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Abstract

Two-dimensional constrained Delaunay triangulationgg@@metric structures that are popular for interpo-
lation and mesh generation because they respect the shigplesar domains, they have “nicely shaped”
triangles that optimize several criteria, and they are ¢agpnstruct and update. The present work gener-
alizes constrained Delaunay triangulations (CDTSs) to @iglimensions and describes constrained variants
of regular triangulations, here christenegighted CDTsand constrained regular triangulationsCDTs

and weighted CDTs are powerful and practical models of géacndomains, especially in two and three
dimensions.

The main contributions are rigorous, theory-tested dédimét of constrained Delaunay triangulations and
piecewise linear complexes (geometric domains that iraratp nonconvex faces with “internal” bound-
aries), a characterization of the combinatorial propemieCDTs and weighted CDTs (including a general-
ization of the Delaunay Lemma), the proof of several optitpalroperties of CDTs when they are used for
piecewise linear interpolation, and a simple and usefuflt@n that guarantees that a domain has a CDT.
These results provide foundations for reasoning about Cantsproving the correctness of algorithms.
Later articles in this series discuss algorithms for cartsiing and updating CDTs.
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1 Introduction

Many geometric applications can benefit from triangulatitivat have properties similar to Delaunay trian-
gulations, but are constrained to contain specified edgie€es. Delaunay triangulations have virtues when
they are used to interpolate multivariate functions [13,28 50], including a tendency to favor “round”
simplices over “skinny” ones. However, some applicatiogly on the presence of faces that represent
specified discontinuities, as illustrated in Figure 1, amelDelaunay triangulation might not respect these
constraints. Triangulations also serve as meshes thageprobjects for rendering or for the numerical so-
lution of partial diferential equations. For these purposes, Delaunay triatigns have many advantages,
but the triangulations are required to assume the shapbe objects being modeled, and perhaps to resolve
interfaces where flierent materials meet or where boundary conditions areethpli

In two dimensions, there are two popular alternatives feating a Delaunay-like triangulation that
respects constraints. In either case, the inputgaar straight line graph(PSLG), such as the one illus-
trated in Figure 2 (left). A PSLX is a set of vertices and segments (constraining edges)dtistystwo
restrictions: both endpoints of every segmerXiare members ok, and a segment iK may intersect other
segments and vertices ¥wonly at its endpoints. A triangulation is sought that comsghe vertices iX and
respects the segmentsxXn

The first alternative is to form eonforming Delaunay triangulatio(Figure 2, second from right). The
vertices ofX are augmented by additional vertices (sometimes c8ltether pointscarefully chosen so that
the Delaunay triangulation of the augmented vertex setrars to all the segments—in other words, so that
each segment is represented by a contiguous linear seqoiegabges of the triangulation. Edelsbrunner and
Tan [20] show that a PSL& can be triangulated with the addition @{m?n) augmenting vertices, where

f(x,y)

Figure 1: A triangulation that respects a discontinuity in a function (right) can be a better interpolating surface
than one that does not (left).

Figure 2:The Delaunay triangulation (second from left) of the vertices of a PSLG (far left) might not respect the
segments of the PSLG. These segments can be incorporated by adding vertices to obtain a conforming Delaunay
triangulation (second from right), or by forgoing Delaunay triangles in favor of constrained Delaunay triangles (far
right).
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Figure 3:The edge e and the triangle t are both constrained Delaunay. Bold lines represent segments.

m is the number of segments Ky andn is the number of vertices iK. For many PSLGs, their algorithm
uses far fewer augmenting vertices, but the numbers radjiningractice are often undesirably large. PSLGs
are known that have no conforming Delaunay triangulatiotihiéwer than®(mn) augmenting vertices.
Closing the gap between tid¥n?n) andQ(mn) bounds remains an open problem.

The second alternative is to formcanstrained Delaunay triangulatiofCDT) [29, 9, 43], illustrated
at far right in Figure 2. A CDT ofX has no vertices not iX, and every segment iX is a single edge
of the CDT. However, a CDT, despite its name, is not a Deladnaggulation. In an ordinary Delaunay
triangulation, every simplex (triangle, edge, or vertexpelaunay A simplex is Delaunay if its vertices
are inX and there exists aircumcircle of the simplex—a circle that passes through all its verticdsat
encloses no vertex iX. (Any number of vertices is permitted on the circle.) In a CIDs requirement
is waived, and instead every simplex must either be a segspewified inX or beconstrained Delaunay
A simplex is constrained Delaunay if it has a circumcirclattencloses no vertex i that isvisible from
any point in the relative interior of the simplex—here vikip is occluded only by segments iKk—and
furthermore, the simplex does not “cross” any segment. &formal definition, see Section 1.1.)

Figure 3 demonstrates examples of a constrained Delaumgeathd a constrained Delaunay triangle
t. Segments inX appear as bold lines. Although there is no empty circle thatosese, the depicted
circumcircle ofe encloses no vertex that is visible from the relative inteabe. There are two vertices
inside the circle, but both are hidden behind segments. éjenis constrained Delaunay. Similarly, the
sole circumcircle ot encloses two vertices, but both are hidden from the interfidrby segments, sbis
constrained Delaunay.

The advantage of a CDT over a conforming Delaunay trianguias that it has no vertex other than
those inX. The advantage of a conforming Delaunay triangulationasitl triangles are Delaunay, whereas
those of a CDT are not. Nevertheless, CDTs retain many ofék&able properties of Delaunay triangula-
tions. For instance, a two-dimensional CDT maximizes theimmim angle in the triangulation, compared
with all other constrained triangulations Xf[29].

We live in a three-dimensional world, and those who modehiteha natural interest in constructing
constrained and conforming triangulations in three or ndneensions. Algorithms by Murphy, Mount,
and Gable [33], Cohen-Steiner, Colin de Vém, and Yvinec [12], Cheng and Poon [8], and Pav and Walk-
ington [34] can construct a conforming Delaunay tetrahlightion of any three-dimensional polyhedron
by inserting carefully chosen vertices on the boundary efgblyhedron. (Their algorithms work not only
on polyhedra, but also on a more general input call@ieaewise linear complexiefined below.) These
algorithms might introduce a huge number of new vertices.kNawvn algorithm for finding conforming
Delaunay tetrahedralizations is guaranteed to introdageapolynomial number of new vertices, and no
algorithm of any complexity has beeffered for four- or higher-dimensional conforming Delaunagm-
gulations.
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Figure 4:Schonhardt’s untetrahedralizable polyhedron (center) is formed by rotating one end of a triangular prism
(left), thereby creating three diagonal reflex edges. Every tetrahedron defined on the vertices of Schonhardt’s
polyhedron sticks out (right).

Prior to the present work (in its first incarnation [45]), C®Mad not been generalized to dimensions
higher than two. One reason is that in three or more dimenmstbere are polytopes that cannot be triangu-
lated at all without additional vertices. Satthardt [41] furnishes a three-dimensional example degitt
Figure 4 (center). The easiest way to envision this polytieds to begin with a triangular prism (Figure 4,
left). Imagine twisting the prism so that the top triangudkage rotates slightly like the lid of a jar, while the
bottom triangular face is fixed in place. Each of the threasgfaces is broken along a diagoreflex edge
(an edge at which the polyhedron is locally nonconvex) imio triangular faces. After this transformation,
the upper left corner and lower right corner of each (forgestjuare face are separated by a reflex edge, and
the line segment connecting them is outside the polyhedémry. four vertices of the polyhedron include
two separated by a reflex edge; thus, any tetrahedron whoteegeare vertices of the polyhedron does
not lie entirely within the polyhedron, as illustrated ajhi in Figure 4. Schnhardt’s polyhedron cannot be
tetrahedralized without an additional vertex. (One exadex at its center will do.)

Ruppert and Seidel [40] add to thefttiulty by proving that it is NP-hard to determine whether a&éar
dimensional polyhedron is tetrahedralizable. Even amatghedra that can be triangulated without addi-
tional vertices, there is not always a triangulation tham igny reasonable sense “constrained Delaunay.”

What features of polytopes make them amenable to beinggurlated with Delaunay-like simplices?
This article dfers a partial answer by proposing a conservative extensithre alefinition of CDT to higher
dimensions, and by demonstrating that there is an eastiydesd enforced, fiicient (but not necessary)
condition that guarantees that a CDT exists. This articde ahows that CDTs optimize several criteria
for the accuracy of piecewise linear interpolation of dert@asses of functions. These results extend to
weighted CDTga constrained generalization of regular triangulatipng)erein each vertex is assigned a
numerical weight that influences the triangulation.

There is more than one way in which the notion of “constraiDethunay” might generalize to three or
more dimensions. The choices made here yield useful CDTs&féinant algorithms for their construction,
though other generalizations of CDTs might be discoveretarfuture.

This article is the first in a three-part series. The secotidlardiscusses sweep and gift-wrapping
algorithms for constructing the CDT of any piecewise lineamplex that has one, except for a class of dif-
ficult, “nongeneric” inputs. It also demonstrates the Nifpteteness of determining whether a nongeneric
polyhedron has a CDT. The third article discusses algostfanupdating a CDT to reflect the insertion or
deletion of a | — 1)-facade, a vertex, or several vertices, as well as anrmemnéal algorithm for constructing
CDTs that have a property called “ridge protection” (ddsediin the next section).
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Figure 5:Each facade of a PLC (left) may have holes, slits, and interior vertices, which are used to constrain a
triangulation or to support intersections with other facades. The illustration at right is the constrained Delaunay
triangulation of the PLC at left. Itis a PLC, too.

1.1 Summary of Results

The input is giecewise linear complgRLC), following Miller, Talmor, Teng, Walkington, and Wgii32] 1

A PLC is a finite set ofacadesn an ambient spacEY. A facade is a polytope (roughly speaking) of any
dimension from zero td, possibly with holes and lower-dimensional facades ingideigure 5 illustrates

a three-dimensional PLC. As the figure shows, a facade mag drawnumber of sides, may be nonconvex,
and may have holes, slits, or vertices inside it.kAacadeis a k-dimensional facade. Zero-facades are
vertices, and 1-facades are segments. Observe that a P@lt@asdimensional PLC without 2-facades.

PLCs have restrictions similar to those of PSLGs or any atfyes of complex. For each facaden a
PLC X, the boundary of must be composed of lower-dimensional facades.ifNlonempty intersections of
facades inX must be facades iK. For details, see Section 2.1, where the tefaeadeandPLC are defined
with full mathematical rigor.

The purpose of most facades is to constrain a triangulafiahdimensional PLC typically included-
facades, whose purpose is to specify what region the trlatign should fill. The union of all the facades in
a PLCX is thetriangulation domainX|, the portion of space a user wishes to triangulate. The fpadn
of a triangulation domain is sometimes crucial, becausetaree PLCs for which a CDT of the triangulation
domain exists but a CDT of its convex hull does not. For examnplis easy to tetrahedralize the region
sandwiched between S@hhardt’s polyhedron and a suitable bounding box, evenghdloe interior of the
polyhedron is not tetrahedralizable.

The complement of the triangulation domalf!\|X|, is called theexterior domainand includes any
hollow cavities enclosed by the triangulation domain, a#i a® outer space. Becaudeis a complex,
some of its § — 1)-facades separate the interior of the triangulation dorram the exterior domain. But
not all (d — 1)-facades play this role. Figure 5 includes sevdaigling lower-dimensional facades that
are not part of anygl-facade. Some facades amernal facadeswhich do not lie on the boundary of the
exterior domain. These facades allow PLCs to represeniptaittomponent domains and domains with
nonmanifold boundaries.

The goal of this work is to subdivide a domain into simplic&k-simplexs ak-dimensional simplex—
the convex hull ofk + 1 afinely independent points. &iangulation or simplicial complex Tis a finite
set of simplices that intersect each other “nicely’:contains every face of every simplex T and the
intersection of any two simplices if is either empty or a face of both simplices. A triangulatiofills a
PLC Xif Ut t = Usex T; thatis, if the union of simplices i is the triangulation domaifX|.

IMiller et al. call it apiecewise linear systgnbut their construction is so obviously a complex that a gesim name seems
obligatory.
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Figure 6: Left: examples of triangles that respect a shaded facade. Center: examples of triangles that do not
respect the facade. Right: examples of triangles that respect the facade, but do not respect all its edges and
vertices (which are facades themselves).

Of course, not all triangulations that fil are equally good. Facades constrain what sort of simplex is
acceptable. A simplex respecta facadef if sn f is a union of faces o$ (possibly empty). As Figure 6
illustrates, the intersection of a nonconvex facade andhagle that respects it might be the empty set, a
vertex, an edge, the entire triangle, the union of two ortaibé edges, the union of two or all three vertices,
or the union of an edge and opposite vertex of the triangleskty speaking, ié respectd, thens cannot
“cross” f or f's boundary.

A simplex s respects Xf s C |X| andsrespects every facade ¥j except perhaps some of the vertices.
(Weighted CDTs may omit some of the vertices<nunlike ordinary CDTs. But some designated vertices
must be respected; see Section 2.3 for details.)

A triangulationT is atriangulation of Xif T fills X, every simplex ifl respectsX, and every vertex in
T is in X. This definition implies that every facadeXn(except perhaps the vertices) is a union of simplices
in T. (See Section 2.3 for a discussion of why the definition dae¢&xplicitly require every vertex iiX to
be inT. This requirement arises implicitly if every vertex is dgsted as one that must be respected.)

Sometimes it is desirable to permit a triangulation to hasdiees not present iX—and sometimes
it is necessary, as Sohhardt demonstrates. A triangulatidnis a conforming triangulationor Steiner
triangulationof X if T fills X and every simplex il respect. This article is devoted to pure triangulations
in which extra vertices are not permitted, but Steiner tfidations are investigated elsewhere [47, 49].

Within a PLCX, the visibility between two pointp andq is occludedif pg ¢ [X| or there is a facade
betweenp andg whose #&ine hull contains neithep nor g. (Note, however, that some vertices do not
obstruct visibility—namely those that the triangulati@nniot required to respect. See Section 2.4.) The
pointsp andq arevisiblefrom each other ifpg C |X| and X contains no occluding facade.

Let s be ak-simplex (for anyk) whose vertices are iX (thoughsis not necessarily a facade ). Let
S be a (full-dimensional) hypersphereHd. S is acircumspheref sif S passes through all the vertices of
s. If k = d, thens has a unique circumsphere; otherwisas infinitely many circumspheres. The simplex
sis Delaunayif there exists a circumsphe&of sthat encloses no vertex ). The simplexs is strongly
Delaunayif there exists a circumsphegeof ssuch that no vertex iX lies insideor on S, except the vertices
of s. Every O-simplex (vertex) is trivially strongly Delaunay.

A simplexsis constrained Delaunaif

e the vertices ok are inX,
e srespect, and

e there is a circumsphef&of ssuch that no vertex of insideS is visible from any point in the relative
interior of s.
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Figure 7:A constrained Delaunay tetrahedron t.

Figure 7 depicts a constrained Delaunay tetrahetlofE3. The intersection of with the facadef is a
face oft, sot respectsX. The circumsphere dfencloses one vertex butv is not visible from any point in
the interior oft, becausd occludes its visibility.

A constrained Delaunay triangulation @f X is a triangulation ofX in which everyd-simplex is con-
strained Delaunay. K has dangling facades, this characterization isffitsant, and we must resort to the
(less readable) true definition: a COTof X is a triangulation o in which each simplex is constrained De-
launay “within” the lowest-dimensional facadeXrthat includes it. For example, a three-dimensional CDT
fills each 2-facade (dangling or not) with triangles thatarestrained Delaunay “within” that 2-facade, and
collectively comprise a two-dimensional CDT of the 2-fagatiowever, those triangles might not be con-
strained Delaunay within the three-dimensional PLC—théhtrhave empty circumcircles, but not empty
circumspheres. (That is why the 2-facade is there—to eafibre presence of triangles that might otherwise
be absent.) The definition of “CDT” is therefore recursivétia dimension. See Section 2.4 for details.

The first main result of this article is a characterizatiomainy basic properties of constrained Delaunay
and weighted constrained Delaunay triangulations, awai®dgo the well-known properties of Delaunay
triangulations. (Weighted CDTs are defined in Section 2Bor example, every face of a constrained
Delaunay simplex is itself constrained Delaunay within edatade. A CDT of a facade includes CDTs of
all the facade’s faces (Section 3.1). If a PLC hagdne 2 vertices lying on a common hypersphere, then
its constrained Delaunay simplices have disjoint relatiteriors and form a simplicial complex, and it has
at most one CDT (Section 3.3). The Delaunay Lemma, whichajuees that a triangulation of a vertex
set is Delaunay if and only if its facets are locally Delaufip4], generalizes to CDTs (Section 3.2). The
Delaunay Lemma is a fundamental tool for verifying that arnigulation is a CDT, and for dynamically
maintaining the CDT of a PLC whose vertices are moving or ghagtheir weights.

The second main result is that CDTs are optimal by severarii(described in Section 4) when they
are used for piecewise linear interpolation. This fact i®agithe reasons why CDTs are so valuable.

