Sample Midterm Questions - Math 128B
written by J. Dorfman, slightly modified by O. Holtz
March 31, 2005

la. (points) In the following table, for each ‘example differential equation’ described in the first 2 give a
classification (e.g., “inhomogeneous linear 1st order IVP”) in the third column and suggest a numerical
method for solving it.

Note y(t) = (y1(¢),y=2(t)) is denoted simply (y1, y2).

ODE Constraints Classification, Numerical method
2 (t) = 3622 (t) —e L a(t) + 7 2(0) = 0,2(1) =1 ?
y'(t) = (y2 + y1,3) y(0) = (0,1),y(1) = (2,3) ?
y'(t) = (cos(t)y2 — sin(t)y1, 1) y(0) =(0,1),y'(0) = (2,3) ?
y'(t) = (ty2 + y1, 47) y(0) =(0,1),y'(0) = (0,1) ?

2. Consider the Heat Equation defined on the interval [0,1]:
ug (T, t) = uge(z, 1) x € [0,1] t>0 u(0,t) =u(l,t) =0

2a. (points) If u(z,t) is not specified at ¢ = 0, show that the above PDE is under-determined (i.e.
uniqueness fails).

Hint: Look for polynomial functions in x and t and show there are an infinite
number of such solutions satisyfing both the PDE and the boundary conditions.

2b. (points) If u(x,t) is specified at t = 0, AND ALSO u(z,t) is specified at ¢ = 0 (as is done in the
Wave Equation) then prove that the above PDE can be over-determined (i.e. existence fails).

Hint: Assume u(z,0) = f(x) and ut(x,0) = g(x) are specified. What relationship between
f and g must be enforced in order for this initial data to be consistent with the PDE?



3. Consider the 2nd order BVP for y(x):

v'(@) = f2y,y), ye=a)=a, yl=0b)=0
By considering instead a corresponding IVP:

y'(@) = fla,y.y), ya=a)=a, y(@=a)=t

Burden & Faires develop the Nonlinear Shooting Method described on pages 654-656, where the fol-
lowing equations are written (Note that x is the independent variable, and ¢ is initial slope - not to be
confused with ‘¢ = independent variable’ as used in Mathews & Fink):

y(b,t) =B =0 (11.8)
tr = te_1 — M 11.9

o=t = S (11.9)

2z, 1) < (3y/0t)(x, 1)
0 0
(e, t) = %@, vt/ )2, 1) + 8—5,@, v )7 (1)
a<z<b z(a,t)=0,2(a,t)=1 (11.12)
_ y(ba tk*1> - 6
tk — tkfl - m (1113)

In the particular case of the BVP:
y'(x) = =26y, yle=0)=1, y(z=mr/2)=100
1. State the corresponding IVP (with unknown initial velocity y'(0) = t).

2. Give an exact solution y(z, t) to the above IVP (explicitly showing its dependence on the unknown
initial velocity).

What equation (involving only ¢) does (11.8) become?

What equation (involving only ¢) does (11.12) become?

Give an exact solution z(z,t) to (11.12).

What equation (involving only ¢; and t5_1) does (11.13) become?

Using the above equation for ¢y, determine ¢ = limy_, o tk.

© N e o e w

Since the above BVP is linear, the value of ¢ determined above must be consistent with the initial
velocity which results from the Linear Shooting Algorithm - prove this.



4. On the bottom of page 668 it’s explained that “Newton’s method for nonlinear systems requires that
at each iteration the NxN linear system ...

J(wi,...,wn)(vi,...,o8) = —(...)"
be solved for vy, ve, ..., vN, since
wl(k) = wl(k*l) +v;, foreachi=1,2,...,N.”
4a. (points) Justify the above statement.

4b. (points) In the special case when the original ODE is linear, prove that the above Newton it-
eration converges in one step.

Hint: What does J(w1,...,wn) simplify to in the linear case?



