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Recovering Three-Dimensional Shape from a Single
Image of Curved Objects

JITENDRA MALIK anp DROR MAYDAN

Abstract—We present an algorithm to recover three-dimensional
shape, i.e., surface orientation and relative depth from a single seg-
mented image. It is assumed that the scene is composed of opaque reg-
ular solid objects bounded by piecewise smooth surfaces with no mark-
ings or texture. Also it is assumed that the reflectance map R(n) is
known. For the canonical case of Lambertian surfaces illuminated by
a point light source, this implies knowing the light source direction.

Solutions for simplified versions of this problem have been proposed
by Sugihara for the case of polyhedra, and by Horn et al. for the case
of a single smooth surface patch given the surface orientation on the
patch boundary. This work presents the first solution for piecewise
smooth surfaces.

A variational formulation of line drawing and shading constraints
in a common framework is developed. Finding the 3-D shape which
best satisfies these constraints is a difficult global optimization prob-
lem. The problem is made tractable by precomputing line labels at
junctions using the algorithm developed by Malik. The giobal con-
straints are partitioned into constraint sets corresponding to the faces,
edges, and vertices in the scene. For a face, the constraints are given
by Horn’s image irradiance equation. We develop a variational for-
mulation of the constraints at an edge—both from the known direction
of the image curve corresponding to the edge and the shading. The
associated Euler-Lagrange differential equation completely captures
the local information. At a vertex, the constraints are modeled by a
system of nonlinear equations.

An algorithm has been developed to solve this system of constraints.
We present experimental results demonstrating the feasibility of the
approach.

Index Terms—Line drawing interpretation, shape from shading,
3-D shape recovery, variational approach.

I. INTRODUCTION

N this paper, we study the problem of recovering the

three-dimensional shape of the visible surfaces in a
scene from a single two-dimensional image. We restrict
our attention to scenes composed of opaque solid objects
bounded by piecewise smooth surfaces with no markings
or texture on them. By three-dimensional shape we mean
a map of surface normal vectors—or equivalently relative
depth—along the lines of Marr’s 25-D sketch, Horn’s
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needle diagram, or Barrow and Tennenbaum’s intrinsic
images proposal.

As in the dominant paradigm of computational vision,
the first stage of processing is edge detection resulting in
the construction of a line drawing. The decomposition in-
duced by the line drawing is referred to as the segmented
image. Currently available edge detectors operating on a
real image would typically result in missing lines, spu-
rious lines, missing and improperly classified junctions.
However we will ignore the resulting difficulties and as-
sume an idealized result.

The two sources of information about 3-D shape in a
segmented image are 1) the line drawing, and 2) the pixel
brightness values. Both have been the subject of consid-
erable research in computational vision. Work on line
drawing interpretation of scenes containing curved ob-
jects has been most successful in qualitative character-
ization, using line labels [18] or the sign of Gaussian
curvature [15]. Attempts to obtain numerical surface ori-
entation information by making additional assumptions
such as Brady and Yuille’s [2] search for the shape max-
imizing the ratio of area to perimeter squared, have been
successful only on a few well-chosen examples. Other
work on determining numerical shape includes that of
Barrow and Tenenbaum [1], and work on qualitative char-
acterization includes that of Stevens [22].

Use of pixel brightness values in a single smooth sur-
face patch has been the theme of the shape-from-shading
work of Horn and his colleagues [10], [13], [9], [3]. Here
the goal has been to solve the image irradiance equation—
an equation relating surface orientation to brightness—by
supplying the surface normal direction along the bound-
ary of the patch. It is possible to do this if the patch hap-
pens to be bounded by limbs (called occluding contours
by some authors) which makes the boundary surface nor-
mal calculation easy. No use is made of other kinds of
lines such as the projections of edges (tangent plane dis-
continuities). Consequently the approach cannot be di-
rectly employed on images of general piecewise smooth
curved objects.

The question which can then be posed is—are there any
schemes which try to exploit all the information in a seg-
mented image, i.e., both line drawing and shading con-
straints, in order to recover quantitative 3-D shape. This
has been done for the special case of polyhedra by Sugi-
hara [24]. He represented the line drawing information as
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a system of linear constraints and incorporated the shad-
ing (one value for each face) information in an objective
function to be minimized subject to the linear constraints.
For scenes containing curved objects, the problem is sig-
nificantly harder and Sugihara’s approach does not have
a natural generalization. To the best of our knowledge
there is yet no method for 3-D shape recovery for the gen-
eral class of curved objects bounded by piecewise smooth
surfaces.

In this paper, we develop such a method. The algorithm
builds upon, and exploits, past work on line drawing
interpretation—specifically the line labeling work of Ma-
lik [17], [18]—and the work of Horn and his colleagues
on shape-from-shading. Shape-from-shading is reviewed
in Section II. In Section III we analyze the constraints
from a line drawing on solid shape, and point out the im-
portance of line labels for this analysis. In Sections IV
and V a representation of line drawing and shading con-
straints in a common framework is developed. In Sections
VI-X, we develop an algorithm for recovering the three-
dimensional shape which best satisfies these constraints.
Some examples of objects that our scheme can handle may
be found in Figs. 6, 7, and 8 in Section X. In Section XI,
we present experimental results. We conclude with a cri-
tique and possible extensions in Section XII.

II. SHAPE FROM SHADING

The shape-from-shading problem is the problem of re-
covering numerical shape of a single smooth surface patch
given

1) the brightness value E(x, y) at each pixel,

2) the reflectance map R(n) which specifies the radi-
ance of a surface patch as a function of its orientation,

3) the direction of the surface normal along the bound-
ary of the patch.

Note that the reflectance map encodes information about
the reflecting properties of the surface and the distribution
and intensity of the light sources. In the case of a Lam-
bertian surface illuminated by a point light source in the
direction s, the reflectance map R(n) = n - s.

