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Computing the Aspect Graph for Line Drawings of
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Abstract—We have developed an algorithm for computing the aspect
graph for polyhedral objects. The aspect graph is a representation of
3-D objects by a set of 2-D views. The set of viewpoints on the Gaussian
sphere is partitioned into regions such that in each region the quali-
tative structure of the line drawing remains the same. At the bounda-
ries between adjacent regions are the accidental viewpoints where the
structure of the line drawing changes—a visual event occurs. We show
that for polyhedral objects there are two fundamental visual events: 1)
the projections of an edge and a vertex coincide, and 2) the projections
of three nonadjacent edges intersect at a point. The geometry of the
object is reflected in the locus of the accidental viewpoints—the bound-
aries of the partition. The algorithm computes the partition together
with a representative view for each region of the partition. In the course
of presenting the algorithm, we provide a full catalog of the changes
that occur in the views during each fundamental event.

Index Terms—Aspect graphs, line drawing interpretation, model
based vision, object recognition, polyhedral objects.

I. INTRODUCTION

ECOGNIZING three-dimensional objects in two-di-

mensional images is a major area of research in com-
puter vision. Surveys of current approaches for solving
the three-dimensional object recognition problem may be
found in [3] and [4]. One of the main difficulties in solv-
ing this problem is matching 2-D image information to
the 3-D object representation. The multiple 2-D views ap-
proach has been suggested for reducing this problem to a
2-D to 2-D matching problem. In this approach a finite
set of two-dimensional views of the object from different
viewpoints is computed and the image is matched against
this set. One would like the set of views to be as small as
possible and yet be representative of the infinite number
of possible views.

Koenderink and van Doorn [15] introduced the idea of
using the aspect graph of topologically distinct views of
an object to represent its shape. Informally, at each vertex
of the aspect graph there is a view—an aspect—that is
representative of the projections of the object from a con-
nected set of viewpoints from which the object appears
qualitatively similar. Two aspects are adjacent in the
graph if the corresponding sets of viewpoints are adja-
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cent. A visual event is said to occur when the view
changes as the observer moves between adjacent sets.

We present an algorithm for constructing the aspect
graph for polyhedral objects under orthographic projec-
tion. In Section II we present preliminaries that are nec-
essary for the precise definition of the notion of topolog-
ically distinct views. This definition is followed by the
definition of the viewing data of an object, which is an
extension of the aspect graph. Section III is a review of
previous work on the multiple 2-D views approach to ob-
ject representation. In Section IV we describe the visual
events for polyhedral objects and the relation between the
structure of the object and the locus of accidental view-
points. Section V is an overview of the algorithm. A de-
tailed description of the main step of the algorithm and a
catalog of the visual events for polyhedral objects are pro-
vided in Section VI. Complexity analysis is presented in
Section VII. The conclusions in Section VIII include a
comparison between this algorithm and the one due to
Plantinga and Dyer.

II. PRELIMINARIES
A. The Labeled Image Structure Graph

In the projection of a polyhedral object, every line in
the image is the projection of an edge of the object. Every
edge is classified as convex or concave according to the
dihedral angle, inside the object, between the faces that
share the edge. A convex edge may also be classified as
an occluding edge if, from the given viewpoint, the faces
that meet along the edge are on the same side of the edge.

In a labeled line drawing each line is labeled according
to the classification of the corresponding edge. In the fig-
ures that follow, we use “‘+’" and ‘‘—"’ to label convex
and concave edges, respectively. An occluding edge is
labeled by ‘“—’; when one moves in the direction of the
arrow, the faces that meet at the edge are on the right side
of the edge. Fig. 1 is an example of a labeled line draw-
ing.

In the line drawing of an object, we refer to every point
where the projections of edges meet as a junction. A junc-
tion is either the projection of a vertex of the object—a
vertex-junction—or a point where the projections of non-
adjacent edges meet—a T-junction.

From the labeled line drawing we construct the labeled
image structure graph (LISG). It is an undirected graph
augmented by labels on its nodes and arcs. For each im-
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Fig. 1. A labeled line drawing. j, and j, are vertex-junctions; j; and j, are
T-junctions.

age junction there is a node in the graph, and for each line
segment in the image there is an arc between the nodes
that corresponds to its endpoints. The arcs and the nodes
are labeled by the labels of the corresponding line seg-
ments and junctions in the line drawing.

Definition: A viewpoint is general if there exists an
open neighborhood of the viewpoint such that the LISG’s
that correspond to the line drawings of the scene, as
viewed from points in this neighborhood, are all iso-
morphic to each other.

Intuitively, this means that from all points in the neigh-
borhood of a general viewpoint the scene looks very sim-
ilar: the lengths of lines and the angles between them may
change but the basic graph structure remains the same.

