, 18] (inspired by a
spherical lifting map suggested by Brown [5]). LetV be a set of vertices inEd for which a Delaunay
triangulation is sought. The lifting map maps each vertex inV to a vertex on a paraboloid in a space one
dimension higher, as Figure 12 illustrates. Specifically, each vertexv = (vx1, vx2, . . . , vxd) ∈ V maps to a
pointv+ = (vx1, vx2, . . . , vxd , v

2
x1
+ v2

x2
+ · · · + v2

xd
) in Ed+1.
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dx

V

V +

+1

Figure 12:The parabolic lifting map. In this illustration a two-dimensional vertex set V is lifted to a paraboloid in
E3. The underside of the convex hull of the lifted vertices is a lifted Delaunay triangulation.

Definition 9 (companion). The pair of vertices v and v+ are calledcompanions:v+ is thelifted companion
of v, and v is theprojected companionof v+.

If s is a k-simplex with vertices v0, v1, . . . , vk, then its lifted companion s+ is the k-simplex embedded in
Ed+1 whose vertices are v+0 , v

+

1 , . . . , v
+

k ; and s is the projected companion of s+. Note that s+ is flat, and does
not curve to hug the paraboloid.

Let V+ = {v+ : v ∈ V}. The Delaunay triangulation ofV is regular because it has the same combi-
natorial structure as the underside of the convex hull ofV+, as the forthcoming Theorem 2 shows. Each
downward-facing simplex of conv(V+) projects to a Delaunay simplex ofV. This connection is routinely
used to transform any (d+1)-dimensional convex hull construction algorithm into ad-dimensional Delaunay
triangulation construction algorithm.

Lemma 1. Let S be a hypersphere in Ed. Let S+ = {p+ : p ∈ S} be the ellipsoid found by lifting S to
the paraboloid. Then the points of S+ lie on a non-vertical d-flat h. (Recall that a d-flat is vertical if it is
parallel to the xd+1-axis.) Furthermore, a point p inside S lifts to a point p+ below h, and a point p outside
S lifts to a point p+ above h. Therefore, testing whether a point p is inside, on, or outside S is equivalent to
testing whether the lifted point p+ is below, on, or above h.

Proof. Let O andr be the center and radius ofS, respectively. Letp be a point inEd. Thexd+1-coordinate
of p+ is |p|2. By expanding|O− p|2, we have that|p|2 = 2O · p− |O|2 + |Op|2.

With O andr fixed andx ∈ Ed varying, the equationxd+1 = 2O · x − |O|2 + r2 defines a non-vertical
d-flat h in Ed+1. For every pointp ∈ S, |Op| = r, soS+ ⊂ h. For every pointp < S, if |Op| < r, then the
lifted point p+ lies belowh, and if |Op| > r, thenp+ lies aboveh. �



16 Jonathan Richard Shewchuk

dE

ht

hshr

+1dE

x

sr

=

t

+ +

v

t

+

v

sr

+1d

+

dE

hshr

x
ht

s tr v

+s

dE +1 =

+1d

+

v
tr +

+

(a) (b)

Figure 13: (a) The triangles r , s, and t are all semiregular, but only t is regular. Triangles r and s have the
same witness d-flat hr = hs, and t has a different witness ht. The vertex v is submerged. (b) The bold edge is a
constraining segment. The triangles r , s, and t are all constrained semiregular, but only t is constrained regular.
No triangle is semiregular.

Theorem 2 (Seidel [42]). Let s be a simplex whose vertices are in V, and let s+ be its lifted companion.
Then s is Delaunay if and only if s+ is included in some face of the underside ofconv(V+). The simplex s
is strongly Delaunay if and only if s+ is a face of the underside ofconv(V+) and no vertex in V+ lies on s+

except the vertices of s+.

Proof. If s is Delaunay, there is a circumsphereS of s such that no vertex ofV lies insideS. Let h be the
uniqued-flat in Ed+1 that includesS+. By Lemma 1, no vertex inV+ lies belowh. Thed-flat h includes
s+ because the vertices ofs+ are inS+. Therefore,s+ is included in a downward-facing face of the convex
hull of V+. If s is strongly Delaunay, no vertex inV+ lies belowh, and no vertex inV+ lies onh except the
vertices ofs+. Therefore,s+ is a downward-facing face of the convex hull ofV+.

The converse implications follow by reversing the argument. �

A weighted Delaunay triangulationis like a Delaunay triangulation, but each vertexv ∈ V is assigned a
real-valuedweight wv. A vertexv lifts to a companionv+ = (vx1, vx2, . . . , vxd, v

2
x1
+ v2

x2
+ · · · + v2

xd
−wv). The

xd+1-coordinate|v|2−wv is called theheightof v. The weighted Delaunay triangulation ofV is the projection
to Ed of the underside of conv(V+). It follows that a weighted Delaunay triangulation is regular.

Some faces of conv(V+) might not be simplices, because some selection ofd + 2 or more of the lifted
vertices might lie on a common non-verticald-flat. (Observe that vertices that lie on a common verticald-
flat do not cause trouble, because a vertical face cannot be downward-facing. This is good news, because a
typical real-world vertex setV includes large groups of cohyperplanar vertices.) These non-simplicial faces
can be filled with any compatible triangulation, soV has more than one weighted Delaunay triangulation.
However, some faces can be triangulated with triangulations that are not regular, so not all weighted (or
unweighted) Delaunay triangulations are regular! Section6 describes a simple way to perturb the weights
to simulate the circumstance that nod + 2 vertices inV+ lie on a common non-verticald-flat.

If its weight is sufficiently small, a lifted vertexv+ might not be downward-facing—it might not lie on
the underside of conv(V+)—in which case the vertexv is absent from the weighted Delaunay triangulation
of V, as illustrated in Figure 13(a). Thenv is said to besubmerged. If every vertex has a weight of zero, the
weighted Delaunay triangulation is the Delaunay triangulation, and no vertex is submerged, because every
point on the paraboloid is on the underside of the convex hullof the paraboloid.

Weights necessitate a generalization of the notion of a “Delaunay simplex.”
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Definition 10 (semiregular; witness; weighted Delaunay triangulation). A simplex s whose vertices are in
V is semiregularif s+ is included in a downward-facing face ofconv(V+). In other words, there exists a
non-vertical d-flat hs ⊂ Ed+1 such that hs includes s+, and no vertex in V+ lies below hs. The d-flat hs is
called awitness3 to the semiregularity of s.

A weighted Delaunay triangulationof V is a simplicial complex that fillsconv(V) wherein every simplex
is semiregular.

Figure 13(a) illustrates three semiregular triangles and their witnesses. All their edges and vertices are
semiregular as well, but the submerged vertexv is not semiregular.

Definition 11 (regular). A simplex s isregularif s+ is a downward-facing face ofconv(V+), and no vertex in
V+ lies on s+ except the vertices of s+. In other words, there exists a non-vertical d-flat hs ⊂ Ed+1 that is a
witnessto the regularity of s: hs includes s+, and every vertex in V+ lies above hs, except the vertices of s+.

A triangulation isregularif there exists an assignment of weights to its vertices for which every simplex
is regular.

Of the three triangles in Figure 13(a), onlyt is regular. All the edges are regular except the edge shared
by r ands. All the vertices are regular exceptv.

In a weighted Delaunay triangulation, a witness serves the same purpose that a circumsphere serves
in an ordinary Delaunay triangulation. Theorem 2 shows thatif all the weights are zero, “semiregular” is
equivalent to “Delaunay” and “regular” is equivalent to “strongly Delaunay.” If a simplexs is semiregular,
it appears in at least one weighted Delaunay triangulation of V. If s is regular, it appears ineveryweighted
Delaunay triangulation ofV (see Theorem 19).

2.3 Triangulations of Piecewise Linear Complexes

For some geometric applications, the notion of a “constrained triangulation” of a PLC should permit some
vertices to be left out, just as weighted Delaunay triangulations submerge vertices with insufficient weight.
However, some vertices cannot be omitted, because they support other facades. The following definition
identifies vertices that could conceivably be submerged.

Definition 12 (submersible). A vertex v in a closed PLC X issubmersibleif v is a proper face of some
other facade (i.e. v is not isolated), and the removal of v from X (and possibly the merging of two collinear
1-facades) yields a valid closed PLC. Equivalently, either

• v lies on the internal boundary of a facade f∈ X such that f is a face of every facade (except v) that
contains v, or

• v is an endpoint of two collinear 1-facades in X, and the condition above is satisfied by merging them
into a single 1-facade f . In this case, X should be modified to reflect the merger. A row of collinear
segments might comprise one 1-facade with many submersiblevertices in it.

The user of a PLC triangulation algorithm can arbitrarily designate vertices as being non-submersible,
but a vertex can be designated as submersible only if Definition 12 permits it.

3A witness for a semiregular or regular simplex is also known as asupporting hyperplaneof conv(V+), but a witness for a
constrainedsemiregular simplex is not necessarily a supporting hyperplane.
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Definition 13 (fill; respect; triangulation of a piecewise linear complex). Let T be a set of simplices. Tfills
X if |T | = |X|, meaning that

⋃
s∈T s=

⋃
f∈X f .

Let f be a closed facade. Let s be a simplex or convex polyhedron. Then srespectsf if s∩ f is a union
of faces of s.

There is an equivalent definition that is less clear, but easier to use in proofs: s respects f if, for every
face t of s whose relative interior intersects f , t⊆ f .

If f is an open facade, s is said to respect f if s respects the closure of f .

A simplex (or convex polyhedron) srespectsa PLC X if s⊆ |X| and s respects every facade in X except
perhaps the submersible vertices—after agglomerating thesegments of X into 1-facades as described in
Definition 12.

A triangulation T respects a PLC X if every simplex in T respects X.

A triangulation T is atriangulation of a PLCX if T fills and respects X, and T has no vertex not in X. A
triangulation that fills and respects X, but may have vertices not present in X, is aconforming triangulation
or Steiner triangulationof X.

This definition allows a triangulationT of X to submerge vertices inX. However, submersibility is a
nuisance when it is not needed. For some applications, such as unweighted PLCs and ordinary CDTs (in
which vertices are never submerged), it does no harm to designate every vertex inX as non-submersible.
Then Definition 13 implicitly requires that ifT is a triangulation ofX, thenT andX have exactly the same
vertices, becauseT must respect every vertex inX.

Why must adjoining collinear segments be agglomerated for Definition 13? If a vertex is submerged,
then a triangulation lacking that vertex cannot respect a segment that terminates at that vertex, but it can
respect a 1-facade that passes through the vertex.

2.4 Weighted Constrained Delaunay Triangulations

Before considering the formal definition of CDT, let us try tosee intuitively what a CDT is, in terms of
the parabolic lifting map. SupposeT is a CDT of a PLCX. Let T+ = {s+ : s ∈ T} be the simplicial
complex, embedded inEd+1, defined by liftingT. As Figure 14 illustrates, the lifted triangulationT+ graphs
a continuous piecewise linear function but, in general, is not the underside of a convex polyhedron: each
facet of the CDT that is not constrained Delaunay is mapped toa reflex ridge in the lifted surface. (A
(d − 1)-simplex is called afacetif it exists in the ambient spaceEd, and aridge if it exists in the ambient
spaceEd+1.)

However, from any pointp in the interior of ad-facade, the portions of the CDT visible fromp appear
convex on the lifting map. Only facets included in (d − 1)-facades can lift to reflex ridges; every other facet
is constrained Delaunay.

The next several definitions build toward the definition of a CDT or, more generally, a weighted CDT,
which is a triangulation of a weighted PLC.

Definition 14 (weighted piecewise linear complex). A weighted PLCis a PLC in which each vertex is
assigned a real-valued weight.
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dx +1

T

T+

Figure 14: A lifted CDT. The paraboloid is inverted to more clearly show its topography. The bold edges are
constraining edges that are not Delaunay. They map to reflex edges of the lifted surface.

Sections 3.1 and 3.3 study the relationship between the weighted CDT of a weighted PLC and the
weighted CDTs of its facades. Consider computing a triangulation of a 2-dimensional PLC. Some algo-
rithms need to “triangulate” the 1-facades of the PLC first—in other words, to decide which vertices on
the 1-facades are submerged. The 1-facades may have both submersible and non-submersible vertices. A
1-facade in isolation does not reveal which of its vertices are submersible in the 2-dimensional PLC. There-
fore, it is best to think of submersibility as a global property of a vertex which remains fixed across all
contexts, and is determined by the highest-dimensional PLCthat contains the vertex. These observations
motivate the following two policies. First, the internal boundary of a 1-facade may contain both submersible
and non-submersible vertices (whereas the external boundary is a set of non-submersible vertices). Second,
non-submersible vertices occlude visibility and submersible vertices do not. This policy ensures that the
weighted CDT of a 1-facade is consistent with the weighted CDT of any higher-dimensional facade that
includes the 1-facade.

Visibility is occluded by constraining facades.

Definition 15 (constraining facade). A constraining facadein a d-dimensional PLC X is any facade in X
that is not a submersible vertex or a d-facade.

