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Abstract

We survey classical and recent developments in numerical linear algebra, focusing on two
issues: computational complexity, or arithmetic costs, and numerical stability, or perfor-
mance under roundoff error. We present a brief account of the algebraic complexity theory
as well as the general error analysis for matrix multiplication and related problems. We em-
phasize the central role played by the matrix multiplication problem and discuss historical
and modern approaches to its solution.

1 Computational complexity of linear problems

In algebraic complexity theory one is often interested in the number of arithmetic operations
required to perform a given computation. This is called the total (arithmetic) complexity of the
computation.! Moreover, it is often appropriate to count only multiplications (and divisions),
but not additions or multiplications by fixed scalars. These notions can be formalized [BCS97,
Definition 4.7]. For now, let us invoke

Notation. Let F be a field, A be a F-algebra, and ¢ € A be a function. The total arithmetic
complexity of ¢ will be denoted L%*(¢), and its multiplicative complexity by L ().

Intuitively, this is the number of steps required to compute ¢ on a generic input, with interme-
diate results in A (in all cases we consider, A will simply be the algebra of polynomials or of
rational functions in the input variables,? and will not always be explicitly indicated).

Let U, V, and W be finite-dimensional vector spaces over F. For the class of bilinear func-
tions ¢: U x V — W, which includes matrix multiplication, it turns out that the multiplicative
complexity is controlled by a somewhat more well-behaved notion, the rank R(yp). This is a
standard notion in multilinear algebra, which generalizes that of the rank of a linear map.

Definition. Let t € V}; ® --- ® V,,. The rank R(t) is the smallest r such that one can write
t= Z;":l t; with each t; a monomial tensor, i.e., of the form ¢; = v1 ® - - - ® v, for some v; € V.

In case p: U x V — F is the bilinear map corresponding to a linear function ¢: U — V*,
the rank R(y) is the rank of ¢ in the usual sense. Well-known algorithms, such as Gaussian
elimination, as well as the fast algorithms described in this paper (see Section 1.4), can quickly
compute the rank of a matrix, but determining the rank of a tensor of order 3 already seems to

1This model only counts the operations and completely ignores storage and communications costs, details of
how arithmetic is implemented (in particular we are not counting bit operations), etc.

2For example, Xo := X, X1 := Xo-Xo, Xo:=X1-X1, X3:= X2 Xy is a programme which computes X5,
as well as X, X2 and X*, in A = F[X].



be quite difficult. Computing the rank of a given tensor is a combinatorial or algebro-geometric
problem [Lan08|.

We now explain how the rank controls the complexity of a bilinear function. First, by a
known result of Strassen (see [BCS97, Proposition 14.4|), if ¢: V. — W is a quadratic map
between finite-dimensional vector spaces, that is,

@ <Z§ivi> Z% 15 &n)w
i=1

for some bases {v; }1<i<n (resp. {w;}i<j<p) of V' (resp. W) and homogeneous polynomials ¢; €
Flxy,...,z,] of degree two, then we need not search through some rather large class of pro-
grammes to find one which computes ¢ optimally, for in fact L(¢) equals the smallest [ > 1 such

that l
v) = fi(v)gi(v)w; (1)
i=1

for some linear functionals f;, g; € V*. (Note that such a formula immediately gives an obvious
algorithm computing ¢ (v) using only I (non-scalar) multiplications.)

Now let p: U x V — W be a bilinear map between finite-dimensional vector spaces. This is
covered by the preceding case, since a bilinear map U x V' — W may be regarded as a quadratic
map via the isomorphism F[U x V] = F[U]®F[V]. A bilinear algorithm for ¢ amounts to writing

= filw)gi(v)w; (2)
=1

for certain linear functionals f; € U*, ¢; € V*, and w; € W. The minimum such r is the
rank R(p). Note that the rank of ¢ is not necessarily the same as its bilinear complexity,
despite the superficially similar-looking formulae (1) and (2). However, by decomposing a linear
functional f: U x V — F as f(u,v) = f(u,0) + f(0,v), one can see that

L(p) < R(p) < 2L(¢).
It is often easier to work with the rank rather than the more subtle notion of multiplicative (or
total) complexity, and the above inequality shows we do not lose much in doing so.
1.1 Algebraic complexity of matrix multiplication

The basic problem is to compute the (total or multiplicative) complexity of multiplying two
n X n matrices. This is a difficult question whose answer is not at present known for n = 3, for
instance.