The first study of shape-from-shading was by Horn [10].
There a partial differential equation relating surface ele-
vation to image brightness was solved by converting it to
an equivalent set of characteristic strip ODE’s. Numerical
solution of the discrete approximations of these equations
had difficulty with unavoidable noise in image data. In
order to address this and other difficulties, Ikeuchi and
Horn [13] developed an alternative formulation of shape-
from-shading as that of finding a surface orientation field
which minimizes a certain functional. While Ikeuchi and
Horn used stereographic coordinates f and g to specify
surface orientation, subsequently Brooks and Horn [3] re-
worked this formulation using the unit surface normal
vector n directly.

The goal is to compute the surface normals n (x, y) from
the (possibly noisy) brightness data E(x, y). Enforcing
the image irradiance equation R(n(x, y)) = E(x, y) gives
one constraint. The second is obtained by assuming the

surface to be smooth: points which are physically close to
each other will have similar normal vectors. There are
several ways of defining smoothness. Brooks and Homn
{3] chose ni + n% the sum of the squares of the direc-
tional derivatives of n in the x and y directions. This may
be viewed as a regularization term [21], [25] intended to
select one among a possibly infinite set of solutions.
This gives the composite functional

S S {E(x, y) — R(n(x, y))}2 + Nn? + )
+ u(x, y)(n* — 1) dx dy.

Determining the Euler equation and then discretizing
enabled Brooks and Horn to obtain the scheme

2

mi" =g+ :7\ (E; — R(ny)) Ry(ny)
nitt = mit|mit

One major drawback of the Ikeuchi-Horn and the
Brooks-Horn iterative schemes is that they do not guar-
antee integrability. If we assume that the surface z(x, y)
is C? smooth then we know that the mixed partials must
be equal, i.e., z,, = z,,. If n(x, y) is obtained by the
iterative scheme shown, it need not correspond to such a
surface. Frankot and Chellappa [6] have come up with a
nice way to fix this problem. The nonintegrable surface
slope estimates are projected onto the nearest integrable
surface slopes. This may be done after each cycle of the
Brooks-Horn scheme. Frankot and Chellappa’s experi-
mental results demonstrate quite clearly how enforcing in-
tegrability results in a much more accurate shape from
shading algorithm. Integrability can also be enforced using
a penalty term in the variational framework as shown by
Horn and Brooks [9].

IIT. CONSTRAINTS FROM A LINE DRAWING

In order to study the constraints imposed by a line
drawing on the shape of the scene, it is convenient first to
obtain a qualitative characterization of each line, i.e., its
‘‘label.”” Image curves which have different line labels
correspond to different constraints on 3-D shape.

For the class of scenes considered by us (piecewise
smooth surfaces with no markings, texture or shadows),
the relevant label setis { +, —, <, =, <<, >—}. The
first four of these labels denote edges which correspond
in the scene to the intersections of surfaces with distinct
tangent planes. These labels have the usual significance
as in the Huffman-Clowes label set for polyhedra. The
{ <<, >} labels denote limbs which correspond to
curves along which the surface curves smoothly around
to occlude itself. As one walks in the direction of the twin
arrows the surface lies to the right. We will use the term
connect edge to mean either a convex or concave edge
such that both the surfaces meeting along the edge are
visible. The notation for different kinds of labels is illus-
trated in Fig. 1.
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Fig. 1. Different kinds of line labels

In line drawings of polyhedral scenes, the label is nec-
essarily the same at all points on a single line segment.
This permits us to use the term *‘line label’” as opposed
to label at a point on a line. For curved objects the label
can change along a line as can be seen at point x in Fig.
2. Because of this phenomenon, we need to distinguish
between two different senses of line labeling.

A dense labeling is a function which maps the set of all
points on curves in the drawing into the set of labels. The
dense labeling problem is to find all the dense labelings
of a drawing which can correspond to a projection of some
scene. Such a dense labeling is said to be legal. The set
of legal dense labelings can be infinite (even uncountably
infinite).

Instead of trying to find the label at each point on a
curve, we could restrict our attention to sufficiently small
neighborhoods of the junctions of the line drawing. For
each line segment (between junctions) we now have to
specify only two labels—one at each end. Of the 6" com-
binatorially possible label assignments to the » lines in a
drawing only a small subset correspond to physically pos-
sible scenes. We refer to these as legal sparse labelings.
The determination of all legal sparse labelings of a partic-
ular line drawing is the sparse labeling problem. Note that
the set of legal sparse labelings is always a finite set (usu-
ally small). Fig. 2 shows the legal sparse labelings of a
curved object as computed by the algorithm in Malik [17].
Note that these labelings correspond to intuitive interpre-
tations—the object floating in air, stuck to a wall or rest-
ing on a table.

In the case of polyhedra, a legal sparse labeling
uniquely determines a legal dense labeling and vice versa.
For drawings of curved objects, the set of dense labelings
can be partitioned into equivalence classes where each
equivalence class corresponds to a single sparse labeling.

Currently no algorithm is known for finding the dense
labeling of a line drawing of curved objects using only the
information available in a line drawing. In the context of
Fig. 2, it means that there is no algorithm for exactly lo-
cating X, the point of transition from convex to occluding.
The sparse labeling problem has been tackled success-
fully—by Huffman [12] and Clowes [5] for trihedral ob-
jects, by Mackworth [16] and Sugihara [23] for arbitrary
polyhedra, and by Malik [17], [18] for curved objects.

A. How Does a Line Labeling Constrain Solid Shape?

Lines with different labels correspond to different types
of constraints. In this section we study the system of po-
sition and orientation constraints associated with a dense
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Fig. 2. Legal labelings of a curved object.

labeling of a line drawing. Some of these constraints are
well known and have been used before; some others have
been expressed in gradient-space (p, ¢) notation. Our
purpose is to provide a coherent list of the ‘‘fundamental’’
constraints using unit surface normal vectors. The moti-
vation is to be able to consider line drawing and shading
constraints in a common framework. Gradient-space co-
ordinates are inadequate for representing surface orienta-
tion for curved objects with limbs.

It is assumed that the line drawing has been formed by
orthographic projection, with the eye along the z-axis at

= +oo. We now consider the constraints from the dif-
ferent elements of a labeled line drawing.

