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Goal and problem

lven a matrix A, let A; denote its principal minor with
rows and columns indexed by 1.
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Goal and problem

lven a matrix A, let A; denote its principal minor with
rows and columns indexed by 1.

ailp ai2 ai3 ai4

a1 a2 a23 Aa24
Example: A=
a31 az2 a33 a34
| a41 Q42 a43 Q44
all ais
A1’3 = det
a31 ds3
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Goal and problem

he principal minors of an nxn matrix form a vector
A =(A1)1cn)

of length 2™ (A4, :=1).
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he principal minors of an nxn matrix form a vector
A =(A1) 1cn)
of length 2™ (A4, :=1).

Problem: Give an algebraic characterization of all
vectors arising in this form.
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Goal and problem

he principal minors of an nxn matrix form a vector
A =(A1) 1cn)
of length 2" (Ay:=1).

Problem: Give an algebraic characterization of all
vectors arising In this form.

This problem is also known as the Principal Minor
Assignment Problem.
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Goal and problem

he principal minors of an nxn matrix form a vector
A =(A1) 1cn)
of length 2" (Ay:=1).

Problem: Give an algebraic characterization of all
vectors arising In this form.

This problem is also known as the Principal Minor
Assignment Problem.

We give an answer in the symmetric case.
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Why should we care?

his problem is related to

° matrix theory. Inverse eigenvalue problems,
detection of P-matrices and GKK-matrices;
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Why should we care?

This problem is related to

° matrix theory. Inverse eigenvalue problems,
detection of P-matrices and GKK-matrices;

* combinatorics: counting spanning trees of a graph,

° probability & math. physics: determinantal processes
(quantum mechanincs of fermions, eigenvalues of
random matrices, random spanning trees and
non-intersecting paths).
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Hyperdeterminantal relations

x 2 x 2-hyperdeterminant of A, must vanish:

AfATyy + ATASy + AjAT; + AZAT,

+ 4. A@A12A13A23 + 4 - A1A2A3A123

— 2 A@A1A23A123 — 2- A@A2A13A123

— 2. A@A3A12A123 — 2- A1A2A13A23

— 2. A1A3A12A23 — 2 - A2A3A12A13 = 0.
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Hyperdeterminantal relations

x 2 x 2-hyperdeterminant of A, must vanish:

AfATyy + ATASy + AjAT; + AZAT,

+ 4. A@A12A13A23 + 4 - A1A2A3A123

— 2 A@A1A23A123 — 2- A@A2A13A123

— 2. A@A3A12A123 — 2- A1A2A13A23

— 2. A1A3A12A23 — 2 - A2A3A12A13 = 0.

This comes from

(A1ag — A1gAs — A13As — Ags A1 + 241 Az A3)’
= 4. (A1Ag — A12)(A2A3 — Ag3)(A143 — Axs).
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Generalization

oreover, the 2x2x2 hyperdeterminantal relations
hold after the substitution

A@ — Ag, A — AIU{jl}

Az = Ay, Az = A1ugjsys

A9 — AIU{j1,j2}7 Az AIU{jl,js}v
Aog Alu{jz,jg}v A3 AIU{jl,ja,js}

for any subset I C [n] and any ji, jo, j3 € [n]\[.
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Generalization

oreover, the 2x2x2 hyperdeterminantal relations
hold after the substitution

A@ — A], Al — AIU{jl}
Ag = Arugi)s A = Arugjs)

A2 = Ao, A1z = Arugj,

7j2}7 7j3}7
Agg AIU{jz,js}’ Aqo3 — AIU{j1,j2,j3}

for any subset I C [n] and any ji, jo, j3 € [n]\[.

We call all of these hyperdeterminantal relations of
format 2x2x2.
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Schur complements

he Schur complement of a principal submatrix 4 in a
matrix A isthe matrix A/H.=F — FH G

where A =:

o
G H |
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Schur complements

he Schur complement of a principal submatrix 4 in a
matrix A isthe matrix A/H.=F — FH G

where A =:

e
G H |
Schur’s identity

AIUoz
A/H), =
(AfH) = =2,

holds, assuming H Is indexed by 1.
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Consequences of Schur

ny identity among principal minors can be
generalized using Schur complements:

* replace each minor A, by A.r/Ar,
» clear denominators.
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Consequences of Schur

ny identity among principal minors can be
generalized using Schur complements:

* replace each minor A, by A.r/Ar,
» clear denominators.

Theorem. The principal minors of a symmetric matrix
satisfy hyperdeterminantal relations of format 2x2x2.
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Consequences of Schur

ny identity among principal minors can be
generalized using Schur complements:

* replace each minor A, by A.r/Ar,
» clear denominators.

Theorem. The principal minors of a symmetric matrix
satisfy hyperdeterminantal relations of format 2x2x2.

Converse?
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First converse

heorem. Let A, be a real vector of length 2" with
Ay = 1 that satisfies

ArngArug<ArAj; whenever #1 N J=#1—1=#J—1.

There exists a real symmetric matrix A with principal
minors given by A, iff A, satisfies the 2x2x2
hyperdeterminantal relations and certain additional
relations.
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First converse

Theorem. Let A, be a real vector of length 2™ with
Ay = 1 that satisfies

ArngArug<ArAj; whenever #1 N J=#I1—1=#J—1.

There exists a real symmetric matrix A with principal
minors given by A, iff A, satisfies the 2x2x2

hyperdeterminantal relations and certain additional
relations.

Corollary. Let A, € R*" be a vector that can be
approximated arbitrarily well by vectors of principal
minors of real symmetric matrices. Then there exists a
real symmetric matrix A that realizes A..
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Problem restated

From the point of view of algebraic geometry, the
following version of our problem is most natural:

“roblem. Let P, be the prime ideal of all
nomogeneous polynomial relations among the
orincipal minors of a symmetric nxn-matrix.
Determine a finite set of generators for P,.
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Problem restated

From the point of view of algebraic geometry, the
following version of our problem is most natural:

“roblem. Let P, be the prime ideal of all
nomogeneous polynomial relations among the
orincipal minors of a symmetric nxn-matrix.
Determine a finite set of generators for P,.

Theorem. The homogeneous prime ideal Py is
minimally generated by twenty quartics in the 16
unknowns A;. The corresponding irreducible variety in

P has codimension five and degree 96.
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Big hyperdeterminants

he hyperdeterminant of an nyx --- xn, tensor
A = (a;, ;) I1s defined from the multilinear form f:

flz) = f=W,... ")) = Z ail,m,irx,gll) ce mgr)

The hyperdeterminant det(A) = 0 If and only If the
equations

f(x) = — = (0 forall 7,

have a solution z = (z(V), ..., z(")) where each z\9) is a
- non-zero complex vector.
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Big hyperdeterminants

neorem. Let A be a symmetric nxn matrix. Then the
tensor A, of all principal minors of A Is a common zero

of all the hyperdeterminants of formats up to
2X2X - X2,

WV
n terms
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Preprint

rXiv version: Math.RA/0604374
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Thanks!
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