SOLUTIONS TO HOMEWORK # 4
11.27.

(a) Res f(i) = lim(z — ) f(z) = lim( — i) =2
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(b) Since />~ = elel/? we get
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The coefficient ¢_; of 1/z in this Laurent series, i.e., Res f(0), is equal to e~
(c) Using the Taylor expansion of sin z at the origin, we get:
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The coefficient ¢_; of 1/z in this Laurent series is equal to 1, and this is nothing but Res f(0).
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I1.28. (a)

The circle |z| = 2 encloses the only singularity of the function f(z):= 2=,
namely, its pole of order 1 at the origin. Since

Res f(0) = lir%zf(z) = lin%cosz =1,
we conclude

j{ ®PZ 42 = 2riRes f(0) = 2ri.
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(b) Analogously to (a) above, the square of side length 4 centered at the origin encloses the
only singularity of the function f(z):= ™2 which is a simple pole. Therefore

Res f(1) = lin%(z —1)f(z) = lirr% sinh z = sinh 1,
and
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(c) The function 2=

Z 1s analytic everywhere inside the circle of radius 1 centered at the
origin, hence the integral in question is equal to zero.



(d) The function f(z):= 77 has two simple poles at z = +1 and is analytic elsewhere.

The square C' encloses only one of the poles, viz., z = % Hence
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I1.30. (a) Given a large positive number R, consider the contour I'p consisting of the
interval [—R, R] of the real axis traversed from left to right together with the half-circle Cr
Re'?| where ¢ runs from 0 to 7. Since

—0 as R— oo,
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For all large R, the contour ' encloses exactly one simple pole of the function f(z):= ﬁ
at z = v/2i. Hence
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(b) To find the principal value of the given integral, take a large R > 0 and a small € > 0
and consider the contour ', consisting of the segments [—-R, —1 — ¢|, the half circle C.:
—1+ &€, with ¢ running from 7 to 0, the segment [—1 + ¢, R] and the half-circle Cr: Re'?,
with ¢ running from 0 to 7. Then
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For all sufficiently large R and sufficiently small €, the contour I'r . encloses one of the poles
of the integrand, namely, the point z = —e~?/3. Hence, for large R and small ¢
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Thus
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