1) Shape Constraint at a Limb: At limbs one can de-
termine the surface orientation uniquely. Let n be the unit
surface normal, and / the unit tangent vector at a point on
the limb. Obviously, n - I = 0. As a limb corresponds to
points on the surface where the line of sight vector £ lies
in the tangent plane to the surface, we also have n - £ =
0 for points on the limb (equivalently n. = 0). n therefore
lies in the image plane and is in the direction of N.—the
outward pointing unit vector in the image plane drawn
perpendicular to the projection of the limb. See Fig. 3.

What is stated above is the orientation constraint for the
surface on which the limb lies, i.e., the surface on the
right of the twin arrows. We also have a position con-
straint—the surface on the right of the twin arrows is
nearer, implying a linear inequality between the z values
on either side of the limb.

The surface orientation constraint due to limbs is well-
known and has been used in [1], [13], [9].

2) Shape Constraint at an Edge: Let é be the unit tan-
gent vector to the edge at a point, and let n; and n, be the
unit surface normals to the tangent planes to the two faces
/i and f; at the point. Let é be oriented such that when one
walks on the edge in the direction of ¢, the face f; is to
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Fig. 3. Orientation constraints at limbs and edges.

the left (see Fig. 3). Now é is perpendicular to n, because
é lies in the tangent plane to the face f,. Similarly é is
perpendicular to n,. Therefore é is parallel to n; X n,.
We do not know the vector é, but from a line drawing we
can determine its orthographic projection into the image
plane. We thus have the constraint (1, X 1) groj = Ay
Here the notation w,,; is used for the orthographic pro-
jection of v into the image plane. X is a positive scalar if
the edge is convex, negative if the edge is concave. Note
that this constraint is equally valid for occluding convex
edges, where one of the surface normals corresponds to a
hidden face.

This constraint when expressed using p, g-the gradient
space coordinates—gives the rule used by Mackworth [16]
and many other researchers in their gradient space con-
structions.

The position constraint at an edge is trivial—the depth
z is continuous across a convex or concave edge and is
discontinuous at an occluding edge.

For later use, it is convenient to develop an alternative
version of the orientation constraint. Let N. be a unit vec-
tor in the image plane perpendicular to €. As (n; X

1) proj = Néprj» it follows that
(n, X nz)pmJ - N, =0.

As N, has no component in the z-direction, this is equiv-
alent to saying that (n, X n;) + N, = 0, or using the
vector triple product notation

[nln'_)NC] = 0.

3) Shape Constraint Inside an Area: If each area in the
image is to be the projection of a connected part of a
smooth surface, the functions that map each image point
to its position and orientation must be smooth within a
single area. Also the surface normals at all the visible sur-
face patches must have positive n. components.

Note that as the surface normal in a smooth patch can
be written in terms of the partial derivatives of z with re-
spect to x and y, these two functions are not independent.
If we specify a C? function z(x, v), the orientation func-
tion n(x, y) is automatically determined and smooth.
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We feel that it is appropriate to regard the position and
orientation constraints listed above as the fundamental
system of constraints associated with a dense labeling of
a line drawing. We will refer to this constraint set as the
DL-system corresponding to a dense labeling. A candi-
date solution to this set of constraints is obtained by spec-
ifying

1) a piecewise smooth function z(x, y) corresponding
to the depth at each visible point in the scene,

2) a smooth function n,(x, y) defined on all points on
the lines in the drawing which are labeled < or —. This
function corresponds to the surface normal on the hidden
face at that point on the occluding edge.

As pointed out earlier, the surface normal at each visi-
ble point is then automatically determined.

It is obvious that for a dense labeling of a line drawing
to correspond to a legal scene, it is necessary that there
exist a candidate solution which satisfies its DL-system.

IV. RECOVERING 3-D SHAPE GIVEN A DENSE
LABELING

If the dense labeling of a line drawing is known, the
problem of three-dimensional shape recovery becomes
that of finding a shape such that

1) it satisfies the constraints in the DL-system,

2) in the interior of each surface patch, the image ir-
radiance equation E(x, y) = R(n(x, y)) is satisfied.

We adopt the following strategy:

1) Find the surface normal n(x, y) using the orienta-
tion constraints.

2) Break up the image into components which corre-
spond to connected surfaces in the scene. In each com-
ponent, depth can conceptually be found by integration.
(Computationally, one would use a least-squares ap-
proach to minimize the effect of errors in n(x, y).) Note
that the solution for each component will have an as yet
undetermined constant of integration.

3) The position constraints in the DL-system can be
used to find a set of linear inequalities among these con-
stants of integration. If a feasible solution exists, we are
done.

The problem of finding the surface normal can be for-
mulated as that of finding a piecewise smooth function
n(x, y) which minimizes the sum of the following four
terms:

* {§, (E(x,y) — R(n(x, y)))* dx dy which measures
the error in satisfying the image irradiance equation. Here
I is the entire image.

e {r[n,(s) ny(s) N.(s)]* ds where E is the set of im-
age curves which have been labeled as convex or concave
edges and s is the arc length parameter along the edge.
n,(s) and n,(s) are the two limits of the discontinuous
function n(x, y) when a point on an edge is approached
on its two faces. This term measures the error in satisfy-
ing the edge constraint.

e {, (n(s) — N.(s))*ds where L is the set of all limbs.
N.(s) has a sense determined by the direction of the line
labeling—if one walks on the limb in the direction of the
double arrows, N.(s) points to the left. See Fig. 3.
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o {f,_p (ni(x,y) + n)z.(x, y)) dx dy which is a ‘‘reg-
ularization term’’ intended to select a particularly smooth
solution. Here B denotes the set of all curves in the line
drawing.

The weighted sum of these terms gives us the compos-
ite functional

[n]nch]2 ds
E

N SS (E - R(n)) dxdy + N

1

+ N\ SL (n — N.) ds + \s H (n} + n}) dx dy.
I-B

One could find the Euler equation and develop a nu-
merical scheme for minimizing this functional—however,
that would be a futile exercise as there is no available
algorithm for determining the dense labeling in advance.
Indeed one might argue that the determination of the dense
labeling occurs as part of the process of trying to satisfy
the image constraints. This approach is developed further
in the next section.