Definition: A viewpoint that is not general is acciden-
tal.

B. The Viewing Data of an Object

The viewing space for orthographic projection is the
space of viewing directions, which can be represented by
a unit sphere where a point on the surface of the sphere
corresponds to the direction vector with the same coor-
dinates. Assume that an infinitely small, scaled-down,
version of the object is placed at the center of the sphere.
Orthographic projection with viewing direction p corre-
sponds to viewing the object from point p on the sphere.
We refer to this sphere as the viewing sphere, and to points
on this sphere as the viewpoints of the orthographic pro-
jection.

The viewing sphere is partitioned into connected sets of
points such that all points in a set have isomorphic LISG’s,
but the LISG’s for points in adjacent sets are not iso-
morphic. We use the term view to refer to the represen-
tative LISG for a given set. Under this partition, the gen-
eral viewpoints are grouped into open regions bounded by
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curves of accidental viewpoints. All viewpoints on a curve
segment between adjacent regions have the same view.
Where several regions share a boundary point, two or
more boundary curves meet at a vertex. The view at the
vertex is different from that of any of the viewpoints in
its neighborhood. In other words, this partition has the
structure of a planar graph embedded on the sphere, where
the vertices, arcs, and faces of the graph are the vertices,
curve segments, and regions of the partition, respectively.

As a viewer moves between a region and its boundary,
or between a boundary curve and one of its endpoint ver-
tices, the view changes—a visual event occurs.

Assuming that the viewpoint moves from region to re-
gion across boundary curves but it does not move along
boundaries or across vertices, the aspect graph is the dual
of the graph defined by the partition.

Following Callahan and Weiss [6], we define the view-
ing data of an object as the partition of the viewing sphere
together with the view in each region of the partition. Fig.
2 shows the viewing data of an L-shaped object.

We can now precisely define the problem that is solved
in this paper: compute the viewing data of an arbitrary
polyhedral object.

III. RELATED WORK

In the multiple 2-D view approach to 3-D object rep-
resentation, the viewing space is partitioned into a finite
number of regions, and a representative view is chosen
for each region. In the matching stage of the object rec-
ognition process these views are matched against parts of
the image. There are two approaches to partitioning the
viewing space: 1) uniform, object-independent partition-
ing, and 2) partitioning of the viewing space into maximal
regions of general viewpoints—the aspect graph ap-
proach.

A. The Uniform Partitioning Approach

In this approach the viewing space is partitioned in a
uniform manner by projecting a tessellated regular poly-
hedron onto the sphere (see Fig. 3). The tessellation of
the polyhedron and the positioning of the regions on the
surface of the sphere is predetermined and independent of
the structure of the objects. Examples of this approach are
found in [10], [7].

The advantage of this approach is that the partition is
easy to compute and fixed for all objects. The difficulty
is in selecting the right scale of the partition. Under a fine
partition, the views in many neighboring regions are qual-
itatively similar and provide no additional information for
matching the views to the input image. On the other hand,
under a coarse partition some important views might be
missed. We illustrate this problem by examining the
viewing data of the L-shaped object in Fig. 2. Under a
fine uniform partition the large regions of the viewing data
would be partitioned into many regions, while a coarse
partition may miss the views in the small regions near the
poles of the sphere.
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Fig. 2. The viewing data and the aspect graph of an L-shaped object. The
partition is indicated by solid lines; the aspect graph by dashed lines.
Representative views are shown for the regions, curves, and vertices of
the partition in one hemisphere.

Fig. 3. The projection of a tessellated dodecahedron onto the viewing
sphere.

B. The Aspect Graph Approach

In this approach, introduced by Koenderink and van
Doorn [14], the viewing space is partitioned according to
the qualitative structure of the view—the aspect. An as-
pect may be defined in one of several possible ways, de-
pending on the application at hand. We have chosen one
particular definition (Section II), namely the graph struc-
ture of the line drawing corresponding to an image of the
object. Other definitions are possible: the aspect may be
defined by the set of visible faces, by the set of occluding
edges, or by any other topological measure on the view.
The partition is defined by an equivalence relation on the
set of viewpoints, where two viewpoints are equivalent if
1) the aspect from both viewpoints is the same, and 2) the
two viewpoints are connected by a path of viewpoints
along which the aspect does not change. The relation de-
fines a partition of the viewing space into regions that cor-
respond to equivalence classes of viewpoints. The struc-
ture of the partition is directly related to the structure and
the visual complexity of the object. However, computing
the partition is not a straightforward process.
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For smooth objects the relation between the geometry
of the object and location of the accidental viewpoints (the
boundaries of the partition) is well understood. Some of
the visual events and the location of the corresponding
accidental viewpoints were first described by Koenderink
and van Doorn [14]. A complete catalog of the visual
events and the location of the corresponding viewpoints
have been obtained [1], [2], [13]. Recently, Rieger [19]
has published a catalog of the visual events for piecewise
smooth objects that contain no planar edges. Callahan and
Weiss [6] suggested the viewing data representation and
gave examples of the viewing data of a few simple smooth
objects. They did not provide a general algorithm for
computing the viewing data of an object.