Definition 15 omits submersible vertices because they do notocclude visibility or constrain the triangu-
lation. It omitsd-facades because they do not occlude visibility, and because a simplex or polyhedron that
respects all the lower-dimensional facades automaticallyrespects thed-facades.

Definition 16 (occlusion; visibility). Within a PLC X, the visibility between two points p and q isoccluded
if pq * |X|; or if there is a (closed) constraining facade f∈ X such that the line segment pq intersects f ,
and neither p nor q lie on the affine hull of f . See Figure 15. The points p and q arevisible from each other
(equivalently, canseeeach other) if pq⊆ |X| and X places no constraining facade between them.
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Figure 15:In this three-dimensional example the 2-facade f occludes the visibility between p and q. The point
m can see both k and n, but the visibility between k and n is occluded—not by f , but by an edge of f .

If no vertex is submersible, a more elegant characterization is thatp andq can see each other if there
is an open facadef ∈ X that includes the open line segmentpq. Open facades thus act as conductors of
visibility. In this interpretation, thed-facades play an essential role.4

There is a close relationship between visibility and the notion of respecting a PLC.

Theorem 3. If a (closed) simplex or convex polyhedron s respects X, every point in s can see every other
point in s.

Proof. Suppose for the sake of contradiction that the visibility between two pointsp,q ∈ s is occluded by
some facadef . Thenpq intersectsf at a pointm, but f contains neitherp norq. Let t be the face ofswhose
relative interior containsm; thenpq⊆ t. Becauses respectsf , and f intersects the relative interior of a face
t of s, it follows thatt ⊆ f , contradicting the fact thatf contains neitherp norq. �

Simplices in CDTs have the following property.

Definition 17 (constrained semiregular). A simplex s isconstrained semiregularwithin X if

• the vertices of s are in X,

• s respects X, and

• there exists a d-flat hs ⊂ Ed+1 that includes s+, such that no vertex v∈ X that is visible from a point
in the relative interior of s lifts to a point v+ below hs. The d-flat hs is a witness to the constrained
semiregularity of s.

The third condition is a bit difficult to visualize, because one must simultaneously picturethe vertices
in the ambient spaceEd where visibility is determined, and in the ambient spaceEd+1 where witnessd-flats
are defined, as Figure 13(b) illustrates. Think of it this way: if some lifted vertexv+ lies below thed-flat that
includes a liftedd-simplexs+, thens is not semiregular, becauses+ is not on the underside of the convex
hull of the lifted vertices. But if some facade occludes the view of v from insides, s may be constrained
semiregular anyway and appear in the weighted CDT. The triangle s in Figure 13(b) is an example: although
v+ lies below the witnesshs, v is not visible from the interior ofs, so s is constrained semiregular. The
shaded triangle in Figure 14 is an example in an unweighted CDT (but note that the paraboloid in the figure
is inverted for clarity, so “below” is “above”).

4An attractive alternative formulation of a weighted PLC extends this characterization to PLCs with submersible vertices.
Express a weighted PLC as two separate sets: a PLCX with no submersible vertices, and a setV of submersible vertices. In
this formulation, the open facades ofX are both conductors and occluders of visibility, and there is a more elegant definition of
“respect”: a triangulation respectsX if everyopensimplex of the triangulation is included in anopenfacade ofX.
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In Figure 13(b) all three triangles are constrained semiregular, and all the edges are constrained semi-
regular except the bold constraining segment.

Definition 18 (constrained regular). A simplex s isconstrained regularwithin X if

• the vertices of s are in X,

• s respects X, and

• there exists a d-flat hs ⊂ Ed+1 that includes s+, such that every vertex v∈ X that is visible from a point
in the relative interior of s, but is not a vertex of s, lifts toa point v+ above hs.

Of the three triangles in Figure 13(b), onlyt is constrained regular. Neither the edge shared byr ands
nor the constraining segment shared bysandt is constrained regular, but the other edges are.

The following implications hold. Statements in brackets are equivalent to the statements immediately
above them in the unweighted case (i.e. when all the vertex weights are zero).Locally semiregularand
locally regularare defined in Section 3.2 and apply to (d − 1)-simplices only.

s is regular and respectsX −→ s is semiregular and respectsX
[s is strongly Delaunay and respectsX] [ s is Delaunay and respectsX]

↓ ↓
s is constrained regular −→ s is constrained semiregular

[s is constrained Delaunay]
↓ ↓

s is locally regular −→ s is locally semiregular
[s is locally Delaunay]

The statements in the right column become equivalent to the corresponding statements in the left column
when the following condition holds. (Section 6 discusses a perturbation technique that enforces it.)

Definition 19 (genericity). A d-dimensional PLC X isgenericif no d + 2 vertices in X lift to a common
non-vertical d-flat (in the ambient space Ed+1).

If X is unweighted (or all the weights are equal), an equivalent statement is that no d+ 2 vertices in X
lie on a common hypersphere (in the ambient space Ed).

Notions like constrained regularity are defined in the context of a specific PLC. The definition of “CDT”
uses the notion that a simplex can be constrained semiregular within the context of some facadef of a PLC
X, yet not be constrained semiregular within the context ofX itself.

Definition 20 (facade PLC). Let f be a k-facade in a PLC X (for any value of k). Thefacade PLCYf is a
k-dimensional PLC containing f and all the faces of f (taken from X).

The vertices in a facade PLC often have coordinates from an ambient spaceEd whose dimensionality
is higher than that of the facade PLC itself (i.e.d > k). However, it is the latter dimensionality that defines
constraining facades (facades of dimensionk−1 or less that are not submersible vertices) and ridge protection
(the protection of facades of dimensionk− 2 or less; see Definition 23) withinYf . A simplex that is regular
within Yf might not be regular withinX, and a segment that is grazeable withinX might not be grazeable
within Yf . Hence, the wordwithin is used wherever the context is not clear. Occasionally, this article will
say that a simplex is “semiregular within the facadef ” as shorthand for saying it is semiregular within the
facade PLCYf . Likewise, a “triangulation off ” is a triangulation ofYf .

At last, a definition of this article’s central object of study.
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Figure 16:T1 and T2 are weighted CDTs of the one- and two-dimensional weighted PLCs X1 and X2. White
vertices are submersible; black vertices are non-submersible. The number by each vertex is the height (xd+1-
coordinate) to which it is lifted.

Definition 21 (weighted constrained Delaunay triangulation). A weighted constrained Delaunay triangula-
tion of a weighted PLC X is a simplicial complex that fills X whereinevery simplex is constrained semireg-
ular within the lowest-dimensional facade of X that includes it.

A constrained Delaunay triangulationof an unweighted PLC is a weighted CDT for which all the vertices
in the PLC are implicitly assigned a weight of zero.

Figure 16 gives two examples of weighted CDTs, in one and two dimensions. In both triangulations,
some vertices are submerged, and some collinear segments ofthe PLC are agglomerated into single edges
of the triangulation. Observe that the lifted one-dimensional triangulationT+1 is a sequence of convex hull
undersides separated by non-submersible vertices. Note thatd = 1 is the only dimensionality in which a PLC
might have a new CDT if a vertex changes from submersible to non-submersible. For a higher-dimensional
PLC with no dangling 1-facades, such a change might cause thePLC to have fewer CDTs (if a submerged
vertex is proclaimed non-submersible), but it cannot causethe PLC to have a CDT it did not have before.
(This claim is a consequence of the Delaunay Lemma in Section3.2.)

In an unweighted CDTX (equivalently, if all the weights are equal), every vertex is regular and con-
strained regular, hence no vertex is submerged.

Definition 21 gives no reason to believe that the eligible simplices (those that are constrained semiregular
within the lowest-dimensional facades that include them) can gel together to form a complex. Fortunately,
if every facade can be filled with constrained regular simplices, Corollary 18 in Section 3.3 establishes that
the facade CDTs match each other where they meet. Not every facade can be thus filled (recall Schönhardt’s
polyhedron). The next few definitions describe a class of PLCs that are guaranteed to have CDTs.

Definition 22 (grazeable; grazing triangle). A facade f isgrazeableif there is an opengrazing triangle
L = △pqr ⊂ |X| such that

• p can see every point in the open triangle L,

• pq intersects the open version of f (i.e. f with its external and internal boundaries removed), and

• neither p nor q lie on the affine hull of f .
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Figure 17:Example of a grazeable segment f . Here p and q cannot see each other, but p sees every point in
the open triangle L, so there is a line of visibility that grazes f .

Every point in an open grazing triangle△pqr is visible fromp, butq is not (its visibility is occluded by
f ); so loosely speaking, there is a line of visibility that grazes f . If f is a (d − 2)-facade, Definition 22 is
equivalent to the 180◦ angle condition described in Section 1.1, as Figure 17 shows. Definition 22 extends
the idea to facades of dimension less thand − 2. Note that the proper faces of a grazeable facade are not
necessarily grazeable themselves.

Recall from Section 1.1 that a three-dimensional PLCX is ridge-protectedif every segment inX is
strongly Delaunay. The extension of this definition to weighted PLCs accounts for the possibility that
vertices might be submerged:X is ridge-protected if every 1-facade is a union of regular edges, and every
non-submersible vertex is regular. (Submersible verticesdo not need to be regular, because it is okay to
let them be submerged.) The extension of this definition to higher dimensions requires that all constraining
facades of dimensiond − 2 or less be “regular,” but the definition of “regular” applies only to simplices. It
suffices if the facades can be broken up into regular simplices that respectX.

Definition 23 (ridge protection). A facade f ∈ X is protectedif there exists a triangulation of f whose
simplices are regular within X and respect X.

A simpler definition is that f isprotectedif f is a union of simplices that are regular within X and respect
X. (The equivalence of this definition with the first follows from the upcoming Theorem 4′ and Corollary 18.)

A weighted PLC X isweakly ridge-protectedif every grazeable constraining facade in X of dimension
d − 2 or less is protected.

X is ridge-protectedif everyconstraining facade in X of dimension d− 2 or less is protected.

How can you tell if a facadef is protected? A weighted Delaunay triangulationT (unconstrained) of the
vertices inX contains every simplex that is regular withinX (by Theorem 19 in Section 3.3). So the answer
is to constructT and search it for a subset of faces that fillf . If T contains such faces, check whether they
respectf ’s faces and are regular. IfX is not generic, the trickiest part is distinguishing the regular simplices
in T from the merely semiregular. Dafna Talmor (personal communication) points out that simplices that
are semiregular but not regular dualize to degenerate facesof the power diagram [2] (the Voronoi diagram
if all the weights are zero). This observation does not offer the most numerically effective way to test them,
though, and this is not the place to describe a better way. Butthe simplest approach is to perturb the vertex
weights as described in Section 6 before constructingT. Then all the simplices inT are regular, and there
is no need to test. Theorem 31 in Section 6 shows that the CDT ofthe perturbed PLC is a CDT of the
unperturbed PLC.
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Figure 18:Two weighted PLCs that do not have weighted CDTs. Imagine that you are viewing the lifted vertices
from directly underneath, and larger vertices are closer to you. The number by each vertex is the height (xd+1-
coordinate) to which it is lifted (i.e. its distance from you).

Ridge protection implies thatT respects all the constrainingk-facades inX for k ≤ d − 2, but might not
respect the (d−1)-facades. Weak ridge protection implies thatT respects the grazeable constraining facades
of dimensiond−2 or less (and their faces, whether grazeable or not), but perhaps not the other facades. One
of the main results of this article is that every weakly ridge-protected weighted PLC has a weighted CDT,
so the missing facades can be recovered without any need for additional vertices. See Section 5 for a proof.

Ridge protection requires non-submersible vertices to be regular. Ford = 2, this is the sole requirement
that defines ridge protection. In an unweighted PLC, every vertex is regular, which is why every unweighted
two-dimensional PLC has a CDT. In the weighted PLCX2 in Figure 16, the sole grazeable non-submersible
vertex is regular, soX2 is weakly ridge-protected and has a CDT. (The vertex at the center ofX2 is not regular,
but it is not grazeable.) Figure 18 depicts two two-dimensional weighted PLCs that are not weakly ridge-
protected, and do not have weighted CDTs. Both examples include a grazeable non-submersible vertex that
is not regular.

A recently proposed way to model domains like these ones and Schönhardt’s polyhedron is to general-
ize simplicial complexes topseudo-simplicial complexescomposed of nonconvex pseudo-simplices. Aich-
holzer, Aurenhammer, Krasser, and Brass [1] define constrained regular pseudotriangulations that generalize
the two-dimensional constrained regular triangulations defined here, and are defined for every choice of ver-
tex weights. Their lifted surface is not necessarily continuous, and is not guaranteed to interpolate all the
vertex heights. Aurenhammer and Krasser [3] show that the approach generalizes to higher-dimensional
nonconvex polyhedra, but pseudo-simplicial complexes representing polyhedra in three dimensions or more
must sometimes introduce additional vertices.

Throughout the rest of this article, the terms “PLC” and “CDT” refer to both unweighted and weighted
PLCs and CDTs, except where otherwise noted.