Matrix multiplication is a bilinear problem (see Section 1)

(Yo Mnxn(F) X Mnxn(F) - an(F)
(X,Y) — XY = <§}mm0

whose corresponding tensor will be denoted

1<i, j<n

(n,n,n) = E Uij @ Vjk @ W
1<i, j, k<n



For n = 2 Winograd proved [Win71| that seven multiplications are required, so L(<2, 2, 2>) =
R((Q, 2, 2>) = 7, but for n = 3 even the rank is not known at present (it is known that 19 <
R((3,3,3)) < 23; see [BCS97, Exercise 15.3], [Lan08]).

Instead of fixing n, one considers the asymptotic complexity of matrix multiplication:

L%Tgcij,Yij] ({ ZXilYu 1<i,5<n }) =O0(n") } (3)

=1
so that n x n matrices with entries in F may be multiplied using O(n‘”(FH”) operations,® for
every n > 0.

First of all, one can replace the total complexity in (3) by the multiplicative complexity or
by the rank [BCS97, Proposition 15.1] and get the same exponent. Second, w(IF) is invariant
under extension of scalars [BCS97, Proposition 15.18], so it does not depend on the exact choice
of field F (e.g., Q versus R or C), but rather only on its characteristic, which is usually taken to
be zero (so w denotes w(C)).

The value of w is an important quantity in numerical linear algebra, as it determines the
asymptotic complexity of not merely matrix multiplication but also matrix inversion, various
matrix decompositions, evaluating determinants, etc. (see Sections 1.4 and 2.3).

An obvious bound is 2 < w < 3, since the straightforward method of matrix multiplication
uses O(n3) operations, on one hand, while on the other hand we need at least n? multiplications
to compute n? independent matrix entries. The first known algorithm proving that w < 3 was
Strassen’s algorithm, detailed in Section 2.1, which starts with an algorithm for multiplying
2 x 2 matrices using seven multiplications and applies it recursively, giving w < log, 7. This idea
of exploiting recursion will be explored in the next section.

w(F):inf{TeR

1.2 Asymptotic bilinear complexity via tensor ranks

The basic idea behind designing fast algorithms to multiply arbitrarily large matrices, thereby
obtaining good upper bounds on w, is to exploit recursion: multiplication of large matrices can
be reduced to several smaller matrix multiplications. One obvious way to do this is to decompose
the matrix into blocks, as in Strassen’s original algorithm. Strassen’s “laser method” [BCS97,
Section 15.8| is a sophisticated version of this, where several matrix-multiplication tensors are
efficiently packed into a single bilinear operation (not necessarily itself a matrix multiplication).
The rank of the tensor—in fact the border rank—is used to keep track of what happens in
the resulting recursive algorithm, and appears in the resulting inequality for w. This idea of
recursion is also behind the “group-theoretic” algorithms described in the next section.

We have mentioned that the exponent of matrix multiplication may be defined in terms of

the rank R((n,n,n)):
w(F) =inf {7 €R | R((n,n,n)) =O(n") }.