Chakravarty and Freeman [5] used this approach in the
characteristic views representation of objects. In this rep-
resentation, heuristic constraints on the orientation of the
objects with respect to the camera are used for selecting
a subset of the aspects as the representation of the object.
The aspects and the partition of the viewing space are
computed manually.

Hebert and Kanade [11] use the aspect graph approach
for recognition of polyhedral objects in range images.
They define an aspect by the set of occluding edges in the
image. Ikeuchi [12] uses the aspect graph approach for
representating objects in a system that uses photometric
stereo. In this case, the aspects are defined by the faces
that are detectable by photometric stereo. In both cases
the exact partition of the viewing space is approximated
by computing the set of views of a uniform partition, and
then merging neighboring regions that have the same as-
pect. The uniform partition has to be fine enough to avoid
missing any of the aspects (Hebert and Kanade [11] use
about 2000 regions). As a result, many of the views be-
long to the same aspect and unnecessary computational
cost is incurred in computing them. An additional cost is
incurred in the comparison of views in adjacent regions
of the uniform partition. When the aspect is defined by
the set of visible features of the object, this is a relatively
cheap operation. But for applications where the aspect is
defined by the topology of the image structure graph, this
operation is more expensive.

Werman, Baugher, and Gualtieri [22] present an algo-
rithm for constructing the aspect graph of a convex
polygon as viewed from viewpoints in the plane of the
polygon, using perspective projection. Stewman and
Bowyer [21] describe an algorithm for constructing the
viewing data of convex polyhedra under perspective pro-
jection.

Plantinga and Dyer [16] presented the first algorithm
for computing the exact viewing data of arbitrary poly-
hedral objects under orthographic projection. There were
two major problems with that algorithm. The authors
failed to recognize the visual event that results from the
interaction of three nonadjacent edges, and it is therefore
stated that the bound on the size of the partition of the
viewpoint space is O(n"), and that the time complexity
of the algorithm is O (n®), while the correct bounds are
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Fig. 4. Two line drawings that are qualitatively different, but the same
faces are visible in both views.

O(n®) and O(n®log n). (This error was corrected in [17].)
The second problem was that Plantinga and Dyer defined
the aspect to be the set of visible faces of the object. Now,
quite different line drawings may correspond to views
where the same faces are visible (see Fig. 4). It is our
opinion that this definition of the aspect is not appropriate
for object recognition from line drawings extracted from
intensity images.

Our work, first published in [9], was aimed at address-
ing these two problems. It is the first published algorithm
for computing the viewing data for arbitrary polyhedra,
where an aspect is defined by the graph structure of the
line drawing. Contemporary to our work, Plantinga and
Dyer [17], [18] have developed a modified and complete
version of their algorithm, and an extension of the algo-
rithm for computing the viewing data of polyhedral ob-
jects under perspective projection. In this work the defi-
nition of the aspect is closer to definition that is used in
this paper.

Further comparison between this algorithm and the one
due to Plantinga and Dyer may be found in Section VIII.

IV. THE LocUs OF ACCIDENTAL VIEWPOINTS

In this section we describe how the structure of a
polyhedral object is reflected in the location of the acci-
dental viewpoints.

We will use the term transparent to refer to an object
whose faces are transparent but its edges are not—it is the
wire frame of the corresponding opaque object. The ac-
cidental viewpoints of an opaque object are a subset of
those of the corresponding transparent object, as those ac-
cidental viewpoints that correspond to visual events of
hidden parts of the objects are no longer relevant. There-
fore, the partition for the transparent object (henceforth
the T-partition) is a refinement of the partition for the same
opaque object (henceforth the O-partition). A boundary
segment of the T-partition is part of the O-partition if and
only if the features that participate in the corresponding
visual event are visible in one of the regions that are ad-
jacent to that boundary. In this section we describe the
accidental viewpoints in the transparent case. In Section
VI we describe how to decide which of the accidental
viewpoints of the transparent case are relevant to the
opaque case.

In a visual event the structure of the LISG changes. The
changes are either distinct junctions merging to a single
junction, or junctions moving onto line segments. Recall

that the LISG has three types of features: 1) vertex junc-
tions, 2) T-junctions, and 3) line segments that are the
projections of parts of edges. We therefore get the follow-
ing events:

1) Two vertices project onto the same point.