3 Foundations

This section proves several fundamental properties of CDTsand weighted CDTs. Among these are the
fact that every face of a constrained semiregular simplex isconstrained semiregular within some facade
(Section 3.1), the fact that constrained regular simpliceshave disjoint relative interiors and form a complex,
and the fact that a generic PLC has at most one CDT (Section 3.3). The Delaunay Lemma offers a powerful
alternative characterization of what a CDT is (Section 3.2). Readers who seek the minimum background for
understanding the CDT construction algorithms in the sequel articles may safely skip to Section 6.
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Figure 19:The simplex s is regular because every lifted vertex lies above some witness d-flat hs for s+, except
the vertices of s+. Let t be any face of s. Tilting hs using t+ as a hinge yields a witness d-flat ht that shows that t
is regular too.

3.1 Faces of Simplices Inherit Semiregularity and Constrained Semiregularity

CDTs (unweighted and weighted) have properties that allow proofs and algorithms to work in a top-down
fashion: if a domain can be filled with a complex of constrained semiregulard-simplices, the lower-dimen-
sional faces “work themselves out.”

Let s be a simplex that is constrained semiregular within some PLCX. Let t be a face ofs. If t is not
included in a constraining facade inX, then t is also constrained semiregular. What ift is included in a
constraining facade? Thent might not be constrained semiregular withinX, but t is constrained semiregular
within the lowest-dimensional facade that includest (and is not a submersible vertex). It follows that the
act of filling ad-facade with a complex of constrained semiregulard-simplices automatically fills all of its
proper faces with lower-dimensional CDTs.

First consider unconstrained semiregularity.

Theorem 4. Every face of a semiregular simplex is semiregular.

Theorem 4′. Every face of a regular simplex is regular.

Proof. Let s be a semiregular simplex, and lett be a face ofs as in Figure 19. Leths be a witness to the
semiregularity ofs. That is,hs is a d-flat that includess+, and no vertex inX lifts to a point belowhs.
Clearly,hs is also a witness to the semiregularity oft, so Theorem 4 holds.

Supposes is regular. Then every vertex inX lifts abovehs except the vertices ofs. Let ht be ad-flat
found by tiltinghs by a tiny amount (as illustrated), so thatht includest+ but lies below the vertices ofs+

not shared byt+. If the tilt is small enough, the other vertices inX still lift to points aboveht. Hence,ht is a
witness to the regularity oft, and Theorem 4′ holds. �

Theorem 5. Let X be a PLC. Let s be a simplex, and let t be a face of s that is not included in a (closed)
constraining facade in X. If s is constrained semiregular, then t is constrained semiregular.

Theorem 5′. Under the assumptions of Theorem 5, if s is constrained regular, then t is constrained regular.

Proof. Becauses is constrained semiregular,s respectsX. As t is a face ofs, t also respectsX.
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Observe that every vertex visible from the relative interior of t is visible from the relative interior ofs.
Specifically, suppose a vertexv is visible from a pointp in the relative interior oft. Becausep does not lie
in a constraining facade inX, Lemma 6 below implies that some pointp′ in the relative interior ofsseesv.

The rest of the proof is identical to the proof of Theorems 4 and 4′, except that only vertices visible from
the relative interior oft are considered, and every occurrence of “semiregular” or “regular” is thus replaced
with “constrained semiregular” or “constrained regular.” �

The following lemma (which is used frequently in this article) tells us a way to perturb a pointp without
occluding its visibility from another pointq.

Definition 24 (ǫ-neighbor). A point p′ is anǫ-neighbor5 of a point p, with respect to a point q and a closed
PLC X, if p′ ∈ |X|, |pp′| ≤ ǫ, and every (closed) constraining facade in X that contains pcontains either p′

or q.

Lemma 6. Let p and q be two points that can see each other within a PLC X. There is a positive constant
ǫ such that everyǫ-neighbor of p can see q.

Proof. Any facade whose affine hull containsq cannot occlude the visibility betweenp′ andq. Every facade
that containsp contains eitherp′ or q, and thus cannot occlude the visibility betweenp′ andq.

What about the other facades? The line segmentpqdoes not intersect any of them. There is a finite gap
betweenpq and any facade that does not intersectpq, andp must move some non-infinitesimal distance to
close the gap. A sufficiently small choice ofǫ ensures that everyǫ-neighbor ofp is visible fromq. �

Observe that ifp lies in a constraining facadef , but p′ andq do not, thenp′ is not anǫ-neighbor ofp,
and f might occlude the visibility betweenp′ andq.

Next, consider the circumstance where a face of a simplex is included in a constraining facade. The
case of a semiregular simplex is considered first (that’sunconstrained semiregular, albeit in the context of a
PLC), followed by the case of a constrained semiregular simplex.

Theorem 7. Let s be a simplex, and let t be a face of s. Suppose a constraining k-facade f∈ X includes t.
Let Yf be the k-dimensional facade PLC for f (recall Definition 20).

If s is semiregular within X, then t is semiregular within Yf .

Theorem 7′. Under the assumptions of Theorem 7, if s is regular within X, then t is regular within Yf .

Proof. For intuition’s sake, consider first the special case wheres is a Delaunay tetrahedron, illustrated in
Figure 20. No vertex lies inside the circumsphere ofs. If a triangular facet of s lies within a 2-facadef , then
t is Delaunay within the two-dimensional PLCYf . Why? Because the circumcircle oft is a cross-section of
the circumsphere ofs, and therefore it encloses no vertex. Ifs is strongly Delaunay,t is strongly Delaunay.

Figure 21 extends this reasoning to weighted CDTs. Lets be a semiregular simplex. There is a witness
d-flat hs that includess+ such that no lifted vertex lies belowhs. Because the facet of s is included in a
k-facadef , hs yields a witness to the fact thatt is semiregular withinYf as follows.

Let F be the affine hull of f . Think of F as the affine space in whichYf is defined. LetF+ = {〈p, α〉 ∈
Ed+1 : p ∈ F, α ∈ �}. F+ is a vertical (k + 1)-flat in Ed+1, as Figure 21 shows. Think ofF+ as the affine
space in which witnesses forYf are defined. Thenht = hs∩F+ is a witnessk-flat within F+ that includest+.

5It would be more apt to call this an (ǫ, q,X)-neighbor ofp, but it would clutter the writing.
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Figure 20:An unweighted example where d = 3. If a tetrahedron s is Delaunay, each of its faces has an empty
circumcircle, because each face’s circumcircle is a cross-section of the tetrahedron’s circumsphere.
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Figure 21:A weighted example where d = 2. If a simplex s is semiregular (no lifted vertex lies below hs), any
face t of s that lies in a facade f is semiregular within f (no lifted vertex lies below ht).

Because no vertex inX lifts to a point belowhs, no vertex inYf lifts to a point belowht, sot is semiregular
within Yf and Theorem 7 holds.

If s is regular, the lifted companion of every vertex inX lies abovehs, except the vertices ofs+ (which
lie on hs). Thus the lifted companion of every vertex inYf lies aboveht, except the vertices ofs+. If
every vertex ofs in Yf is also a vertex oft, thenht is a witness to the regularity oft within Yf . Otherwise,
ht contains at least one vertex ofs+ that is not a vertex oft+, but that is no obstacle. By tilting slightly as
described in the proof of Theorem 4′, ht becomes a witness to the regularity oft within Yf . Thus Theorem 7′

holds. �

The next theorem generalizes Theorem 5, and is the constrained analog of Theorem 7.
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Figure 22:(a) Example in which f is a 2-facade inside a three-dimensional PLC. The tetrahedron s (which is not
a facade) intersects f at a triangular face of s. The point p lies in the relative interior of the triangular face, and
p′ lies in the interior of s. Both p and p′ can see v. (b) Here s intersects f at an edge t. Although v is visible from
every point on t, v is not visible from inside s.

Theorem 8. Let s be a simplex, and let t be a face of s. Let f be the lowest-dimensional facade in X that
includes t and is not a submersible vertex.

If s is constrained semiregular within X, then t is constrained semiregular within Yf .

Theorem 8′. Under the assumptions of Theorem 8, if s is constrained regular within X, then t is constrained
regular within Yf .

Proof. Becauses is constrained semiregular,s respectsX. As t is a face ofs, t also respectsX. Moreover,
t ⊆ f = |Yf |, sot respectsYf .

Let v be any vertex inYf that is visible from some pointp in the relative interior oft. The following
reasoning shows thatv is also visible from some point in the relative interior ofs. See Figure 22(a). Asp
can seev, Lemma 6 guarantees that there is anǫ > 0 such that everyǫ-neighbor ofp can also seev. Because
t respectsf ’s faces andf is the lowest-dimensional non-submersible facade that includest, the relative
interior of t does not intersect any proper face off , with the possible exception of submersible vertices.
Therefore, every constraining facade that containsp has f for a face and containsv as well. It follows that
every point in|X| within a distance ofǫ from p is anǫ-neighbor ofp (with respect tov). Becausep is on the
boundary ofs, v is visible from some point in the relative interior ofs.

The rest of the proof is identical to the proof of Theorems 7 and 7′, except that only vertices that are
in Yf and visible from the relative interior oft are considered, and every occurrence of “semiregular” or
“regular” is thus replaced with “constrained semiregular”or “constrained regular.” �

Figure 22(b) demonstrates why Theorems 8 and 8′ do not apply if f is not the lowest-dimensional
facade (other than a submersible vertex) that includest. In this example, an edget of a tetrahedrons is a
constraining segment on the internal boundary of a 2-facadef . Althoughs is constrained regular withinX,
t is not constrained regular withinYf , because the vertexv is visible from every point ont. The 2-facadeg
occludes the visibility ofv from every point in the interior ofs, allowing s to be constrained regular.

The next two theorems simplify proving that a triangulationis a CDT, by putting the burden on the
highest-dimensional simplices.
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Theorem 9. Let X be a d-dimensional PLC with no dangling facades (i.e. each facade in X is included in
a d-facade in X). Let T be a simplicial complex that fills X. Suppose every d-simplex in T is constrained
semiregular.

Then T is a CDT of X. Furthermore, for every facade f in X exceptsubmersible vertices,{t ∈ T : t ⊆ f }
is a CDT of Yf .

Proof. By the definition of “constrained semiregular,” everyd-simplex in T respectsX; and asT is a
simplicial complex with no dangling simplices, every simplex inT respectsX.

Let t be any simplex inT. Let f be the lowest-dimensional facade inX that includest. If f is a vertex,
thent = f andt is trivially constrained semiregular withinYf . Otherwise, lets be ad-simplex inT having
t for a face. (Some suchd-simplex must exist, becauseT is a simplicial complex filling a PLC with no
dangling facades.) By assumption,s is constrained semiregular, sot is constrained semiregular withinYf

by Theorem 8.

Therefore, every simplex inT is constrained semiregular within the lowest-dimensionalfacade that
includes it. By definition,T is a CDT of X. BecauseT fills and respectsX, for every non-submersible
facadef ∈ X, the subcomplex{t ∈ T : t ⊆ f } fills and respectsYf , and thus is a CDT ofYf . �

The next theorem generalizes Theorem 9 to cover PLCs of mixeddimensionality.

Theorem 10. Let X be a PLC (possibly with dangling facades). Let T be a simplicial complex that fills X.
Suppose that for every k≥ 1, for every k-facade f∈ X that is not a face of a higher-dimensional facade,
every k-simplex of T included in f is constrained semiregular within Yf .

Then T is a CDT of X. Furthermore, for every facade f in X exceptsubmersible vertices,{t ∈ T : t ⊆ f }
is a CDT of Yf .

Proof. Identical to the proof of Theorem 9, except thats is a k-simplex inT having t for a face, wherek
is the dimensionality of the highest-dimensional facade that includest. (By assumption,s is constrained
semiregular within thek-facade that includess.) �

This section concludes with two corollaries of Theorem 7′.

Corollary 11. If X is ridge-protected, every facade in X is ridge-protected. (That is, if f∈ X, then its facade
PLC Yf is ridge-protected.)

Proof. Ridge protection holds trivially for a PLC of dimension lessthan two, so letf be any facade inX of
dimensionk ≥ 2. LetYf be f ’s facade PLC. Letd be the dimensionality ofX. BecauseX is ridge-protected
andYf ⊆ X, every constraining facade inYf of dimensiond − 2 or less has a triangulation whose simplices
respectX and are regular withinX. By Theorem 7′, these simplices are also regular withinYf . Therefore,
every constraining facade inYf of dimensionk − 2 or less has a triangulation whose simplices respectYf

and are regular withinYf . �

Corollary 12. If X is weakly ridge-protected, every facade in X is weakly ridge-protected.