The reason for dealing with the rank rather than directly with the complexity measure is that
the rank is better behaved with respect to certain operations, and this will be useful for deriving
bounds on the asymptotic complexity via recursion. In particular [BCS97, Proposition 14.23],
we have

R(p1 ® ¢2) < R(p1) ® R(p2)

3Technically, division is not allowed, as the computation should be in F[X;;, Y;;], although this is no restriction
if F is an infinite field (see [BCS97, Remark 15.2]).




for bilinear maps ¢; and 2, while the corresponding inequality with L in place of R is not
known to be true. Let (e, h,l) be the tensor of My, X Mpyx; — My, matrix multiplication.
Since (e, h,l) @ (¢/,h/, ") = (e€/, ki, 1I") [BCSIT7, Proposition 14.26], we have R({e¢’, hh',1l')) =
R({e,h,l))R({¢/,W,l')). Using properties of the rank function, it is easy to derive bounds on w
given estimates of the rank of a particular tensor.

Example. If R((h, h, h)) < r, then h* < r.
The first generalization is to allow rectangular matrices, via symmetrization: we have
R((e, h,l)) = R((h,l,e)) = R((l,e, h>)

(another nice property of the rank not shared by the multiplicative complexity), so if R((e, h, l)) <
r, then R((ehl, ehl, ehl)) < r3, and therefore

(ehl)*/3 < r. (4)

The next refinement is to multiply several matrices at once. But first we need to discuss bor-
der rank. The border rank appears as follows. The idea is that one may be able to approximate
a tensor of certain rank by one® of strictly smaller rank. For instance, the rank of

=211 (21+22) +21 QY2 ® 21 + T2 QY1 ® 21
is 3, but its border rank is only 2:
elt(e) = e -1z @y1 ® 21 + (21 + €22) ® (y1 + €42) @ (21 + €22)] = t + O(e),

as can be seen by expanding the left-hand side. As in this example, the original tensor may be
recovered from ¢1(g) by computing the coefficient of some power of ¢; in other words, from such
an approximate algorithm we may recover an exact one. This expansion increases the number of
monomials, so this does not help to compute t itself; the magic happens when we compute t®V
for large N. Taking tensor powers corresponds to multiplying matrices recursively.

Denote the border rank by R. The border rank replaces the rank in a refinement of (4), so
that R((e, h,l)) <r implies (ehl)“/3 < r. A bit of work, generalizing this to the case of several
simultaneous matrix multiplications, results in Schonhage’s asymptotic sum inequality

E <é <€17h17l1>> <r — zs:(elhlll)w/3 <nr. (5)

i=1 =1

From these sorts of considerations, one can see that good bounds on the asymptotic com-
plexity of matrix multiplication can be obtained by constructing specific tensors of small border
rank which contain matrix tensors as components; this is the idea behind Strassen et al.’s laser
method.

The principle of the laser method [BCS97, Proposition 15.41| is to look for a tensor ¢, of
small border rank, which has a direct-sum decomposition into blocks each of which is isomorphic
to a matrix tensor, and whose support is “tight”, ensuring that in a large power of ¢ one can find
a sufficiently large direct sum of matrix tensors. Then one can apply (5).

This combinatorial method was used by Coppersmith and Winograd [CW90] to derive w <
2.376, the best estimate currently known.

“More precisely, we are approximating a tensor by a family ¢; (e) of tensors depending on e. This has a
geometric interpretation, studied by Landsberg [Lan08].



1.3 Group-theoretic methods of fast matrix multiplication

As explained in the previous section, the general principle is to embed several simultaneous
matrix multiplications in a single tensor, via some combinatorial construction to ensure that the
embedding is efficient.

A rough sketch of Cohn et al.’s [CKSUO05| “group-theoretic” algorithms is that they involve
embedding matrix multiplication into multiplication in a group algebra C[G] of a finite group G.
The embedding uses three subsets of G satisfying the “triple product property” to encode matrices
as elements of the group algebra, so that the matrix product can be read off the corresponding
product in C[G]. The number of operations required to multiply two matrices is, therefore, less
than or equal to the number of operations required to multiply two elements of C[G]. As a ring,
C[G] = My, x4, (C) x -+ X Mg, «q,(C), where dy, ..., d, are the dimensions of the irreducible
representations of G (see, for instance, [Lam01, Chapter 3]). This isomorphism may be realized
as a Fourier transform on GG, which can be computed efficiently. In other words, multiplication
in C[G] is equivalent to several smaller matrix multiplications, and one can apply the algorithm
recursively in order to get a bound on w.

