Homework # 5, due Fri, Oct 14th.

1 (oversampling). Complete the following outline.

(a) Suppose f is a band-limited function with f()\) = 0 for |A| > Q. Fix a number a > 1.
Repeat the proof of the Shannon-Whittaker sampling theorem to show that

f(\) = n;m c_pe TN with e, = \/ﬁaﬁf (mr) :

(b) Let g,(\) be the piecewise linear function whose graph is obtained by connecting the
points (—af2,0), (—,1), (©2,1), and (af2,0). Show that

V2(cos(Qt) — cos(aflt))
Vr(a —1)Qt?

(¢) Since f(A) =0 for [A| > Q, f(A) = f(A\)ga()). Use this fact, together with parts (a)
and (b), to show that

9a(t) =

1= % o’ () (=5).

Remark: Since g,(t) has the factor ¢* in the denominator, this expression for f(t) converges
faster than the expression for f(t) given in the Shannon-Whittaker theorem. The disadvan-
tage of the last formula is that the function is sampled on a denser grid. This is the tradeoff
between the sample rate and the rate of convergence.

2 (circulants and DFT). An nxn matrix A is called a circulant if a(7, j) depends only on
(t—j) mod n. For example, this matrix is a circulant:

(a) look at the n-periodic sequence a where a; = a(l+1,1), [ = 0,...,n—1. Write the
entries of A in terms of the sequence a.
(b) Let X be a column vector with n components. Show that Y = AX is equivalent to

y = a* z if x, y are periodic sequences for which z; = X; 1, yy =Yy for [ =0,...,n—1.
(c) Prove that the DFT diagonalizes all circulant matrices, i.e., that
1

—FrAF, is a diagonal matrix.
n
What are the eigenvalues of A?

3. Let L be the convolution operator associated with a sequence f, i.e., Lx:= f * . What
is the adjoint of L (in the sense of [?)?