Proof. Let f be a facade inX, and letYf be f ’s facade PLC. It is apparent from Definition 22 that if a face
of f is grazeable withinYf , then the face is grazeable withinX too. The rest of the proof is identical to the
proof of Corollary 11, except that only everygrazeableconstraining facade inYf of dimensiond− 2 or less
has a triangulation whose simplices respectX (and thereforeYf ) and are regular withinX (and therefore
within Yf ). �
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3.2 The Delaunay Lemma

A well-known and important property of Delaunay triangulations is that “local optimality” is equivalent to
“global optimality,” in the following sense. A facet sharedby two d-simplicess andt is said to belocally
Delaunayif the apex ofs (not shared byt) is not inside the circumsphere oft (equivalently, the apex of
t is not inside the circumsphere ofs). If a triangulation is Delaunay, every facet of the triangulation is
locally Delaunay. Conversely, if every facet of a triangulation of a point set is locally Delaunay, then the
triangulation is Delaunay (i.e. every simplex is Delaunay). Boris Delaunay [14] himself was the first to
make this observation.

This section shows that this equivalence generalizes to weighted CDTs, with the change that facets
included in constraining facades need not be locally Delaunay (or locally semiregular). This result is valu-
able because it provides an inexpensive way to test whether atriangulation is a weighted CDT: check that
it fills and respects the PLC, check every non-constraining facet for local semiregularity, and check each
submerged vertex to ensure it really should be submerged. (Anon-constraining facetis a facet that is not
included in a constraining facade.) The Delaunay Lemma offers an alternative answer to the question, “What
does it mean for a PLCX to have no CDT?” It means that no triangulation ofX fulfills these requirements.

Definition 25 (locally regular; locally semiregular). Let T be a triangulation, and let s and t be two d-
simplices in T that share a facet f . The facet f islocally regularwithin T if the lifted d-simplices s+ and t+

adjoin each other at a dihedral angle, measured from above, of less than180◦. In other words, the apex of
t+ lies above the witness d-flat of s, and vice versa, as illustrated in Figure 13(a).

The facet f islocally semiregularwithin T if the upper dihedral angle where s+ meets t+ is less than or
equal to180◦. In other words, either f is locally regular, or s and t have the same witness d-flat.

If a facet f is constrained regular, thenf is locally regular, because the apices ofs+ and t+ lie above
some witnessd-flat of f . If f is constrained semiregular,f is locally semiregular.

Theorem 13(Delaunay Lemma). Let X be a (weighted) PLC with no dangling facades. A triangulation T
is a (weighted) CDT of X if and only if T has the following four properties.

A. T fills X.

B. T respects X.

C. Every facet in T is either locally semiregular or includedin a constraining(d − 1)-facade of X.

D. If a vertex v in X is missing from T (submerged), then v is in ad-simplex s of T such that v+ lies on or
above s+.

If X is unweighted, Property D reads, “No vertex is submerged.”

The proof of the Delaunay Lemma relies on a lemma that is worthstating separately because it is reused
in Sections 3.3 and 5.1. The lemma uses the following definitions.

Definition 26 (overlaps). Let z be an arbitrary point in Ed. Let s and t be two simplices (each of any
dimensionality). Say that soverlapst from the viewpointz if some point of s not shared by t lies between
z and t, as Figure 23 illustrates. In other words, there exists a point ps ∈ s\t and a point pt ∈ t such that
ps ∈ zpt.
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Figure 23:If s overlaps t from the viewpoint z, then hs(z) > ht(z).

Definition 27 (witness function). Let h ⊂ Ed+1 be a non-vertical d-flat. Thewitness functionh(p) is the
linear function that maps each point p∈ Ed to the xd+1-coordinate such that〈p,h(p)〉 ∈ h. In other words, if
ℓ ⊂ Ed+1 is the vertical line (parallel to the xd+1-axis) that contains〈p,0〉, then h(p) is the xd+1-coordinate
of h∩ ℓ, as Figure 23 illustrates.

Lemma 14. Let s and t be two simplices, each of any dimensionality. Suppose there is a non-vertical d-flat
hs that includes s+ such that every vertex of t+ lies on or above hs. Suppose there is a non-vertical d-flat ht

that includes t+ such that every vertex of s+ liesstrictly above ht, except the vertices shared by t+. Then the
following statements hold.

• If s and t are not disjoint, then s∩ t is a face of both s and t.

• Let z be an arbitrary point in Ed. If s overlaps t from the viewpoint z, then hs(z) > ht(z).

Proof. If s is a face oft, both results follow immediately. (In this case,s does not overlapt from any
viewpoint.) Otherwise,s+ has a vertex thatt+ lacks. This vertex lies onhs and aboveht, sohs , ht. The
d-flats hs andht must intersect, because some vertex ofs+ lies aboveht and some vertex oft+ lies on or
abovehs. Let i+ be the (d − 1)-flat hs ∩ ht. Let i = {p ∈ Ed : hs(p) = ht(p)} be the vertical projection ofi+

into Ed, as illustrated in Figure 23.

The hyperplanei cutsEd into two halfspaces. Every vertex ofs lies in the closed halfspace{p ∈ Ed :
hs(p) ≥ ht(p)}. Therefore, so does every point ins. Likewise, every point int lies in the closed halfspace
{p ∈ Ed : hs(p) ≤ ht(p)}. Any vertexv of s that lies oni has a lifted companionv+ that lies onht, so by
assumption,v must be a vertex oft. Therefore,s∩ t is the convex hull of the vertices ofs that lie oni, which
is a face of bothsandt. Furthermore, any point ofsnot shared byt cannot lie oni.

If s overlapst from the viewpointz, then some pointps ∈ s\t lies betweenz andt. The pointps lies in
the open halfspace{p ∈ Ed : hs(p) > ht(p)}, sozmust lie there too. �

Lemma 14 is similar to theorems of Edelsbrunner [15] and Edelsbrunner and Shah [19], which they
use to prove theacyclicityof every regular triangulationT: for any fixed viewpointz, the overlap relation
among regular simplices is a partial order. The functionhs(z) imposes a total order on the simplices inT
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such that no simplex overlaps another simplex that appears later in the order. This acyclicity property does
not extend to CDTs, but it does apply to the regular simplicesthat comprise the lower-dimensional facades
in a ridge-protected PLC (see Section 5.1).

Proof of the Delaunay Lemma. The “only if” implication is straightforward. IfT is a CDT ofX, Prop-
erties A and B follow by the definition of CDT. Property D follows because everyd-simplex in a CDT is
constrained semiregular. Property C follows because each facet in a CDT is constrained semiregular—unless
it is included in a constraining (d − 1)-facade ofX—and every constrained semiregular simplex is locally
semiregular.

Not surprisingly, the “if” implication takes more work to prove. SupposeT is a triangulation with all
four properties. Lets be anyd-simplex in T. The following argument establishes thats is constrained
semiregular.

Let v be any vertex inX that is visible from some pointp in the interior ofs. It is helpful if the line
segmentvp does not intersect any simplex inT of dimension less thand − 1, except at the vertexv. If this
is not true, then by Lemma 6 there is a neighborhood ofp from which every point can seev. Choose from
this neighborhood a pointp′ such thatp′ is in the interior ofs andvp′ does not intersect any simplex inT
of dimension less thand − 1, except atv.

T is a simplicial complex that fillsX by Property A, so the line segmentvp′ intersects the interiors of a
contiguous sequence ofd-simplicess1, s2, . . . , sk = s, with v ∈ s1. Let fi denote the facet shared bysi and
si+1. Becausevp′ does not intersect any lower-dimensional faces ofT (except atv), it passes through the
relative interiors of the facetsf1, f2, . . . , fk−1. Becausev is visible fromp′, none of these facets is included
in a constraining facade, so by Property C all of them are locally semiregular.

Becausef1 is locally semiregular, eitherhs1 = hs2 or f1 is locally regular. In the latter case,hs1(v) >
hs2(v) by Lemma 14; in either case,hs1(v) ≥ hs2(v). The same reasoning holds forf2, . . . , fk−1, sohs1(v) ≥
hs2(v) ≥ · · · ≥ hsk(v) = hs(v). If v is a vertex ofs1, then the height (xd+1-coordinate) ofv+ ishs1(v); otherwise,
v is submerged, and by Property D the height ofv+ is at leasths1(v).6 In either case,vxd+1 ≥ hs1(v) ≥ hs(v),
sov+ cannot lie below the witnessd-flat hs. Because this is true of every vertexv that is visible from the
interior of s, and becauses respectsX by Property B,s is constrained semiregular.

By assumption,X has no dangling facades, so by Theorem 9,T is a CDT ofX. �

If X has dangling facades,T may be cut into subcomplexes of different dimensionalities so that each
subcomplex has no dangling simplices. Then the Delaunay Lemma can be applied to each piece separately,
thereby showing the constrained semiregularity of the whole. In ak-dimensional portion of the triangulation,
only the local semiregularity of the (k− 1)-faces needs to be checked.

To make good on the title of this article, the following definition offers the constrained analog of a
regular triangulation. A constrained regular triangulation is a projection of a polyhedron whose ridges are
locally convex everywhere except where the constraining facades permit them to be reflex.

Definition 28 (constrained regular triangulation). A triangulation T isconstrained regularrelative to an
unweighted PLC X if T fills and respects X, and there exists an assignment of weights to the vertices in X
such that every non-constraining facet in T is locally regular.7

6The vertexv might lie in severald-simplices ofT (on a shared boundary), and Property D explicitly applies toonly one of
them. But the lifted surfaceT+ is continuous where simplices ofT meet, so Property D holds for all the simplices inT that contain
v.

7Obviously, there is always an assignment of weights to the vertices of X missing fromT that satisfies Property D of the
Delaunay Lemma. Just make their weights really small.



Foundations 33

Figure 24:A triangulation that is not regular. From the viewpoint at the center, the three outer triangles form a
mutually overlapping cycle.

Every generic CDT (recall Definition 19) is a constrained regular triangulation. This fact is a conse-
quence of the Delaunay Lemma and the fact that in a generic CDT, constrained regularity and constrained
semiregularity are the same. However, noteveryCDT is a constrained regular triangulation. For example,
let T be the triangulation illustrated in Figure 24, which is not regular. If all the vertex heights are zero,T is
a valid weighted Delaunay triangulation and (relative to a compatible PLC) a valid weighted CDT. But only
the simplices on the boundary ofT are regular; the rest are only semiregular. No assignment ofweights can
make every edge ofT regular. But ifT is a triangulation of a PLCX, andX includes one of the long internal
edges as a constraining segment, thenT is constrained regular with respect toX.

The viewpoint at the center of the triangulationT in Figure 24 demonstrates thatT doesnot have the
acyclic property established by Edelsbrunner and Shah [19]for regular triangulations. However, constrained
regular triangulations have a limited acyclicity property. Say thats visibly overlaps tfrom the viewpointz
if there exists a pointpt in t’s relative interior that is visible fromz, and a pointps ∈ s\t such thatps ∈ zpt.
For any viewpointz, the visible overlap relation among simplices is a partial order. This fact follows from
Lemma 14 by the same inductive step used to prove the DelaunayLemma, with the inequalities replaced by
the strict inequalitieshsi (z) > hsi+1(z).

Linear programming can determine whether a triangulationT that fills and respectsX is constrained
regular relative toX. The variables of the linear program are the vertex weights and a variableδ. For each
non-constraining facetf in T, write a linear constraint enforcing the local regularity of f . Specifically,f is
a facet of twod-simplicess andt; the linear constraint requires that the apex ofs+ (not shared byt+) be a
distance of at leastδ abovet’s witnessd-flat. The objective is to maximizeδ subject to the facet constraints.
If this linear program has a feasible point withδ > 0, T is constrained regular relative toX.

3.3 The Omnipresent Complex of Constrained Regular Simplices

A property of every PLCX is that its constrained regular simplices (of all dimensionalities, within all the
facades inX) have disjoint relative interiors and form a simplicial complex, even ifX has no CDT. Another
property is that ifX does have a CDT—perhaps several CDTs—then every constrained regular simplex
appears in every CDT ofX. This property implies that ifX is generic, it has at most one CDT.

These properties do not hold for semiregular simplices. If some selection ofd + 2 or more vertices of
a PLC lift to a common non-verticald-flat, the PLC might have more than one CDT, and its semiregular
simplices might have intersecting interiors.
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Figure 25:If P ⊆ C but P * Cm, then m is on the boundary of P.

Because the CDT of a generic PLC contains every constrained regular simplex and no other simplex,
CDT construction algorithms can work in a bottom-up fashion, from low dimensionalities to high: if an
algorithm obtains the CDT of each constraining facade in a generic PLCX (perhaps by calling itself recur-
sively), it can construct the constrained regulard-simplices with confidence that they will match the facade
triangulations. For a nongeneric PLC, however, the CDTs of different constraining facades might be incom-
patible with each other, causing a CDT construction algorithm to fail to find a CDT of the whole PLC even
when one exists. Section 6 offers a perturbation method that enforces genericity, so thatCDT construction
algorithms may avoid this fate.

The proofs rely on the following lemma, which is also used heavily in Section 5.

Lemma 15. Let P and C be closed, convex polyhedra (not necessarily of the same dimensionality) with
P ⊆ C. Let m be a point in the relative interior of P. Let Cm be the face of C whose relative interior contains
m. Then P⊆ Cm.