The third main result is a condition that guarantees thet@xi® of a CDT. The main impediment to
the existence of CDTs is thefficulty of respecting facades of dimensidn- 2 or less. Figure 8 féers
an example of a three-dimensional PLC with no CDT. There essggment that runs through the interior
of the PLC. There is only one tetrahedralization of this PL&mposed of three tetrahedra encircling the
central segment—and its tetrahedra are not constraineiBay, because each of them has a visible vertex
inside its circumsphere. If the central segment were rechave PLC would have a CDT made up of two
tetrahedra.
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Figure 8:Left: a PLC with no CDT. Center: the sole tetrahedralization of this PLC. Its three tetrahedra are not
constrained Delaunay. Right: the two Delaunay tetrahedra do not respect the central segment.

The condition that guarantees that a PLC has a CDT is eagidsstribe, and easiest to enforce, in three
dimensions. A three-dimensional PRCis ridge-protectedf every segment (1-facade) Xis strongly De-
launay. (See Section 2.4 for the general-dimensional diefn) Every ridge-protected PLC has a CDT. This
result, called th€DT Theoremmakes three-dimensional CDTs useful in geometric mogeljpplications.

It is not suficient for every segment to be Delaunay. If 8ohardt’s polyhedron is embedded so that
all six of its vertices lie on a common sphere, then all of dges (and its triangular faces as well) are
Delaunay, but it still does not have a tetrahedralizatibis. ot possible to place the vertices of 8nhardt's
polyhedron so that all three of its reflex edges are stronghainay (though any two may be).

Here is a stronger and even more useful version of the CDT rEneoln three dimensions a segment
may serve as a boundary to several 2-facades, which cantiee &yrtheir rotary order around the segment.
A segment iggrazeablef two consecutive 2-facades in the rotary order are sepdray an interior angle
of 18C° or more, or if the segment is included in fewer than two 2-flesaand is internal, not dangling.
(An interior angle subtends the interior of the triangulation domain. Extesaogles of 180 or more are
irrelevant to the CDT Theorem.) Only the grazeable segmaesl to be strongly Delaunay to guarantee
a CDT. A three-dimensional PL& is weakly ridge-protected every grazeable segment Kis strongly
Delaunay. Every weakly ridge-protected PLC has a CDT.

Segments that are not grazeable are common. For instaneecamplex of convex polyhedra, no
segment is grazeable. The stronger result exempts the segafehe complex from the need to be strongly
Delaunay.

Testing whether a PLC is ridge-protected, or weakly ridgetgrted, is straightforward. See the com-
ments following Definition 23.

This article’s results extend to weighted CDTs, which argcdbed in Section 2.4. Weighted CDTs are
central in the design of flip algorithms for updating and ¢omging CDTS; see the third article in this series.
Several researchers have shown that weighted Delaunagutations are useful for three-dimensional mesh
generation, because some undesirable tetrahedra can beaebyy adjusting the vertex weights [6, 7, 16].
Weighted CDTs share this virtue and are even more powerdghlise of the ease with which they respect
the shape of a domain.

The definition of “ridge-protected” generalizes to weighteL.Cs, and every weakly ridge-protected,
weighted PLC has a weighted CDT. Interestingly, even in timoethsions there are weighted PLCs that do
not have weighted CDTs.
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Figure 9: Two methods for recovering a 2-facade in the interior of a cubical triangulation domain. The initial
Delaunay tetrahedralization does not respect the facade. (For clarity, the tetrahedra are not shown.) Both meth-
ods insert new vertices to recover missing segments. Next, the customary method is to insert more vertices to
recover missing 2-facades (top), but no additional vertices are needed if constrained Delaunay tetrahedra are
used (bottom).

1.2 Benefits of the CDT Theorem

Why is it useful to know that weakly ridge-protected PLCsé&DTs? Although a given PL& might
not be weakly ridge-protected, the insertion of additioratices can transform it into a weakly (or fully)
ridge-protected PLL, which has a CDT. The CDT of is not a CDT ofX, because it has vertices that
X lacks, but it is aconforming CDTor Steiner CDTof X: “conforming” or “Steiner” because boundary
conformity is obtained by inserting new vertices (Steingings), and “CDT” because the simplices of the
Steiner CDT are constrained Delaunay (rather than Delgunay

Compare this idea to the most common methods of recoverisging facades in three-dimensional
Delaunay-based mesh generation algorithms, which ingeitianal vertices into all the missing facades.
Some of these algorithms produce conforming Delaunay nsg8h@&4, 39], and some recover the missing
facades by bisecting and flipping tetrahedra, yielding drtieat is not necessarily Delaunay nor constrained
Delaunay, although you might say it is “almost” Delaunay,[22, 52, 53]. Figure 9 illustrates the advantage
of a Steiner CDT. All the procedures use vertex insertiongtmver missing grazeable segments, but the
customary approaches require additional vertex insextiomecover missing 2-facades and non-grazeable
segments. A Steiner CDT does not need these extra vertices.

Figure 10 (left) depicts an example of a PLC for which a Ste@BT is much more fective than a
conforming Delaunay tetrahedralization. In the interibitlee box, many oddly shaped 2-facades adjoin
a single shared segment. The triangulation domain is theedmx. Vertices inserted to recover one 2-
facade—so that it is a union of triangular faces of the Dedgutetrahedralization—are likely to knock out



Introduction 9

Figure 10: Left: it is difficult to mesh the interior of this box with Delaunay tetrahedra that conform to all the
facades. Right: the box can be meshed with constrained Delaunay tetrahedra with the addition of just the vertices
shown.

triangles from the adjacent 2-facades. The aforementialgedithms of Murphy et al. and others [12, 8, 33,
34] can construct conforming Delaunay tetrahedralizatimfrthis PLC, but they require many more vertices
than are needed to form a Steiner CDT, most of them in the &dfamteriors. The PLC augmented with a
modest number of vertices (Figure 10, right) is weakly rigigetected and has a CDT.

| conjecture that for the worst three-dimensional PLCsfaoning Delaunay triangulations need asymp-
totically more vertices than Steiner CDTs. It is an open tjaeswvhether this is true, but based on the
two-dimensional complexity results, it seems like a safalga.

An algorithm that decides how to choose new vertices so tteaktare provably good bounds on the
edge lengths of the Steiner CDT (i.e. edges are not made essexily short) is described elsewhere [47].
This algorithm does not guarantee a polynomial bound on tingber of new vertices, but its guarantees on
edge lengths are in some ways more useful, because the St&keis an excellent starting triangulation
for several algorithms for three-dimensional mesh gei@ra©ne algorithm uses the constrained Delaunay
property to guarantee its ability to tetrahedralize any R&46€], and another uses it to establish provable
bounds on the quality of the tetrahedra it produces and omrdge lengths of the final mesh [44]. The
results in this article underpin those algorithms.

Why does this article take piecewise linear complexes amhé rather than, for simplicity, boundary
triangulations? Consider finding a tetrahedralizationa@ilde. The edges of the cube are strongly Delaunay,
so the CDT Theorem guarantees that the cube has a CDT. Byasgntonsider a boundary triangulation
of a cube. Any boundary triangulation bisects each squar dfthe cube with a diagonal edge. These
diagonals are not strongly Delaunay, so the CDT Theorem doeapply. Moreover, a tetrahedralization
respecting the boundary triangulation might not exist éheing on the choice of diagonals). Thus, the
option to specify facades more general than simplices isdaardage both for the theorem and for CDT
construction algorithms, which can choose a compatiblefsgigonals.

If a PLC is ridge-protected, its CDT can be built by a simpleremental facade insertion algorithm
described in the third article in this series. PLCs that areringe-protected (but have CDTS) currently
require a more complicated sweep algorithm or a slowerngiftpping algorithm, described in the second
article in this series.
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2 Complexes

This section defines the geometric constructions and idehe aenter of this work. The input structures—
facades and piecewise linear complexes—are formalizeddtidh 2.1. The output structures, a generaliza-
tion of CDTs calledveighted CDTsare described in Sections 2.2-2.4. Definitions are oftegrfupctory
part of a mathematics article, so it is worth noting that eigrars of trial and error led to the definitions
given here. “Constrained Delaunay” and the notion of vigibare defined dierently here than in the ear-
lier incarnation of this work [45], and the present definisare more sound. These and other definitions in
this article evolved with the proofs of the theorems hereianttle sequel articles.

Throughout this article, the terms “simplex,” “triangl&gtrahedron,” and “convex hull” refer to closed,
convex sets of points; for instance, a “triangle” is not jtisee edges, but the points inside as well. The
notation convg) represents the convex hull of the point Set

Some simplices of specific dimensions have their own namdéso@se, a vertex is a 0-simplex, an
edge is a 1-simplex, a triangle is a 2-simplex, and a tetraimed a 3-simplex. In @-dimensional ambient
space, ad — 2)-dimensional convex polytope at £ 2)-simplex is called aidge, and a {l — 1)-dimensional
convex polytope ord — 1)-simplex is called $acet

The notationpg denotes a line segment with endpoiptandg. The notatiorp- q denotes the Euclidean
inner product|p| = 4/p- pis the Euclidean norm, an@q = |p — q| is the Euclidean length géq. It might
help the reader to know that this article strictly distirghés between the verbentainfor set membership
() andincludefor set inclusion ).

2.1 Piecewise Linear Complexes

Consider points in an ambient spag®&. A k-flat (k-dimensional flat) is theffine hull ofk + 1 affinely
independent points. (A flat is also known asaffine subspace-unlike a true subspace it is not required
to contain the origin. For readers familiar with flats but aftine hulls, thegffine hullof a point set is the
lowest-dimensional flat that includes it.) A set of poiftsc EY is k-dimensionalf the affine hull of S is
ak-flat. (In other wordsS containsk + 1 affinely independent points, but does not contain2 affinely
independent points.) Ayperplands a d— 1)-flat. The set of points on one designated side of a hypeepla
excluding every point of the hyperplane itself, is@ren halfspaceBy contrast, &losed halfspacmcludes
the hyperplane as well.

An open convex k-polyhedras the nonempty intersection ofkaflat and a finite number of open half-
spaces. It ivoundedf it does not include a ray (equivalently, if its diameterfiisite). A closed convex
k-polyhedronis the closure of an open convépolyhedron. Theclosureof a polyhedron has its usual
meaning from real analysis—the set of all the points andmctation points of the polyhedron—and more
intuitively is a point set containing all the points of thelydwedron, plus all the points on its boundary.

Definition 1 (facade) An openk-facadeis the union of a finite number of bounded, open, convex k-poly
hedra, all included in some common Kk-flatclasedk-facades the closure of an open k-facade.

Observe that a facade is not required to be connected. Adtig©pen or closed—there is ndfdrence)
is a vertex, and a 1-facade is either a segment or a sequenchinéar segments.

A closed facade is equivalent to Hadwiger's classic polybed26], which is defined to be a union of
closed convex polyhedra. It is the open facades that metivet new name. In geometric modeling, open
facades are more versatile than closed facades as alstsofigeometric domains and their boundaries,
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Open facade Closed facade

— —

Boundary External Internal
boundary boundary

Figure 11:At left are two connected 2-facades and a 1-facade (composed of two segments). At center and right
appear one of the 2-facades, represented as both an open and a closed facade. Dashed lines and open circles
represent points that are not part of the open facade. The internal boundary includes a slit and an isolated vertex,
both of which are needed to support contacts with other facades. The internal boundary cannot be inferred from
the closed facade alone.

because an open facade can have internal boundaries.dntenmdaries serve at least two purposes: they
support intersections between surfaces, as Figure 1irédtes, and they constrain the permissible triangu-
lations of the facade—for instance, to support the appboadf boundary conditions to a finite element
mesh, or to model discontinuities in the lighting of a sueffmr computer graphics. Internal boundaries are
necessary to model some domains with nonmanifold bourgjditie the domain in Figure 5.

Definition 2 (external and internal boundariesjhe external boundargf a facade is the boundary of the
closure of the facade. (Observe that the external boundaciudes boundaries of holes.) Theernal

boundaryof an open facade is the boundary of the open facade minustémal boundary. (Equivalently,
it is the intersection of the boundary with the relative ne of the closure of the facade.) See Figure 11.

Throughout this articleielative interiorhas its usual meaning from real analysis, botindaryis used
as shorthand farelative boundaryandopenfor relatively open

The faces of a facade are defined in a fundamentdiigrdint way than the faces of a convex polyhedron.
The faces of a convex polyhedron are an intrinsic properth@polyhedron, whereas the faces of a facade
are defined only in the context of a piecewise linear complampare the following two definitions.

Definition 3 (face of a convex polyhedronYhefacesof a closed, convex k-polyhedron P are P and every
polyhedron found by taking the intersection of P with a hptsre that does not intersect the relative
interior of P. Theproper face®f P are the faces of dimensionalities zero throughk

This standard construction also defines the faces of a skmpler example, the faces of a tetrahedron
include its four vertices, its six edges, its four triangdkces, and the tetrahedron itself. By convention,
the empty set is considered to be-d J-dimensional face of every polyhedron. This article nsake use of
this convention, but in some circumstances it is converieassume thal is a member of every nonempty
piecewise linear complex and triangulation.



12 Jonathan Richard Shewchuk

Piecewise linear complexes and the faces of a facade aredéfim way that gives a geometric model
the power to constrain how the boundary of a facade can betrlated.

Definition 4 (piecewise linear complex; face of a facad@n open piecewise linear compléRLC) X is a
set containing a finite number of open facades that satigfydhowing two restrictions.

e For every facade £ X, the boundary of f is a union of facades irf or example, X contains both
endpoints of every segment in X, and every 2-facade’s boyigla union of segments and vertices
in X.

e For any two facades,fje X, fng=10.

Thefacesof a facade f ardg € X : g C closuref)}. They include f itself and its vertices. Tpeper
facesof f are all its faces except f anid

For any open piecewise linear complex{¥losure() : f € X} is aclosed piecewise linear complex

It is possible to reverse the transformation and converbsetl piecewise linear complex into an open
piecewise linear complex by subtracting from each facaeéeyefacade of lower dimension. Hence, for a
closed facade in a closed PLC, defineititernal boundaryof the closed facade to be the internal boundary
of the corresponding open facade. The internal boundarglofsed facade is not really part of the boundary
of the closed facade, and it is defined only in the context df@.P

Definition 5 (triangulation domain)Let |X| denote the union of facadég;.x f. |X| is called thetriangula-
tion domain or simply thedomain (It is also known as thanderlying space oX.)

A corollary of the definition of PLC is that);cx f is the same for an open PLC and the corresponding
closed PLC. Another corollary is that a closed PL&atisfies the restrictions that Miller et al. [32] specified
when they introduced the notion of a PLC.

e Forevery facadd € Y, the boundary of is a union of facades iM.

e For any two facade$, g € Y, f ngis a union of facades M. (Usually f N g is a single facade or the
empty set, but imagine two nonconvex 2-facades that inteesech other at several isolated vertices
and along several line segments. Each of these verticesrensElgments must be ¥)

e For any two facade$, g € Y, if f N ghas the same dimensionality &sthenf c g, andf is of lower
dimensionality tharm.

Miller’s third restriction is somewhat cryptic; its mairfect is to prevent two facades of the same
dimensionality from having overlapping relative intesoir he formulation of PLCs in terms of open facades
is more elegant, because no similarly cryptic restrictomeeded. However, closed PLCep a more
elegant model for the incremental update of a PLC (discusdbe third article of this series). The insertion
or deletion of a facade in a closed PLC can imply several nmaaditins to the corresponding open PLC. For
instance, when a vertex is added to an open PLC, if a facadainserihe vertex, the facade must have that
point removed.

This formal hair-splitting between open and closed facasie®cessary because it is the open facades
that determine the facade boundaries, but it is the closati&s that occlude visibility, and simplices must

2The boundary of a vertex is the empty set, which is a union af facades.



Complexes 13

respect the closed facades. The rest of this article maséai uneasy duality, wherein every use of the word
“facade” refers to both the open and the closed versionsdtitade. Fortunately, the bijective map between
open and closed PLCs usually makes it unnecessary to spdtifh type of PLC is under discussion.

The reader should be aware that every reference to the “laoyiofla facade” or the “faces of a facade”
regards the boundary of the open facade, including theriatd&oundary. Similarly, the “relative interior of
a facade” refers to the open facade. However, wherever thideastates that a facade contains a point, a
facade obstructs visibility, or a simplex respects a factdeclosed facade is implied.

It makes no dierence to most of this article’s results whether or not fasaate connected. An open
facade made up aof connected components can be replaced wiseparate facades without changing any
essential properties of the PLC. Some components of a favagebe grazeable while others are not, so
breaking up a facade into its components may improve theppais for having a weakly ridge-protected
PLC. However, there is an important convention for weigr@&l's. If a vertex in a PLC is an endpoint of
two collinear segments and is not needed to support th&rdettion with some other facade, it is usually
better to think of the two segments as parts of a single ldiacbecause the vertex might be absent from
the weighted CDT. (See Definition 12 in Section 2.3 for detil

There appear to be few publications exploring the propeidfegeometric partitions that permit the
existence of faces with internal boundaries. An intergsgrception by Grunbaum and Shephard [25]
shows how to reliably compute Euler characteristics foraslof objects more general than PLCs. One
can convert an open PLC into a “relatively open convex dissetby partitioning its open facades into
open convex facades (polyhedra), whereupon its Euler ctaistic is easy to calculate. This method is
particularly interesting when applied to an open facadé witomplicated internal boundary, or to a subset
of an open PLC that allows faces of facades to be absent.

