Solutions to homework # 2.

1. By using Gram-Schmidt, find an orthonormal basis for the subspace of L?[0, 1] spanned
3

by 1, z, 2%, 23.
Solution. The vector 1 is already normalized, so e;(z) = 1. Since (z,1) = 1/2, x must be
replaced by x — 1/2 and then normalized. As ||z — 1/2|y = 1/(2v/3), we obtain es(z) =
V3(22—1). The vector 2 then must be replaced by x2—z+41/6 to make it orthogonal to 1 and
x. Since ||z%—2+1/6]y = 1/(61/5), normalization gives e3(z) = v/5(622 —6x41). Finally, 2
is replaced by 2° —(3/2)z%+(3/5)x—1/20. Since ||z°—(3/2)2>+(3/5)z—1/20]], = 1/(20/7),
we get eq(z) = v/7(202% — 3022 + 122 — 1).

2. Find the L?[0, 1]-orthogonal projection of the function cosz onto the span of 1, x, 2%, 3.

Solution. Denote

a; = (cosz,1) = sinl,

ay = (cosx,r) = sinl+cosl—1

az = {cosz,x®) = 2cosl—sinl

ay = (cosz,x®) = —bHsinl—3cosl+6

Using the result of Problem 1, we see that the projection of cosz on the span of 1, z, 22,

23 is given by the formula

(cos, ej)e;
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with the functions e; obtained in Problem 1. Hence the projection is the function

a1 + V3(2ay — ay)es(x) + V5(6as — 6as + ay)es(x) + V7(20as — 30as + 12a5 — ay)ey(x).

3. Suppose ug and wu; are vectors in an inner product space V' such that (ug,v) = (uq,v) for
all v € V. Show that ug = uy.

Solution. By the bilinearity of the product (-,-), we see that
(up — ug,v) =0 forall velV.

Take v:=ug — u; to conclude (ug — uy,up — u1) = 0. Now the positivity of (-, -) implies that
Upg = U7q.

4. Suppose A in an nxn matrix with complex entries. Show that the following are equivalent.
(a) The rows of A form an orthonormal basis in C".
(b) AA* =TI (the identity matrix).
(c) ||Az|| = ||z|| for all z € C™.



Solution. (a) = (b) The entries of the matrix AA* are exactly the inner products of rows
of A with themselves. Indeed, if

a1
A=
G,
where the a;’s are rows of A, then A* = [a], ..., a}], where the aj’s are conjugate transposes

of the a;’s, so
1 i=j,

AA*(i, ) = a;a] = (5Z-j:={ 0 i

Thus AA* = 1.

(b) = (c). If AA* = I, then, in particular, A is a nonsingular matrix, and A~! = A*, hence
A*A =T as well. Now, for all z € C",

lz]|? = (x,2) = Iz, 2) = (A*Az,z) = (Az, Az) = || Ax|*.

So ||Az|| = ||z| for all z € C™.
(¢) = (a). First let us check that the condition

|Az|| = ||=|| for all z € C"

implies that
(Azx, Ay) = (z,y) for all z, y € C". (1)

This fact is due to the polarization identity
1 . . : . :
(wy) =1 (e tyrty) —(z -y -y +i((z +iy, 2 +iy) — (& —iy,z —1y))).

Thus (1) holds. Then taking unit vectors e;, e;, we get (Ae;, Ae;) = (e;,e;) = 0;;. But the
vectors Ae; are columns of A. So, the columns of A are orthonormal. Hence A*A = I (as
we saw before), so AA* = I, hence the rows of A are also orthonormal.