Proof. If Cm = C the results follows immediately. Otherwise, by Definition 3, there is a hyperplaneh such
thatCm = C ∩ h andh does not intersect the relative interior ofC, which implies thatC\Cm lies entirely on
one side ofh. Clearly,m ∈ h. Suppose for the sake of contradicting the lemma thatP * Cm, as illustrated
in Figure 25. ThenP contains a pointq in C\Cm. Thusq is on the same side ofh asC, and no point inP is
on the other side ofh. BecauseP is convex,P includes the line segmentqm, but any extension of the line
segmentqmpastm lies outsideP. Therefore,m is on the boundary ofP. This contradicts the assumption
thatm is in the relative interior ofP, soP ⊆ Cm. �

The following theorem, which generalizes half of Lemma 14, shows that a constrained semiregular
simplex and a constrained regular simplex can intersect only at a shared face.

Theorem 16. Let s and t be simplices. Suppose that s is constrained semiregular within f and t is con-
strained regular within f′, where f and f′ are facades in a PLC X (possibly with f= f ′), and neither f nor
f ′ is a submersible vertex. If s and t are not disjoint, then s∩ t is a face of both s and t.

Proof. Supposes and t are not disjoint. Letp be a point in the relative interior ofs∩ t, as illustrated in
Figure 26. Letg be the lowest-dimensional facade inX that containsp and is not a submersible vertex.
(Either p is in the relative interior ofg, or p coincides with an isolated submersible vertex ofg’s internal
boundary. Note thatg might be of any dimension from zero tod.) Becausep ∈ f andp ∈ f ′, g is a face (not
necessarily a proper face) of bothf and f ′.

Each ofs and t has one face whose relative interior containsp. Call these faces ˆs and t̂, respectively.
Becausesandt respectX, so doŝandt̂. It follows that every facade that containsp (and is not a submersible
vertex) includes ˆs andt̂. Three such facades aref , f ′, andg.
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Figure 26:A constrained semiregular simplex sand a constrained regular simplex t can intersect only at a shared
face.

By Theorem 8, ˆs is constrained semiregular withing. By Theorem 8′, t̂ is constrained regular withing.
By Lemma 14 (applied within the facade PLCYg), ŝ∩ t̂ is a face of both ˆs and t̂. But p is in the relative
interiors of both ˆsandt̂, andp ∈ ŝ∩ t̂, so ŝ= ŝ∩ t̂ = t̂.

Because ˆs = t̂ is a face of boths andt, t̂ ⊆ s∩ t. By Lemma 15 (substitutingp for m, t for C, t̂ for Cm,
ands∩ t for P), s∩ t ⊆ t̂. Therefore, ˆs= t̂ = s∩ t, verifying thats∩ t is a face of bothsandt. �

Corollary 17. The constrained regular simplices of a PLC have disjoint relative interiors. �

Corollary 18. Let X be a PLC. Let T be the set that contains every simplex thatis constrained regular
within X or within a constraining facade in X. T is a simplicial complex.

Proof. By Theorem 8′, every face of every simplex inT is constrained regular within some facade that
is not a submersible vertex. Therefore,T contains every face of every simplex inT. By Theorem 16, the
intersection of any two simplices inT is either empty or a shared face of the two simplices. HenceT is a
simplicial complex. �

A consequence of Corollary 18 is that if a PLC does not have a CDT, one or more of its facades has
a gap that is not covered by constrained regular simplices. The next theorem shows that if a PLC has
several CDTs, they share the same constrained regular simplices, and differ only by the simplices that are
constrained semiregular but not constrained regular.

Theorem 19. Every CDT of a PLC X contains every simplex that is constrained regular within X or within
a constraining facade in X.

Proof. Let t be any simplex that is constrained regular within some facade f in X, where f is not a sub-
mersible vertex. (If a simplex is constrained regular within X, it is constrained regular within somed-facade
in X.) Let p be a point in the relative interior oft.

Let T be a CDT ofX. BecauseT fills X, T contains a simplexs that containsp and is not a submersible
vertex. By the definition of CDT,s is constrained semiregular within the lowest-dimensionalfacade that
includes it.

By Theorem 16,s∩ t is a face of boths andt. But s∩ t containsp, which is in the relative interior oft,
so s∩ t = t. Therefore,t is a face ofs, andt ∈ T. This conclusion holds for every CDTT of X and every
constrained regular simplext. �
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Corollary 20. A generic PLC has at most one CDT.

Proof. By Theorem 19, every CDT of a PLCX contains every simplex that is constrained regular within a
facade inX, except perhaps within a submersible vertex. By the definition of CDT, no CDT ofX contains
a simplex that is not constrained semiregular within a facade in X. If X is generic, constrained regularity
and constrained semiregularity are equivalent. Therefore, two CDTs ofX can differ from each other only
in the choice of submersible vertices. But a CDT fillsX, so the choice of submersible vertices is uniquely
determined by the higher-dimensional simplices. Therefore,X has at most one CDT. �

This corollary and Corollary 18 together imply that if a PLC is generic and has a CDT, a CDT construc-
tion algorithm can triangulate each facade of the PLC, starting with the 1-facades and working up to the
d-facades, and rest assured that the facade triangulations of different dimensions all match.

4 Interpolation Criteria Optimized by CDTs

Among all triangulations of a fixed two-dimensional vertex set, the Delaunay triangulation is optimal by a
variety of criteria—maximizing the smallest angle in the triangulation [28], minimizing the largest circum-
circle among the triangles [4], and minimizing a property called theroughnessof the triangulation [37, 35].
A two-dimensional CDT shares these same optimality properties, if it is compared with every othercon-
strainedtriangulation of the same PSLG [29, 4].

Delaunay triangulations in higher dimensions also have optimality properties that generalize to CDTs
and offer some of the reasons why higher-dimensional CDTs are such worthy objects of study. Rippa [38]
investigates the use of two-dimensional triangulations for piecewise linear interpolation of a bivariate func-
tion of the formAx2

+By2
+Cx+Dy+E, and concludes that ifA = B, the Delaunay triangulation minimizes

the interpolation error measured in theLq-norm for everyq ≥ 1 (compared with all other triangulations
of the same vertices). Melissaratos [31] generalizes Rippa’s result to higher dimensions. D’Azevedo and
Simpson [13] show that a two-dimensional Delaunay triangulation minimizes the radius of the largest min-
containment circle of its simplices, and Rajan [36] generalizes this result to Delaunay triangulations and
min-containment spheres of any dimensionality. Themin-containment sphereof a simplex is the smallest
hypersphere that encloses the simplex. If the center of the circumsphere of a simplex lies in the simplex,
then the min-containment sphere is the circumsphere. Otherwise, the min-containment sphere is the min-
containment sphere of some face of the simplex.

Rajan’s result and a theorem of Waldron [51] together imply asecond optimality result related to multi-
variate piecewise linear interpolation. Suppose you must choose a triangulation to interpolate an unknown
function (not necessarily convex), and you wish to minimizethe largest pointwise error in the domain.
After you choose the triangulation, an adversary will choose the worst possible smooth function for your
triangulation to interpolate, subject to a fixed upper boundon the absolute curvature (i.e. second directional
derivative) of the function anywhere in the domain. The Delaunay triangulation is your optimal choice.

This section shows that Melissaratos’ and Rajan’s results generalize to CDTs (when CDTs exist). Melis-
saratos’ result also generalizes to any monotonic norm and,with help from weighted CDTs, to any convex
function. Rajan’s result is particular to unweighted CDTs—the paraboloid is the right choice of heights to
minimize the largest min-containment sphere. The proofs given here are similar to Fortune’s presentation for
unconstrained Delaunay triangulations [21], and are substantially simpler than Melissaratos’ and Rajan’s.

Consider multivariate piecewise linear interpolation on aweighted CDT. LetX be a PLC, and letf (p)
be a convex scalar function defined over the triangulation domain |X|. Assign each vertexv ∈ X the weight
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|v|2 − f (v), so that thexd+1-coordinate ofv+ is f (v). Let T be a weighted CDT ofX, if one exists. The
triangulationT and the vertex heightsf (v) define a piecewise linear surfaceT+ = {s+ : s ∈ T}. By analogy
to witness functions (Definition 27), think ofT+ as a continuous piecewise linear functionT+(p), which
maps each pointp ∈ |X| to a real value. Becausef is convex, every vertex inX is semiregular, soT+

interpolates the lifted companion of every vertex inX, even if some vertices inX are missing fromT.

Let e(p) = T+(p) − f (p) be the error in the interpolated functionT+ as an approximation of the true
function f . At each vertexv in X, e(v) = 0. Becausef is convex, the error satisfiese(p) ≥ 0 for all p ∈ |X|.

Consider the unconstrained case first.T is the weighted Delaunay triangulation of the vertices inX, so
T+ is the underside of the convex hull of the lifted vertices. The intuition (formalized in Theorem 21 below)
is that for any pointp ∈ |X|, there is no way to triangulate the lifted vertices that yields a lesser value of
T+(p) than the underside of the convex hull. Melissaratos’ result follows immediately:T minimizes‖e‖Lq

for every Lebesgue normLq.

The constrained case is only a little more complicated.

Theorem 21. Let f(p) be a function defined over the domain|X| of a PLC X. Assign each vertex v∈ X the
height f(v)—i.e. the weight|v|2 − f (v). If X has a weighted CDT, then at every point p∈ |X|, every weighted
CDT T of X minimizes T+(p) among all triangulations of X.

Proof. Let T be a weighted CDT ofX. Suppose for the sake of contradiction that there is a triangulationS
of X and a pointp such thatS+(p) < T+(p). Let sbe the simplex inS whose relative interior containsp. Let
t be a simplex inT that containsp and is not a submersible vertex. Letf be the lowest-dimensional facade
in X that includest. Becauset is not a submersible vertex,f is not one either, sos respectsf . Becausep is
in both f and the relative interior ofs, s ⊆ f . Becauses respectsX andp ∈ s, the vertices ofs are visible
from p by Theorem 3.

Define the pointps = 〈p,S+(p)〉 ∈ Ed+1. Thusps ∈ s+ ∈ S+, andp is the projected companion ofps.
BecauseS+(p) < T+(p), ps lies belowt+. For every witnessd-flat ht that includest+, at least one vertex of
s+ lies belowht, becauses+ is a simplex that containsps. Therefore,t is not constrained semiregular within
f . But by assumption,T is a weighted CDT ofX, sot is constrained semiregular withinf . By contradiction,
there is not a triangulationS and a pointp such thatS+(p) < T+(p). �

Corollary 22. Let f(p) be a convex function defined over the domain|X| of a PLC X. Assign each vertex
v ∈ X the height f(v). If X has a weighted CDT, then at every point p∈ |X|, every weighted CDT T of X
minimizes the interpolation error|T+(p) − f (p)| among all triangulations of X. �

Because the weighted CDT minimizes the errore(p) at every point, the weighted CDT minimizese
in every norm that is monotonic ine, including the Lebesgue norms. With the right choice of weights,
this result holds for any convex function. Rippa also investigates the special case of interpolatingf (p) =
Ax2
+ By2

+Cx+ Dy+ E whereA , B. For a function of this form, an anisotropic triangulation (with long,
thin triangles) is optimal. Rippa suggests handling such functions by affinely mapping the vertices inEd to
a “stretched” space over whichf (p) is isotropic, finding the Delaunay triangulation of the mapped vertices,
and mapping the triangulation back to the original space. Corollary 22 suggests an alternative: use weights
to achieve the same effect as Rippa’s mapping. This approach obtains exactly the same results whenf (p) is
parabolic, but it is more flexible as it can adapt to other convex functions as well.

Corollary 22 plays a part in showing that Rajan’s result generalizes to CDTs.
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Figure 27:Left: within s, the error e(p) is maximized at the point nearest the circumcenter of s. Right: top view
of s, its circumcircle, and its min-containment circle.

Theorem 23. If X has an unweighted CDT, then every unweighted CDT of X minimizes the largest min-
containment sphere, compared with all other triangulations of X.

Proof. Recall thate(p) = T+(p) − f (p). As X is unweighted,f (p) = |p|2.

Over any singled-simplexs, there is an explicit expression fore(p). Recall from the proof of Lemma 1
that the witnessd-flat hs that includess+ has the witness functionhs(p) = 2Ocirc · p− |Ocirc|2 + r2

circ, where
Ocirc andrcirc are the circumcenter and circumradius ofs, andp ∈ Ed varies freely. (Thecircumcenterand
circumradiusof sare the center and radius ofs’s circumsphere.) Hence, for allp ∈ s,

e(p) = hs(p) − f (p)

= 2Ocirc · p− |Ocirc|2 + r2
circ − |p|

2

= r2
circ − |Ocircp|2.

Figure 27 (left) illustrates the functionshs(p) and f (p) over a triangles. The errore(p) is the vertical
distance between the two functions. At which pointp in s is e(p) largest? At the point nearest the circum-
center, because|Ocircp|2 is smallest there. (The error is maximized at the circumcenter if the circumcenter
is in s; Figure 27 gives an example where it is not.) LetOmc andrmc be the center and radius of the min-
containment sphere ofs, respectively. Lemma 24 below shows that the point ins nearestOcirc is Omc, and
r2
mc = e(Omc).

