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Reactive systems

» Transformational systems eg. compiler

— Correctness requirements can be expressed in
terms of initial and final states

— Hoare logic
» Reactive systems eg. OS, network protocols
— Correctness criteria depends on context
— Temporal logic useful to express correctness
properties

Nov 30, 2004 CS 294-3: Techniques for Automated Deduction, Prof George C. Necula 4

Kripke structures

Model for representing reactive systems
AP: set of atomic propositions

K: Kripke structure over AP = (5,5, T,L)
S: set of states (need not be finite)

S, set of initial states

T: transition relation (T €S x S)

L: labelling function (L : S — 24P)
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Example
« AP ={p,q.,r,s,t,u,v} (o)
+ §={1,2,3,4,5,6,7,8,9}

© Sp={1}
T={(12), (1.3).(23), ..}
L={(1.{p.a}).(2.r.s}), ...}

pt uyv p.ars.tuy

What is a temporal logic ?

* Logic with temporal operators (operators that
talk about time)
— Eg. Tense Logic (A. N. Prior, 1957)
« P "It has at some time been the case that ..."
« F "It will at some time be the case that ..."
« H "It has always been the case that ...”
« G "It will always be the case that ..."

Relationship between past and future

* p=HFp
— "What is, has always been going to be*
* p=GPp
— "What is, will always have been*
* H(p = ) = (Hp = Ha)
— "Whatever always follows from what always has been,
always has been*
* G(p=q) = (Gp = Gq)
— "Whatever always follows from what always will be,
always will be"
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Duality relationships

. Pp = —|H—|p
. Fp = —|G—|p

Axioms

« Gp=Fp
— "What will always be, will be*
* G(p = q) = (Gp = Ga)
- "If_| will always imply g, then if p will always be the case, so
will g*
* Fp=FFp
— "If it will be the case that p, it will be — in between — that it
will be*

« =Fp = F-Fp
— "I it will never be that p then it will be that it will never be that

|-'



Inference rules

- D
QRG.Gp
e RH : 2
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(Propositional) LTL

Atomic propositions, propositional connectives, and the
following temporal operators:
« F p
— “sometime in the Future, p holds”
- G p
— “at all times (Globally), p holds”
« X p
— ‘“in the neXt state, p holds”
*pUq
— “p holds Until g holds”
*« PWq
— “p holds Waiting for g”

Kinds of temporal logics

 Propositional or first order

* Global or compositional

* Branching time or linear time

» Points or intervals

« Discrete time or continuous time
 Past or future

Logics in verification

* Linear Temporal Logic (LTL)

— The underlying structure of time is a totally
ordered set isomorphic to (N, <)

« Computational Tree Logic (CTL)
— The underlying structure of time is an infinite tree.

Informal semantics
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Informal semantics

oXp
O—E—-0O0—0—-0C—-—~0
*pUq

O———©——0

g has to be eventually true !

Satisfiability, Validity

« A linear time structure is an infinite totally
ordered set of labelled states isomorphic to
(N, <).

« An LTL formula ¢ is satisfiable if there exists
a linear time structure M s.t. M E ¢.

* An LTL formula ¢ is valid if for all linear time
structures M, M E ¢.

Duality and other relationships

° |=GpE—|F—|p

s EX—p=—-Xp

s FG®p=—=F*-—p

- EF©p=GFp

* FpBg==((=p)Uq)

Informal semantics

*pWq

E———e—0—0
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g may never be true !

Additional operators

*pBq
— “p Before q: If g ever happens in the future, it is
strictly preceded by an occurrence of p”
. FOO p
— “p holds infinitely often” (but may also fail to hold
infinitely often)
. G°0 p
— “p holds almost always” (and fails to hold only
finitely many times)

Other relationships

Ep=Fp
EGp=p
EXp=Fp
EGp=Xp
EGp=Fp
EGp=XGp
EpUg=Fq
E=(pWaq=Faq)
EG®p=F>p
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CTL syntax

¢s::p|¢sv¢s|¢s/\¢s|_'¢s|E¢p|A¢p

Op = X g | 05 U 0

» ¢, are called state formulae. They must be
interpreted at a state. eg. p, p vV q, AX p,
E(pUaq).

* (¢, are called path formulae. They must be

interpreted over a path (infinite sequence of

states). eg. X p, p U q.

CTL semantics

« K, pF o, Uo2iff Ji[K pEo2andVi(<i
= K, pPE ¢,')], where pi=s, s,,4, ... when p =
Sgs Sty Soy +--

* K, pE X0, iff K, p' F 0.

(Propositional) CTL

» Atomic propositions, propositional
connectives, path quantifiers (VAll, JExists),
and temporal operators: X, F, G, U, W.

CTL semantics

» K, s F piff state s is labelled with proposition p in
Kripke structure K.

c K sk Vo2iff K s E o' or K, s E o2

* K sk o' A2iff K, s E ¢ and K, s F g2

* K, sE =0 iff =(K, s E o)

* K,srFEG, iff IJpathp=s,s’,s”, ...InK, K, pF Op-

« K sk A<])p iff Vvpathp=s,s,s”,...inK,K,pF 0p-

CTL operators

« In other words, no two temporal operators may occur without
being separated by path quantifiers.

* eg. XX pis an LTL formula, but not allowed in CTL. The logic
CTL™ allows such formulae; CTL N is a superset of both
CTL and LTL.

» Thus, the CTL operators are:




Informal semantics

« AXp

Informal semantics

« EXp
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Informal semantics
« AFp
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Informal semantics
+ AGp
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Informal semantics
* EFp
Nov 30, 2004 CS 294-3: Techniques for Automated Deduction, Prof George C. Necula 34
Informal semantics
« EGp
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Informal semantics

*ApUQq)

Informal semantics

* AlpWaq)

Examples

« EF (Start A —Ready)

— “Itis possible to get to a state where Start holds and
Ready does not hold”

* AG(EF Restart)

— “From any state it is possible to get to the Restart state”
* AG(AF DeviceEnabled)

— “DeviceEnabled holds infinitely often on every path”
+ AG(Req = AF Ack)

— “If a request occurs, it will be eventually acknowledged”

Informal semantics

* E(pUaq)

@<t
e Frremeemneememe oA
Informal semantics

* E(pWaq)

Q) §§
S b s A ARRORER
EX, EG, EU
« AXp=—EX-p
* EF p = E (TRUE U p)
« AG p = — EF (-p)
« AFp=—EG (-p)
« A(pUQq)=—E (—qU (=p A —0q) A =EG —q)
* A(pWq)=—E(=pU-—q)
* E(pWq)=—A(=pU—q)




Other considerations

» Fairness
 Existential, Universal fragments
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A formula represents a set
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A formula represents a set

[p] = {1,3,5,9}

[q] ={1,5,7,8,9} '
[[’I‘]] = {2,5,6,7} pt v

P.gQUV

5

[pVal = [pl U4l
[£Xpl ={1,2,6,8,9}
[AXp] ={2,6,8}

Fixpoint formulae represent algorithms

lfip Z [p v AX Z]
1. Start with Z, = 0.

2. while Z; # Z,
3. {
4. Z,,=pVAXZ
5. i++;
6. }
7. return Z;
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Fixpoint characterizations of CTL operators

*ApUa)=lpZ[qv(pAAXZ)]
*E(pUaq)=lpZ[qv(pAEXZ)]
AFp=IlfpZ[pvAXZ]
EFp=IpZ[pvEXZ]
AGp=gipZ[pAAXZ]
EGp=gfpZ[pAEXZ]
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