2) A vertex and a T-junction project onto the same
point.

3) A vertex projects onto the projection of a nonadja-
cent edge.

4) A T-junction projects onto the projection of another
edge. The projections of three edges intersect at a point
and therefore this is also the case where three T-junctions
share the same point in the image. We assume that the
three edges are skew to each another; the cases where
either two or all three of the edges are coplanar reduce to
one of the previous cases.

5) Parts of two line segments overlap. In this case at
least one of the endpoints of one segment projects onto
the other segment, and therefore this case is subsumed by
cases 1 and 3.

Several of these events may combine to a single event,
but that corresponds to the intersection of the loci of view-
points corresponding to the component events. As every
vertex has at least two non-collinear edges adjacent to it,
cases 1 and 2 can be considered as limiting cases of 3 and
4, respectively. We can therefore regard cases 3 and 4 as
fundamental, and need only study the locus of viewpoints
from which a given vertex projects onto the projection of
a given edge, and the locus of viewpoints from which the
projections of three given edges intersect at a point.

A. The Interaction of a Vertex and an Edge

Let the vertex and the edge be v and e = (a, b), re-
spectively. v projects onto the projection of e only when
the viewing direction is a convex linear combination of
the vectors a — v and b — v, or a convex linear combi-
nation of ¥ — a and v — b. On the viewing sphere, these
directions are on two diametrically opposite arcs of a great
circle. We define the arc froma — v to b — v to be the
front arc and the other arc to be the back arc. See Fig. 5.
Illustrations of the changes in the view that may take place
upon crossing such a front or back arc may be found in
Figs. 8 and 9.

When the edge and the vertex are shared by a face, the
corresponding arcs are part of the great circle of viewing
directions that are parallel to the plane of the face. This
circle divides the sphere into two hemispheres: the north-
ern hemisphere of viewpoints where the face is visible,
and the southern hemisphere where it is invisible. The
collection of arcs that correspond to all pairs of edges and
vertices of the same face spans the whole circle. There-
fore, each face induces a complete great circle—a bound-
ary circle. The view changes associated with crossing a
boundary circle are illustrated in Fig. 10.

B. The Interaction of a T-junction and an Edge

A T-junction is the location where the projections of
two nonadjacent edges intersect. Therefore, the case
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Fig. 5. The arcs of accidental viewpoints for the interaction between a
vertex and an edge.

where a T-junction projects onto an edge is also the case
where the projection of three nonadjacent edges intersect
at a point. Assume, for a moment, that we are using a
perspective projection. Under this assumption, the pro-
jections of three edges intersect at a point when a line of
sight goes through all three edges. The viewpoint must
therefore lie on the ruled surface that is defined by the
family of lines that go through the three given edges. In
the Appendix we show that this is a ruled quadric surface.
As the edges are of finite extent, only parts of this surface
actually contain viewpoints that are accidental with re-
spect to these three edges.

Under orthographic projection, the accidental view-
points lie on two antipodal curves that are defined by the
direction vectors of the family of lines that pass through
the three given edges. In the Appendix we show that these
curves are either two ‘‘bent’’ ellipses or two great circles,
and that they can be computed analytically. As in the per-
spective case, since the edges are of finite extent only parts
of these curves actually contain viewpoints that are acci-
dental with respect to these edges.

A line of sight that intersects all three edges defines a
depth ordering of the edges with respect to the accidental
viewpoint. As the edges do not intersect, this depth or-
dering is the same from all viewpoints on a continuous
part of the boundary.

In the rest of the paper the term front/back EV-bound-
ary refers to the locus of viewpoints from which a vertex
projects on top of an edge, the term boundary circle refers
to the locus of viewpoints where the visibility of a face
changes, and the term EEE-boundary refers to the locus
of viewpoints from which the projections of three edges
intersect at a point. A boundary segment is a general term
that refers to a part of a boundary curve between two ad-
jacent vertices of the partition.

V. OVERVIEW OF THE ALGORITHM

To simplify the presentation, we assume first that a sin-
gle visual event occurs at each boundary segment. At the
end of this section we describe how to modify the algo-
rithm to remove this restriction.

The algorithm computes the view of the opaque object
(henceforth the O-view) in each region of the partition. It
turns out that, for reasons of efficiency, the algorithm has
to maintain the augmented view of the transparent object
(henceforth the T-view). Roughly speaking, this is a view
of the transparent object which is augmented by addi-
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tional visible surface information. A detailed description
of this data structure is presented in Section V-A. The
outline of the algorithm is as follows.