The notion of a PLC generalizes to complexes of curved mhisfd-or example, every semialgebraic
or subanalytic set of points can be partitioned inttratification—a set ofstrata (which generalize open
facades), each of which is a manifold. See Gomes [23] for aalkent introduction to the topic.

How might a PLC be represented as a data structure? Here anesufgestions. A 0-facade (vertex)
is represented by itd coordinates. Folj > 1, a j-facadef is most easily represented by a list of its
proper faces. To conserve spadecan be represented by a list of every proper facd diiat is not a
proper face of a proper face 6f the unlisted faces can be inferred by reading the listedddists. This
representation fliers in several ways from the usual face lattice representafipolyhedra and polyhedral
complexes. First, the faces ifis list are not necessarily allj - 1)-faces, becausgs internal boundary
may include lower-dimensional faces that are not includesthly (j — 1)-face. For example, a 2-facade may
have an isolated vertex inside it. Second, this representat technically not a lattice. For example, two
2-facades might intersect at two separate vertices thaheleded in no other facades, so a pair of facades
do not necessarily have a unique meet and join, contraryetdefinition of “lattice.” See Ziegler [54] for a
definition and discussion of face lattices.

Within the dfine hull of aj-facadef, each { — 1)-face off has two sides. In an implementation of the
sweep algorithm or gift-wrapping algorithm for CDT constiion, the list off’s (j — 1)-faces should include
annotations that indicate which side (or sides) of egchX)-face adjoing. A (j — 1)-face onf’s internal
boundary adjoing on both sides. If an operj ¢ 1)-face is composed of several connected components, it
needs one annotation for each side of each connected contpone

For the algorithms described in the sequel articles, it i@assary to specify tliefacades explicitly as
part of the input. Instead, each side of eattk (1)-facade should bear an annotation that indicates whether
it adjoins the exterior domain or the interior of the triategion domain. A { — 1)-facade is part of the
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internal boundary of a PLC if both sides adjoin the triangatadomain, part of the external boundary if
one side adjoins the exterior domain, and a dangling faddmt#h sides adjoin the exterior domain.

Definition 6 (dangling facade)Let X be a d-dimensional PLC. A facade in X igangling facadéf it is
not a face of any d-facade in X.

To a programmer, the distinction between open and closediézcis almost irrelevant. Any reasonable
PLC data structure simultaneously represents both.

2.2 Weighted Delaunay Triangulations

This section reviews known facts about weighted Delauriapgulations [2] and introduces new terminol-
ogy as a preliminary to introducing weighted CDTs in Secioh Consider the Euclidean spae®?, and
let x1, Xo, . . ., Xd+1 be the coordinate axe€? is the subspace d&%+! orthogonal to thex,1-axis. In the
spaceEd+1, ad-flat isverticalif it includes a line parallel to they,1-axis.

Definition 7 (polyhedral complex; triangulationp polyhedral compleX is a set containing a finite number
of closed, convex polyhedra that satisfy the following tesinictions.

e For every polyhedron s T, every face (in the sense of Definition 3) of sisin T.

e For any two polyhedra,g € T, if s and t are not disjoint, thenrst is a face of both s and t.
A triangulationor simplicial complexs a polyhedral complex whose members are all simplices.

Every polyhedral complex is a PLC. Observe that polyhedoahmlexes are less general than PLCs
whose facades are all convex, because they us&exatit definition of “face.” In a PLC, one side of a
tetrahedron might be subdivided into several triangulee$aand a (closed) tetrahedron might have an edge
passing through its interior. In a polyhedral or simplic@amplex, both circumstances are forbidden: a side
of a tetrahedron is represented by exactly one trianguta; fand a tetrahedron’s interior intersects no other
simplex of equal or lesser dimension.

A d-dimensional triangulation or polyhedral complexrégular if it is the vertical projection of one
“side” of some convexd + 1)-polyhedron.

Definition 8 (downward-facing; underside; regulat)et P be a convefd + 1)-polyhedron in B*1. A face
f of P isdownward-facingf no point in P is directly below any point in f (i.e. havingeteame ¥ through
Xg-coordinates but a lessegx -coordinate). Thaindersideof P is the set of all its downward-facing faces.

A d-dimensional triangulation or polyhedral complexégularif it can be formed by vertically project-
ing the underside of some convgk+ 1)-polyhedron P into E (by dropping the x.1-coordinate of each
vertex).

The best-known regular triangulation is the Delaunay tidation. The regularity of most Delaunay
triangulations is demonstrated by the well-knoparabolic lifting mapof Seidel [42, 18] (inspired by a
spherical lifting map suggested by Brown [5]). L¥tbe a set of vertices ifE? for which a Delaunay
triangulation is sought. The lifting map maps each verte¥ ito a vertex on a paraboloid in a space one
dimension higher, as Figure 12 illustrates. Specificalyghevertexy = (Vy,, Vy,. ..., Vx,) € V maps to a
POINEV™ = (Vg, Vi - . -, Vs V2, + VZ, + -+ + V2 ) in B9,
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Xd+1

Figure 12:The parabolic lifting map. In this illustration a two-dimensional vertex set V is lifted to a paraboloid in
E3. The underside of the convex hull of the lifted vertices is a lifted Delaunay triangulation.

Definition 9 (companion) The pair of vertices v and*vare calledcompanionsy” is thelifted companion
of v, and v is therojected companioaf v*.

If sis a k-simplex with verticegpwa, . .., W, then its lifted companiontds the k-simplex embedded in
EY+1 whose vertices argvvy, ..., Vg, and s is the projected companion df. $Note that $ is flat, and does
not curve to hug the paraboloid.

Let V* = {v* : v € V}. The Delaunay triangulation of is regular because it has the same combi-
natorial structure as the underside of the convex huWof as the forthcoming Theorem 2 shows. Each
downward-facing simplex of conV(") projects to a Delaunay simplex ® This connection is routinely
used to transform anyl¢1)-dimensional convex hull construction algorithm intd-dimensional Delaunay
triangulation construction algorithm.

Lemma 1. Let S be a hypersphere infELet St = {p* : p € S} be the ellipsoid found by lifting S to
the paraboloid. Then the points of $ie on a non-vertical d-flat h. (Recall that a d-flat is vertichit is
parallel to the x,1-axis.) Furthermore, a point p inside S lifts to a point Ipelow h, and a point p outside
S lifts to a point p above h. Therefore, testing whether a point p is inside, ooutside S is equivalent to
testing whether the lifted point‘gs below, on, or above h.

Proof. Let O andr be the center and radius 8f respectively. Lep be a point inE%. The x4,1-coordinate
of p* is |pl2. By expandindO — p|2, we have thatp|? = 20 - p — |O]? + |Op2.

With O andr fixed andx € EY varying, the equatioxg,1 = 20 - X — |OJ? + r? defines a non-vertical
d-flat h in E9+1. For every pointp € S, |Op = r, soS* c h. For every poinp ¢ S, if |Op < r, then the
lifted point p* lies belowh, and if|Op| > r, thenp* lies aboveh. |
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Figure 13: (a) The triangles r, s, and t are all semiregular, but only t is regular. Triangles r and s have the
same witness d-flat h, = hg, and t has a different witness h;. The vertex v is submerged. (b) The bold edge is a
constraining segment. The triangles r, s, and t are all constrained semiregular, but only t is constrained regular.
No triangle is semiregular.

Theorem 2 (Seidel [42]) Let s be a simplex whose vertices are in V, and febs its lifted companion.
Then s is Delaunay if and only if $s included in some face of the undersidecofiv(V*). The simplex s
is strongly Delaunay if and only if*sis a face of the underside obnv(V*) and no vertex in V lies on
except the vertices of s

Proof. If sis Delaunay, there is a circumsph&@ef s such that no vertex df lies insideS. Leth be the
uniqued-flat in E%*! that includesS*. By Lemma 1, no vertex iv* lies belowh. Thed-flat h includes

st because the vertices of are inS*. Therefores' is included in a downward-facing face of the convex
hull of V*. If sis strongly Delaunay, no vertex M* lies belowh, and no vertex iV* lies onh except the
vertices ofs". Therefores' is a downward-facing face of the convex hull\¢f.

The converse implications follow by reversing the argument |

A weighted Delaunay triangulatiois like a Delaunay triangulation, but each vertex V is assigned a
real-valuedwveight w. A vertexv lifts to a companionv™ = (Vy,, Vx,. . . . , Vg, V2, + V&, + -+ + V4, —W). The
Xd+1-coordinatevi? —w is called theneightof v. The weighted Delaunay triangulation\fs the projection
to EY of the underside of conW(*). It follows that a weighted Delaunay triangulation is risgu

Some faces of conV(") might not be simplices, because some selectioth -2 or more of the lifted
vertices might lie on a common non-vertichflat. (Observe that vertices that lie on a common veriikal
flat do not cause trouble, because a vertical face cannotweveard-facing. This is good news, because a
typical real-world vertex sé¥ includes large groups of cohyperplanar vertices.) Thegesimaplicial faces
can be filled with any compatible triangulation, ¥chas more than one weighted Delaunay triangulation.
However, some faces can be triangulated with triangulattbat are not regular, so not all weighted (or
unweighted) Delaunay triangulations are regular! Seddialescribes a simple way to perturb the weights
to simulate the circumstance thatde- 2 vertices inv* lie on a common non-verticalflat.

If its weight is suficiently small, a lifted vertex* might not be downward-facing—it might not lie on
the underside of conV(*)—in which case the vertexis absent from the weighted Delaunay triangulation
of V, as illustrated in Figure 13(a). Thens said to besubmergedIf every vertex has a weight of zero, the
weighted Delaunay triangulation is the Delaunay triangoilg and no vertex is submerged, because every
point on the paraboloid is on the underside of the convexdfule paraboloid.

Weights necessitate a generalization of the notion of admhy simplex.”
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Definition 10 (semiregular; witness; weighted Delaunay triangulatighsimplex s whose vertices are in
V is semiregulaif s* is included in a downward-facing face obnv(V*). In other words, there exists a
non-vertical d-flat  c E9*! such that | includes &, and no vertex in V lies below k. The d-flat i is
called awitness to the semiregularity of s.

A weighted Delaunay triangulatiaf V is a simplicial complex that fillsonv(/) wherein every simplex
is semiregular.

Figure 13(a) illustrates three semiregular triangles i witnesses. All their edges and vertices are
semiregular as well, but the submerged vextéscnot semiregular.

Definition 11 (regular) A simplex s isegularif s* is a downward-facing face @bnv(/*), and no vertex in
V* lies on & except the vertices of sIn other words, there exists a non-vertical d-flatch E*! that is a
witnessto the regularity of s: Bincludes &, and every vertex in Vlies above B, except the vertices of s

A triangulation isregularif there exists an assignment of weights to its vertices fochvevery simplex
is regular.

Of the three triangles in Figure 13(a), onlis regular. All the edges are regular except the edge shared
by r ands. All the vertices are regular exceypt

In a weighted Delaunay triangulation, a witness serves dmeespurpose that a circumsphere serves
in an ordinary Delaunay triangulation. Theorem 2 shows ithalt the weights are zero, “semiregular” is
equivalent to “Delaunay” and “regular” is equivalent tortaigly Delaunay.” If a simplex is semiregular,
it appears in at least one weighted Delaunay triangulatioh df sis regular, it appears iaveryweighted
Delaunay triangulation 0¥ (see Theorem 19).

2.3 Triangulations of Piecewise Linear Complexes

For some geometric applications, the notion of a “consa@imiangulation” of a PLC should permit some
vertices to be left out, just as weighted Delaunay triantiuta submerge vertices with inficient weight.
However, some vertices cannot be omitted, because theysupper facades. The following definition
identifies vertices that could conceivably be submerged.

Definition 12 (submersible) A vertex v in a closed PLC X submersiblef v is a proper face of some
other facade (i.e. v is not isolated), and the removal of mfé (and possibly the merging of two collinear
1-facades) yields a valid closed PLC. Equivalently, either

¢ Vv lies on the internal boundary of a facade=fX such that f is a face of every facade (except v) that
contains v, or

¢ Vvis an endpoint of two collinear 1-facades in X, and the ctbodiabove is satisfied by merging them
into a single 1-facade f. In this case, X should be modifie@gti@ct the merger. A row of collinear
segments might comprise one 1-facade with many submevsittiees in it.

The user of a PLC triangulation algorithm can arbitrarilgideate vertices as being non-submersible,
but a vertex can be designated as submersible only if Deimit? permits it.

3A witness for a semiregular or regular simplex is also knowraaupporting hyperplanef conv(V*), but a witness for a
constrainedsemiregular simplex is not necessarily a supporting hypeg



18 Jonathan Richard Shewchuk

Definition 13 (fill; respect; triangulation of a piecewise linear compleket T be a set of simplices. fills
Xif |T| = |X], meaning that Je1 S= Utex f-

Let f be a closed facade. Let s be a simplex or convex polyhedteen sespectd if sn f is a union
of faces of s.

There is an equivalent definition that is less clear, but @a use in proofs: s respects f if, for every
face t of s whose relative interior intersects f tf.

If f is an open facade, s is said to respect f if s respects thsuot of f.

A simplex (or convex polyhedronyespectsa PLC X if sC |X| and s respects every facade in X except
perhaps the submersible vertices—after agglomeratingséggnents of X into 1-facades as described in
Definition 12.

A triangulation T respects a PLC X if every simplex in T respec

A triangulation T is ariangulation of a PLX if T fills and respects X, and T has no vertex notin X. A
triangulation that fills and respects X, but may have vegiget present in X, is aonforming triangulation
or Steiner triangulationf X.

This definition allows a triangulatiom of X to submerge vertices iK. However, submersibility is a
nuisance when it is not needed. For some applications, sicmaeighted PLCs and ordinary CDTSs (in
which vertices are never submerged), it does no harm to mEsigevery vertex itX as non-submersible.
Then Definition 13 implicitly requires that if is a triangulation o, thenT and X have exactly the same
vertices, becausk must respect every vertex K

Why must adjoining collinear segments be agglomerated &fimidion 13? If a vertex is submerged,
then a triangulation lacking that vertex cannot respectgmsat that terminates at that vertex, but it can
respect a 1-facade that passes through the vertex.

2.4 Weighted Constrained Delaunay Triangulations

Before considering the formal definition of CDT, let us trydee intuitively what a CDT is, in terms of
the parabolic lifting map. Supposkis a CDT of a PLCX. LetT* = {s* : s € T} be the simplicial
complex, embedded iB%1, defined by liftingT. As Figure 14 illustrates, the lifted triangulatidri graphs

a continuous piecewise linear function but, in generalasthe underside of a convex polyhedron: each
facet of the CDT that is not constrained Delaunay is mappedl teflex ridge in the lifted surface. (A
(d — 1)-simplex is called dacetif it exists in the ambient spade?, and aridge if it exists in the ambient
spaceEd+l)

However, from any poinp in the interior of ad-facade, the portions of the CDT visible fropmaappear
convex on the lifting map. Only facets included th« 1)-facades can lift to reflex ridges; every other facet
is constrained Delaunay.

The next several definitions build toward the definition of @TCor, more generally, a weighted CDT,
which is a triangulation of a weighted PLC.

Definition 14 (weighted piecewise linear complexh weighted PLCis a PLC in which each vertex is
assigned a real-valued weight.
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Figure 14: A lifted CDT. The paraboloid is inverted to more clearly show its topography. The bold edges are
constraining edges that are not Delaunay. They map to reflex edges of the lifted surface.

Sections 3.1 and 3.3 study the relationship between thehtexigCDT of a weighted PLC and the
weighted CDTs of its facades. Consider computing a tricatgpd of a 2-dimensional PLC. Some algo-
rithms need to “triangulate” the 1-facades of the PLC first-ether words, to decide which vertices on
the 1-facades are submerged. The 1l-facades may have botleisitle and non-submersible vertices. A
1-facade in isolation does not reveal which of its vertiaessmbmersible in the 2-dimensional PLC. There-
fore, it is best to think of submersibility as a global prayesf a vertex which remains fixed across all
contexts, and is determined by the highest-dimensional fla€Ccontains the vertex. These observations
motivate the following two policies. First, the internallbwary of a 1-facade may contain both submersible
and non-submersible vertices (whereas the external boyiigla set of non-submersible vertices). Second,
non-submersible vertices occlude visibility and subnieesvertices do not. This policy ensures that the
weighted CDT of a 1-facade is consistent with the weightedr @Dany higher-dimensional facade that
includes the 1-facade.

Visibility is occluded by constraining facades.

Definition 15 (constraining facade)A constraining facaden a d-dimensional PLC X is any facade in X
that is not a submersible vertex or a d-facade.