Cohn et al.’s embedding is of a very particular type, based on the following triple product
property: if there are subsets X, Y, Z C G such that z2' 'yy’ ‘227! =1, then z = 2/, y =1/,
and z = 2. This realizes the |X| x |Y] by |Y| x |Z| matrix multiplication AB by sending ag,
to Y axyxfly and by, to Y by .y ~12; the triple product property ensures that one can extract
the matrix product from the product in the group algebra by looking at the coefficients of 271z
forx € X and z € Z.

It may be more convenient, as in the previous section, to encode several matrix multi-
plications via the simultaneous triple product property: for X;, Y;, Z; C H one should have

! ! yi =y., z = z}. It follows from (5) that

—1 Vi _ . e o
Tix; Yy, 2z =1-—i=j=Fkandxz =uaj,

> (xvillzil) " <.
k

1

We remark that the simultaneous triple product property in H reduces to the triple product
property in the wreath product G = H™ x Sym,,, so the groups actually output by this method
turn out rather large.

From this initial description it is not at all clear what kinds of groups will give good bounds.
To this end, Cohn et al. introduce several combinatorial constructions, analogous to those of
Coppersmith and Winograd, which produce subsets satisfying the simultaneous triple product
property inside powers H* of a finite Abelian group H, and hence the triple product property
inside wreath products of H with the symmetric group. This reproduces the known bounds w <
2.376, etc.

The group-theoretic method therefore provides another perspective on efficiently packing
several independent matrix multiplications into one. In both cases the essential problem seems
to be a combinatorial one, and one can state combinatorial conjectures which would imply w = 2.

1.4 Asymptotic complexity of other linear problems

One can also use recursive “divide-and-conquer” algorithms to prove that the asymptotic com-
plexity of other problems in linear algebra is the same as that of matrix multiplication. This
justifies the emphasis placed on matrix multiplication in numerical linear algebra.

As a simple example, we will begin with



Example (matrix inversion). On one hand, we have the identity

-1

I A 0 I —A AB
o1 Bl =0 1 -B|,
00 I 0o 0 I

which shows that two n X n matrices may be multiplied by inverting a 3n x 3n matrix. This
shows that if an invertible n x n matrix can be inverted in O(n“*") operations, then the product
of two arbitrary n x n matrices can also be computed in O(n“*") operations.

In the other direction, consider the identity

-1 -1 —l1pa—1,14-1 —1pag-1
(g g) - (A +_g_lgi_ICA ASES > . §:=D-CA'B.

This shows that inversion of (é g) € Moy x2n(C) can be reduced to a certain (fixed) number of
n x n matrix multiplications and inversions.® Unfortunately, the indicated inverses, e.g., A~
may not exist. This defect may be remedied by writing (4 5) = X = X*(XX*)~!. Now
X X* is a positive-definite Hermitian matrix, to which the indicated algorithm may be applied
(both its upper-left block and its Schur complement will be positive-definite and Hermitian).
We conclude that fast multiplication implies fast inversion of positive-definite Hermitian, and
therefore of arbitrary (invertible), matrices.

Example (LU decomposition). Suppose, for instance, that one wishes to decompose a ma-
trix A as A = LUP, where L is lower triangular and unipotent, U is upper triangular, and
P is a permutation matrix. Note that not every matrix has such a decomposition; a sufficient
condition for it to exist is that A have full row rank.

One can give a recursive algorithm [BCS97, Theorem 16.4], due to Bunch and Hopcroft,
for computing the decomposition in case A has full row rank, via a 2 x 2 block decomposition
of A. This involves one inversion of a triangular matrix, two applications of the algorithm to
smaller matrices, and several matrix multiplications; we elide the details. Since multiplication
and inversion can be done fast, analysis of this algorithm shows that if an n x n matrix can be
multiplied in O(n“*") operations, then the LU decomposition of an m x n matrix can be done
in O(nm“*7=1) operations, that is O(n“*") in the case of a square matrix.