1) Compute the T-partition:

* Compute boundary circles for all faces of the ob-
ject, EV-boundaries for all pairs of edges and ver-
tices that are not part of the same face, and EEE
boundaries for all triplets of edges that are skew to
each other.

* Compute the intersection of each boundary with all
other boundaries and sort these intersections along
the boundaries, merging intersections that corre-
spond to the same point. As the intersections are
computed, construct the graph structure of the
T-partition incrementally, and merge boundary
segments that coincide.

2) Pick an arbitrary region of the partition and compute
the O-view and the T-view of the object, as seen from
viewpoints within this region.

3) Traverse the partition in order of adjacent regions.
At each boundary segment:

e Use the visible surface information in the T-view
of the current region to test whether the boundary
is part of the O-partition. If so, update the O-view
according to the visual event that occurs at the
boundary and store the new view. Else, remove the
boundary and merge the two regions.

e Update the T-view according to the visual event
that occurs at the boundary.

Continue this process until all boundaries have been ex-
amined.

So far, we have assumed that each boundary segment
corresponds to a single event. To account for muitiple
events, each boundary segment points to a list of events
associated with that boundary. We consider each event in
the list separately, update the T-view, and remove events
that are found to be invisible. If the list becomes empty
the segment is removed. Else, we update the O-view ac-
cording to the events that are left in the list. We can ex-
amine each event at a boundary segment independently,
because accidental viewpoints where more than three fea-
tures of the LISG interact simultaneously—several visual
events combine to a single event—are confined to isolated
viewing directions (e.g., the direction from which two or
more vertices project onto single point). Such points do
not occur inside a boundary segment; they are associated
only with the vertices of the partition.

In the next subsection we describe the augmented view
of the transparent object. In Section VI we provide a more
detailed description of step 3 of the algorithm.

A. The Augmented View of the Transparent Object

We need to efficiently determine whether events are
visible. It turns out that keeping track of faces whose pro-
jections are adjacent to each arc in the view—they are vi-
sually adjacent to that arc—is adequate for this purpose.
To see this consider the following.
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Fig. 6. The augmented transparent view. Shown is a planar slice through
the object together with pointers to the faces that are visually adjacent

to each edge.

A visual event is visible either when 1) all the features
that participate in the event (an edge segment and a ver-
tex, or three edge segments) are visible in the current re-
gion, or when 2) one feature J is currently hidden but will
be visible in the next region. In the latter case, to decide
whether an event is visible we have to decide whether &
can become visible in the next region. In the next region
F is not occluded by the occluding faces that are adjacent
to visible features of the events (henceforth the vfe’s).
However, F might be occluded by a face f; that is between
it and the vfe’s. Arbitrarily close to the boundary, the pro-
jections of & and the vfe’s are arbitrarily close to each
other, and therefore for f; to occlude F its projection must
be adjacent to the projections of the vfe’s. Since the event
does not involve edges or vertices of f;, its projection and
the projections of the vfe’s must also be adjacent in the
current region.

The information about the faces that are visually adja-
cent to each visible arc is therefore sufficient to decide
whether an event is visible. It turns out, however, that to
efficiently update the visual adjacency information, when-
ever the view changes, it is necessary to keep additional
information. Consider an event where an invisible oc-
cluding edge segment becomes visible (Fig. 7(b) to (a),
for example). In some cases the only way to determine
the face that is occluded by this segment (and is therefore
visually adjacent to it) is by an exhaustive search of all
the faces of the object. To avoid this search we maintain
the augmented view of the transparent object (T-view)
which is described below.

Define an edge to be potentially visible if it is not oc-
cluded by the interior of the object in the immediate
neighborhood of the edge—along the line of sight, points
that are arbitrarily close to the edge and are in front of it

with respect to the viewpoint are outside the object. The
T-view is a view of the transparent object in which each
potentially visible arc points to the faces that are visually
adjacent to this arc when all the parts of the object that
occlude the corresponding edge are removed. See Fig. 6.

VI. THE VisuaL EvVENTS OF AN OPAQUE OBJECT

In this section we describe how to decide whether a
boundary segment of the T-partition is part of the O-par-
tition, given the O-view and the T-view in the current
region, and the visual event that is supposed to occur at
that segment. We also describe how to update the O-view
to reflect the visual event. The update of the T-view is
very similar and is therefore omitted.

A. Visual Events at an EEE-Boundary

At each segment of an EEE-boundary the three corre-
sponding edges are classified as front, middle, and back
according to their depth ordering from viewpoints on the
boundary segment. A visual event occurs at the segment
if and only if in the current view:

* The front and middle edges are occluding edges, and
their projections meet in a T-junction.