Definition 15 omits submersible vertices because they doodtde visibility or constrain the triangu-
lation. It omitsd-facades because they do not occlude visibility, and becawssmplex or polyhedron that
respects all the lower-dimensional facades automaticaigects thd-facades.

Definition 16 (occlusion; visibility) Within a PLC X, the visibility between two points p and qdsluded

if pg € [X|; or if there is a (closed) constraining facadeef X such that the line segment pq intersects f,
and neither p nor q lie on thefne hull of f. See Figure 15. The points p and gamble from each other
(equivalently, carseeeach other) if pac |X| and X places no constraining facade between them.
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Figure 15:In this three-dimensional example the 2-facade f occludes the visibility between p and g. The point
m can see both k and n, but the visibility between k and n is occluded—not by f, but by an edge of f.

If no vertex is submersible, a more elegant characterizasidhatp andqg can see each other if there
is an open facadé € X that includes the open line segmemi. Open facades thus act as conductors of
visibility. In this interpretation, the-facades play an essential rdle.

There is a close relationship between visibility and theamobdf respecting a PLC.

Theorem 3. If a (closed) simplex or convex polyhedron s respects X yguaint in s can see every other
pointin s.

Proof. Suppose for the sake of contradiction that the visibilityeen two pointg, g € sis occluded by
some facadd. Thenpqintersectsf at a pointm, but f contains neithep norq. Lett be the face owhose
relative interior containg, thenpq C t. Becausesrespectd, andf intersects the relative interior of a face
t of s, it follows thatt C f, contradicting the fact that contains neithep norg. |

Simplices in CDTs have the following property.

Definition 17 (constrained semiregularp simplex s iconstrained semiregularnthin X if

e the vertices of s are in X,
e srespects X, and

e there exists a d-flathc E%*! that includes §, such that no vertex ¥ X that is visible from a point
in the relative interior of s lifts to a point*'vbelow h. The d-flat i is a witness to the constrained
semiregularity of s.

The third condition is a bit diicult to visualize, because one must simultaneously pidchaesertices
in the ambient space? where visibility is determined, and in the ambient spe€&' where witnessl-flats
are defined, as Figure 13(b) illustrates. Think of it this wiigome lifted vertexw" lies below thed-flat that
includes a liftedd-simplexs*, thens is not semiregular, becausé is not on the underside of the convex
hull of the lifted vertices. But if some facade occludes timwof v from insides, s may be constrained
semiregular anyway and appear in the weighted CDT. Thegigasin Figure 13(b) is an example: although
vt lies below the witnesss, v is not visible from the interior o6, so s is constrained semiregular. The
shaded triangle in Figure 14 is an example in an unweighted @Dt note that the paraboloid in the figure
is inverted for clarity, so “below” is “above”).

4An attractive alternative formulation of a weighted PLCeands this characterization to PLCs with submersible vestic
Express a weighted PLC as two separate sets: a Rw@th no submersible vertices, and a $bf submersible vertices. In
this formulation, the open facades Xfare both conductors and occluders of visibility, and thera more elegant definition of
“respect”: a triangulation respecksif every opensimplex of the triangulation is included in apenfacade ofX.
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In Figure 13(b) all three triangles are constrained serleggand all the edges are constrained semi-
regular except the bold constraining segment.

Definition 18 (constrained regulanA simplex s igonstrained regulawithin X if

e the vertices of s are in X,
e srespects X, and

o there exists a d-flathc E9*! that includes $, such that every vertexesX that is visible from a point
in the relative interior of s, but is not a vertex of s, liftsagoint v above R.

Of the three triangles in Figure 13(b), ortlys constrained regular. Neither the edge shared éyds
nor the constraining segment shareds@andt is constrained regular, but the other edges are.

The following implications hold. Statements in brackets aguivalent to the statements immediately
above them in the unweighted case (i.e. when all the verteghigeare zero).Locally semiregularand
locally regularare defined in Section 3.2 and apply tb«1)-simplices only.

sis regular and respeck¥ —> sis semiregular and respects
[sis strongly Delaunay and respeetks [sis Delaunay and respect§
l l
sis constrained regular — sis constrained semiregular
[sis constrained Delaunay]
l l
sis locally regular — sis locally semiregular

[sis locally Delaunay]

The statements in the right column become equivalent todiregponding statements in the left column
when the following condition holds. (Section 6 discussesrépbation technique that enforces it.)

Definition 19 (genericity) A d-dimensional PLC X igenericif no d + 2 vertices in X lift to a common
non-vertical d-flat (in the ambient spacé&t).

If X is unweighted (or all the weights are equal), an equinaatement is that no d 2 vertices in X
lie on a common hypersphere (in the ambient spate E

Notions like constrained regularity are defined in the ceimtéa specific PLC. The definition of “CDT”
uses the notion that a simplex can be constrained semiregitlan the context of some facadeof a PLC
X, yet not be constrained semiregular within the contexX d@éelf.

Definition 20 (facade PLC) Let f be a k-facade in a PLC X (for any value of k). Taeade PLCYs is a
k-dimensional PLC containing f and all the faces of f (takemfX).

The vertices in a facade PLC often have coordinates from asiearnspaceE® whose dimensionality
is higher than that of the facade PLC itself (ide> k). However, it is the latter dimensionality that defines
constraining facades (facades of dimengief or less that are not submersible vertices) and ridge giotec
(the protection of facades of dimensikr 2 or less; see Definition 23) withivi;. A simplex that is regular
within Y; might not be regular withitX, and a segment that is grazeable witKimight not be grazeable
within Y;. Hence, the wordvithin is used wherever the context is not clear. Occasionally,aticle will
say that a simplex is “semiregular within the facddeas shorthand for saying it is semiregular within the
facade PLCYs. Likewise, a “triangulation off” is a triangulation ofYs.

At last, a definition of this article’s central object of sjud
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Figure 16:T; and T, are weighted CDTs of the one- and two-dimensional weighted PLCs X; and X,. White
vertices are submersible; black vertices are non-submersible. The number by each vertex is the height (Xg+1-
coordinate) to which it is lifted.

Definition 21 (weighted constrained Delaunay triangulatioA)weighted constrained Delaunay triangula-
tion of a weighted PLC X is a simplicial complex that fills X whemwery simplex is constrained semireg-
ular within the lowest-dimensional facade of X that inclsiite

A constrained Delaunay triangulatiohan unweighted PLC is a weighted CDT for which all the vesic
in the PLC are implicitly assigned a weight of zero.

Figure 16 gives two examples of weighted CDTSs, in one and timedsions. In both triangulations,
some vertices are submerged, and some collinear segmethts BEC are agglomerated into single edges
of the triangulation. Observe that the lifted one-dimenaldriangulationT; is a sequence of convex hull
undersides separated by non-submersible vertices. Natie £h1 is the only dimensionality in whicha PLC
might have a new CDT if a vertex changes from submersible tesutomersible. For a higher-dimensional
PLC with no dangling 1-facades, such a change might caudeltGao have fewer CDTs (if a submerged
vertex is proclaimed non-submersible), but it cannot calisd’LC to have a CDT it did not have before.
(This claim is a consequence of the Delaunay Lemma in Se8tiip

In an unweighted CDTX (equivalently, if all the weights are equal), every vertexegular and con-
strained regular, hence no vertex is submerged.

Definition 21 gives no reason to believe that the eligibledioes (those that are constrained semiregular
within the lowest-dimensional facades that include theam) gel together to form a complex. Fortunately,
if every facade can be filled with constrained regular singdj Corollary 18 in Section 3.3 establishes that
the facade CDTs match each other where they meet. Not evegiéacan be thus filled (recall Sathardt’'s
polyhedron). The next few definitions describe a class of $1h@t are guaranteed to have CDTs.

Definition 22 (grazeable; grazing triangleA facade f isgrazeabldf there is an opergrazing triangle
L = apgr c |X| such that

e p can see every point in the open triangle L,
e pq intersects the open version of f (i.e. f with its extermal anternal boundaries removed), and

¢ neither p nor q lie on thef&ne hull of f.



Complexes 23

Figure 17:Example of a grazeable segment f. Here p and g cannot see each other, but p sees every point in
the open triangle L, so there is a line of visibility that grazes f.

Every point in an open grazing triangleoqr is visible fromp, butqis not (its visibility is occluded by
f); so loosely speaking, there is a line of visibility thatzeaf. If f is a d — 2)-facade, Definition 22 is
equivalent to the 180angle condition described in Section 1.1, as Figure 17 shBa&finition 22 extends
the idea to facades of dimension less tllan 2. Note that the proper faces of a grazeable facade are not
necessarily grazeable themselves.

Recall from Section 1.1 that a three-dimensional PX@ ridge-protectedf every segment inX is
strongly Delaunay. The extension of this definition to weésghPLCs accounts for the possibility that
vertices might be submergeit:is ridge-protected if every 1-facade is a union of regulayesj and every
non-submersible vertex is regular. (Submersible vertitiegiot need to be regular, because it is okay to
let them be submerged.) The extension of this definitiongbdn dimensions requires that all constraining
facades of dimensiod — 2 or less be “regular,” but the definition of “regular” apglienly to simplices. It
sufices if the facades can be broken up into regular simplicésespeciX.

Definition 23 (ridge protection) A facade fe X is protectedif there exists a triangulation of f whose
simplices are regular within X and respect X.

A simpler definition is that f iprotectedf f is a union of simplices that are regular within X and respe
X. (The equivalence of this definition with the first follovesif the upcoming Theoremdnd Corollary 18.)

A weighted PLC X isveakly ridge-protected every grazeable constraining facade in X of dimension
d - 2 or less is protected.

X isridge-protectedf everyconstraining facade in X of dimension-@ or less is protected.

How can you tell if a facadé is protected? A weighted Delaunay triangulatiofunconstrained) of the
vertices inX contains every simplex that is regular within(by Theorem 19 in Section 3.3). So the answer
is to construcll and search it for a subset of faces thatfilllf T contains such faces, check whether they
respectf’s faces and are regular. X is not generic, the trickiest part is distinguishing theulag simplices
in T from the merely semiregular. Dafna Talmor (personal compation) points out that simplices that
are semiregular but not regular dualize to degenerate fa#dbg power diagram [2] (the Voronoi diagram
if all the weights are zero). This observation does ritgrthe most numericallyfBective way to test them,
though, and this is not the place to describe a better wayti&ugimplest approach is to perturb the vertex
weights as described in Section 6 before constructinghen all the simplices iff are regular, and there
is no need to test. Theorem 31 in Section 6 shows that the COMeoperturbed PLC is a CDT of the
unperturbed PLC.
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Figure 18:Two weighted PLCs that do not have weighted CDTs. Imagine that you are viewing the lifted vertices
from directly underneath, and larger vertices are closer to you. The number by each vertex is the height (Xg.1-
coordinate) to which it is lifted (i.e. its distance from you).

Ridge protection implies thdt respects all the constrainitkgfacades inX for k < d — 2, but might not
respect thed— 1)-facades. Weak ridge protection implies tiiatspects the grazeable constraining facades
of dimensiond - 2 or less (and their faces, whether grazeable or not), bbgpemot the other facades. One
of the main results of this article is that every weakly riggetected weighted PLC has a weighted CDT,
so the missing facades can be recovered without any needddiamal vertices. See Section 5 for a proof.

Ridge protection requires non-submersible vertices tebalar. Ford = 2, this is the sole requirement
that defines ridge protection. In an unweighted PLC, evertexas regular, which is why every unweighted
two-dimensional PLC has a CDT. In the weighted PX£in Figure 16, the sole grazeable non-submersible
vertex is regular, s is weakly ridge-protected and has a CDT. (The vertex at theecef X is not regular,
but it is not grazeable.) Figure 18 depicts two two-dimenaiaveighted PLCs that are not weakly ridge-
protected, and do not have weighted CDTs. Both examplesdea grazeable non-submersible vertex that
is not regular.

A recently proposed way to model domains like these ones ahinBardt’'s polyhedron is to general-
ize simplicial complexes tpseudo-simplicial complexe®mposed of nonconvex pseudo-simplices. Aich-
holzer, Aurenhammer, Krasser, and Brass [1] define consiilaegular pseudotriangulations that generalize
the two-dimensional constrained regular triangulaticeféngd here, and are defined for every choice of ver-
tex weights. Their lifted surface is not necessarily camims, and is not guaranteed to interpolate all the
vertex heights. Aurenhammer and Krasser [3] show that tipeoagh generalizes to higher-dimensional
nonconvex polyhedra, but pseudo-simplicial complexesasmting polyhedra in three dimensions or more
must sometimes introduce additional vertices.

Throughout the rest of this article, the terms “PLC” and “CDdfer to both unweighted and weighted
PLCs and CDTs, except where otherwise noted.

3 Foundations

This section proves several fundamental properties of Cansweighted CDTs. Among these are the
fact that every face of a constrained semiregular simpleoisstrained semiregular within some facade
(Section 3.1), the fact that constrained regular simpligeg disjoint relative interiors and form a complex,
and the fact that a generic PLC has at most one CDT (SectignTh8 Delaunay Lemmafters a powerful
alternative characterization of what a CDT is (Section.3R8aders who seek the minimum background for
understanding the CDT construction algorithms in the skartieles may safely skip to Section 6.
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Figure 19:The simplex s is regular because every lifted vertex lies above some witness d-flat hs for s*, except
the vertices of s". Let t be any face of s. Tilting hs using t* as a hinge yields a witness d-flat h; that shows that t
is regular too.

3.1 Faces of Simplices Inherit Semiregularity and Constraied Semiregularity

CDTs (unweighted and weighted) have properties that allaefs and algorithms to work in a top-down
fashion: if a domain can be filled with a complex of constrdisemiregulad-simplices, the lower-dimen-
sional faces “work themselves out.”

Let sbe a simplex that is constrained semiregular within some RLCett be a face of. If t is not
included in a constraining facade ¥ thent is also constrained semiregular. What i included in a
constraining facade? Themight not be constrained semiregular wittdnbutt is constrained semiregular
within the lowest-dimensional facade that includ€and is not a submersible vertex). It follows that the
act of filling ad-facade with a complex of constrained semiregdla@implices automatically fills all of its
proper faces with lower-dimensional CDTSs.

First consider unconstrained semiregularity.
Theorem 4. Every face of a semiregular simplex is semiregular.

Theorem 4. Every face of a regular simplex is regular.

Proof. Let s be a semiregular simplex, and kelbe a face ofs as in Figure 19. Lehs be a witness to the
semiregularity ofs. That is, hg is ad-flat that includess*, and no vertex inX lifts to a point belowhs.
Clearly,hg is also a witness to the semiregularitytpfo Theorem 4 holds.

Supposesis regular. Then every vertex M lifts abovehg except the vertices . Let h; be ad-flat
found by tiltinghg by a tiny amount (as illustrated), so thatincludest™ but lies below the vertices off
not shared by*. If the tilt is small enough, the other verticesXrstill lift to points aboveh;. Henceh; is a
witness to the regularity df and Theorem‘holds. |

Theorem 5. Let X be a PLC. Let s be a simplex, and let t be a face of s thattisyoluded in a (closed)
constraining facade in X. If s is constrained semiregulagrtt is constrained semiregular.

Theorem 5. Under the assumptions of Theorem 5, if s is constrained aeghlen t is constrained regular.

Proof. Becausesis constrained semiregularespects. Ast is a face ofs, t also respectX.
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Observe that every vertex visible from the relative intedbt is visible from the relative interior o.
Specifically, suppose a vertexs visible from a pointp in the relative interior of. Becausep does not lie
in a constraining facade ¥, Lemma 6 below implies that some pojpitin the relative interior ok seesv.

The rest of the proof is identical to the proof of Theoremsd 4nexcept that only vertices visible from
the relative interior of are considered, and every occurrence of “semiregular’egular” is thus replaced
with “constrained semiregular” or “constrained regular.” |

The following lemma (which is used frequently in this amictells us a way to perturb a poipwithout
occluding its visibility from another poirg.

Definition 24 (e-neighbor) A point g is ane-neighboP of a point p, with respect to a point q and a closed
PLC X, if p € |X], |pp| < €, and every (closed) constraining facade in X that contaiemtains either p
org.

Lemma 6. Let p and g be two points that can see each other within a PLChéreTis a positive constant
€ such that every-neighbor of p can see q.

Proof. Any facade whoseffine hull containg| cannot occlude the visibility betwegr andq. Every facade
that containg contains eithep’ or g, and thus cannot occlude the visibility betwg#randg.

What about the other facades? The line segmertoes not intersect any of them. There is a finite gap
betweenpg and any facade that does not intergegtand p must move some non-infinitesimal distance to
close the gap. A dficiently small choice o€ ensures that evertneighbor ofp is visible fromq. |

Observe that i lies in a constraining facadig but p’ andqg do not, thenp’ is not ane-neighbor ofp,
and f might occlude the visibility betweep’ andgq.

Next, consider the circumstance where a face of a simplaxcisided in a constraining facade. The
case of a semiregular simplex is considered first (thakonstrained semiregular, albeit in the context of a
PLC), followed by the case of a constrained semiregular lsrp

Theorem 7. Let s be a simplex, and let t be a face of s. Suppose a consigdiriacade fe X includes t.
Let Y; be the k-dimensional facade PLC for f (recall Definition 20).