V. SIMULTANEOUS RECOVERY OF 3-D SHAPE AND THE
DENSE LABELING

We now drop the unrealistic assumption that the dense
labeling is known in advance, but instead seek to recover
it as part of the process of finding the shape r(x, y). In-
troduce binary (0 or 1) valued ‘‘indicator functions’’ e,
e,, I;, and [, that code the label at a point on the line
drawing as follows: Let f; and f, be the faces correspond-
ing to the two areas on either side of the image curve c.
Then

e; =1 iff ¢ is an edge on f;
e, =1  iff ¢ is an edge on f,
=1 iff ¢ is a limb on f;

I, =1 iff ¢is alimb on f,.

It may be observed that e,e, = 1 iff ¢ is a convex or con-
cave edge. Also if ¢ is a limb, then exactly one of U, b
is equal to 1—the direction of the double arrows deter-
mines which one.

Using these indicator functions we can formulate shape
recovery as a problem of finding n(x, y), €,(s), ex(s),
1,(s), L(s) such that the following functional is mini-
mized:

N Sg (E - R(n))2 dx dy + N\, SB elez[n,nch]2

I

+ Ii(n, — Nc)2 + I(n, — Nc)2 ds

+)\3§S(n§+n§)dxdy (1)

I-B
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subject to the constraints
Vs« e(s) + exs) + Li(s) + I(s) = 1
vs - es) + Li(s) + L(s) =1
Vs - ey(s) + I(s) + L(s) =1

and, of course the constraint that n* = 1.

The side constraints enforce the basic properties of line
labels—a curve cannot be both a limb and an edge, etc.
One can generalize this idea to incorporate constraints due
to restrictions on local labeling possibilities at junctions.

To complete the story, we could add integrability terms
to the functional (1), but perhaps it is better to treat it as
a side constraint which can be enforced by using the Fran-
kot-Chellappa projection algorithm.

To the best of our knowledge, the above formulation is
the first to attempt to include all the constraints in a single
image of curved objects in a coherent framework. For
polyhedral objects Sugihara [24] has solved this problem,
but for curved objects shading and line drawing con-
straints had not previously been studied in a common
framework.

Trying to minimize globally the functional (1) is a for-
midable task. Here are two possible approaches:

1) Gradient Descent: Starting from some initial
guessed shape, iteratively adjust n, ey, es, 1, 1, so as to
lower the cost measured by (1). One could use algorithms
from optimization theory or code this problem onto a
Hopfield ‘‘neural’’ network [8] by suitably defining T};.
The hard part of course is in coming up with an initial
guess good enough to avoid local minima. A modification
of this approach which has been tried by Witkin ez al. [26]
is to introduce a scale parameter o and thus embed the
problem in a larger space. Gradient descent is first used
to solve a smoothed version of the minimization problem
and then track the minimum continuously as ¢ tends to
zero. While there is no guarantee that the global minimum
will be found, Witkin et al. found their empirical results
satisfactory.

2) Simulated Annealing: We refer here to the class of
global optimization algorithms inspired by ideas from sta-
tistical physics, e.g., Kirkpatrick er al. [14] and Geman
and Geman [7]. By allowing steps which may increase
energy, the system can avoid getting trapped in local min-
ima—the bane of simple-minded gradient descent. How-
ever, the computational costs of these algorithms are ex-
tremely high.

Clearly, further work is needed to flesh out these ap-
proaches. In this paper, we will develop a third approach
based on precomputing the sparse labeling.

VI. RECOVERING 3-D SHAPE USING A PARTITIONED
CONSTRAINT SET APPROACH

The problem of recovering three-dimensional shape
from a single image becomes more tractable if one notes
the following:

® The set of legal sparse labelings of the drawing can
be determined before examining in detail the constraints
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associated with possible DL-systems and the shading. An
algorithm for doing this, based on constructing a catalog
of legal labeling possibilities for each kind of junction,
was developed in [17]. The scheme developed in the rest
of this paper exploits this.

e The objective of the global minimization suggested
in Sections IV and V is to attempt to satisfy the shading
and line drawing constraints over the entire image simul-
taneously. Instead of trying to do it in one fell swoop, one
could partition these constraints into the following three
classes:

1) Constraints in the interior of an image area.

2) Constraints in the neighborhood of an image curve.

3) Constraints in the neighborhood of a junction.

Surface continuity requirements provide the cross-cou-
pling among the solutions of these constraint sets.

In the next three sections we do the following analysis
for each type of constraint set:

¢ Formulate the constraints.

¢ Examine the conditions for unique solvability.

® Develop a numerical scheme for finding the solution.

Finally, in Section X, we study how local shape recov-
ery procedures can be combined to find the global shape.

VII. SHAPE CONSTRAINTS INSIDE AN AREA

The only source of constraint is the shading and we wish
to find the ‘‘smoothest’’ surface consistent with the pixel
brightness values. This is exactly the shape from shading
problem which has been studied by Horn and his col-
leagues and we can adopt their analyses and algorithms
unchanged. Specifically, we use the relaxation scheme
suggested by Horn and Brooks which is stated in Section
II of this paper.

The question of the existence of a unique solution for
1) the shape-from-shading problem, and, 2) the numerical
scheme, does not seem to have a clean theoretical an-
swer—although partial results were obtained by Bruss in
{4]. Simulation results, as in [13], indicate no problems
in practice.

The Horn-Brooks relaxation scheme, just like the other
algorithms for this problem, requires knowledge of the
direction of the surface normal along the boundary of the
patch. Empirical evidence suggests that knowing the sur-
face normal along a significant fraction of the boundary
is adequate in practice.

