Solutions to Homework 3.
Math 110, Fall 2006.

Prob 2.1.10. By the linearity of T', we use the fact —(1,0) + 3(1,1) = (2, 3) to obtain
T(2,3) = —T(1,0) + 37(1,1) = —(1,4) + 3(2,5) = (5, 11).

The map T'is 1 —1 as we see that T'(a(1,0)+b(1,1)) = a(1,4) +b(2,5) implies @ = b = 0. Thus N(T') = {0},
soTis1—1.

Prob 2.1.15. The map T is linear, since indefinite integration is linear:

/0 (af(t) + Bg(t))dt = a / F(t)dt+ 8 / g(t)d.

To see that T is onto, suppose T f is the identically zero polynomial. By differentiating 7'f, we obtain f = 0.
Hence the kernel of T is trivial. Finally, notice that all polynomials of the form T'f are zero at z = 0. So we
cannot get any polynomial with nonzero constant term by applying 7', i.e., T' is not onto.

Prob 2.1.28. 7T maps 0 to 0 by linearity and maps V to V by definition, these two subspaces are trivially
T-invariant. If z € N(T), then Tz = 0 € N(T), so N(T) is T-invariant. If x € R(T), then Tz € R(T) as
the image of x, hence R(T') is T-invariant as well.

Prob 2.1.35.

(a) Suppose V = R(T) 4+ N(T). Then V = span{3,v} where 3 is a basis for R(T) and v is a basis
for N(T'). We know by the Rank-Nullity formula (using finite-dimensionality of V') that dimV =
dim R(T) + dim N(T'). Hence the total number of vectors in the spanning set a U~y is exactly equal to
the dimension of V. Hence by Corollary 2 to the Replacement Theorem, the set o Uy is a basis for
V', hence no nontrivial linear combination of vectors § is equal to a nontrivial linear combination of
vectors 7, i.e., the subspaces R(T") and N(T) intersect only at {0}. Thus R(T)® N(T) =V.

(b) Suppose R(T) N N(T) = {0}. Pick a basis § for R(T) and v for N(T'). Since no nontrivial linear
combination of vectors 3 is equal to a nontrivial linear combination of vectors 7, we conclude that the
set aU 3 is linearly independent. We know by the Rank-Nullity formula (using finite-dimensionality of
V) that dim V = dim R(T') + dim N(T'). Hence the total number of vectors in the linearly independent
set a Uy is exactly equal to the dimension of V. Hence by Corollary 2 to the Replacement Theorem,
the set a U~y is a basis for V. Thus R(T) @& N(T) =V.

Prob 2.2.3.
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Prob 2.2.10. By listing images of each basis vector, we obtain an upper-triangular matrix of order n with
1’s on the main and first upper diagonals.

Prob 2.2.13. Suppose oT + U = 0. Then oTz + fUx = 0, i.e., T(ax) = U(Bx) for all x € V. Since the
intersection of R(T) and R(U) is trivial, we conclude that T'(ax) = U(Bx) =0 for all z € V. If « are (3 are
nonzero scalars, then ax or Sz runs over all of V', hence the corresponding map (T or U) maps every vector
from V to zero. That would mean the map is the zero map, contrary to our assumption. Hence both a and
(3 must be zero.



Prob 2.3.2.

(a) A(2B+3C) = [ 2o ] (AB)D = A(BD) [ 29 } .

—26
(b) Atz{z -3 4}, AthA(BD):ES " 10], ot — | 16 ,
5 1 2 6 —1 10 59
CB=[21 7 9], CA=[20 26 ].
Prob 2.3.3.
1 10 2 30 2 6 6
(a) U=10 01 [T]B:{o 3 6 [UT]g:[() 0 4]
1 -1 0 00 4 2 0 -6
3 1
(b) [h]a—{ 2 [U(h(l“))]“/:[l]
1 5