If s is semiregular within X, then t is semiregular withip.Y

Theorem 7. Under the assumptions of Theorem 7, if s is regular withinh¥ntt is regular within Y.

Proof. For intuition’s sake, consider first the special case wisdsea Delaunay tetrahedron, illustrated in
Figure 20. No vertex lies inside the circumsphere.df a triangular face of slies within a 2-facadd, then

t is Delaunay within the two-dimensional PLXG. Why? Because the circumcircle i a cross-section of
the circumsphere of, and therefore it encloses no vertexsit strongly Delaunay, is strongly Delaunay.

Figure 21 extends this reasoning to weighted CDTs.dlmt a semiregular simplex. There is a withess
d-flat hs that includesst such that no lifted vertex lies belols. Because the faceof sis included in a
k-facadef, hg yields a witness to the fact thais semiregular withiry; as follows.

Let F be the #&ine hull of f. Think of F as the &ine space in whiclY; is defined. Lef* = {{p,a) €
E%*l: pe F,a € R}. F*is a vertical k + 1)-flat in E&*1, as Figure 21 shows. Think & as the &ine
space in which witnesses fi¥f are defined. Theh; = hsn F* is a withesk-flat within F* that includeg™.

51t would be more apt to call this am,(g, X)-neighbor ofp, but it would clutter the writing.
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Figure 20:An unweighted example where d = 3. If a tetrahedron sis Delaunay, each of its faces has an empty
circumcircle, because each face’s circumcircle is a cross-section of the tetrahedron’s circumsphere.

f

Figure 21:A weighted example where d = 2. If a simplex sis semiregular (no lifted vertex lies below hg), any
face t of sthat lies in a facade f is semiregular within f (no lifted vertex lies below hy).

Because no vertex iK lifts to a point belowhg, no vertex inY; lifts to a point belowh;, sot is semiregular
within Y; and Theorem 7 holds.

If sis regular, the lifted companion of every vertexXries abovehs, except the vertices o (which
lie on hg). Thus the lifted companion of every vertex Y lies aboveh;, except the vertices of*. If
every vertex ofsin Y; is also a vertex of, thenh; is a witness to the regularity ofwithin Y;. Otherwise,
h; contains at least one vertex sf that is not a vertex of*, but that is no obstacle. By tilting slightly as
described in the proof of Theorem, #; becomes a witness to the regularityt @fithin Ys. Thus Theorem’7
holds. |

The next theorem generalizes Theorem 5, and is the corestraimalog of Theorem 7.
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(b)

Figure 22:(a) Example in which f is a 2-facade inside a three-dimensional PLC. The tetrahedron s (which is not
a facade) intersects f at a triangular face of s. The point p lies in the relative interior of the triangular face, and
p’ lies in the interior of s. Both p and p’ can see V. (b) Here sintersects f at an edge t. Although v is visible from
every point on t, v is not visible from inside s.

Theorem 8. Let s be a simplex, and let t be a face of s. Let f be the lowestmthional facade in X that
includes t and is not a submersible vertex.

If s is constrained semiregular within X, then t is constesdrsemiregular within ¥.

Theorem 8. Under the assumptions of Theorem 8, if s is constrained aeguithin X, then t is constrained
regular within ;.

Proof. Becausesis constrained semiregularespectsX. Ast is a face ofs, t also respectX. Moreover,
tC f =Yg, sot respects.

Let v be any vertex inY; that is visible from some poirp in the relative interior ot. The following
reasoning shows thatis also visible from some point in the relative interiorofSee Figure 22(a). Ap
can see&, Lemma 6 guarantees that there issan 0 such that every-neighbor ofp can also see. Because
t respectsf’s faces andf is the lowest-dimensional non-submersible facade thdtidest, the relative
interior of t does not intersect any proper face fofwith the possible exception of submersible vertices.
Therefore, every constraining facade that contaihasf for a face and containsas well. It follows that
every point inX| within a distance o€ from p is ane-neighbor ofp (with respect to/). Because is on the
boundary ofs, v is visible from some point in the relative interior af

The rest of the proof is identical to the proof of Theorems @ &n except that only vertices that are
in Y5 and visible from the relative interior dfare considered, and every occurrence of “semiregular” or
“regular” is thus replaced with “constrained semiregular*constrained regular.” |

Figure 22(b) demonstrates why Theorems 8 ahd@not apply if f is not the lowest-dimensional
facade (other than a submersible vertex) that includds this example, an eddgeof a tetrahedrors is a
constraining segment on the internal boundary of a 2-fa¢daddthough sis constrained regular withiK,

t is not constrained regular withiyy, because the vertexis visible from every point on. The 2-facadeg
occludes the visibility ofs from every point in the interior o$, allowing sto be constrained regular.

The next two theorems simplify proving that a triangulatiera CDT, by putting the burden on the
highest-dimensional simplices.
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Theorem 9. Let X be a d-dimensional PLC with no dangling facades (i.ehdacade in X is included in
a d-facade in X). Let T be a simplicial complex that fills X. Suge every d-simplex in T is constrained
semiregular.

Then T is a CDT of X. Furthermore, for every facade f in X exsaptnersible verticet € T : t C f}
isa CDT of ¥.

Proof. By the definition of “constrained semiregular,” evetysimplex in T respectsX; and asT is a
simplicial complex with no dangling simplices, every simpin T respectsX.

Lett be any simplex irT. Let f be the lowest-dimensional facadeXrihat included. If f is a vertex,
thent = f andt is trivially constrained semiregular withivi. Otherwise, les be ad-simplex inT having
t for a face. (Some suctksimplex must exist, becaugeis a simplicial complex filling a PLC with no
dangling facades.) By assumptianis constrained semiregular, $@& constrained semiregular withlyy
by Theorem 8.

Therefore, every simplex iff is constrained semiregular within the lowest-dimensidaaade that
includes it. By definition,T is a CDT of X. BecauseT fills and respect, for every non-submersible
facadef € X, the subcompleft € T : t C f}fills and respect¥, and thus is a CDT ofs. [ |

The next theorem generalizes Theorem 9 to cover PLCs of naixadnsionality.

Theorem 10. Let X be a PLC (possibly with dangling facades). Let T be a ktimpcomplex that fills X.
Suppose that for every k 1, for every k-facade £ X that is not a face of a higher-dimensional facade,
every k-simplex of T included in f is constrained semiregwithin Y;.

Then T is a CDT of X. Furthermore, for every facade f in X exsaptnersible vertice¢t € T : t C f}
isa CDT of ¥.

Proof. Identical to the proof of Theorem 9, except thds ak-simplex inT havingt for a face, wheré
is the dimensionality of the highest-dimensional facads thcludest. (By assumptions is constrained
semiregular within thé&-facade that includes) |

This section concludes with two corollaries of Theorém 7

Corollary 11. If X is ridge-protected, every facade in X is ridge-protectehat is, if fe X, then its facade
PLC Y; is ridge-protected.)

Proof. Ridge protection holds trivially for a PLC of dimension lékan two, so leff be any facade iX of
dimensiork > 2. LetYs be f's facade PLC. Letl be the dimensionality oX. BecauseX is ridge-protected
andY; C X, every constraining facade ¥y of dimensiond — 2 or less has a triangulation whose simplices
respectX and are regular withixX. By Theorem 7, these simplices are also regular witMp Therefore,
every constraining facade vy of dimensionk — 2 or less has a triangulation whose simplices resjgect
and are regular withiiY;. |

Corollary 12. If X is weakly ridge-protected, every facade in X is wealdge-protected.

Proof. Let f be a facade itX, and letYs be f's facade PLC. It is apparent from Definition 22 that if a face
of f is grazeable withirYs, then the face is grazeable withihtoo. The rest of the proof is identical to the
proof of Corollary 11, except that only evegyazeableconstraining facade if; of dimensiond — 2 or less
has a triangulation whose simplices respgdiand thereforers) and are regular withirX (and therefore
within Ys). |
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3.2 The Delaunay Lemma

A well-known and important property of Delaunay triangidas is that “local optimality” is equivalent to
“global optimality,” in the following sense. A facet sharbg two d-simplicess andt is said to bdocally
Delaunayif the apex ofs (not shared by) is not inside the circumsphere b{equivalently, the apex of
t is not inside the circumsphere gf. If a triangulation is Delaunay, every facet of the trialagion is
locally Delaunay. Conversely, if every facet of a triandgwa of a point set is locally Delaunay, then the
triangulation is Delaunay (i.e. every simplex is DelaunaBpris Delaunay [14] himself was the first to
make this observation.

This section shows that this equivalence generalizes tghted CDTs, with the change that facets
included in constraining facades need not be locally Dedgifor locally semiregular). This result is valu-
able because it provides an inexpensive way to test whettr@magulation is a weighted CDT: check that
it fills and respects the PLC, check every non-constrainaogtf for local semiregularity, and check each
submerged vertex to ensure it really should be submergedo(Aconstraining faces a facet that is not
included in a constraining facade.) The Delaunay Lemffer®an alternative answer to the question, “What
does it mean for a PL& to have no CDT?” It means that no triangulationofulfills these requirements.

Definition 25 (locally regular; locally semiregular)Let T be a triangulation, and let s and t be two d-
simplices in T that share a facet f. The facet fosally regulamwithin T if the lifted d-simplices*sand t*
adjoin each other at a dihedral angle, measured from abof/kess thanl8C°. In other words, the apex of
t* lies above the witness d-flat of s, and vice versa, as illtestrin Figure 13(a).

The facet f idocally semiregulawithin T if the upper dihedral angle wheré¢ meetst is less than or
equal to18C. In other words, either f is locally regular, or s and t have ttame witness d-flat.

If a facet f is constrained regular, thehis locally regular, because the apicessbfandt* lie above
some witnessl-flat of f. If f is constrained semireguldr,is locally semiregular.

Theorem 13(Delaunay Lemma)Let X be a (weighted) PLC with no dangling facades. A triaagah T
is a (weighted) CDT of X if and only if T has the following fouoperties.

A. T fills X.
B. T respects X.
C. Everyfacetin T is either locally semiregular or includad constraining(d — 1)-facade of X.

D. If avertex vin X is missing from T (submerged), then v is thsaamplex s of T such that Vies on or
above &.

If X is unweighted, Property D reads, “No vertex is submerged.”

The proof of the Delaunay Lemma relies on a lemma that is wsigtting separately because it is reused
in Sections 3.3 and 5.1. The lemma uses the following defimsti

Definition 26 (overlaps) Let z be an arbitrary point in £ Let s and t be two simplices (each of any
dimensionality). Say thataverlapst from the viewpointz if some point of s not shared by t lies between
z and t, as Figure 23 illustrates. In other words, there ex@ipoint R € s\t and a point p € t such that

Ps € Z3.
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Figure 23:If soverlaps t from the viewpoint z, then hg(2) > h(2).

Definition 27 (witness function) Let h ¢ E%*! be a non-vertical d-flat. Thevitness functiorh(p) is the
linear function that maps each pointepE? to the x.1-coordinate such thatp, h(p)) € h. In other words, if
¢ c E+*1 s the vertical line (parallel to the g¢1-axis) that containgp, 0, then Kp) is the x.1-coordinate
of hn ¢, as Figure 23 illustrates.

Lemma 14. Let s and t be two simplices, each of any dimensionality. &mthere is a non-vertical d-flat
hs that includes & such that every vertex of ties on or above b Suppose there is a non-vertical d-flat h
that includest such that every vertex of $ies strictly above k, except the vertices shared by Then the
following statements hold.

¢ If sandt are not disjoint, thenst is a face of both s and t.

e Letz be an arbitrary pointin & If s overlaps t from the viewpoint z, theg(®) > hi(2).

Proof. If sis a face oft, both results follow immediately. (In this casedoes not overlap from any
viewpoint.) Otherwises" has a vertex that" lacks. This vertex lies ohg and aboveéh;, sohg # h;.. The
d-flats hg andh; must intersect, because some vertexsofies aboveh; and some vertex dft lies on or
abovehs. Leti* be the @ — 1)-flaths N h;. Leti = {p € EY : hg(p) = hy(p)} be the vertical projection af
into EY, as illustrated in Figure 23.

The hyperplané cutsEY into two halfspaces. Every vertex eflies in the closed halfspade € EY :
hs(p) = hy(p)}. Therefore, so does every point$n Likewise, every point irt lies in the closed halfspace
{p e EY: hg(p) < he(p)}. Any vertexv of sthat lies oni has a lifted companion* that lies onh, so by
assumptiony must be a vertex df Thereforesnt is the convex hull of the vertices afthat lie oni, which
is a face of botts andt. Furthermore, any point af not shared by cannot lie ori.

If soverlapst from the viewpointz, then some poinps € s\t lies betweerz andt. The pointps lies in
the open halfspad@ € EY : hg(p) > hi(p)}, sozmust lie there too. |

Lemma 14 is similar to theorems of Edelsbrunner [15] and &idehner and Shah [19], which they
use to prove thacyclicity of every regular triangulatiof: for any fixed viewpointz, the overlap relation
among regular simplices is a partial order. The functigfz) imposes a total order on the simplicesTin
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such that no simplex overlaps another simplex that appatesih the order. This acyclicity property does
not extend to CDTSs, but it does apply to the regular simplibas comprise the lower-dimensional facades
in a ridge-protected PLC (see Section 5.1).

Proof of the Delaunay Lemma. The “only if” implication is straightforward. IfT is a CDT of X, Prop-
erties A and B follow by the definition of CDT. Property D folls because everg-simplex in a CDT is
constrained semiregular. Property C follows because eaeh in a CDT is constrained semiregular—unless
it is included in a constrainingd(— 1)-facade ofX—and every constrained semiregular simplex is locally
semiregular.

Not surprisingly, the “if” implication takes more work toqre. Supposé is a triangulation with all
four properties. Les be anyd-simplex inT. The following argument establishes ttais constrained
semiregular.

Let v be any vertex inX that is visible from some poinp in the interior ofs. It is helpful if the line
segment/p does not intersect any simplexThof dimension less thad — 1, except at the vertex If this
is not true, then by Lemma 6 there is a neighborhoogd fstbm which every point can see Choose from
this neighborhood a poind’ such thatp’ is in the interior ofsandvp’ does not intersect any simplexTh
of dimension less that — 1, except av.

T is a simplicial complex that fillX by Property A, so the line segmeny’ intersects the interiors of a
contiguous sequence dfsimplicess;, S, ..., S = S, with v € 5. Let f; denote the facet shared Byand
s+1. Because/p’ does not intersect any lower-dimensional face§ d¢except aw), it passes through the
relative interiors of the facetg, fp, ..., fk_1. Because is visible fromp’, none of these facets is included
in a constraining facade, so by Property C all of them arelllpsamiregular.

Becausef; is locally semiregular, eithérs, = hs, or f1 is locally regular. In the latter cashs, (v) >
hs,(v) by Lemma 14; in either caslg, (V) > hs,(v). The same reasoning holds fty; .. ., fx_1, Sohg,(v) >
hs,(V) > -+ > hg (V) = hg(V). If vis a vertex ofs;, then the height(. 1-coordinate) of* is hg, (v); otherwise,
vis submerged, and by Property D the heightbfs at leashs (v).° In either caseyy,., > hs, (V) > hs(V),
sov* cannot lie below the witnegs$flat hs. Because this is true of every vertexhat is visible from the
interior of s, and becaussrespectX by Property B sis constrained semiregular.

By assumptionX has no dangling facades, so by Theorer & a CDT ofX. |

If X has dangling facades, may be cut into subcomplexes offidirent dimensionalities so that each
subcomplex has no dangling simplices. Then the Delaunayraoan be applied to each piece separately,
thereby showing the constrained semiregularity of the @hlol ak-dimensional portion of the triangulation,
only the local semiregularity of thé  1)-faces needs to be checked.

To make good on the title of this article, the following defiiom offers the constrained analog of a
regular triangulation. A constrained regular trianguatis a projection of a polyhedron whose ridges are
locally convex everywhere except where the constrainingdas permit them to be reflex.

Definition 28 (constrained regular triangulation}\ triangulation T isconstrained regulaelative to an
unweighted PLC X if T fills and respects X, and there existsssigament of weights to the vertices in X
such that every non-constraining facet in T is locally regl

5The vertexv might lie in severab-simplices ofT (on a shared boundary), and Property D explicitly appliesrtly one of
them. But the lifted surfac&™ is continuous where simplices @fmeet, so Property D holds for all the simplicesTinhat contain
V.

"Obviously, there is always an assignment of weights to thiices of X missing fromT that satisfies Property D of the
Delaunay Lemma. Just make their weights really small.
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Figure 24:A triangulation that is not regular. From the viewpoint at the center, the three outer triangles form a
mutually overlapping cycle.