To show, conversely, that fast LU decomposition implies fast matrix multiplication, one notes
that det A may be computed from an LU decomposition of A, and that computing determinants
is at least as hard as matrix multiplication (cf. [BCS97, Theorem 16.7]). This shows that the
exponents of matrix multiplication, LU decomposition, and determinants coincide.’

Further examples involving other linear problems may be found in the literature; see [BCS97|
and also Section 2.3.

2 Numerical stability of linear problems

Along with computational cost, numerical stability is an equally important factor for the im-
plementation of any algorithm, since accumulation and propagation of roundoff errors may
otherwise render the algorithm useless. Fast matrix multiplication algorithms, from Strassen’s

SFor instance, 2 inversions and 6 multiplications.
5Compare this result on determinants with the problem of computing the permanent, which is NP-hard!



algorithm to the recent group-theoretic algorithms of Cohn et al. can be analysed in a uniform
fashion from the stability point of view [DDHKOT|.

The rounding-error analysis of Strassen’s method was initiated by Brent (|Bre70, Hig90|,
[Hig02, chap. 23|) and continued by a number of authors, most notably by Bini and Lotti [BL8O0].
This approach was further advanced in [DDHKO7] to build an inclusive framework that accom-
modates all Strassen-like algorithms based on stationary partitioning, bilinear algorithms with
non-stationary partitioning, and finally the group-theoretic algorithms of the kind developed
in [CUO3] and [CKSUO05|. Finally, combining this framework with a result of Raz [Raz03| one
can prove that there exist numerically stable matrix multiplication algorithms which perform
O(n*™") operations, for arbitrarily small > 0, where w is the exponent of matrix multiplication.

The starting point of the error analysis is the so-called classical model of rounded arithmetic,
where each arithmetic operation introduces a small multiplicative error, i.e., the computed value
of each arithmetic operation op(a, b) is given by op(a, b)(1+6) where |6| is bounded by some fixed
machine precision € but is otherwise arbitrary. The arithmetic operations in classical arithmetic
are {+, —, -}. The analysis in this paper applies to matrices with either real or complex entries.
The roundoff errors are assumed to be introduced by every execution of any arithmetic operation.
It is further assumed that all algorithms output the exact value in the absence of roundoff errors
(i.e., when all errors 6 are zero).

The error analysis can be performed with respect to various norms on the matrices A, B,
C = AB, as will be made clear in the next section. It leads to error bounds of the form

[Ceomp — Cl < u(n)el Al |B]| + O(e?), (6)

with p(n) typically low-degree polynomials in the order n of the matrices involved, so that
wu(n) = O(n¢) for some constant c¢. Switching from one norm to another is always possible, using
the equivalence of norms on a finite-dimensional space, but this may incur additional factors
that depend on n.

2.1 Recursive matrix multiplication: Strassen and beyond

In his breakthrough paper [Str69|, Strassen observed that the multiplication of two 2 x 2 block
matrices requires only 7 (instead of 8) block multiplications, and used that remarkable ob-
servation recursively to obtain a matrix-multiplication algorithm with running time O(n'°&27).

Precisely, the product
( A An > " < Bi1 B2 > _ < Ci1 Ci2 >
Ag1 Ag By1 B Cy Cyp )’

can be computed by calculating the submatrices

M, = (A + A)(Bi1 + B)
My := (A1 + A)Bn
M3 := Aj1(B12 — Ba)
My = Axp(B21 — Bi1)
Ms = (A + A12)Ba
Ms = (A1 — A11)(Bi1 + Bi2)
M7 = (A2 — A)(Ba1 + Bao)



and then combining them linearly as

Cin = Mj+ My— M5+ My
Cis = M3+ M;
Co1 = My+ M,
Cy = My — My + M3+ M.

