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Answers to homework assignment IX

VI.8 (ii) =⇒ (i): bty = pt(Ay) ≥ 0 if both p and Ay are nonnegative.
not (ii) =⇒ not (i): If b fails to be in the closed convex set {ptA : p ≥ 0} (why is this set

closed?), then, by (13)Corollary, can find y with infp≥0 ptAy > bty. In particular, Ay ≥ 0
(since, otherwise, the inf would be −∞), and, with that, the inf is 0, hence bty < 0.

VI.9 Let x ∈ ∩iKi. If, for all i, inf λi(Ki) ≥ 0 for some λi ∈ X∗, then λi(x) ≥ 0, all i,
hence, with λ :=

∑
i λi, also λx ≥ λix, all i. Assume now, by way of contradiction, that

some λi 6= 0 while λ =
∑

i λi = 0. Then λi 6= 0 for some i > 0, and, since Ki is open, there
is ε > 0 so that Bε(x) ⊂ Ki, hence, λx ≥ λix > λix−‖λi‖ε = inf λiBε(x) ≥ inf λi(Ki) ≥ 0,
leading to the contradiction λ 6= 0.

Assume that ∩iKi = {}. Then K := {(x, . . . , x) ∈ Xn : x ∈ K0} is a convex
set in the nls Xn that has no intersection with the nonempty open convex set L :=
K1 × · · · ×Kn ⊂ Xn. By (12)Corollary, there is 0 6= λ = (λ1, . . . , λn) ∈ (Xn)∗ = (X∗)n

for which 0 ≤ sup(λ1 + · · ·+ λn)(K0) = sup λ(K) ≤ inf λ(L) =
∑

i inf λi(Ki) ≤
∑

i 0 = 0,
the first and last inequality since 0 ∈ K−

i for all i. Therefore, with λ0 := −(λ1 + · · ·+λn),
we have

∑n
i=0 λi = 0 while infi λi(Ki) = 0, all i.

VI.10 By H.P.(V.6), any weakly closed set is (norm-)closed. Conversely, if K is convex
and (norm-)closed and x 6∈ K, then, by (13)Corollary, r := λx − supλ(K) > 0 for some
λ ∈ X∗, hence the weak nbhd Br,λ(x) fails to intersect K, i.e., x is not in the weak closure
of K, either.

VI.13 Taking for granted that any n-dimensional lss Y of C(T ) over C has dimension 2n
as a lss over R, and observing that now every lfl of the form eiαδt (for t ∈ T and α ∈ R) is
an extreme point for the closed unit ball of the dual, adaptation of the proof of (18) gives
in the case of a blfl λ on the n-dimensional lss Y of C(T ) of complex-valued functions the
existence of U ⊂ T with #U ≤ 2n and a ∈ RU and b ∈ CU with |b(u)| = 1 for all u so that
λ =

∑
u∈U a(u)b(u)δu on Y while ‖λ‖ = ‖a‖1. Since an arbitrary z ∈ C can be written as

z = aeiα, we can simplify this to: there exists U ⊂ T with #U ≤ 2n and a ∈ CU so that
λ =

∑
u∈U a(u)b(u)δu on Y while ‖λ‖ = ‖a‖1.

VI.14 The space Y + ran[1] has dimension ≤ n + 1, hence, by (20)Proposition, there is
such a quadrature rule using at most n + 1 points.

VI.15 The Alternation Theorem uses crucially the Haar property. Here is an example
of what may happen without it: X = C([−1 . . 1]), Y = ran[()+], x = ()0. Then, for any
α ∈ [0 . . 2], α()+ is a ba to x from Y . In particular, y = 0 is a ba, yet the error, x− y = x,
is positive throughout and, in particular, fails to even change sign, let alone alternate.
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