Every generic CDT (recall Definition 19) is a constrainedulag triangulation. This fact is a conse-
guence of the Delaunay Lemma and the fact that in a generic €@ibtrained regularity and constrained
semiregularity are the same. However, aeeryCDT is a constrained regular triangulation. For example,
let T be the triangulation illustrated in Figure 24, which is regular. If all the vertex heights are zefojs
a valid weighted Delaunay triangulation and (relative t@mpatible PLC) a valid weighted CDT. But only
the simplices on the boundary ©fare regular; the rest are only semiregular. No assignmemémhts can
make every edge af regular. But ifT is a triangulation of a PLX, andX includes one of the long internal
edges as a constraining segment, thaa constrained regular with respectXo

The viewpoint at the center of the triangulatidrnin Figure 24 demonstrates thatdoesnot have the
acyclic property established by Edelsbrunner and Shahlf¢t 8¢gular triangulations. However, constrained
regular triangulations have a limited acyclicity properBay thats visibly overlaps from the viewpoiniz
if there exists a poinpy in t's relative interior that is visible fror, and a poinips € s\t such thatps € zp.
For any viewpointz, the visible overlap relation among simplices is a partideo. This fact follows from
Lemma 14 by the same inductive step used to prove the Deldwerayna, with the inequalities replaced by
the strict inequalitiess(2) > hs,,(2).

Linear programming can determine whether a triangulalfiahat fills and respectX is constrained
regular relative toX. The variables of the linear program are the vertex weightsaavariables. For each
non-constraining faceft in T, write a linear constraint enforcing the local regularifyfo Specifically,f is
a facet of twod-simplicess andt; the linear constraint requires that the apexsbf{not shared by*) be a
distance of at leagtabovet’s witnessd-flat. The objective is to maximiz&subject to the facet constraints.
If this linear program has a feasible point with- O, T is constrained regular relative ¥

3.3 The Omnipresent Complex of Constrained Regular Simplies

A property of every PLCX is that its constrained regular simplices (of all dimenaliies, within all the
facades inX) have disjoint relative interiors and form a simplicial golex, even ifX has no CDT. Another
property is that ifX does have a CDT—perhaps several CDTs—then every congtreggelar simplex
appears in every CDT of. This property implies that iK is generic, it has at most one CDT.

These properties do not hold for semiregular simplicesottfis selection ofl + 2 or more vertices of
a PLC lift to a common non-vertical-flat, the PLC might have more than one CDT, and its semiregula
simplices might have intersecting interiors.
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Figure 25:1f P C but P ¢ Cy,, then mis on the boundary of P.

Because the CDT of a generic PLC contains every constraggadar simplex and no other simplex,
CDT construction algorithms can work in a bottom-up fashiwom low dimensionalities to high: if an
algorithm obtains the CDT of each constraining facade inreege PLCX (perhaps by calling itself recur-
sively), it can construct the constrained regulaimplices with confidence that they will match the facade
triangulations. For a nongeneric PLC, however, the CDTsfééiknt constraining facades might be incom-
patible with each other, causing a CDT construction algarito fail to find a CDT of the whole PLC even
when one exists. Section @fers a perturbation method that enforces genericity, so@bét construction
algorithms may avoid this fate.

The proofs rely on the following lemma, which is also usedvigan Section 5.

Lemma 15. Let P and C be closed, convex polyhedra (not necessarilyeoféime dimensionality) with
P c C. Let m be a point in the relative interior of P. Let,®e the face of C whose relative interior contains
m. Then PC C,.

Proof. If C,, = C the results follows immediately. Otherwise, by Definitigrtigere is a hyperplanesuch
thatC,, = C n h andh does not intersect the relative interior@f which implies thatC\Cy, lies entirely on
one side oh. Clearly,m € h. Suppose for the sake of contradicting the lemma Ehgt Cr,, as illustrated
in Figure 25. TherP contains a poing in C\Cp,. Thusg is on the same side &fasC, and no point irP is
on the other side df. BecauseP is convex,P includes the line segmengin but any extension of the line
segmengm pastm lies outsideP. Thereforem is on the boundary oP. This contradicts the assumption
thatmis in the relative interior oP, soP C Cy,. |

The following theorem, which generalizes half of Lemma 1dowves that a constrained semiregular
simplex and a constrained regular simplex can intersegtatra shared face.

Theorem 16. Let s and t be simplices. Suppose that s is constrained ggutdarewithin f and t is con-
strained regular within f, where f and fare facades in a PLC X (possibly with=f f”), and neither f nor
f’ is a submersible vertex. If s and t are not disjoint, themtgs a face of both s and t.

Proof. Supposes andt are not disjoint. Lefp be a point in the relative interior (fn t, as illustrated in
Figure 26. Letg be the lowest-dimensional facade Xnthat containgp and is not a submersible vertex.
(Either p is in the relative interior ofj, or p coincides with an isolated submersible vertexgsfinternal
boundary. Note thaj might be of any dimension from zero t) Because € f andp € f’, gis a face (not
necessarily a proper face) of botrand f’.

Each ofs andt has one face whose relative interior contamsCall these faces a4ndf, respectively.
Becauses andt respeciX, so dosandt. It follows that every facade that contaipgand is not a submersible
vertex) includess andf. Three such facades afe f’, andg.
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Figure 26:A constrained semiregular simplex sand a constrained regular simplex t can intersect only at a shared
face.

By Theorem 85s’s constrained semiregular withgn By Theorem 8§ f is constrained regular withig.
By Lemma 14 (applied within the facade PIXg), §n fis a face of botrsandf. But p is in the relative
interiors of boths’andf, andp € $nf, sos=8nf=H{.

Becauses= tis a face of botts andt, f ¢ snt. By Lemma 15 (substituting for m, t for C, f for Cp,
andsntfor P), snt cf. Therefores= f = snt, verifying thatsn t is a face of botts andt. [

Corollary 17. The constrained regular simplices of a PLC have disjoirdtigk interiors. |

Corollary 18. Let X be a PLC. Let T be the set that contains every simplexishainstrained regular
within X or within a constraining facade in X. T is a simplici@mplex.

Proof. By Theorem 8 every face of every simplex i is constrained regular within some facade that
is not a submersible vertex. Therefollecontains every face of every simplexTn By Theorem 16, the
intersection of any two simplices ifi is either empty or a shared face of the two simplices. Hahtea
simplicial complex. [ |

A consequence of Corollary 18 is that if a PLC does not have & ©De or more of its facades has
a gap that is not covered by constrained regular simplicdse riext theorem shows that if a PLC has
several CDTs, they share the same constrained regularisgapand dter only by the simplices that are
constrained semiregular but not constrained regular.

Theorem 19. Every CDT of a PLC X contains every simplex that is consthiegular within X or within
a constraining facade in X.

Proof. Lett be any simplex that is constrained regular within some fadaoh X, wheref is not a sub-
mersible vertex. (If a simplex is constrained regular witKj it is constrained regular within sondefacade
in X.) Let pbe a point in the relative interior af

Let T be a CDT ofX. Becausd fills X, T contains a simplesthat containg and is not a submersible
vertex. By the definition of CDTs is constrained semiregular within the lowest-dimensidaehde that
includes it.

By Theorem 16sntis a face of botts andt. But sn t containsp, which is in the relative interior df,
sosnt =t. Thereforet is a face ofs, andt € T. This conclusion holds for every CDT of X and every
constrained regular simpléx |
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Corollary 20. A generic PLC has at most one CDT.

Proof. By Theorem 19, every CDT of a PLK contains every simplex that is constrained regular within a
facade inX, except perhaps within a submersible vertex. By the defimitif CDT, no CDT ofX contains

a simplex that is not constrained semiregular within a fadadX. If X is generic, constrained regularity
and constrained semiregularity are equivalent. Therefare CDTs of X can difer from each other only

in the choice of submersible vertices. But a CDT filsso the choice of submersible vertices is uniquely
determined by the higher-dimensional simplices. Theefhas at most one CDT. |

This corollary and Corollary 18 together imply that if a PLS3generic and has a CDT, a CDT construc-
tion algorithm can triangulate each facade of the PLC, is@mith the 1-facades and working up to the
d-facades, and rest assured that the facade triangulafiai§erent dimensions all match.

4 Interpolation Criteria Optimized by CDTs

Among all triangulations of a fixed two-dimensional vertet,she Delaunay triangulation is optimal by a
variety of criteria—maximizing the smallest angle in thi@mgulation [28], minimizing the largest circum-
circle among the triangles [4], and minimizing a propertijaththeroughnes®f the triangulation [37, 35].
A two-dimensional CDT shares these same optimality pragserif it is compared with every otheon-
strainedtriangulation of the same PSLG [29, 4].

Delaunay triangulations in higher dimensions also haver@lity properties that generalize to CDTs
and dfer some of the reasons why higher-dimensional CDTs are sodiywobjects of study. Rippa [38]
investigates the use of two-dimensional triangulatiomgpfecewise linear interpolation of a bivariate func-
tion of the formAx2 + By? + Cx+ Dy + E, and concludes that & = B, the Delaunay triangulation minimizes
the interpolation error measured in thg-norm for everyq > 1 (compared with all other triangulations
of the same vertices). Melissaratos [31] generalizes Ripeault to higher dimensions. D’Azevedo and
Simpson [13] show that a two-dimensional Delaunay triaagoh minimizes the radius of the largest min-
containment circle of its simplices, and Rajan [36] geneeal this result to Delaunay triangulations and
min-containment spheres of any dimensionality. Tii@-containment spheref a simplex is the smallest
hypersphere that encloses the simplex. If the center ofitbeamsphere of a simplex lies in the simplex,
then the min-containment sphere is the circumsphere. @iberthe min-containment sphere is the min-
containment sphere of some face of the simplex.

Rajan’s result and a theorem of Waldron [51] together impdgeond optimality result related to multi-
variate piecewise linear interpolation. Suppose you miigbse a triangulation to interpolate an unknown
function (not necessarily convex), and you wish to minimize largest pointwise error in the domain.
After you choose the triangulation, an adversary will cleotiee worst possible smooth function for your
triangulation to interpolate, subject to a fixed upper boondhe absolute curvature (i.e. second directional
derivative) of the function anywhere in the domain. The Daky triangulation is your optimal choice.

This section shows that Melissaratos’ and Rajan’s reselteglize to CDTs (when CDTs exist). Melis-
saratos’ result also generalizes to any monotonic normaitid help from weighted CDTSs, to any convex
function. Rajan’s result is particular to unweighted CDTifieparaboloid is the right choice of heights to
minimize the largest min-containment sphere. The proafsrghere are similar to Fortune’s presentation for
unconstrained Delaunay triangulations [21], and are sultisily simpler than Melissaratos’ and Rajan’s.

Consider multivariate piecewise linear interpolation omeaghted CDT. LetX be a PLC, and let(p)
be a convex scalar function defined over the triangulatianalon|X|. Assign each vertex € X the weight
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V2 — f(v), so that thexq,1-coordinate ofv* is f(v). Let T be a weighted CDT oK, if one exists. The
triangulationT and the vertex height§(v) define a piecewise linear surfaté = {s* : se T}. By analogy
to witness functions (Definition 27), think f* as a continuous piecewise linear functibh(p), which
maps each poinp € |X| to a real value. Becauskis convex, every vertex iiX is semiregular, s@*
interpolates the lifted companion of every vertexineven if some vertices iK are missing fronT.

Lete(p) = T*(p) — f(p) be the error in the interpolated functidn as an approximation of the true
function f. At each vertew in X, e(v) = 0. Becausd is convex, the error satisfiegp) > O for all p € |X|.

Consider the unconstrained case fiists the weighted Delaunay triangulation of the verticeXjrso
T* is the underside of the convex hull of the lifted verticese Tiituition (formalized in Theorem 21 below)
is that for any pointp € |X|, there is no way to triangulate the lifted vertices thatgsea lesser value of
T*(p) than the underside of the convex hull. Melissaratos’ tdsllbws immediately:T minimizes||€l|.,
for every Lebesgue noriy,.

The constrained case is only a little more complicated.

Theorem 21. Let f(p) be a function defined over the doma&i of a PLC X. Assign each vertexevX the
height f(v)—i.e. the weighiv|? — f(v). If X has a weighted CDT, then at every poin¢ {X|, every weighted
CDT T of X minimizes T(p) among all triangulations of X.

Proof. Let T be a weighted CDT oK. Suppose for the sake of contradiction that there is a ttikatign S

of X and a pointp such thaS*(p) < T*(p). Let sbe the simplex irs whose relative interior contains Let

t be a simplex ifll that containg and is not a submersible vertex. Liebe the lowest-dimensional facade
in X that included. Becausé is not a submersible verteX,is not one either, serespectsd. Because is

in both f and the relative interior of, s C f. Becauses respectsX andp € s, the vertices ok are visible
from p by Theorem 3.

Define the pointps = (p, S*(p)) € E%*L. Thusps € st € S*, andp is the projected companion k.
Becauses*(p) < T*(p), ps lies belowt*. For every witness-flat h; that includeg*, at least one vertex of
st lies belowh;, becauses® is a simplex that contaings. Thereforef is not constrained semiregular within
f. But by assumptionT is a weighted CDT oK, sot is constrained semiregular within By contradiction,
there is not a triangulatioB and a pointp such thatS*(p) < T*(p). |

Corollary 22. Let f(p) be a convex function defined over the domXinof a PLC X. Assign each vertex
v € X the height {v). If X has a weighted CDT, then at every poinEpX|, every weighted CDT T of X
minimizes the interpolation errdf *(p) — f(p)| among all triangulations of X. |

Because the weighted CDT minimizes the erep) at every point, the weighted CDT minimizes
in every norm that is monotonic ig, including the Lebesgue norms. With the right choice of &g
this result holds for any convex function. Rippa also iniggdges the special case of interpolatifigp) =
Ax? + By? + Cx+ Dy + E whereA # B. For a function of this form, an anisotropic triangulatiovith long,
thin triangles) is optimal. Rippa suggests handling sucittions by &inely mapping the vertices i to
a “stretched” space over whidt(p) is isotropic, finding the Delaunay triangulation of the rpag vertices,
and mapping the triangulation back to the original spaceol@ry 22 suggests an alternative: use weights
to achieve the samdfect as Rippa’s mapping. This approach obtains exactly time sasults wheri(p) is
parabolic, but it is more flexible as it can adapt to other earfunctions as well.

Corollary 22 plays a part in showing that Rajan’s result galimes to CDTs.
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Figure 27:Left: within s, the error &(p) is maximized at the point nearest the circumcenter of s. Right: top view
of s, its circumcircle, and its min-containment circle.

Theorem 23. If X has an unweighted CDT, then every unweighted CDT of Xnnides the largest min-
containment sphere, compared with all other triangulasionf X.

Proof. Recall that(p) = T*(p) — f(p). As X is unweightedf(p) = |pl2.

Over any singlal-simplexs, there is an explicit expression fefp). Recall from the proof of Lemma 1
that the witnessi-flat hs that includess™ has the witness functidms(p) = 20circ - P — [Ocirc|? + rZ,., Where
Ocirc @andr ¢ are the circumcenter and circumradiusspndp € EY varies freely. (Theircumcenteand

circumradiusof sare the center and radius € circumsphere.) Hence, for gl s,

ep) = hs(p) - f(p)
= 20circ- P- |Ocirc|2 + fgirc - |p|2
= rgirc — |Ocirc p|2-

Figure 27 (left) illustrates the functios(p) and f(p) over a triangles. The errore(p) is the vertical
distance between the two functions. At which pginn sis e(p) largest? At the point nearest the circum-
center, becaus®circpl° is smallest there. (The error is maximized at the circunarafthe circumcenter
is in s; Figure 27 gives an example where it is not.) Gtc andryc be the center and radius of the min-
containment sphere & respectively. Lemma 24 below shows that the poird mearesg;¢ is Ome, and

rohe = &Omo).
It follows that the square of the min-containment radius & max,s &(p), and thus the largest min-

containment sphere of the entire triangulation has a squaidius of may.r €(p). By Corollary 22, the
unweighted CDTT minimizes this quantity among all triangulationsXf |

Lemma 24. Let Q;j,c and rrc be the circumcenter and circumradius of a d-simplex s. Lgté&hd i be the
center and radius of the min-containment sphere of s. Ferspdefine the function(p) = rZ . — [Ocircpl*.

Let g be the point in s nearestR. Then G = g and . = &(q).

Proof. Lett be the face ofs whose relative interior contairg The facet is not a vertex, because the
vertices ofs ares's furthest points fronQOg;j;c. Becausey is the point int nearesOg;c, and becausg is in
the relative interior of, the line segmer®Dg;cq is orthogonal td. (This is true even if = s, in which case
Ocirc — q = 0.) This fact, plus the fact thadg;c is equidistant from all the vertices of implies thatq is
equidistant from all the vertices of(as Figure 27 demonstrates). lrebe the distance betwegnand any
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vertex oft. Becausej € t, there is no containing sphere tofor s) with radius less than, because there is
no directiong can move without increasing its distance from one of theicestoft. Thereforegqandr are
the center and radius of the min-containment sphete of

By the following reasonings has the same min-containment sphere #isq = O, this conclusion is
immediate. Otherwise, létbe the hyperplane throughorthogonal tdOg;rcq. Observe thal includest. No
pointin sis on the same side tfasOg;.: if there were such a point, there would be a point ia (between
w andq) closer toOg;jrc thang, contradicting the fact that is closest. Observe thhtcuts the circumsphere
into two pieces, and that the smaller piece enclasasd is enclosed by the min-containment sphere of
Thereforeg andr are the center and radius of the min-containment sphese of

Let v be any vertex of. Pythagoras’ Law omQOgjcqVv (see Figure 27) yieldsgirC =12 + |Ogircdll?, and

thereforer? = &(q). [ |

For an algebraic proof of Lemma 24 (based on quadratic pnogizality), see Lemma 3 of Rajan [36].

