SOLUTIONS TO HOMEWORK # 3

I1.16. (a) f(z) = 2%sinz. Since
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and 22 = (22 — y?) + 2izy, we get f(z,y) = u(z,y) + iv(x,y) where
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(b) f(z) =1/(1+ z). We have
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so f(w,y) = ulw,y) + iv(z,y) where
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I1.17. Note that
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So,
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The last expression is zero if and only if its real and imaginary parts are both zero, i.e.,
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I1.18. To be the real (or imaginary) part of an analytic function, the function has to be
harmonic, i.e., to satisfy Laplace’s equation
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the function u; is not harmonic. but
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SO U9 is harmonic. The corresponding imaginary part ve(x,y) can be found from the Cauchy-

Riemann equations:
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so va(z,y) = 2%y — y*/3 + g(z), and
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so g(x) = c is constant. Thus,
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II.21ab. (a) Using the Taylor series for cos z, we get

The Taylor series for cos converges everywhere, hence so does the obtained series for z cos z.
(b) Since (In(1+ z))’ = 15 and the latter is a geometric series, we have
In(14+2)) =1—2+22—2"+.--.
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The radius of convergence of this series is 1. Integrating term by term and taking into
account the fact In1 = 0, we get
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Integration of a series preserves its radius of convergence, so it stays equal to 1.

I1.22ab. (a) First determine the Taylor series of cosz centered at z = 1. Since (cosz)’ =
—sinz, (cosz)” = —cos z, (cosz)"” = sin z, and (cos 2)* = cos z, after which the derivative
sequence repeats itself, we get
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The Taylor series for cos z converges everywhere, hence the Laurent series for <=
everywhere except for z = 1.

converges

(b) The Taylor series for sin z? can be obtained from the Taylor series for sin z by substituting

22 for z. Thus
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is obtained by dividing through by z:

sin 22

The Taylor series for
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It converges everywhere since the series for sin z* converges everywhere.

I1.23ab. (a) The function 1/(1+ 2?%) is analytic everywhere except for its poles at +i, hence
it has two series centered at 0: a Taylor series for |z| < 1 and a Laurent series for |z| > 1.
Multiplying the Taylor series for e* by the Taylor series for 1/(1 + 22), we get the following
Taylor series for €*/(1 + 2?) for |z] < 1:
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For |z| > 1, we have:
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Since the Taylor series for e* and for e™* converge everywhere, multiplication of an arbitrary
series by e* does not change its radius of convergence. Therefore, the first series converges
for |z| < 1 and the second for |z] > 1.

(b) The function has two poles, at z = i and z = —i. Hence there are two Laurent series
centered at z = i, one valid in the region 0 < |z—i| < 2 and the other in the region 2 < |z —i|.
For 0 < |z —i| < 2, we have
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The geometric series 1/(1+22), and hence the obtained Laurent series, converge for |z —i| <
|2i] = 2. For 2 < |z —i|], we have to expand 1/(z + 1) differently:
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The geometric series 1/(1 + %) and the Laurent series converge for |z —i| > |2i] = 2.