It follows that the square of the min-containment radius ofs is maxp∈s e(p), and thus the largest min-
containment sphere of the entire triangulation has a squared radius of maxp∈|T| e(p). By Corollary 22, the
unweighted CDTT minimizes this quantity among all triangulations ofX. �

Lemma 24. Let Ocirc and rcirc be the circumcenter and circumradius of a d-simplex s. Let Omc and rmc be the
center and radius of the min-containment sphere of s. For p∈ s, define the function e(p) = r2

circ − |Ocircp|2.
Let q be the point in s nearest Ocirc. Then Omc = q and r2mc = e(q).

Proof. Let t be the face ofs whose relative interior containsq. The facet is not a vertex, because the
vertices ofs ares’s furthest points fromOcirc. Becauseq is the point int nearestOcirc, and becauseq is in
the relative interior oft, the line segmentOcircq is orthogonal tot. (This is true even ift = s, in which case
Ocirc − q = 0.) This fact, plus the fact thatOcirc is equidistant from all the vertices oft, implies thatq is
equidistant from all the vertices oft (as Figure 27 demonstrates). Letr be the distance betweenq and any
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vertex oft. Becauseq ∈ t, there is no containing sphere oft (or s) with radius less thanr, because there is
no directionq can move without increasing its distance from one of the vertices oft. Therefore,q andr are
the center and radius of the min-containment sphere oft.

By the following reasoning,s has the same min-containment sphere ast. If q = Ocirc, this conclusion is
immediate. Otherwise, leth be the hyperplane throughq orthogonal toOcircq. Observe thath includest. No
point in s is on the same side ofh asOcirc: if there were such a pointw, there would be a point ins (between
w andq) closer toOcirc thanq, contradicting the fact thatq is closest. Observe thath cuts the circumsphere
into two pieces, and that the smaller piece enclosess and is enclosed by the min-containment sphere oft.
Therefore,q andr are the center and radius of the min-containment sphere ofs.

Let v be any vertex oft. Pythagoras’ Law on△Ocircqv (see Figure 27) yieldsr2
circ = r2

+ |Ocircq|2, and
thereforer2

= e(q). �

For an algebraic proof of Lemma 24 (based on quadratic program duality), see Lemma 3 of Rajan [36].

The optimality of the CDT for controlling the largest min-containment radius dovetails nicely with
an error bound for piecewise linear interpolation derived by Waldron [51]. LetCc be the space of scalar
functions defined over|X| that haveC1 continuity and whose absolute curvature nowhere exceedsc. In other
words, for everyf ∈ Cc, every pointp ∈ |X|, and every unit direction vectord, the magnitude of the second
directional derivativef ′′d (p) is at mostc. This is a common starting point for analyses of piecewise linear
interpolation error. In contrast with Corollary 22,Cc is not restricted to convex functions.

Let f be a function inCc. Let s⊆ |X| be a simplex (of any dimensionality) with min-containment radius
rmc. Let hs be a linear function that interpolatesf at the vertices ofs. Waldron shows that for allp ∈ s, the
absolute error|e(p)| = |hs(p) − f (p)| is at mostcr2

mc/2. Furthermore, this bound is sharp: for every simplex
s with min-containment radiusrmc, there is a functionf ∈ Cc and a pointp ∈ s such that|e(p)| = cr2

mc/2.
(That function isf (p) = c|p|2/2, as illustrated in Figure 27.)

Theorem 25. Every unweighted CDT T of X (if any exist) minimizes

max
f∈Cc

max
p∈|X|
|T+(p) − f (p)|,

the worst-case pointwise interpolation error, among all triangulations of X.

Proof. For any triangulationT, maxf∈Cc maxp∈|X| |T+(p) − f (p)| = cr2
max/2, wherermax is the largest min-

containment radius among all simplices inT. The result follows immediately from Theorem 23. �

One of the reasons why CDTs are important is because, in the senses of Corollary 22 and Theorem 25,
the CDT is an optimal piecewise linear interpolating surface. Of course,e(p) is not the only criterion for
the merit of a triangulation used for interpolation. Many applications need the interpolant to approximate
the gradient—that is, not only mustT+(p) approximatef (p), but∇T+(p) must approximate∇ f (p) well too.
For the goal of approximating∇ f (p) in three or more dimensions, the weighted CDT is sometimes far from
optimal even for simple functions like the paraboloidf (p) = |p|2. Still, the CDT is a good starting point for
mesh improvement algorithms [6, 7, 10, 11, 16, 30, 46, 48] that create a triangulation that is appropriate for
approximating bothf (p) and∇ f (p).
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horizon

Figure 28:Spherical projection of the halfspace above your vantage point.

5 Proof of the CDT Theorem for Generic PLCs

Theorem 26. Let X be a generic, weakly ridge-protected, d-dimensional PLC (weighted or not). X has a
CDT (a weighted CDT if X is weighted).

This section is devoted to the proof of Theorem 26, the generic version of theCDT Theorem. A lot of
ink must be spilt for it, and readers who are not feeling athletic are invited to skip to Section 6, where the
genericity requirement is removed from Theorem 26.

Half the work is already done: Corollary 18 states that the constrained regular simplices form a simplicial
complex, and Theorem 10 states that if this complex fillsX, it is a CDT ofX. The most difficult part of the
proof is to show that ifX is generic and weakly ridge-protected, the complex fillsX. The forthcoming
Theorem 30 shows that every point in a weakly ridge-protected PLC lies in some constrained semiregular
simplex. Unfortunately, several long proofs are needed to build up to that result.

5.1 Visibility Lemmata

One potential difficulty for the CDT Theorem is illustrated in Figure 28. Imagine that you are standing at a
point p in the interior of a three-dimensional domain, scanning thehalfspace “above”p for a visible vertex.
Looking up into the sky, you see the three illustrated 2-facades, each of which occludes the apical vertex of
another. The remaining vertices of these facades are below the horizon (in the halfspace below you). No
vertex in the halfspace is visible from your vantage point, so there is no constrained semiregular simplex
that containsp.

To prove the existence of a CDT, one must show that this possibility is precluded ifX is weakly ridge-
protected. Fortunately, Lemma 14 does exactly that. By the definition of “weakly ridge-protected,” every
grazeable constraining facade inX of dimensiond − 2 or less is a union of regular simplices. In Figure 28,
observe that the inner edges of the three facades form a cycleof overlapping edges. These edges are graze-
able. However, Lemma 14 implies that the overlap relation among regular simplices (from a fixed viewpoint)
constitutes a partial order. The regular edges bounding the2-facades cannot form a cycle. This fact is the
key to proving two key lemmata for weakly ridge-protected PLCs.

For each regular simplexs, let hs be a witness to the regularity ofs. Every lifted vertex lies abovehs,
except the vertices ofs+. Recall from Definition 27 the witness functionhs(p), a linear function that maps
each pointp ∈ Ed to thexd+1-coordinate such that〈p,hs(p)〉 ∈ hs. If s is notd-dimensional, it has infinitely
many witnessd-flats; choose one arbitrarily so thaths(p) is consistently defined.
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Figure 29:The supposition that no vertex in H is visible from p leads to a contradiction.

Lemma 27. Let X be a weakly ridge-protected, d-dimensional PLC. Let p be a point in the interior of|X|.
Let H be an open d-dimensional halfspace whose closure contains p. At least one vertex of X is in H and
visible from p.

Proof. Suppose for the sake of contradiction that no vertex ofX is in H and visible fromp. Let A be the set
containing every simplexe that has the following properties:

• e respectsX and is regular withinX, and

• there is a pointm in e’s relative interior such thatm ∈ H andm is visible fromp.

A is empty—suppose for the sake of contradiction that it is not. Because no vertex ofX is in H and
visible from p, A contains no vertex. Letebe the simplex inA that maximizeshe(p). Let mbe a point ine’s
relative interior that is inH and visible fromp. Becausee is a simplex that intersectsH, at least one vertex
v of e is in H, as Figure 29(a) shows. (The other vertices ofemight lie below the horizon, outsideH.)

By assumption,v is not visible fromp, althoughm is. Letn be the point nearestm on the line segment
mv that is not visible fromp. In other words,n is the first occluded point encountered on a “walk” fromm
to v.8 The line segmentpn must intersect some occluding facade ofX at some pointm′. If several facades
occlude the view ofn from p, consider only the facade that intersectspn closest top, so thatm′ is visible
from p.

Let f be the face of that facade whose relative interior containsm′. (In Figure 29, f is the edgee′.)
Becausen is the first occluded point on the walk fromm to v, f must have dimensiond − 2 or less (i.e.m′

cannot lie in the relative interior of a (d−1)-facade). Because no vertex is inH and visible fromp, f is not a
vertex. The grazing triangle△pnmdemonstrates thatf is grazeable. AsX is weakly ridge-protected,f has a
triangulation whose simplices respectX and are regular withinX. Let e′ be the simplex in that triangulation

8How do we know that thereis a first occluded point on the walk fromm to v, rather than a last visible point? On the walk,
there is at least one transition from pointsp can see to pointsp cannot see. Letn be the point where the first such transition occurs.
Is n visible from p? There are two ways that a transition might occur. One possibility is an interposing facade that occludes the
visibility of n, as in Figure 29(a). The second possibility is thatn lies on a facadef and is visible fromp, but the points following
n on the walk are occluded byf . To exclude this possibility, observe thate is convex,m is in e’s relative interior,v ∈ e, n ∈ mv, and
n , v. Therefore,n must lie ine’s relative interior. Becausee respectsX, every facade that containsn includese, and thereforef
cannot occlude the visibility of any point ine from anywhere. These details are dreary, but the proof depends on them.
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Figure 30:Because m is between q and r , h(m) > he(m).

whose relative interior containsm′. Becausen lies in H and p lies in its closure,m′ lies in H, soe′ ∈ A
(by the definition ofA). Becausen ∈ e, e′ overlapse from the viewpointp, and thereforehe′(p) > he(p) by
Lemma 14.

But this contradicts the assumption thatemaximizeshe(p) among all members ofA. It follows thatA is
empty.

Becausep is in the interior of|X|, at least one facade inX intersectsH. Let g be the lowest-dimensional
facade inX whose relative interior contains a pointy that is inH and visible fromp. By assumption,g is
not a vertex.

Becauseg intersectsH, at least one vertex ofg is in H. Imagine shooting a ray fromy toward that
vertex. Letz be the first point on the boundary ofg struck by the ray, as illustrated in Figure 29(b). Asg
might not be convex,z might not be the vertex, butz is in H. Becauseg is the lowest-dimensional facade
whose relative interior contains a point inH visible fromp, andz lies in the relative interior of a proper face
of g, z is not visible fromp. Let n be the first occluded point encountered on a “walk” fromy to z. By a
repetition of the reasoning above, some simplex inA is interposed betweenp andn. But A is empty, so this
is a contradiction.

It follows that some vertex ofX is in H and visible fromp. �

A second lemma reveals a more subtle (and barely comprehensible) property of visibility in PLCs.

Lemma 28. Let X be a weakly ridge-protected, d-dimensional PLC. Let h⊂ Ed+1 be a non-vertical d-flat.
Let Vh = {v ∈ X : v is a vertex and v+ is on or below h}, and let Ch = conv(Vh). (See Figure 30. Note that
Vh and Ch are sets of points in Ed, not Ed+1.)

Let p be a point in Ch. Suppose that no vertex in X visible from p lifts to a point below h.

Let f ∈ X be a grazeable constraining facade of dimension d− 2 or less. Suppose that some point
mf ∈ f ∩Ch is visible from p.

Then f includes the face of Ch whose relative interior contains mf . (This face may be Ch itself.)
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Proof. BecauseX is weakly ridge-protected,f has a triangulation whose simplices respectX and are regular
within X. Let t be the simplex in this triangulation whose relative interior containsmf .

Let A be the set containing every simplexe that has the following properties:

• e respectsX and is regular withinX, and

• there is a pointm in e’s relative interior such that

– m is visible fromp,

– m ∈ Ch, and

– edoes not include the face ofCh whose relative interior containsm.

If A is empty, thent < A, so t includes the face ofCh whose relative interior containsmf , and the lemma
holds. Suppose for the sake of contradiction thatA contains at least one simplex.

Let e be the simplex inA that maximizeshe(p). As e ∈ A, there is a pointm in the relative interior of
e such thatm ∈ Ch andm is visible from p. Becausee is regular, there is a witnessd-flat he ⊂ Ed+1 that
includese+, as illustrated in Figure 30. Each vertex ofe lifts to a point onhe. Every other vertex inX lifts
to a point abovehe.

For each vertexv ∈ Vh, v+ lies on or belowh, and on or abovehe, soh(v) ≥ he(v). If v is in Vh but not in
e, thenv+ lies strictly abovehe, soh(v) > he(v).