VIII. SHAPE CONSTRAINTS ALONG AN IMAGE CURVE

At a limb, the surface normal is uniquely determined
by the direction of the projected curve. So the interesting
case is that of an edge, where there are both shading and
line drawing constraints. We want to use these to deter-
mine the surface normals n,(s) and n,(s) on the two faces
/i and £, as a function of the arc length parameter s along
the edge. To do this, we have to measure the brightness
values E|(s), E,(s) on the two sides of the edge in the
line drawing. As edges are typically not neatly aligned
with pixel boundaries, this would entail taking the
weighted average of neighboring pixels which lie entirely
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on a single face. As defined in Section III, N.(s) is a unit
length vector drawn normal to the projection of the edge
in the image plane.

First we do some equation counting. To determine n,
and n, one has to solve for four independent parameters.
(While there are three components of n, the unit length
constraint means that only two are independent.) If the
edge is connect (convex or concave), there are two equa-
tions due to shading: E;, = R(n;) and E, = R(n,). The
direction of the edge gives us one more equation [n,n, N, ]
= 0, still leaving us one equation short. We conclude that
it is not possible to solve for n,, n, by just looking at the
neighborhood of a point on an edge, just as in the standard
shape-from-shading problem it is not possible to compute
n locally. We need to make use of boundary conditions,
and maximize smoothness-points which are physically
close should have similar surface normals.

To satisfy the image irradiance equation on both faces,
we seek to minimize

[ (E) ~ RO + (Exs) ~ R(ns)) as.

To satisfy the constraint due to the observed direction of
the projection of the edge, minimize

S [n(s) ny(s) Nr(s)]2 ds.

Next we add a *‘regularization term’’ by incorporating the
expression

S (n[(s))2 + (nﬁ(s))2 ds.

Here ni(s), n; (s) are the derivatives of n,(s) and n,(s)
with respect to arc length. Finally we insist that the nor-
mals n,(s) and n,(s) have unit length. Combining these
constraints we have the composite functional

S >‘1{(El - R(”l))z + (E, - R("z))z}
+ Nl N+ N (m)) + (n3)°)
+m(nd = 1) + py(n3 — 1) ds

(2)

where p,(s), po(s) are Lagrange multipliers.
This is a functional of the form

S F(s, ny, ny, ni, nj) ds

which gives rise to the Euler equations

d
F,-2F.=0
n ds ni

d
F,,——F,; =0
mogds ™

and the ‘‘natural’’ boundary conditions F,,; = 0 and F;
= 0.
It follows that the edge constraint functional (2) has the
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Euler equations
—2M(E = R(n)))R,, + 20[min;N ] (ny X N,)
- 2)\3”{/ + 2”["1 = 0
‘—2)\](E - R(nz))Rm - 2)\2[n]n2Nc](nl X Nc)

(3)

- 2)\3”5’ + 2[,(,2”2 =90

(4)
and the “‘natural’’ boundary conditions nj = 0 and nj =
0.

We can find the Lagrange multiplier g, by taking the
dot product of (3) with n; and noting thatm, - n, = 1

w = M(E = R(m))Ry, + my = No[mmy N
+ N\sn{ - ny.
We can now eliminate p, by substituting it back, giving
~M(E = R(n){Ra — Ry, - n)my}
+ )\z[nlnsz]{(nz X N.) = ["|"2Nc]"1}
—Nofny = (n] - m)m} =0 (5)

A similar manipulation for the other Euler equation
gives

~N(E = R(12)){Ry, = (R, = m3)ms}
- )\z["lnch]{("l X N.) + ["1"2Nc]"2}
— N{ny = (5 - "2)"2} = 0. (6)

Note that (5) is an equation in components perpendicular
to n, and is thus equivalent to only two independent scalar
equations. This can be seen by taking the dot product of
the left-hand side with n, and observing that it is identi-
cally 0. Similarly, (6) is an equation in components per-
pendicular to n,.

The additional constraints that are needed come from
the fact that n, and n, are of unit length.

Subsequent analysis will be facilitated by noting the
following identities. x can be any vector, n is a unit length
vector, p is any vector perpendicular to n, i.e., n - p =
0.

(I-nn")n =20
(I-nn")p =p
(I-nn")x =x — (x-

(7)

Using the third of these identities and introducing o =
A /X; and B = N,/\3, we can transform (5) to

(I = mn))nf = (I - mn]){—a(E ~ R(n)))R,
+ B[nI"ZNc](nZ X Nl‘)}

n)n.

(8)
In order to develop a numerical scheme, we use the dis-
crete approximation

n11+] - 2nl| + n']fl

(as)’

in

n,
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to obtain
1+l i i—1
—2n) +n
( n; nl )< l2 : >
(As)
= (I - nﬁnilr){—a(E — R(n}))R,,
+ Bnimb NI (nh x N1,

By suitably defining functions F;, this can be expressed

as
(I _ nian) <ni|1Ll _ 2"’] + "ilkl>
1781 2
(As)

= (I = nin{)F(n}, n}).

In preparation for obtaining an iterative scheme we re-

write this as
), —2(nh), (n'f')k>
I — (n}) (nY), 5
(I = (n}),(nY) )< (a5)
= (I = (n}) (@) ) F((n}) . (m2),) (9)

where k is the iteration index.

It is convenient to introduce notation corresponding to
the components of (7™ '), (ni""), and (n});. along
(n') and perpendicular to (nr')

(nil_l)k = Ca(nil)k + qll
(n’“)_

(nll)lﬁ-]

ci(n}), + pi
= cfi(n}), + ri.

Using these substitutions for (r} '), (i) cand (n}) 4
in (9) and simplifying using the identities in (7), we get

(p’i —-2r + q’;>
(as)’
= (I = (n}) (7)) F((n}),. (n3),).

-1

(10)

‘Now g4 = ni™" — (n{™" - nj)n} is known and so is
p', enabling us to calculate r{. Next note that
g 1

("il)kﬂ = (C?i("il)k +ri) - (c?,-(n“,)k +r))
= (cll) + (r])
=1

(nil)k+l ’

which implies that

C?i =vN1 - ("il)2-

Theoretically there are two solutions for ¢%., one positive
and one negative. Obviously, the positive root is to be
used—the negative root would result in (7)., in almost
the opposite direction to (n))e.

