Homework # 12, due Mon, Nov 28th.

1. Each of the numbers x4, xo, ..., z, is either 1 or —1. If the sum
S = X12023%4 + ToX3X4T5 + T3T4T5Te + + -+ + TpT1T223 = 0,

prove that n must be a multiple of 4.

2. Prove that
.om . 2 3w )
sin — sin — sin — - - - sin =
n n n n 2n—1
for all positive integers n > 2.

3. Find all real-valued continuously differentiable functions on the real line such that, for all
x’

(P = [ (0 + (£(2)7) dt + 2004

4. Let ag, ..., a, be arbitrary numbers and Ay := >, a;. Prove that
AO Ao AD AQ te AO
AO Al Al Al Tt Al
AO Al A2 A2 to A2
Ay Ay Ay Ag - Az | = G001a2° Ay
AO Al A2 Ag Tt An

5. Evaluate the integral
/ e "In®z dx.
0

6. Let k be a positive integer. For which values of the real number ¢ does the differential

equation
A’z dx
S 9z =0
T

have a nontrivial solution satisfying z(0) = z(27k) = 07

7. Prove that

dx = -
T X 2%

where 7y is the Fuler-Mascheroni constant.

/00 cos(z?) — cosw 1
0

8. For a permutation a:=(ay,as, ...,a,) of {1,2,...,n}, let

S(a):=(a; —az)* + (ay — a3)® + - + (an_1 — an)*.

what is the average value of S taken over all permutations?