* From viewpoints on the current boundary segment,
the back edge is not behind the face that is occluded by
the front and the middle edges at their T-junction.

When these conditions are satisfied, one of the follow-
ing cases applies:

The back edge has a T-junction with each of the
other edges [Fig. 7(a) to (b)]. The back edge becomes
invisible. The segment between the T-junctions, and the
T-junctions themselves are deleted.
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Fig. 7. The visual events at an EEE-boundary.

The back edge is invisible [Fig. 7(b) to (a)]. This is
the inverse of the previous case.

Only one of the other edges has a T-junction with
the back edge [Fig. 7(c)]. The T-junction moves to the
other edge.

B. Visual Events at EV-Boundaries

An EV-boundary, which corresponds to a visual event
where a vertex v and an edge e interact, is part of a great
circle that divides the viewing sphere into two hemi-
spheres. Upon crossing the boundary the viewpoint moves
from the current hemisphere to the next hemisphere. We
classify the edges that are adjacent to v according to the
vector pointing from v to the other vertex of the edge:

C-edges: Edges whose vector is in the current hemi-
sphere.

N-edges: Edges whose vector is in the next hemi-
sphere.

B-edges: Edges whose vector is on the great circle.

1) Visual Events at a Front EV-Boundary: At a seg-
ment of a front EV-boundary,' if e is not an occluding
edge, v is and remains invisible and this boundary seg-
ment is not part of the O-partition. Otherwise, an event
that changes »’s visibility may occur. There are two pos-
sible cases (see Fig. 8):

V becomes invisible. The changes in the visibility of
the edges adjacent to v are [Fig. 8(a) to (b) and (c) to (d)]:

® Visible N-edges become invisible.

® C-edge segments adjacent to v create T-junctions
with e.

¢ B-edges become partially or fully occluded by the
occluding face at e. Let 3 be the set of segments
that form T-junctions with e. The segments of the
B-edge whose visibility changes are those for
which at least one end is adjacent to a segment in
3. If only one end is adjacent to a segment in J,
then the B-edge segment become partially visible
and forms a T-junction with an edge that is adja-

'Recall, that from a front (back) EV-boundary e is in front (back) of v
with respect to the viewpoint (see Section IV-A).

() (@

Fig. 8. Visual events at a front EV-boundary.

cent to e in the occluding face at e [e.g., 5; and s,
in Fig. 8(a)]. If the other end is also adjacent to a
segment in J, then the B-edge segment becomes
invisible (e.g., s3 and s4).

V becomes visible. There are two possible cases:

e Some N-edges have T-junctions with e [Fig. 8(b)
to (a)]. Partially visible N-edges become com-
pletely visible at v, B-edges become visible at v.
Potentially visible C-edges become partially visi-
ble at e and create T-junctions with e. The junc-
tions are inserted according to the ordering of the
edges around v.

B-edges have to be checked for partial occlu-
sions by any face that is adjacent to the projection
of e, and is not the occluding face at e.

* No edge adjacent to v is visible at e [Fig. 8(d) to
(c)]. Let 8 be the T-view segment of e that, in the
visual event, coincides wth the projection of v. If
$ is not visible then the event is not visible either.
Else, the event is visible only if, from the bound-
ary segment, v is in front of the occluded face at
$. If the event is visible, then C-edges become par-
tially visible and each creates a T-junction with 8.

2) Visual Events at a Back EV-Boundary: At a seg-
ment of a back EV-boundary the event is visible only
when v is visible, has occluding edges adjacent to it, and
e is in front of the face that is occluded at v. Depending
on the occluding edges at v, one of the following cases
applies:

Both occluding edges are C-edges:

e The angle between the occluding edges, as mea-
sured along the projection of the faces that are ad-
jacent to v, is less then 7: e becomes fully visible
at v (Fig. 9(a)—). The T-junctions of e with the
occluding edges at v merge and disappear.

* The angle between the occluding edges is greater
than m: e becomes occluded at v (Fig. 9(b)—). The
visible segment of e between the occluding edges
at v is removed.

Both occluding edges are N-edges: The events that
are the inverse of the events described above occur: in-
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(b)

©

(d)
Fig. 9. The visual events at a back EV-boundary.

stead of e becoming visible, it becomes invisible and vice
versa (Fig. 9(a) and (b)+).

One occluding B-edge: According to the other occlud-
ing edge, the visual events are almost the same as the ones
described above. The difference is that, as in the event the
projections of e and the B-edge coincide, the visibility of
more than one segment of e may change. We identify these
segments using a method similar to the one for checking
the change in visibility of B-edge segments at a front EV-
boundary (Section VI-B-1, the ‘‘V becomes invisible”’
case), and update the O-view accordingly [Fig. 9(c)].