We thus have the following iterative step for computing
a “‘corrected’’ value of n} given ‘‘approximate’’ values
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i+1

of ni*', n{™", n' and n’:

i

¢ =ni"' = (i7" n)n

P i+ i+1
py =n"" — (n

ri = 1(pi + ¢ + a(As)(E - R(n}))
- {Ri, — (Rl - ni)n}} — B(As)[niniN]
- {(nh x Ni) = [niniNi]ni})
(7)) = 7t + miV1 = (r)), (11)

By an analogous analysis starting from (6) we obtain

i—1 1

g> = ny"' = (ny"" - m3)n}

i i+1 i+1

py=ny — (ny" - "é)”&

ry = H(ph + gy + a(As)(E - R(nb))
- {RL, = (R}, - nb)ni} + B(As)[ninyNi]
- {(n} x Ni) + [niniN']n}})

() =rs+ miN1 = (rh) (12)

To complete the design of the numerical scheme we
have to specify how the initial guesses are obtained, and
how the iterative steps fit together. We use a simple pre-
dictor—corrector approach.

1) Predict n}, n{™'. This is done by linear extrapola-
tion on the great circle containing n}™?, n!™!.

2) Predict n}, ni* ! similarly.

3) Correct n', n} using the steps in (11) and (12).

4) Seti < i+ 1.Gotol.

If nY, n}, n9, n} are known, these schemes tell us how
to *‘grow’’ the solution. The iteration can in fact be started
just given the values of n|, n, at the initial point. As
n; and n; are both equal to 0 at the initial point (natural
boundary conditions), we assume n! = nY and ny = nd.

It should be pointed out that the analysis in this section
has been for connect edges—if the edge is occluding, we
do not know the brightness values for the occluded face
and thus have one less constraint. For curved objects, an
edge can change its label from convex to occluding be-
tween junctions, €.g., at point X in Fig. 4. However, we
know [17] that such points correspond to invisible limbs,
and therefore can be detected by checking if n, is suffi-
ciently small. In Fig. 4, n,, = 0 at X. The iterations in
(11) and (12) should be stopped at this point.

Now we consider a case when more information is
available. Suppose that in addition to knowing n,, n, at
the initial point, n,(s) is also known along the edge (as a
result of some previous computation). In this case, just
use (11).

When n,(s) is known along the edge, it is possible to
recover n;(s) even when n; unknown at initial point. Use
Newton’s method to compute n, at initial point. This can
be done because we now have two constraints on n,, viz.
E, = R(ny) and [n;n,N.] = 0. As these constraints are

Fig. 4. Dealing with edge label transitions.

nonlinear, there is no guarantee of a unique solution.
However it can be proved that for a reflectance map aris-
ing from a Lambertian surface illuminated with a point
light source, there can only be one or two solutions. We
use the iterative scheme in (11) above to propagate each
of the solutions, and pick the one which corresponds to
the smaller error as measured by the functional in ).

IX. SHAPE CONSTRAINTS AT A VERTEX

At a vertex we have 1) shading constraints from the
brightness values on the faces which meet at the vertex,
and 2) line drawing constraints from the projections of the
edges incident at a vertex. Under certain conditions, there
are enough constraints to uniquely determine the surface
normals on each of the faces purely from the local infor-
mation. We assume that the line labels of the edges meet-
ing at the vertex have been determined earlier.

Consider vertex 4 in Fig. 5 and enumerate the con-
straints on n,, n,, and n;—the surface normals to the three
faces fi, f>, f; which meet at the vertex:

E, —R(n) =0 E, = R(ny) =0 E; — R(ny) =0
[nanNIZ] =0 [nn3Ny] =0 [r3n,Ny ] =0
nl=1 n3 =1 n =1.

There are as many independent equations as unknowns.
However, as the equations are nonlinear, we are not guar-
anteed a unique solution. We can however put an upper
bound on the number of solutions for typical reflectance
maps, e.g., for R(n) = n - s, there can be a maximum
of eight solutions.' Note that so far we have only used the
information that each of the edges is connect (either con-
vex or concave), but in fact we also know whether it is
convex or concave. Pruning using this additional knowl-
edge typically leaves only one solution.

For numerical computation, it is convenient to reduce
the number of parameters by transforming to p, g-space
and then use Newton’s method to iteratively solve the sys-
tem of nonlinear equations. A good initial guess can be
obtained as follows. Assume that at each edge, the inter-
secting faces are mutually orthogonal. One can then de-
termine [20] the three surface normals in closed form. The
solution/s which correspond to the known line labels at

'This result is true for any reflectance map whose level sets in p, ¢-
space are conic sections.
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Fig. 5. Shape recovery at a vertex.

the vertex is/are used as starting values for Newton’s
method.

It can be seen that the method described above works
for any vertex with n = 3 faces if and only if they are all
visible. Alternatively, all the edges are either convex or
concave. If any of the faces at the vertex is hidden, the
constraint due to the brightness value on that face is miss-
ing, and there are fewer equations than unknowns.

However if there is exactly one hidden face, and the
surface normal on one of the faces at the vertex is known
(perhaps by propagation of information on one of the
faces/edges that it lies on), then the number of indepen-
dent equations again becomes equal to the number of un-
knowns and one can solve for the rest of the surface nor-
mals. In Fig. 5, once n4 is known, nrs and ng can be
determined.

An earlier version of the idea of simultaneously solving
for shading and line drawing constraints at a vertex may
be found in the appendix in Horn [11], which contains a
graphical solution to the trihedral corner shading prob-
lem.

X. SHAPE RECOVERY GIVEN THE SPARSE LABELING

In Sections VII, VIII, and 1X we studied the constraint
sets for image areas, curves and junctions, and developed
numerical schemes for local shape recovery. For com-
pleteness, let us name these schemes and list them here:

1) solve_face: If n is known on a significant fraction
of the boundary of an area, n can be computed in the in-
terior of the area.

2) solve_limb: 1f an image curve is known to be the
projection of a limb, then n can be determined along the
limb.

