Solutions to homework # 6.

1. Let ¢ and ¥ be the Haar scaling function and the Haar wavelet, respectively, and let the
spaces V; and W, be defined as in the lectures. Let a function f be given by

-1 0<z<1/4,
4 1/4<z<1/2,
f(z) = 2 1/2 <z <3/4,
-3 3/4<x <1,
0 otherwise.

Express f in terms of the natural basis of V5 and then decompose it into its Vy, Wy and W,
components.

Solution. We start at the given representation
f(2) = —0(2%2) + 4¢(2%z — 1) + 2¢(2%2 — 2) — 3¢(2%x — 3)
and run the wavelet decomposition algorithm. Using the relations

g¢(2j$ — %) +(2x — g)) , k even

$(2x — 51y —p(2x — E51)) |k odd,
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we get

F(x) = S0(22) — 56(20 — 1) — 29(20) + 292w — 1)

We keep the part —gw(Qx) + %¢(2x — 1), since it is in Wy, and further decompose the part
3¢(2x) — $¢(2x — 1), which is in V4. This produces

fl) = 50(e) + plx) — 2w(2r) + 2(2r — 1)
——
eVo cWo eWy

2. What is the dimension of the spaces W,, and V,, restricted to the interval [0, 1]?

Solution. Since the collection {2"/2¢(2"x — k) : k € 7ZZ} is an orthonormal basis for V,,,
and the support of each function ¢(2"z — k) is the interval [27"k, 27" (k + 1)], the functions
corresponding to k = 0,...,2" — 1 form on orthonormal basis for V,,|jo1. There are 2" of
them, so each space Vn|[0,1] has dimension 2". Now, V,,.1 =V, & W, so

dim W,,|jo.1) = dim V41 ]j01) — dim V,,[jgq) = 2" — 2" = 2",
Answer. dim V, |1 = dim W, |o1 = 2".
3. Reconstruct a function f € V3 given these coefficients in its Haar decomposition:

' =13/2, —1], oV =[-1, =3/2], & =[-3/2, —3/2, —1/2, —1/2].
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The first entry in each list corresponds to k = 0. Sketch f.
Solution. We run the wavelet reconstruction algorithm using the rules

aVlok = an‘”er,Lj‘”,
dM2k+1 = ag—l] _bl[gj—l]'

We need two iterations to arrive at level 3. We first use a!!l and bl to obtain
a? =[1/2,5/2,-5/2,1/2].
Then we use a? and b to get
a® =1-1,2,1,4,-3,-2,0,1].

Thus f(z) = —¢(23z) + 26(23x — 1) + ¢(23x — 2) + 4¢(23x — 3) — 3¢(23x — 4) — 2¢(23x —
5) + ¢(23x — 7). Below is a graph of this function

—4 I I I I I I )
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Figure 1. The recontructed function.

4. Consider the function f(x):=2? on [0,1]. What dyadic level of discretization produces
a piecewise-constant version f; of f with relative error less than 0.17 The relative error is
taken with respect to the L?[0, 1]-norm, i.e., is equal to

If = fallz2p.y
||f||L2[0,1]



Solution. We should try to project f onto spaces V; and take the first projection that gives
the desired relative error. This is rather tedious and should be done in MATLAB or Maple.

First consider the orthogonal projection of f onto Va. The coefficients 3" as ;j¢(2%x — j)
are the integrals

as; = 4/ 22 p(2%r — j)dx (1)
R
(notice that 4 occurs due to normalization {2¢(2%z — j)}). Using (1), we obtain
Q20 = 1/48, 21 = 7/48, Q29 = 19/48, A23 = 37/48

This yields relative error about 0.185, as can be verified numerically. So, this approximation
is not good enough.
Projecting onto the next level V3, using the analogous formula

as; = 8/]Rx2(b(2?’x — j)dx,

we get
azo = 1/1927 asy = 7/1927 aso = 19/192, as sz = 37/192,
asg 4 = 61/1927 ass = 91/1927 as e = 127/1927 asr = 169/1927

which gives relative error about 0.093 < 0.1. Thus, we need a dyadic discretization at level
3 to produce an approximation to f with relative error smaller than 0.1.