One occluding C-edge and one occluding N-edge:
The T-junction of e with the occluding edge at v moves
to the other occluding edge at v [Fig. 9(d)].

C. Visual Events at a Boundary Circle

At a segment of a boundary circle that corresponds to
a face f, a visual event occurs if and only if there is at
least one edge of f that is partially visible in the current
view. When the event occurs, fbecomes either visible or
invisible, depending on whether the viewpoint moves
from the southern hemisphere to the northern hemisphere
or vice versa. Below we describe the visual events that
may occur when the viewpoint crosses the circle from
north to south. When the viewpoint travels in the opposite
direction, these events are reversed.

1) Crossing the Circle from North to South: The cur-
rent view is in the northern hemisphere and parts of edges
of f are visible. Fig. 10 illustrates the changes that occur
in the view. We are considering the transition from the
left view to the right view.

Edges of f:

1) Every visible part of a concave or an occluding edge
of fbecomes invisible. Examples are edges ¢; and e,.

2) Every visible part of an inner contour of f becomes
invisible. An example is e;,.

3) For visible segments of convex edges of the outer
contour there are two possible cases:

Fig. 10. The changes in the view when the visibility of a face changes.

a) The segment does not change its visibility, and
becomes an occluding segment. An example is es.

b) The segment becomes partially or fully occluded
by visible faces that are adjacent to f along convex edges
of the outer contour. The part that remains visible be-
comes an occluding segment. This segment forms a
T-junction with an edge of the occluding face (this is in
addition to T-junctions it may form as an occluding seg-
ment). In the figure, e5 becomes partially visible and oc-
cluding, while e; becomes invisible.

In a later part of this section we describe how to com-
pute the change in the visibility of the convex segments
of the outer contour.

Edges that are not part of f:

4) Visible edge segments that are adjacent to vertices
of f:

a) An edge segment that is on the northern side of f
forms a T-junction with an edge of f. Edges e, and e are
examples of this case. (In a later part of this section, we
describe how to find the edge of f that forms the T-junc-
tion.)

b) Edge segments that are on the southern side of f
and are adjacent to vertices of inner contours of fbecome
invisible. Edge e; is an example of this case.

5) For edges that currently form T-junctions with edges
of fthere are two cases:

a) Edges that are occluded by an edge of f (ey, for
example ) remain occluded, but the T-junction moves to a
different edge of f.

b) Edges that are occluding f (e, for example ) lose
the T-junction with a segment of an edge of fthat becomes
invisible.

As discussed in case 3, for each visible convex edge
segment of the outer contour we need to determine
whether it remains fully visible, becomes partially visible
or invisible. Observing that the depth ordering of the
edges, as seen from viewpoints along the boundary seg-
ment, reflects the visibility of edges in the next view, we
determine the visibility of convex edge segments of the
outer contour of f by solving a 2-D hidden line removal
problem (see Fig. 11). The lines are in the plane of f, and
the image line is orthogonal to the viewing direction from
an arbitrary point on the current boundary segment. This
problem can be solved in a time that is linear in the num-
ber of edges, as the lines are part of a simple polygon (the
outer contour of f).

In solving the above problem, we also order the visible
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The ima%e line
(b)
Fig. 11. The visibility of edges of the outer contour as a hidden line re-

moval problem (a). The view of the face before and after crossing the
boundary (b). The situation in the plane of the face.

segments along the image line. From the current O-view
we form a sorted list of the edges that form new T-junc-
tions with the edges of f (case 4a). Using the same view-
point, the coordinates of the intersections of the projec-
tions of these edges with the image line are computed. As
the list of the edges is already sorted, the T-junctions can
be inserted into the segments of fin time that is linear in
the number of segments and T-junctions.

To complete the update of the O-view in the next re-
gion, we remove all segments and junctions that become
invisible.

VII. COMPLEXITY ANALYSIS

Let the number of vertices of the object be n. The object
has O(n) edges and O(n) faces. In constructing the
T-partition, O(n ) EV-boundaries are computed in o(n?)
time. To compute the EEE-boundaries every triplet of
edges is considered in O(n ) time. In the worst case,
O(n’) EEE-boundaries are produced. The O(n) bound-
ary circles are computed in O(n) time.

To compute the T-partition, every boundary is mter-
sected with all other boundaries. As there are o(n®)
boundaries and computing the intersection of two bound-
aries takes constant time, the number of intersections and
the time to compute them is bounded by o(n’ ), the in-
tersections are sorted along the boundaries in O(n log n)
time. Therefore, the upper bounds on the time for com-
putlng the T- partmon and the size of the T-partition are
O(n®log n) and 0(n®), respectively.