The optimality of the CDT for controlling the largest minsgainment radius dovetails nicely with
an error bound for piecewise linear interpolation derivgdialdron [51]. LetC. be the space of scalar
functions defined ovaK| that haveC! continuity and whose absolute curvature nowhere exceddsother
words, for everyf € C¢, every pointp € |X|, and every unit direction vectal, the magnitude of the second
directional derivativef{'(p) is at mostc. This is a common starting point for analyses of piecewisedr
interpolation error. In contrast with Corollary 22; is not restricted to convex functions.

Let f be a function irC¢. Lets C |X| be a simplex (of any dimensionality) with min-containmeadius
rme. Lethg be a linear function that interpolatésat the vertices of. Waldron shows that for alp € s, the
absolute errofe(p)| = |hs(p) — f(p)| is at mostcr?,./2. Furthermore, this bound is sharp: for every simplex
s with min-containment radiusny, there is a functiorf € C. and a pointp € s such thate(p)| = cr?,./2.
(That function isf(p) = c|p|?/2, as illustrated in Figure 27.)

Theorem 25. Every unweighted CDT T of X (if any exist) minimizes

+ —_—
rfr;gfrpr;g(ﬂT (p) - f(P)I,

the worst-case pointwise interpolation error, among aktrgulations of X.

Proof. For any triangulatio, maxiec, Maxpex [T(p) — f(p)| = cr2,../2, wherernax is the largest min-
containment radius among all simpliceslinThe result follows immediately from Theorem 23. |

One of the reasons why CDTs are important is because, in tises@f Corollary 22 and Theorem 25,
the CDT is an optimal piecewise linear interpolating suefa®©f courseg(p) is not the only criterion for
the merit of a triangulation used for interpolation. Manykgations need the interpolant to approximate
the gradient—that is, not only must (p) approximatef (p), butVT *(p) must approximat® f (p) well too.
For the goal of approximatingf (p) in three or more dimensions, the weighted CDT is sometimegdm
optimal even for simple functions like the paraboldig) = |p|>. Still, the CDT is a good starting point for
mesh improvement algorithms [6, 7, 10, 11, 16, 30, 46, 48]dheate a triangulation that is appropriate for
approximating bottf (p) andV f(p).
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Figure 28:Spherical projection of the halfspace above your vantage point.

5 Proof of the CDT Theorem for Generic PLCs

Theorem 26. Let X be a generic, weakly ridge-protected, d-dimensional Pweighted or not). X has a
CDT (a weighted CDT if X is weighted).

This section is devoted to the proof of Theorem 26, the generision of theCDT Theorem A lot of
ink must be spilt for it, and readers who are not feeling dithigre invited to skip to Section 6, where the
genericity requirement is removed from Theorem 26.

Half the work is already done: Corollary 18 states that thestr@ined regular simplices form a simplicial
complex, and Theorem 10 states that if this complex Xll# is a CDT of X. The most diicult part of the
proof is to show that ifX is generic and weakly ridge-protected, the complex #lls The forthcoming
Theorem 30 shows that every point in a weakly ridge-proteBteC lies in some constrained semiregular
simplex. Unfortunately, several long proofs are neededitiol lup to that result.

5.1 Visibility Lemmata

One potential dticulty for the CDT Theorem is illustrated in Figure 28. Imagjihat you are standing at a
point p in the interior of a three-dimensional domain, scanningihiéspace “abovep for a visible vertex.
Looking up into the sky, you see the three illustrated 2-d@saeach of which occludes the apical vertex of
another. The remaining vertices of these facades are békwdrizon (in the halfspace below you). No
vertex in the halfspace is visible from your vantage poiotitere is no constrained semiregular simplex
that contain®.

To prove the existence of a CDT, one must show that this pitigsib precluded ifX is weakly ridge-
protected. Fortunately, Lemma 14 does exactly that. By #fmition of “weakly ridge-protected,” every
grazeable constraining facadeXrof dimensiond — 2 or less is a union of regular simplices. In Figure 28,
observe that the inner edges of the three facades form aalolerlapping edges. These edges are graze-
able. However, Lemma 14 implies that the overlap relationmgregular simplices (from a fixed viewpoint)
constitutes a partial order. The regular edges bounding@-fiaeades cannot form a cycle. This fact is the
key to proving two key lemmata for weakly ridge-protectediBL

For each regular simpleg, let hs be a witness to the regularity sf Every lifted vertex lies abovhs,
except the vertices af*. Recall from Definition 27 the witness functitig(p), a linear function that maps
each pointp € EY to thexg,1-coordinate such thap, hs(p)) € hs. If sis notd-dimensional, it has infinitely
many witnesgl-flats; choose one arbitrarily so thai(p) is consistently defined.
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Figure 29:The supposition that no vertex in H is visible from p leads to a contradiction.

Lemma 27. Let X be a weakly ridge-protected, d-dimensional PLC. Leé @ Ipoint in the interior ofX|.
Let H be an open d-dimensional halfspace whose closure it At least one vertex of X isin H and
visible from p.

Proof. Suppose for the sake of contradiction that no verteX & in H and visible fromp. Let A be the set
containing every simplegthat has the following properties:

e erespectX and is regular withirX, and

e there is a pointnin €'s relative interior such thah € H andmis visible fromp.

A is empty—suppose for the sake of contradiction that it is riB#cause no vertex of is in H and
visible fromp, A contains no vertex. Latbe the simplex irA that maximized(p). Letmbe a point ine's
relative interior that is irH and visible fromp. Because is a simplex that intersects, at least one vertex
vof eisin H, as Figure 29(a) shows. (The other vertices ofight lie below the horizon, outsidd.)

By assumptiony is not visible fromp, althoughmis. Letn be the point nearest on the line segment
mvthat is not visible fromp. In other wordsn is the first occluded point encountered on a “walk” fram
to v.2 The line segmenpn must intersect some occluding facadexoft some pointit. If several facades
occlude the view ofi from p, consider only the facade that interseptsclosest top, so thatm' is visible
from p.

Let f be the face of that facade whose relative interior contaihs(In Figure 29,f is the edge='.)
Becausen is the first occluded point on the walk fromto v, f must have dimensiod — 2 or less (i.enY
cannot lie in the relative interior of a ¢ 1)-facade). Because no vertex isHrand visible fromp, f is not a
vertex. The grazing trianglepnmdemonstrates thdtis grazeable. AX is weakly ridge-protected, has a
triangulation whose simplices respecand are regular withiX. Lete be the simplex in that triangulation

8How do we know that theris a first occluded point on the walk from to v, rather than a last visible point? On the walk,
there is at least one transition from poifptsan see to pointp cannot see. Lat be the point where the first such transition occurs.
Is n visible from p? There are two ways that a transition might occur. One piligiis an interposing facade that occludes the
visibility of n, as in Figure 29(a). The second possibility is théies on a facadé and is visible fromp, but the points following
non the walk are occluded bfy. To exclude this possibility, observe tteis convexmis in €s relative interiory € e, n e my, and
n # v. Thereforen must lie in€'s relative interior. BecauserespectsX, every facade that contaimsincludese, and thereforef
cannot occlude the visibility of any point efrom anywhere. These details are dreary, but the proof adbpen them.
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Figure 30:Because mis between g and r, h(m) > hg(m).

whose relative interior contaimg’. Becausen lies in H and p lies in its closurey lies inH, so€ € A
(by the definition ofA). Becausea € e, € overlapse from the viewpointp, and thereford (p) > he(p) by
Lemma 14.

But this contradicts the assumption tleahaximizeshe(p) among all members d@k. It follows thatAis
empty.

Because is in the interior of X|, at least one facade Xintersectd. Let g be the lowest-dimensional
facade inX whose relative interior contains a pointhat is inH and visible fromp. By assumptiong is
not a vertex.

Becausq intersectsH, at least one vertex df is in H. Imagine shooting a ray from toward that
vertex. Letz be the first point on the boundary gfstruck by the ray, as illustrated in Figure 29(b). és
might not be convexz might not be the vertex, bitis in H. Becausey is the lowest-dimensional facade
whose relative interior contains a pointkhvisible from p, andzlies in the relative interior of a proper face
of g, zis not visible fromp. Letn be the first occluded point encountered on a “walk” frgro z. By a
repetition of the reasoning above, some simple& is interposed betwegmandn. But A is empty, so this
is a contradiction.

It follows that some vertex oX is in H and visible fromp. |

A second lemma reveals a more subtle (and barely compréftengioperty of visibility in PLCs.

Lemma 28. Let X be a weakly ridge-protected, d-dimensional PLC. LetE®! be a non-vertical d-flat.
Let W, = {ve X: visavertex andVis on or below B, and let G, = conv{Vy,). (See Figure 30. Note that
Vi and G, are sets of points in € not E4+1))

Let p be a point in @. Suppose that no vertex in X visible from p lifts to a poinbtaeh.

Let f € X be a grazeable constraining facade of dimension 2 or less. Suppose that some point
m; € f N Cy, is visible from p.

Then f includes the face of,®vhose relative interior contains m(This face may be dtself.)
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Proof. BecauseX is weakly ridge-protected, has a triangulation whose simplices respéaind are regular
within X. Lett be the simplex in this triangulation whose relative intedontainams.

Let A be the set containing every simplexhat has the following properties:

e erespectx and is regular withirX, and
e thereis a pointin €'s relative interior such that

— mis visible fromp,
— me Cy, and
— edoes not include the face 6% whose relative interior contaims.

If Ais empty, thert ¢ A, sot includes the face o}, whose relative interior contaimgs, and the lemma
holds. Suppose for the sake of contradiction thabntains at least one simplex.

Let e be the simplex irA that maximizede(p). As e € A, there is a poinm in the relative interior of
e such thatm € C, andm is visible from p. Becausee is regular, there is a witnestflat he ¢ E%*! that
includeset, as illustrated in Figure 30. Each vertexadiifts to a point onhe. Every other vertex iiX lifts
to a point abovéne.

For each vertex € V;, v* lies on or belowh, and on or abovég, soh(v) > he(v). If vis in V}, but not in
e, thenv* lies strictly abovéehe, soh(v) > he(v).

BecauseCy, is the convex hull o, andh andhe are linear functions, it follows that for each point
g € Cp, h(g) > he(q), and ifgis not ine, thenh(q) > he(Q).

Let Cy, be the face o€y whose relative interior contaima. By assumptione does not includ€,,, so
some poing € C, is notine. Becauseanis in the relative interior o€, there is a point € Cy, such that
mis betweerg andr. (See Figure 30.) Thu¥q) > he(g) andh(r) > he(r), so by the linearity ofi andhe,
h(m) > hg(m).

Because is a simplex that contain®, there must be at least one vertexf e for which h(w) > hg(w).
Becausev® lies onhe, W' lies belowh, sow € V, (by the definition ofv})). By assumption, no vertex visible
from p lifts to a point belowh, sow is not visible fromp. But recall thaim € eis visible fromp. Canmbe
visible fromp if wis not?

Let n be the point nearest on the line segmenmhwthat cannot see, as illustrated in Figure 31. The
line segmenpnmust intersect some facadeXmt some pointY. If there are several facades occluding the
view of n from p, consider only the facade that interseptsclosest top, so thatm' is visible fromp.

Let g be the face of that facade whose relative interior contaihs(In Figure 31,g is the edge'.)
Becausen is the first occluded point on the walk from to w, g must have dimensiod — 2 or less (i.e.
n' cannot lie in the relative interior of @ 1)-facade). The grazing trianglgponmdemonstrates thatis
grazeable. AX is weakly ridge-protectedy has a triangulation whose simplices respéeind are regular
within X. Let€ be the simplex in that triangulation whose relative inteciontainanf. Observe that € Cy,
becausea lies betweemm andw, which are both irC,. Moreover,m’ € Cy, becausen lies betweem andp.
Let C,y be the face o€}, whose relative interior containg’. By Lemma 15 (substitutin@, for C, Cy for
Cm, andpnfor P), pn c Cy. Because occludes the visibility betweepandn, € contains neithep norn.
It follows thatCyy ¢ €.

By the definition ofA, & € A. Because& overlapse from the viewpointp, he (p) > he(p) by Lemma 14.
But this contradicts the assumption tleataximizeshe(p) among all members oA. It follows thatA is
empty, and the lemma holds. |



44 Jonathan Richard Shewchuk

Figure 31:Because mis visible from p and w is not, some simplex € must overlap e.

5.2 Ridge-Protected PLCs Are Filled

This section completes the proof of Theorem 26. Most of tharels spent proving that if a PLC is weakly
ridge-protected, every point in the triangulation doma#s in some constrained semiregular simplex. The
proof is made easier by considering a subset of the triatignldomain first—a set of points from which
visibility is particularly well behaved.

For ad-dimensional PLCX, let N be the set containing every point in the interior|Xf that is not
cohyperplanar with ang affinely independent vertices K. No point inN lies on any constraining facade,
nor on anyk-simplex whose vertices are K for k < d, nor on their &ne hulls. The closure df is the
union of thed-facades inX.

Lemma 29. Let X be a weakly ridge-protected, d-dimensional PLC. Defires above, and let p be a point
in N. Some constrained semiregular d-simplex contains p.

Proof. Let W be the set of all vertices iX visible from p (the black vertices in Figure 32, far left). The
following reasoning establishes thatis in convV). Suppose for the sake of contradiction that it is not.
Then there is an open halfspadesuch thaip lies on the boundary di andWnH = 0.° But by Lemma 27,
some vertex oK is in H and visible fromp. This vertex is irlW N H, a contradiction.

Let s be thed-simplex that containg in a weighted Delaunay triangulation @ (Figure 32, second
from left). Becausep € conv(W), some such simplex must exist. The rest of this proof shtvassis
constrained semiregular withi, so the lemma holds.

Let hs be the unique witness to the semiregularitysafithin W. No vertex inW lifts to a point below
hs, so no vertex irX visible from p lifts to a point belowhs. LetV,, = {ve X : vis a vertex and™ lies on or
belowhg}. Let Cy be the convex hull o¥/, (Figure 32, center). Observe that the vertices afe inVj, so
sCc Chandp € Cy.

Let Z be the closure of the set of all points thatan see in the triangulation domakX (Figure 32,
second from right). Becaugee N, p lies in the interior of X|, which implies tha® is d-dimensional with
p in its interior. The vertices o are inZ.

Becaus€ is the closure of points visible from, the shadows cast by constraining facades of dimension
d — 2 or less have noffect onZ. Z is a star-shaped polyhedron (not generally convex) with types

9This claim is intuitive, but its formal proof is tricky. It ihe well-known Farkas Lemma; see Ziegler [54] for a proof.
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Figure 32:From left to right: a PLC X wherein the vertices visible from p (the set W) are colored black, and the
vertices not visible from p are colored white. The weighted Delaunay triangulation of W, and the simplex stherein
that contains p. Cy, is the convex hull of the vertices whose lifted companions lie on or below the witness d-flat for
S. Z is the closure of the set of points visible from p. Z N C;, is convex and respects X.

of facets: portions ofd — 1)-facades, anghadow facetshat are cohyperplanar with because they are
boundaries of shadows cast by occludidg-(1)-facades.

The rest of this proof is a sequence of claims and their joatifins.

Claim: no constraining(d — 1)-facade in X intersects the interior of ZBecausep € N, p is not
cohyperplanar with anyd(— 1)-facade, so evend(- 1)-facade casts a shadow (occludes visibility frpn
and no ¢ — 1)-facade intersects the interior of

Claim: Zn Cy, is a star-shaped d-polyhedroBecausep € N N Cy, pis in the interior ofC;,. Because
Z andCy are both closed star-shapégbolyhedra withp in their kernels and in their interiors, sodsn Cy.

Claim: no constraining facade in X intersects the interibZoCy,. Suppose for the sake of contradiction
that a constraining facadeintersects the interior @NCy,. Letmbe a point in the intersection dfs relative
interior and the interior oEZ N Cy,. Assume without loss of generality thatis visible from p—if it is not,
thenm's visibility is occluded by some other constraining fac#ut intersects the interior &n Cy, closer
to p (becaus& N Cy, is star-shaped witp in its kernel), sof andmcan be replaced by the occluding facade
and the closer intersection point.

Because no constraining  1)-facade intersects the interior @f f must have dimensiod — 2 or
less. To show that is grazeable, choose an open grazing triahgleat does not intersect any constraining
facade, such that one boundary edgé @bntainsm. Does such a triangle always exist?Llihasm on its
boundary and is dticiently small, the only constraining facades that can gaetl are those that contain
m. These facades intersect the interiogZofo they have dimensiaih- 2 or less. Almost every plane (2-flat)
throughm intersects these facades only at the pain{Here, “almost every” is used in the analytic sense:
for any d — 2)-facadeg that containgn, the set of planes through that intersect\{m} has measure zero
in the space of planes through) Therefore, almost every ficiently small open triangle witim on its
boundary intersects no constraining facadef $as a grazing triangle.