3) solve_connect_edgel: ny, n, known at initial point.
Schemes (11) and (12) enable the computation of n,(s)
and n,(s) along the edge, until either a vertex is reached
or the edge becomes an occluding edge, €.g., in Fig. 4.

4) solve_connect_edge2: If ny(s) is already known
along the edge, then n;(s) can be computed along the edge
even if the initial value of n; is not known. (This is as
explained in the last paragraph of Section VIII.)

5) solve_all visible_vertex: If all incident faces at a
vertex with k = 3 faces are visible, thenn,, - - - , n,can
be computed on the k faces at the vertex.

6) solve_almost_all_visible_vertex: 1f only one of the
faces at a vertex with k = 3 faces is hidden, then if any
of ny, * - -, n; is known, the rest can be computed.

Of these only solve_limb and solve_all_visible_vertex
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are ‘‘self starting.”” The others need to make use of results
of previous computations. For example, solve_ face needs
n on its boundary, computed by either solve_limb or one
of the solve connect_edge procedures. In turn,
solve_connect_edge_1 needs initial value information
computed by one of the vertex solution procedures.

We now illustrate the process of global shape recovery
with some examples. The hatched parts of the figures de-
note what has been freshly computed in a particular iter-
ation. In Fig. 6, the computation starts with determination
of the surface normals to the three faces at A, followed
by the computation of the surface normals along AB, AC,
and AD. Finally, solve_ face is applied to each of the three
faces. In Fig. 7, the determination of the surface normals
along the limb (1) enables the computation of n on the
curved face (2). In step (3), solve_connect_edge_2 is used
to compute the surface normal on the other side of the
edge, which sets up the boundary conditions for comput-
ing n on the top face (4). Fig. 8 should now be self-ex-
planatory.

In the examples just considered, we started from the
correct labeling. What is actually available to us are a set
of sparse labelings, e.g., Fig. 2 among which only one is
correct.” When we start from an incorrect sparse labeling,
the 3-D shape computed will be incorrect and hence will
not satisfy the line drawing and shading constraints within
the margin of error permitted by the inaccuracies in the
data (i.e., noise in pixel brightness values, errors in es-
timates of edge direction, etc.). This gives us a way to
prune away the shapes resulting from incorrect labelings.
We now have the following scheme:

algorithm global _shape_recovery_PCS

1) Find applicable local shape recovery procedures.

2) Execute in parallel.

3) Check result (computed n) for consistency with im-
age data within margin-of-error. If failure, terminate
““Wrong labeling.”’

4) If two or more local shape recovery procedures have
independently computed n for the same location, check
for consistency within margin-of-error. If failure, termi-
nate ‘‘Wrong labeling.”’

5) If n known everywhere, or no more applicable pro-
cedures, terminate ‘‘Solution.”” Else go to 1.

The naive way to use this procedure is to run it, one
labeling at a time. We can actually do much better. In
Fig. 2, and in the more extensive list of examples in [17],
one notices that usually different labelings correspond to
the same labels for inner curves—the outer curves have
different labels corresponding to objects floating in air,
resting on some support surface, etc. To exploit this, the
possible sparse labelings of a line drawing can be orga-
nized into a ‘‘label inheritance tree,”” with the root cor-
responding to the set of curves which have the same la-
bels, and branches corresponding to choices for curves
which have multiple labeling possibilities. A least com-

*In the sense that it corresponds to the particular scene being imaged.
They are all consistent with the line drawing information.
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Fig. 6. Sequence of steps in global shape recovery.

1
Fig. 8. Sequence of steps in global shape recovery.

mitment strategy can then be used to avoid pursuing futile
paths.

XI. EXPERIMENTAL RESULTS

The computer implementation of the algorithm was
tested on several synthetic images. This allowed us to test
the algorithm with controlled amounts of noise. Objects
were defined by specifying n(x, y). The corresponding
light intensity E(x, y) was calculated using the reflec-
tance map of a Lambertian surface illuminated by a point
light source in the z direction. Using orthographic projec-
tion, we came up with a formula for the edges in the im-
age plane, from which N, was computed.

The objectives of our experiments were as follows.

1) Are the component schemes effective in the pres-
ence of image noise and uncertainty about the choice of
regularization parameters?

2) Given that the component schemes work in isola-
tion, are they robust enough to work together as part of a
complete algorithm?

3) Can incorrect line labelings be detected by checking
for consistency with image data?

A. Testing Components

The solve_ face algorithm is the classic iterative shape-
from-shading algorithm and worked reasonably well. It
would have worked even better if we had implemented
the Frankot-Chellappa [6] projection step to guarantee in-
tegrability.

We tested the solve_connect_edge algorithm on the
edge between the curved and planar faces of a small cyl-
inder, a big cylinder (approximately twice the radius), and
a tube. See Fig. 9. To test sensitivity to noise, we added
noise uniformly distributed between +n percent to both
the intensity array E(x, y) and the edge direction N.. Ta-
ble I shows the average angular error in degrees between
the correct and computed surface normals as a function of
noise for the small cylinder. Even under errors larger than
those expected for real camera systems, the algorithm
shows very little sensitivity to noise.

As in other variational approaches, we have to choose
parameters «, 3 which measure the relative importance of
brightness constraints, line drawing constraints, and
smoothness. A truly robust algorithm would use a single
set of optimal parameter values on all encountered im-
ages. We have not determined a scientific way to choose
these parameters, but empirically, a wide range of choices
give acceptable results. See Table II. In addition, as Table
III shows, the exact same choice of parameters gives good
results on a wide variety of objects.

We used the tube to test the ability of the algorithm to
stop when an edge becomes occluding. The algorithm was
programmed to detect occlusion when n_ falls below a
threshold. Empirically, 0.2 (compared to a maximum
possible value of 1.0) worked well as a threshold. Table
IV shows the pixel location where occlusion begins as a
function of noise. The algorithm is never wrong by more
than one pixel.