In an e-v event, T-junctions between e and edges ad-
jacent to v are created or removed in O(n) time. As the
number of EV-boundary segments is O(n*), the total t1me
for view updates at EV-boundaries is bounded by on®).
As the number of EEE-boundary segments is bounded by
O(n®) and updating the view at an EEE-boundary takes
constant time, the time spent in updates for EEE events
is bounded by O(n®). A face can have at most O(n*)

T-junctions associated with it. As the number of segments
of boundary circles is bounded by O(n*), the time spent
in updating for events at segments of boundary circles is
bounded by 0(n®).
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Summing up, the upper bound on the time to compute
the opaque partition is O(n®log n). As the upper bounds
on the size of a smgle view and the number of views are
O(n*) and 0(n®), respectively, representing each view
explicitly, the worst case upper bound on the size of the
viewing data is O(n®). While the time to compute all the
changes that occur between views is bounded by o(n®),
we have to incur O(n?) time in outputting each new view,
and therefore the total time of the algorithm is bounded
by O(n?).

VIII. CONCLUSIONS

We have presented a complete catalog of the visual
events that occur for polyhedral objects under ortho-
graphic projection. We have also described how the struc-
ture of the object is reflected in the locus of accidental
viewpoints. Given the catalog of visual events and knowl-
edge about the locus of accidental viewpoints, we have
presented an algorithm for computing the viewing data of
polyhedral objects.

Plantinga and Dyer [17] compute a four-dimensional
“*visibility volume”’ (5-D for the perspective case) for
each face of the object, and then perform set theoretic
operations on these volumes to produce the visibility vol-
ume of the object. The boundaries of the partition are
computed by projecting the boundaries of this visibility
volume onto the viewing sphere and finding their inter-
section points. Their algorithm computes the partition in
O(mlogm + n %) time, where m is the number of vertices
in the partition. The views are computed in O (n*m) time
and space.

Both algorithms have the same worst case time com-
plexity, but our algorlthm is less output sensitive in the
average case. However, in our approach all geometncal
computations are perfonned directly in R? or R? and we
do not use data structures in higher dimensions. We be-
lieve that this approach provides better insight into the
possible visual events and the interaction between the fea-
tures that participate in the event and other parts of the
object. The detailed analysis of the visual events was re-
cently used in developing a new faster algorithm [8] for
computing the aspect graph of polyhedral objects.

The worst case upper bounds on the number of views
and the size of the viewing data (and of the aspect graph)
are O(n®) and O(n®), respectively. These bounds are
reached only for very special cases. We believe that for
common objects in an industrial environment the actual
size of the viewing data will be much smaller. Implemen-
tation of the algorithm will provide a better estimate of
the complexity of the average case.

APPENDIX
TrE Locus ofF VIEwPOINTS OF THE EEE EVENTS

Let the three edges that participate in the event be ¢y,
e,, and e3. Let g; and d. be an endpoint and the direction
vector of e;, respectively. Assume that we are using per-
spective projection with viewpoint p. The normal to the
plane ®; through ¢; and p is (p — a;) X d;. ®,, ®,, and
®, have a common intersection line which is the line of
sight that goes through e, e,, and e; (see Fig. 12). As the
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Fig. 12. The line of sight that goes through the three edges as the common
intersection of three planes.

normals of all the planes are perpendicular to the inter-
section line, they are coplanar, and therefore:
[(p — a))Xd (p — &) xd; (p — a3)xd;] = 0.
(1)
This is a quadric equation in the coordinates of p, which
defines a quadric ruled surface. It can be shown that when
the edges are skew to each other, this is a hyperboloid of
one sheet, and when all the edges are parallel to one plane,
the surface is a hyperbolic paraboloid [20]. When two of
the edges are coplanar the surface degenerates into a
plane.

For an orthographic projection with viewing direction
[x, ¥, z], the viewpoint is of the form «[x, y, z], with «
going to infinity. Substituting the viewpoint into (1) we
get:

lim (a?(cx® + 9% + 322 + cyxy + csxz +¢6yz)

+ alerx + cgy + c9z) + ¢19) =0 (2)

and therefore:

(3)

is the condition on the viewing direction of the EEE event
in the orthographic projection. This is the equation of an
elliptical cone, which in the case where (1) describes a
hyperbolic paraboloid, degenerates into two intersecting
planes. To get the curve of viewing directions on the
viewing sphere we intersect the surface described by (3)
with the sphere

ox® + oyt + e? + axy + csxz + cgyz = 0,

P+ yr+ k=1,
The resulting curves are either two antipodal ‘‘bent’’ el-

lipses, or, if (3) describes a degenerate cone, two great
circles.
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