BecauseCh is the convex hull ofVh, andh andhe are linear functions, it follows that for each point
q ∈ Ch, h(q) ≥ he(q), and ifq is not ine, thenh(q) > he(q).

Let Cm be the face ofCh whose relative interior containsm. By assumption,e does not includeCm, so
some pointq ∈ Cm is not ine. Becausem is in the relative interior ofCm, there is a pointr ∈ Cm such that
m is betweenq andr. (See Figure 30.) Thush(q) > he(q) andh(r) ≥ he(r), so by the linearity ofh andhe,
h(m) > he(m).

Becausee is a simplex that containsm, there must be at least one vertexw of e for which h(w) > he(w).
Becausew+ lies onhe, w+ lies belowh, sow ∈ Vh (by the definition ofVh). By assumption, no vertex visible
from p lifts to a point belowh, sow is not visible fromp. But recall thatm ∈ e is visible fromp. Canm be
visible from p if w is not?

Let n be the point nearestm on the line segmentmw that cannot seep, as illustrated in Figure 31. The
line segmentpnmust intersect some facade inX at some pointm′. If there are several facades occluding the
view of n from p, consider only the facade that intersectspnclosest top, so thatm′ is visible fromp.

Let g be the face of that facade whose relative interior containsm′. (In Figure 31,g is the edgee′.)
Becausen is the first occluded point on the walk fromm to w, g must have dimensiond − 2 or less (i.e.
m′ cannot lie in the relative interior of a (d − 1)-facade). The grazing triangle△pnmdemonstrates thatg is
grazeable. AsX is weakly ridge-protected,g has a triangulation whose simplices respectX and are regular
within X. Let e′ be the simplex in that triangulation whose relative interior containsm′. Observe thatn ∈ Ch

becausen lies betweenmandw, which are both inCh. Moreover,m′ ∈ Ch becausem′ lies betweenn andp.
Let Cm′ be the face ofCh whose relative interior containsm′. By Lemma 15 (substitutingCh for C, Cm′ for
Cm, andpn for P), pn⊆ Cm′ . Becauseg occludes the visibility betweenp andn, e′ contains neitherp norn.
It follows thatCm′ * e′.

By the definition ofA, e′ ∈ A. Becausee′ overlapse from the viewpointp, he′(p) > he(p) by Lemma 14.
But this contradicts the assumption thate maximizeshe(p) among all members ofA. It follows that A is
empty, and the lemma holds. �
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5.2 Ridge-Protected PLCs Are Filled

This section completes the proof of Theorem 26. Most of the effort is spent proving that if a PLC is weakly
ridge-protected, every point in the triangulation domain lies in some constrained semiregular simplex. The
proof is made easier by considering a subset of the triangulation domain first—a set of points from which
visibility is particularly well behaved.

For ad-dimensional PLCX, let N be the set containing every point in the interior of|X| that is not
cohyperplanar with anyd affinely independent vertices inX. No point inN lies on any constraining facade,
nor on anyk-simplex whose vertices are inX for k < d, nor on their affine hulls. The closure ofN is the
union of thed-facades inX.

Lemma 29. Let X be a weakly ridge-protected, d-dimensional PLC. DefineN as above, and let p be a point
in N. Some constrained semiregular d-simplex contains p.

Proof. Let W be the set of all vertices inX visible from p (the black vertices in Figure 32, far left). The
following reasoning establishes thatp is in conv(W). Suppose for the sake of contradiction that it is not.
Then there is an open halfspaceH such thatp lies on the boundary ofH andW∩H = ∅.9 But by Lemma 27,
some vertex ofX is in H and visible fromp. This vertex is inW∩ H, a contradiction.

Let s be thed-simplex that containsp in a weighted Delaunay triangulation ofW (Figure 32, second
from left). Becausep ∈ conv(W), some such simplex must exist. The rest of this proof shows that s is
constrained semiregular withinX, so the lemma holds.

Let hs be the unique witness to the semiregularity ofs within W. No vertex inW lifts to a point below
hs, so no vertex inX visible from p lifts to a point belowhs. Let Vh = {v ∈ X : v is a vertex andv+ lies on or
belowhs}. Let Ch be the convex hull ofVh (Figure 32, center). Observe that the vertices ofs are inVh, so
s⊆ Ch andp ∈ Ch.

Let Z be the closure of the set of all points thatp can see in the triangulation domain|X| (Figure 32,
second from right). Becausep ∈ N, p lies in the interior of|X|, which implies thatZ is d-dimensional with
p in its interior. The vertices ofsare inZ.

BecauseZ is the closure of points visible fromp, the shadows cast by constraining facades of dimension
d − 2 or less have no effect onZ. Z is a star-shaped polyhedron (not generally convex) with twotypes

9This claim is intuitive, but its formal proof is tricky. It isthe well-known Farkas Lemma; see Ziegler [54] for a proof.
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Figure 32:From left to right: a PLC X wherein the vertices visible from p (the set W) are colored black, and the
vertices not visible from p are colored white. The weighted Delaunay triangulation of W, and the simplex s therein
that contains p. Ch is the convex hull of the vertices whose lifted companions lie on or below the witness d-flat for
s. Z is the closure of the set of points visible from p. Z ∩Ch is convex and respects X.

of facets: portions of (d − 1)-facades, andshadow facetsthat are cohyperplanar withp because they are
boundaries of shadows cast by occluding (d − 1)-facades.

The rest of this proof is a sequence of claims and their justifications.

Claim: no constraining(d − 1)-facade in X intersects the interior of Z.Becausep ∈ N, p is not
cohyperplanar with any (d − 1)-facade, so every (d − 1)-facade casts a shadow (occludes visibility fromp)
and no (d − 1)-facade intersects the interior ofZ.

Claim: Z∩Ch is a star-shaped d-polyhedron.Becausep ∈ N ∩Ch, p is in the interior ofCh. Because
Z andCh are both closed star-shapedd-polyhedra withp in their kernels and in their interiors, so isZ ∩Ch.

Claim: no constraining facade in X intersects the interior of Z∩Ch. Suppose for the sake of contradiction
that a constraining facadef intersects the interior ofZ∩Ch. Letmbe a point in the intersection off ’s relative
interior and the interior ofZ ∩Ch. Assume without loss of generality thatm is visible fromp—if it is not,
thenm’s visibility is occluded by some other constraining facadethat intersects the interior ofZ∩Ch closer
to p (becauseZ∩Ch is star-shaped withp in its kernel), sof andmcan be replaced by the occluding facade
and the closer intersection point.

Because no constraining (d − 1)-facade intersects the interior ofZ, f must have dimensiond − 2 or
less. To show thatf is grazeable, choose an open grazing triangleL that does not intersect any constraining
facade, such that one boundary edge ofL containsm. Does such a triangle always exist? IfL hasm on its
boundary and is sufficiently small, the only constraining facades that can intersectL are those that contain
m. These facades intersect the interior ofZ, so they have dimensiond−2 or less. Almost every plane (2-flat)
throughm intersects these facades only at the pointm. (Here, “almost every” is used in the analytic sense:
for any (d − 2)-facadeg that containsm, the set of planes throughm that intersectg\{m} has measure zero
in the space of planes throughm.) Therefore, almost every sufficiently small open triangle withm on its
boundary intersects no constraining facade, sof has a grazing triangle.

By Lemma 28, f ⊇ Ch. This contradicts the fact thatCh is d-dimensional andf is at most (d − 2)-
dimensional, so no constraining facade intersects the interior of Z ∩Ch.

Claim: Z∩ Ch is convex.(See Figure 32, far right.) Suppose for the sake of contradiction thatZ ∩ Ch

is not convex. Then there exist two pointsq andr in the interior ofZ ∩Ch such thatqr * Z ∩Ch. Because
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Z ∩ Ch is star-shaped withp in its kernel,Z ∩ Ch includes bothpq and pr, so the three pointsp, q, andr
cannot be collinear. Continuously moveq andr toward p until △pqr ⊂ Z ∩ Ch, but qr still intersects the
boundary ofZ ∩Ch, as illustrated in Figure 33. Letm be the point nearestq onqr that lies on the boundary
of Z∩Ch. (That point is neitherq nor r, which are in the interior.) Loosely speaking,Z∩Ch is locally reflex
at m. BecauseCh is convex withq andr in its interior,m also lies in the interior ofCh, som must lie on the
boundary ofZ.

Because the open triangleL = △pqr is included in the interior ofZ∩Ch, which intersects no constraining
facade,L is a grazing triangle form, andm is visible fromp. Becausem lies on the boundary ofZ, but the
open line segmentpmdoes not intersectZ’s boundary,m lies on at least one facet ofZ that is not a shadow
facet. Therefore,m lies on some (d−1)-facadeg, as illustrated. Becauseg intersects neither the open triangle
L nor the open line segmentqm, m must lie on the boundary ofg.

Let ĝ be the face ofg whose relative interior containsm. Becausem is ong’s boundary, ˆg has dimension
d − 2 or less.L demonstrates that ˆg is grazeable. By Lemma 28, ˆg ⊇ Ch. This contradicts the fact thatCh is
d-dimensional and ˆg is at most (d− 2)-dimensional, soZ ∩Ch is convex.

Claim: Z∩Ch has no shadow facets.This claim follows because shadow facets are cohyperplanarwith
p, butZ ∩Ch is a convexd-polyhedron withp in its interior.

Claim: Z∩ Ch respects X.Suppose for the sake of contradiction that some facadef ∈ X (that is not a
submersible vertex) intersects the relative interior of a faceP of Z ∩Ch, but f does not includeP. Let y be
a point in the intersection off with the relative interior ofP, as illustrated in Figure 34.

Becausef is closed and does not includeP, there is a pointz in the relative interior ofP that is not inf .
Let m be the point nearestz in f ∩ yz, as illustrated. Becausey andz are in the relative interior ofP, so is
m. Let y′ be a point inP such thatm is betweeny′ andz. (The choicey′ = y will do if y , m; but if y = m,
choosey′ just pastmon the ray~zm.) Let f̂ be the face off (possiblyf itself) whose relative interior contains
m. This choice guarantees thaty′ andz do not lie on the affine hull of f̂ , and f̂ cannot have dimensiond.

The facadef̂ cannot have dimensiond− 1, either. If it did, then it would intersect the interior ofZ∩Ch,
becausem is in the relative interiors of botĥf andy′z, y′z is on the boundary ofZ ∩Ch, andy′zdoes not lie
on the same hyperplane asf̂ . But no (d − 1)-facade intersects the interior ofZ. Therefore,f̂ has dimension
d − 2 or less. To show that̂f is grazeable, choose an open grazing triangleL such thatL is included in the
interior of Z ∩Ch, andy′z is an edge of (the closure of)L. No constraining facade intersects the interior of
Z ∩Ch, soL is indeed a grazing triangle.
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Figure 34:The circumstance depicted here, where a facade f intersects the interior of a face P of Z ∩ Ch but
does not include P in its entirety, cannot happen in a weakly ridge-protected PLC.

Let Cm be the face ofCh whose relative interior containsm. By Lemma 28,f̂ ⊇ Cm. Recall thatm lies
in the relative interior ofP, which is a face ofZ ∩Ch, which implies thatP ⊆ Ch. By Lemma 15,P ⊆ Cm.
Thusz ∈ P ⊆ Cm ⊆ f̂ ⊆ f , contradicting the fact thatz is not in f . The claim thatZ∩Ch respectsX follows.

Claim: s⊆ Z ∩Ch. This claim follows because bothZ andCh contain all the vertices ofs, andZ ∩Ch

is convex.

Claim: s respects X.Let t be any face ofs, and letm be any point in the relative interior oft. Suppose
some facadef ∈ X (that is not a submersible vertex) containsm. As m ∈ t ⊆ s⊆ Z ∩Ch, let Cm be the face
of Z ∩Ch whose relative interior containsm. Becauset andZ ∩Ch are convex witht ⊆ Z ∩Ch, it follows
from Lemma 15 (substitutingt for P andZ ∩Ch for C) thatt ⊆ Cm.

Recall thatZ ∩Ch respectsf : if f intersects the relative interior of a face ofZ ∩Ch, then f includes the
whole face. Becausef intersects the relative interior ofCm (at m), f includesCm, which implies thatt ⊆ f .
This relationship holds for any facet of s, any pointm, and any facadef ∈ X that satisfy the assumptions,
sos respectsX.

Claim: Every point in Z∩Ch can see every other point in Z∩Ch, but no point in the interior of Z∩Ch

can see any vertex of Vh not in Z∩Ch. The first half of this claim follows from Theorem 3 becauseZ ∩Ch

respectsX. For the second half of the claim, letq be a point in the interior ofZ∩Ch, and letv be a vertex in
Vh that is not inZ ∩Ch. Some facetF of Z ∩Ch lies betweenq andv. Becausev is in Ch (which is convex)
andq is in its interior,F is not on the boundary ofCh. ThusF must lie on the boundary ofZ. Because
Z ∩Ch has no shadow facets,F must be included in some (d− 1)-facade inX, which occludes the visibility
of v from q. Therefore, no point in the interior ofZ ∩Ch can see any vertex ofVh not inZ ∩Ch.