By Lemma 28,f 2 Cu. This contradicts the fact th&, is d-dimensional and is at most { — 2)-
dimensional, so no constraining facade intersects theidntef Z N Cy,.

Claim: Zn Cy, is convex.(See Figure 32, far right.) Suppose for the sake of conttiadithatZ n Cp
is not convex. Then there exist two pointgndr in the interior ofZ N Cy, such thagr ¢ Z n Cy,. Because
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Figure 33:1f Z n C;, is not convex, its boundary incorporates a grazeable facade §.

Z N Cy, is star-shaped witlp in its kernel,Z N C;, includes bothpg and pr, so the three pointg, g, andr
cannot be collinear. Continuously mogeandr toward p until Apgr c Z n Cy, but gr still intersects the
boundary oZ N Cy, as illustrated in Figure 33. L&t be the point neareston gr that lies on the boundary
of ZN Cy. (That point is neitheq norr, which are in the interior.) Loosely speakir®y, Cy, is locally reflex
atm. Becaus&, is convex withg andr in its interior,m also lies in the interior o€y, som must lie on the
boundary ofZ.

Because the open triangle= Apqgris included in the interior aZ NCp, which intersects no constraining
facadeL is a grazing triangle fom, andmis visible fromp. Becausen lies on the boundary df, but the
open line segmerpmdoes not interse@’s boundarym lies on at least one facet dfthat is not a shadow
facet. Thereforanlies on somed-1)-facadey, as illustrated. Becauggntersects neither the open triangle
L nor the open line segmeqgtn m must lie on the boundary @f

Let § be the face off whose relative interior contaims. Becausenis ong’s boundaryg’has dimension
d — 2 or less.L demonstrates thatis grazeable. By Lemma 28,3 Cy,. This contradicts the fact th&, is
d-dimensional angj is at most {l — 2)-dimensional, s& N Cy, is convex.

Claim: Zn C;, has no shadow facet$his claim follows because shadow facets are cohyperplaitiar
p, butZ n Cy, is a convexd-polyhedron withp in its interior.

Claim: Zn Cy respects X.Suppose for the sake of contradiction that some fadadeX (that is not a
submersible vertex) intersects the relative interior adi@eP of Z N Cy, but f does not includé. Lety be
a point in the intersection df with the relative interior oP, as illustrated in Figure 34.

Becausd is closed and does not inclu@e there is a pointin the relative interior oP that is not inf.
Let m be the point nearegtin f Nyz as illustrated. Becauseandz are in the relative interior oP, so is
m. Lety’ be a point inP such thamis betweery’ andz. (The choicey’ = ywill do if y # m; butify = m,
choosey just pasimon the rayzi) Let f be the face of (possiblyf itself) whose relative interior contains
m. This choice guarantees thatandz do not lie on the fine hull of f, andf cannot have dimensiah

The facadd cannot have dimensiah- 1, either. If it did, then it would intersect the interior 61 Cy,,
becausenis in the relative interiors of both andy’z, y'zis on the boundary of N Cy,, andy’zdoes not lie
on the same hyperplane &sBut no d — 1)-facade intersects the interior &f Therefore,f has dimension
d — 2 or less. To show thaft is grazeable, choose an open grazing triahgseich thatl is included in the
interior of Z N Cy,, andy’zis an edge of (the closure df) No constraining facade intersects the interior of
Z N Ch, soL is indeed a grazing triangle.
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Figure 34:The circumstance depicted here, where a facade f intersects the interior of a face P of Z N Cy, but
does not include P in its entirety, cannot happen in a weakly ridge-protected PLC.

Let Cy, be the face o€y, whose relative interior contaima. By Lemma 28,f 2 Cn. Recall thaim lies
in the relative interipr oP, which is a face oZ N Cy, which implies thaP C C,. By Lemma 15P C C,.
Thusze PC Cy, C f C f, contradicting the fact thatis not in f. The claim thaZ n Cy, respectsX follows.

Claim: sc Z n Cy. This claim follows because bothandC;, contain all the vertices of, andZ n Cy,
iS convex.

Claim: s respects XLett be any face of, and letm be any point in the relative interior of Suppose
some facadé < X (that is not a submersible vertex) contamsAsmet C sC Zn Cy, letCy, be the face
of Z N Cy, whose relative interior contaima. Becausé andZ N Cy, are convex witht € Z N Cy,, it follows
from Lemma 15 (substitutingfor P andZ n Cy, for C) thatt € Cpy,.

Recall thatz n Cy, respectd: if f intersects the relative interior of a facedh Cy, thenf includes the
whole face. Becaustintersects the relative interior &, (atm), f includesCy,, which implies that C f.
This relationship holds for any fadef s, any pointm, and any facadé € X that satisfy the assumptions,
sosrespect.

Claim: Every point in Zn Cy, can see every other point inf”ZCp, but no point in the interior of 20 C,
can see any vertex of,viot in Zn Cy,. The first half of this claim follows from Theorem 3 because Cy,
respectsX. For the second half of the claim, lgbe a point in the interior a N Cy,, and letv be a vertex in
Vj, that is not inZ N C;,. Some faceF of Z N Cy, lies betweery andv. Becauser is in Cy, (which is convex)
andq is in its interior, F is not on the boundary d@,. ThusF must lie on the boundary &. Because
Z N Cy, has no shadow facets, must be included in somel & 1)-facade inX, which occludes the visibility
of vfrom q. Therefore, no point in the interior @& nN Cy, can see any vertex &f, notinZ N Cy,.

Claim: sis constrained semireguldecause € ZNCy, p sees every vertex iBNCy,. By construction,
no vertex visible fromp has a lifted companion below the witndss therefore, no vertex i@ N Cy, has
one. By the definition o¥/}, every vertex inX whose lifted companion is belol is in V. By the previous
claim, no point in the interior o € Z N Cy, can see any vertex &f, not inZ n Cy,. Therefore, no point
in the interior ofs can see any vertex whose lifted companion is bebgwMoreover,s respectsX, sosis
constrained semiregular. [ |

Theorem 30. Let X be a weakly ridge-protected, d-dimensional PLC. Leg @ lpoint in a d-facade in X.
Some constrained semiregular d-simplex contains p.
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Proof. If p € N, the result follows from Lemma 29. What about points nohid Every point inN lies in
some closed constrained semireguasimplex, and the closure ®f is the union of all thal-facades inX.
It follows that every point in everg-facade inX lies in some constrained semiregutasimplex. |

Theorem 30 provides the machinery to prove Theorem 2&: i a generic, weakly ridge-protected,
d-dimensional PLC, theX has a CDT.

Proof of Theorem 26. Let T be the set that contains every simplex that is constraineiregular within
X or within a constraining facade iX. BecauseX is generic, every constrained semiregular simplex is
constrained regular, and Corollary 18 guaranteesthata simplicial complex.

Let p be any point in the triangulation domai|. Let f be the highest-dimensional facadeXrthat
containsp, and letk be the dimensionality of. If k = d, Theorem 30 states that there exists a constrained
semiregulad-simplex that containp. By the definition ofT, thisd-simplex is inT.

If k < d, fis adangling facade. Léf; be thek-dimensional facade PLC fdr. By Corollary 12,Ys is
weakly ridge-protected. Therefore Theorem 30 applied) Witsubstituted foX andk substituted fod. In
this case the theorem states that s&rsémplex exists that containsand is constrained semiregular within
Yt. Thisk-simplex is inT.

Because such a simplex exists for every pgimt|X|, T fills X. By Theorem 10T isa CDT ofX. N

Theorem 26 requireX to be generic only to ensure that Corollary 18 applieX i nongenericT may
contain constrained semiregular simplices whose inteoerlap. Theorem 30, however, holds even for
nongenericx.

6 Nongeneric PLCs, Weight Perturbations, and the CDT Theorm

It is well known that the Delaunay triangulation is not uréqrhend + 2 or more vertices lie on a com-
mon empty hypersphere. Everfliaely independent subset of these cospherical verticedsygeDelaunay
simplex. Some of the Delaunay simplices have mutually ayging relative interiors, so some Delaunay
simplices must be omitted to form a proper triangulationfféent choices yield dierent Delaunay trian-
gulations. Likewise, a weighted Delaunay triangulationas unique when the underside of the convex hull
of the lifted vertices has a facet that is not a simplex.

The story is a bit more complicated for CDTs and weighted COFe triangulation domain of a PLC
might have a polyhedral gap (not necessarily convex) thadisovered by constrained regular simplices.
Sometimes this happens simply because the PLC has no CD3opimdgtimes the gap can be triangulated
with constrained semiregular simplices. A gap might hawesé such triangulations, yielding multiple
CDTs of one PLC. If a gap is shaped like $dhardt’s polyhedron, it cannot be triangulated at all.

A generic PLC has at most one weighted CDT (by Corollary 26hsisting of every constrained reg-
ular simplex (by Theorem 19), so it is pleasingly unambigioft nongeneric PLC raises the question of
whether there exists a set of constrained semiregular siegathat fill the gaps and complete the triangula-
tion. Because there may be several choices of constraimedeggilar simplex to cover any point in a gap,
determining whether a CDT exists is like solving a jigsawzlezvith extra, useless pieces included.

Surprisingly, the problem of determining whether a threaehsional nongeneric PLC has a CDT is
NP-complete [24], even for an unweighted PLC. By contrass, always possible to determine whether a
generic PLC has a CDT in polynomial time—»by attempting tostaouct it. (See the second article in this
series for further discussion.)
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This section removes the genericity requirement from thel Qeorem by perturbing the vertex
weights so that na + 2 vertices lift to a common non-verticatflat. The vertex coordinates are not
perturbed. If the perturbed PLC has a CDT, the latter is al8®# of the original, unperturbed PLC. The
method works even for unweighted PLCs, by temporarily assgyeach vertex a tiny weight. This idea first
appears in the work of Edelsbrunner andd¥e [17, Section 5.4].

The weight perturbation method serves a practical funcswell as a theoretical one. The third article
in this series describes an easy way to implement the petiaris to ensure the correctness of algorithms
for constructing and updating CDTs. There is a catch, thoMgh a PLC that has a CDT still have a CDT
after it is perturbed? Not necessarily. Perturbations cacincumvent the NP-hardness result.

The perturbations argymbolie—the magnitudes of the perturbations are not explicitlycgps. Fol-
lowing Edelsbrunner and litke, theith vertex weight could be perturbed b¥ for a suficiently smalle,
but the proofs are simpler if the perturbations are imgliaghosen by the following procedure instead.

Let X be ad-dimensional PLC. LeV be the set of vertices iX. Consider all thed + 1)-simplices,
including degenerate ones, that can be defined by takingtubfl + 2 lifted vertices fromiv*. Call these
the orientation simplicesAssume that the vertices of each orientation simplex atediin some canonical
order. The signed volume of an orientation simplek, vy, ..., Vg, ;) is 1/(d + 1)! times the determinant
of the matrix with column vectors; — V§,v; — Vg,...,V§,,; — Vi Each signed volume varies linearly
with the vertex weights. Every question about whether adiftertex lies above a witnedsflat for ad-
simplex is a question about the sign of the volume of an aaigt simplex. A volume of zero indicates
cohyperplanarity.

Perturb the weights of the vertices\hone at a time, in some arbitrary order, each by a tiny negative
positive amount (dferent for each vertex). To perturb the weight of a vexteshoose the magnitude of the
perturbation to be dgficiently small that no orientation simplex’s signed voluniagges from positive to
nonpositive, or from negative to nonnegative. Some sigodgwes may change from zero to nonzero—that
is the goal of the perturbations. Once a signed volume besamezero, subsequent perturbations are not
permitted to change its sign. The idea is to move vertidesfovitnesses, but never to move a vertex from
above a witness to below, nor vice versa. For each vertexin ifis always possible to choose a nonzero
perturbation small enough to satisfy these restrictioestupb every vertex once.

Theorem 31. Let X be a PLC. Let Xbe a weighted PLC defined by perturbing every vertex weight in
as described above. (If X is unweighted, assign each vertegight of zero before perturbing it.) The
following statements hold.

A. If a simplex s is regular within X, it is regular withir/ X

B. If a simplex s is constrained regular within a facade in Xisiconstrained regular within the same
facade in X.

If a simplex s is regular within Xit is semiregular within X.

If a simplex s is constrained regular within a facade ify KXis constrained semiregular within the same
facade in X.

X is generic and has at most one CDT.

If X is ridge-protected, so is’X

If X is weakly ridge-protected, so iS.X

If X’ has a CDT, the CDT of’Xs a CDT of X.

If X is generic, X and Xhave the same CDT (or lack thereof).

vo

—IOmm
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Proof. A lifted vertex lies above, on, or below the witness fat-gimplex according to whether the signed
volume of some orientation simplex is positive, zero, orai®g. Similarly, the regularity of any lower-
dimensional simplex depends on the volumes of certain @iem simplices all having the right sign.
Because a perturbation never changes the volume of anytatiimsimplex from positive to nonpositive or
from negative to nonnegative, Statements A, B, C, and D hplddiuction on the sequence of perturbations.

Perturbing the height of a vertaxmovesv* off of any non-verticald-flat that it lay on before the
perturbation. No perturbation, efor any other vertex, can mowe onto a witnessl-flat thatv* did not lie
on before the perturbation, because that would imply trawtiume of some orientation simplex changes
from nonzero to zero. Therefore, does not lie on any witness immediately after it is perturlesdept the
witnesses that by definition pass thronghand subsequent perturbations preserve this claim. Byctiaiu
on the sequence of vertex perturbations, the claim holdgvery vertex inX’, and X’ is generic. By
Corollary 20,X’ has at most one CDT.

Statements F and G follow from A. Statement H follows from [@ &me genericity ofX’.

If X is generic, then constrained regularity and constrainedrsgularity are equivalent. Thus, State-
ment B implies that any CDT of is a CDT of X/, just as Statement H says that any CDTX6fs a CDT of
X. EitherX and X’ both have the same CDT, or both have no CDT. |

A CDT of X’ is a CDT of X, but if X is nongeneric, dferent perturbations oX (i.e. perturbing the
vertices in a dterent order, or using fferent mixtures of positive and negative perturbations) gieid
different CDTs ofX, or no CDT at all. Nevertheless, any choice of perturbatathful to the procedure
described above flices to excise the genericity requirement from Theorem 26.

Theorem 32(CDT Theorem) Let X be a weakly ridge-protected, d-dimensional PLC (weidlor not). X
has a CDT (a weighted CDT if X is weighted).

Proof. Let X’ be the perturbed weighted PLC defined in Theorem 31. By ther¢ine, X’ is generic and
weakly ridge-protected, so by Theorem 26,has a CDTT. By Theorem 31T is a CDT ofX. |

7 Conclusions

In their article on two-dimensional conforming Delaunagiigulations, Edelsbrunner and Tan [20] write:

A seemingly dificult open problem is the generalization of our polynomialitb to three
dimensions. The somewhat easier version of the generglizddem considers a graph whose
vertices are embedded as pointsRA, and edges are represented by straight line segments
connecting embedded vertices. More relevant, howeveheptoblem for the crossing-free
embedding of a complex consisting of vertices, edgedjriangles.

Three-dimensional CDTs shift the emphasis back to the foohéhese two problems. An algorithm that
could create a Steiner CDT by inserting only a polynomial hamof additional vertices would be an
exciting development.

Some applications of finite element methods use meshesdhatdpen slits, which are infinitesimally
thin fissures across which information does not flow. Thesde#his article seem to extend in a straightfor-
ward way to topological PLCs wherein open slits are modeletbpological holes in the domain. Unfor-
tunately, it is dfficult to describe these PLCs in simple geometric terms, lsecafithe need to distinguish
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topologically distinct points that have the same coordigatFor example, an internal ¢ 1)-facade can
be converted into an open slit by making a topologicallyidittcopy of the facade that coincides with the
original. Both the original and the copy adjoin the extedomain (the infinitesimally thin hole), but they
adjoin each other only along their external boundaries.ifmteznal vertices in the original facade are topo-
logically distinct from the internal vertices in the copyn¢amay or may not coincide), thereby supporting
the interpolation of discontinuous functions as illustchin Figure 1 (right). The open guestion is how to
formulate these topological PLCs rigorously, and how t@edtthe results in this article to them.

Several other questions deserve investigation. Is theim@ysstated and tested condition that is both
suficient and necessary for a generic PLC to have a CDT? The Nitwss result suggests that there is
no such condition for nongeneric PLCs. Is there a less cuates definition of “constrained Delaunay”
(perhaps giving more power to constraining facades of daioenless tham — 1) that admits useful, well-
defined triangulations over a larger class of PLCs? Is théettar approach to assuring the existence of a
CDT than to make a PLC weakly ridge-protected? Finally, wilercurved manifold complexes (e.g. the
stratifications mentioned in Section 2.1) have CDTs?
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