To test solve_all_visible_vertex, we used a vertex de-
fined by three faces. Newton’s method is used with an
initial guess determined by the closed form solution ob-
tained when one assumes that the faces are mutually or-
thogonal. Table V gives the average error versus noise for
several cases corresponding to different angles between
the faces.

B. Integrating the Components

To check that the different components worked well to-
gether, we tested the whole algorithm on the big cylinder.

1) Compute the surface normals on the limbs.

2) Use the partial boundary conditions on the limb to
compute the normals throughout the curved region using
solve_ face.

3) Use a closed form approach to find two possible so-
lutions for the initial point along the planar side of the
edge connecting the curved and planar regions. Select the
one with the lower error.
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Fig. 9. The objects used for the experiments.

TABLE 1
SURFACE ORIENTATION ERROR GIVEN UNIFORMLY DISTRIBUTED NOISE IN E
ANDN.. o = 1.0 X 10°°, 8 = 1.5.

Error on Planar Error on Cylindrical

Noise Side of Edge Side of Edge
0 0.28° 2.6°
+4 percent 0.38° 3.5°
+8 percent 0.45° 4.4°
+12 percent 0.65° 3.6°
TABLE 11

SUREACE ORIENTATION ERROR FOR BIG CYLINDER (WITHOUT NOISE) FOR
DIFFERENT a AND 3

Curved Side of Edge Planar Side of Edge

[ g =1 g=1.5 B =1 B=1.5
107% 6.1° 0.77° 2.1° 1.0°
10 7 1.2° 1.3° 0.6° 0.6°
10°°¢ 10° 1.9° 2.7° 0.4°

TABLE III
SURFACE ORIENTATION ERROR FOR DIFFERENT OBJECTS. NOISE Is +4
PERCENT, o = 1.0 X 107%, 8 = 1.5.
Small Cylinder Big Cylinder Tube
Planar Side 0.38° 0.35° 0.35°
Cylindrical Side 3.5° 0.29° 2.5°
TABLE IV
ERROR IN FINDING PIXEL MARKING TRANSITION FROM CONVEX TO
OCCLUDING. @ = 1.0 X 107°, 8 = L.5.
Pixel Where Computed Transition
Noise Occlusion Begins Pixel
0 55 S5

+4 percent 55 55
+8 percent 55 56
+12 percent 55 55

4) Use solve_connect_edge2 to solve the edge con-
necting the curved and planar regions.

5) Use the partial boundary conditions obtained from
the edge to compute the normals in the planar regions.

We added +8 percent noise to the image of the cylin-
der. A for the Horn-Brooks shape from shading algorithm
was chosen to be 90 000 and & = 1.0 X 107°%, 8 = 1.5.

TABLE V
ERROR IN solve_all_visible_vertex

6, 0y 23 Noise Average Error
90° 90° 90° 0 0
90° 90° 90° +4 percent 0.65°
104° 90° 104° 0 0
104° 90° 104° +4 percent 2.4°
116° 90° 116° 0 0
116° 90° 116° +4 percent 1.8°
VA A A A A
A R RV B A B Y B B O T B O
VAR N A A B B O T T O R
IO B B A B I O 1

Fig. 10. Needle diagram corresponding to the reconstructed cylinder.

TABLE VI
INCREASED ERROR CORRESPONDING TO THE WRONG LINE LABEL
(CONCAVE). a = 1.0 X 107°, 8 = 1.5. NOISE = +4 PERCENT IN BOTH E

AND N...
E — R(n) [nn>N}
Curved Side Planar Side Curved Side Planar Side
Label of Edge of Edge of Edge of Edge
Concave 41 47 0.01 0.01
Convex 23 7 0.005 0.005

Fig. 10 is a needle diagram corresponding to the recon-
structed shape. The average angular error on the curved
face was 6.0° and on the planar face was 6.6°. If one just
considers the pixels on either side of the edge, these errors
were 5.6° and 2.8°, respectively. Clearly the components
work well together.

C. Detecting Wrong Line Labelings

All of the tests so far assume a correct line labeling.
What is actually available is a set of possibie sparse la-
belings. Table VI shows the results of trying the edge al-
gorithm on the big cylinder twice. The first test uses the
correct labeling, the second test makes the incorrect as-
sumption that the edge is concave instead of convex. The
incorrect labeling leads to a solution with a much higher
cost. Thus, the algorithm can select the correct one.
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XII. DiscussioN

We now discuss some criticisms of the scheme pre-
sented in this paper. We also speculate on how the prob-
lem of reconstructing 3-D shape from monocular views
could be solved for real scenes.

1) The present scheme depends on line labels which
are derived from a junction catalog. This is not realistic
for real images. True. One would need to combine edge
detection and linking with model-based junction fitting in
order to get reasonable looking line drawings. There
would still be a number of missed/misclassified junctions
resulting in incorrectly labeled lines. Recall however that
we have a safety margin built in: the scheme in this paper
would detect wrong labelings. If we have a segmentation
resulting in many misclassified junctions we would have
a large number of wrong labelings and consequently extra
computational effort. However the degradation would be
graceful.

2) The assumption that the reflectance map is known is
unrealistic. True (except for some industrial environ-
ments). However, note that we can use parametrized re-
flectance maps. A reflectance function modeled by the sum
of a Lambertian term and a specular term is a good ap-
proximation; so is modeling the illumination by an equiv-
alent light source and a ‘‘sky’’ component. Brooks and
Horn [3] show how to estimate the relevant parameters.
Their scheme can be applied in our framework as well.
Using the Frankot-Chellappa integrability enforcement
algorithm as an adjunct would help considerably. Of
course, there will now be more cases when the image is
underconstrained. For a Lambertian cube illuminated from
an unknown direction, there will now be fewer equations
than unknowns if one does not include additional heuristic
assumptions like rectangularity or skewed symmetry.

3) Real scenes have shadows, surface markings, tex-
ture, etc. True. Extracting 3-D shape from monocular
cues will continue to be a research problem for a while.
We do think that incorporating different sources of con-
straints in a common framework and having them coop-
erate fairly closely as in this paper is the right strategy.
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