Claim: s is constrained semiregular.Becausep ∈ Z∩Ch, p sees every vertex inZ∩Ch. By construction,
no vertex visible fromp has a lifted companion below the witnesshs; therefore, no vertex inZ ∩ Ch has
one. By the definition ofVh, every vertex inX whose lifted companion is belowhs is in Vh. By the previous
claim, no point in the interior ofs ⊆ Z ∩ Ch can see any vertex ofVh not in Z ∩ Ch. Therefore, no point
in the interior ofs can see any vertex whose lifted companion is belowhs. Moreover,s respectsX, sos is
constrained semiregular. �

Theorem 30. Let X be a weakly ridge-protected, d-dimensional PLC. Let p be a point in a d-facade in X.
Some constrained semiregular d-simplex contains p.
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Proof. If p ∈ N, the result follows from Lemma 29. What about points not inN? Every point inN lies in
some closed constrained semiregulard-simplex, and the closure ofN is the union of all thed-facades inX.
It follows that every point in everyd-facade inX lies in some constrained semiregulard-simplex. �

Theorem 30 provides the machinery to prove Theorem 26: ifX is a generic, weakly ridge-protected,
d-dimensional PLC, thenX has a CDT.

Proof of Theorem 26. Let T be the set that contains every simplex that is constrained semiregular within
X or within a constraining facade inX. BecauseX is generic, every constrained semiregular simplex is
constrained regular, and Corollary 18 guarantees thatT is a simplicial complex.

Let p be any point in the triangulation domain|X|. Let f be the highest-dimensional facade inX that
containsp, and letk be the dimensionality off . If k = d, Theorem 30 states that there exists a constrained
semiregulard-simplex that containsp. By the definition ofT, thisd-simplex is inT.

If k < d, f is a dangling facade. LetYf be thek-dimensional facade PLC forf . By Corollary 12,Yf is
weakly ridge-protected. Therefore Theorem 30 applies, with Yf substituted forX andk substituted ford. In
this case the theorem states that somek-simplex exists that containsp and is constrained semiregular within
Yf . Thisk-simplex is inT.

Because such a simplex exists for every pointp ∈ |X|, T fills X. By Theorem 10,T is a CDT ofX. �

Theorem 26 requiresX to be generic only to ensure that Corollary 18 applies. IfX is nongeneric,T may
contain constrained semiregular simplices whose interiors overlap. Theorem 30, however, holds even for
nongenericX.

6 Nongeneric PLCs, Weight Perturbations, and the CDT Theorem

It is well known that the Delaunay triangulation is not unique whend + 2 or more vertices lie on a com-
mon empty hypersphere. Every affinely independent subset of these cospherical vertices yields a Delaunay
simplex. Some of the Delaunay simplices have mutually overlapping relative interiors, so some Delaunay
simplices must be omitted to form a proper triangulation. Different choices yield different Delaunay trian-
gulations. Likewise, a weighted Delaunay triangulation isnot unique when the underside of the convex hull
of the lifted vertices has a facet that is not a simplex.

The story is a bit more complicated for CDTs and weighted CDTs. The triangulation domain of a PLC
might have a polyhedral gap (not necessarily convex) that isnot covered by constrained regular simplices.
Sometimes this happens simply because the PLC has no CDT, butsometimes the gap can be triangulated
with constrained semiregular simplices. A gap might have several such triangulations, yielding multiple
CDTs of one PLC. If a gap is shaped like Schönhardt’s polyhedron, it cannot be triangulated at all.

A generic PLC has at most one weighted CDT (by Corollary 20), consisting of every constrained reg-
ular simplex (by Theorem 19), so it is pleasingly unambiguous. A nongeneric PLC raises the question of
whether there exists a set of constrained semiregular simplices that fill the gaps and complete the triangula-
tion. Because there may be several choices of constrained semiregular simplex to cover any point in a gap,
determining whether a CDT exists is like solving a jigsaw puzzle with extra, useless pieces included.

Surprisingly, the problem of determining whether a three-dimensional nongeneric PLC has a CDT is
NP-complete [24], even for an unweighted PLC. By contrast, it is always possible to determine whether a
generic PLC has a CDT in polynomial time—by attempting to construct it. (See the second article in this
series for further discussion.)
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This section removes the genericity requirement from the CDT Theorem by perturbing the vertex
weights so that nod + 2 vertices lift to a common non-verticald-flat. The vertex coordinates are not
perturbed. If the perturbed PLC has a CDT, the latter is also aCDT of the original, unperturbed PLC. The
method works even for unweighted PLCs, by temporarily assigning each vertex a tiny weight. This idea first
appears in the work of Edelsbrunner and Mücke [17, Section 5.4].

The weight perturbation method serves a practical functionas well as a theoretical one. The third article
in this series describes an easy way to implement the perturbations to ensure the correctness of algorithms
for constructing and updating CDTs. There is a catch, though. Will a PLC that has a CDT still have a CDT
after it is perturbed? Not necessarily. Perturbations cannot circumvent the NP-hardness result.

The perturbations aresymbolic—the magnitudes of the perturbations are not explicitly specified. Fol-
lowing Edelsbrunner and M̈ucke, theith vertex weight could be perturbed byǫ2

i
for a sufficiently smallǫ,

but the proofs are simpler if the perturbations are implicitly chosen by the following procedure instead.

Let X be ad-dimensional PLC. LetV be the set of vertices inX. Consider all the (d + 1)-simplices,
including degenerate ones, that can be defined by taking subsets ofd + 2 lifted vertices fromV+. Call these
theorientation simplices. Assume that the vertices of each orientation simplex are listed in some canonical
order. The signed volume of an orientation simplex〈v+0 , v+1 , . . . , v+d+1〉 is 1/(d + 1)! times the determinant
of the matrix with column vectorsv+1 − v+0 , v

+

2 − v+0 , . . . , v
+

d+1 − v+0 . Each signed volume varies linearly
with the vertex weights. Every question about whether a lifted vertex lies above a witnessd-flat for a d-
simplex is a question about the sign of the volume of an orientation simplex. A volume of zero indicates
cohyperplanarity.

Perturb the weights of the vertices inV one at a time, in some arbitrary order, each by a tiny negativeor
positive amount (different for each vertex). To perturb the weight of a vertexv, choose the magnitude of the
perturbation to be sufficiently small that no orientation simplex’s signed volume changes from positive to
nonpositive, or from negative to nonnegative. Some signed volumes may change from zero to nonzero—that
is the goal of the perturbations. Once a signed volume becomes nonzero, subsequent perturbations are not
permitted to change its sign. The idea is to move vertices off of witnesses, but never to move a vertex from
above a witness to below, nor vice versa. For each vertex in turn, it is always possible to choose a nonzero
perturbation small enough to satisfy these restrictions. Perturb every vertex once.

Theorem 31. Let X be a PLC. Let X′ be a weighted PLC defined by perturbing every vertex weight inX
as described above. (If X is unweighted, assign each vertex aweight of zero before perturbing it.) The
following statements hold.

A. If a simplex s is regular within X, it is regular within X′.
B. If a simplex s is constrained regular within a facade in X, it is constrained regular within the same

facade in X′.
C. If a simplex s is regular within X′, it is semiregular within X.
D. If a simplex s is constrained regular within a facade in X′, it is constrained semiregular within the same

facade in X.
E. X′ is generic and has at most one CDT.
F. If X is ridge-protected, so is X′.
G. If X is weakly ridge-protected, so is X′.
H. If X′ has a CDT, the CDT of X′ is a CDT of X.
I. If X is generic, X and X′ have the same CDT (or lack thereof).
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Proof. A lifted vertex lies above, on, or below the witness for ad-simplex according to whether the signed
volume of some orientation simplex is positive, zero, or negative. Similarly, the regularity of any lower-
dimensional simplex depends on the volumes of certain orientation simplices all having the right sign.
Because a perturbation never changes the volume of any orientation simplex from positive to nonpositive or
from negative to nonnegative, Statements A, B, C, and D hold by induction on the sequence of perturbations.

Perturbing the height of a vertexv movesv+ off of any non-verticald-flat that it lay on before the
perturbation. No perturbation, ofv or any other vertex, can movev+ onto a witnessd-flat thatv+ did not lie
on before the perturbation, because that would imply that the volume of some orientation simplex changes
from nonzero to zero. Therefore,v+ does not lie on any witness immediately after it is perturbed, except the
witnesses that by definition pass throughv+; and subsequent perturbations preserve this claim. By induction
on the sequence of vertex perturbations, the claim holds forevery vertex inX′, and X′ is generic. By
Corollary 20,X′ has at most one CDT.

Statements F and G follow from A. Statement H follows from D and the genericity ofX′.

If X is generic, then constrained regularity and constrained semiregularity are equivalent. Thus, State-
ment B implies that any CDT ofX is a CDT ofX′, just as Statement H says that any CDT ofX′ is a CDT of
X. EitherX andX′ both have the same CDT, or both have no CDT. �

A CDT of X′ is a CDT of X, but if X is nongeneric, different perturbations ofX (i.e. perturbing the
vertices in a different order, or using different mixtures of positive and negative perturbations) mayyield
different CDTs ofX, or no CDT at all. Nevertheless, any choice of perturbation faithful to the procedure
described above suffices to excise the genericity requirement from Theorem 26.

Theorem 32(CDT Theorem). Let X be a weakly ridge-protected, d-dimensional PLC (weighted or not). X
has a CDT (a weighted CDT if X is weighted).

Proof. Let X′ be the perturbed weighted PLC defined in Theorem 31. By the theorem,X′ is generic and
weakly ridge-protected, so by Theorem 26,X′ has a CDTT. By Theorem 31,T is a CDT ofX. �

7 Conclusions

In their article on two-dimensional conforming Delaunay triangulations, Edelsbrunner and Tan [20] write:

A seemingly difficult open problem is the generalization of our polynomial bound to three
dimensions. The somewhat easier version of the generalizedproblem considers a graph whose
vertices are embedded as points in�3, and edges are represented by straight line segments
connecting embedded vertices. More relevant, however, is the problem for the crossing-free
embedding of a complex consisting of vertices, edges,and triangles.

Three-dimensional CDTs shift the emphasis back to the former of these two problems. An algorithm that
could create a Steiner CDT by inserting only a polynomial number of additional vertices would be an
exciting development.

Some applications of finite element methods use meshes that have open slits, which are infinitesimally
thin fissures across which information does not flow. The ideas in this article seem to extend in a straightfor-
ward way to topological PLCs wherein open slits are modeled by topological holes in the domain. Unfor-
tunately, it is difficult to describe these PLCs in simple geometric terms, because of the need to distinguish
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topologically distinct points that have the same coordinates. For example, an internal (d − 1)-facade can
be converted into an open slit by making a topologically distinct copy of the facade that coincides with the
original. Both the original and the copy adjoin the exteriordomain (the infinitesimally thin hole), but they
adjoin each other only along their external boundaries. Theinternal vertices in the original facade are topo-
logically distinct from the internal vertices in the copy (and may or may not coincide), thereby supporting
the interpolation of discontinuous functions as illustrated in Figure 1 (right). The open question is how to
formulate these topological PLCs rigorously, and how to extend the results in this article to them.

Several other questions deserve investigation. Is there a simply stated and tested condition that is both
sufficient and necessary for a generic PLC to have a CDT? The NP-hardness result suggests that there is
no such condition for nongeneric PLCs. Is there a less conservative definition of “constrained Delaunay”
(perhaps giving more power to constraining facades of dimension less thand − 1) that admits useful, well-
defined triangulations over a larger class of PLCs? Is there abetter approach to assuring the existence of a
CDT than to make a PLC weakly ridge-protected? Finally, whendo curved manifold complexes (e.g. the
stratifications mentioned in Section 2.1) have CDTs?
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[12] David Cohen-Steiner,́Eric Colin de Verdìere, and Mariette Yvinec.Conforming Delaunay Trian-
gulations in 3D. Proceedings of the Eighteenth Annual Symposium on Computational Geometry
(Barcelona, Spain), pages 199–208. Association for Computing Machinery, June 2002.

[13] Ed F. D’Azevedo and R. Bruce Simpson.On Optimal Interpolation Triangle Incidences. SIAM Journal
on Scientific and Statistical Computing10:1063–1075, 1989.

[14] Boris Nikolaevich Delaunay.Sur la Sphère Vide. Izvestia Akademia Nauk SSSR, VII Seria, Otdelenie
Matematicheskii i Estestvennyka Nauk7:793–800, 1934.

[15] Herbert Edelsbrunner.An Acyclicity Theorem for Cell Complexes in d Dimension. Combinatorica
10(3):251–260, 1990.

[16] Herbert Edelsbrunner and Damrong Guoy.An Experimental Study of Sliver Exudation. Tenth Interna-
tional Meshing Roundtable (Newport Beach, California), pages 307–316. Sandia National Laborato-
ries, October 2001.
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