Starting with matrices of dyadic order, this algorithm can be applied by recursively parti-
tioning each matrix into four square blocks and running these computations. This yields running
time O(n'°827) ~ O(n?8'). Since any matrix can be padded with zeros to achieve the nearest
dyadic order, the dyadic size assumption is not restrictive at all.

The breakthrough of Strassen generated a flurry of activity in the area, leading to a num-
ber of subsequent improvements, among those by Bini et al. [BCRL79|, Schonhage [Sch81],
Strassen [Str87|, and eventually Coppersmith and Winograd [CW90]. Each of these algorithms
is Strassen-like, i.e., uses recursive partitioning and a special “trick” for fast block matrix multi-
plication.

Recursive algorithms for matrix multiplication can be analysed as follows. A bilinear non-
commutative algorithm (see [BL80] or [BD78|) that computes products of k x k matrices C' = AB
over a ground field F using ¢ non-scalar multiplications is determined by three k%xt matrices U,
V and W with elements in a subfield H C [F such that

t k2 k2
Chi :ZwrsPs, where P,:= Zuisxi Zvjsyj , r=k(h—=1)4+1, hl=1,...,k,
i=1 j=1

s=1
(7)
where x; (resp. y;) are the elements of A = (a;j) (resp. of B = (b;;)) ordered column-wise, and
C = (c¢44) is the product C = AB.

For an arbitrary n, the algorithm consists in recursive partitioning and using formula (7)
to compute products of resulting block matrices. More precisely, suppose that A and B are of
size nxn, where n is a power of k (which can always be achieved by augmenting the matrices
A and B by zero columns and rows). Partition A and B into k? square blocks A;j, B;; of
size (n/k)x(n/k). Then the blocks Cp; of the product C' = AB can be computed by applying (7)
to the blocks of A and B, where each block A;;, B;; has to be again partitioned into k? square
sub-blocks to compute the t products P; and then the blocks Cj;. The algorithm obtained by
running this recursive procedure log; n times computes the product C' = AB using at most
O(n'°8x*) multiplications.

Theorem. A bilinear non-commutative algorithm for matrix multiplication based on stationary
partitioning is stable. It satisfies the error bound (6) where || - || is the maximum-entry norm
and where

log;, n

p(n) = (14 max(as + B + 7 + 3) logy, n) - (emax - [U[} |V [[W]])

Here emax is a constant that depends (in a rather involved way) on the sparsity pattern of the

matrices U, V and W.

This theorem can be subsequently combined with the result of Raz [Raz03| that the exponent
of matrix multiplication is achieved by bilinear non-commutative algorithms [Raz03| to produce
an important corollary:



Corollary. For every n > 0 there exists an algorithm for multiplying n-by-n matrices which
performs O(n**") operations (where w is the exponent of matrix multiplication) and which is
numerically stable, in the sense that it satisfies the error bound (6) with p(n) = O(n¢) for some
constant ¢ depending on 7 but not n.

The analysis of stationary algorithms extends easily to bilinear matrix multiplication algorithms
based on non-stationary partitioning. In that case, the matrices A[S]; ]Comp and BL{]Comp are parti-
tioned into kxk square blocks, but k depends on the level of recursion, i.e., k = k(j), and the
corresponding matrices U, V and W also depend on j: U = U(j), V =V{(j), W = W ().
Otherwise the algorithm proceeds exactly like in the previous section.

Finally, algorithms that combine recursive non-stationary partitioning with pre- and post-
processing given by linear maps PRE, () and PosT, () acting on matrices of an arbitrary order n
may be analysed using essentially the same approach [DDHKO7]|. Specifically, the matrices A
and B are each pre-processed, then partitioned into blocks, respective pairs of blocks are multi-
plied recursively and assembled into a large matrix, which is then post-processed to obtain the
resulting matrix C' (see the next section for concrete examples of pre- and processing operators).

The analysis in [DDHKO07| requires a consistent (i.e., submultiplicative) norm || - || that in
addition must be defined for matrices of all sizes and must satisfy the condition

max | M| < M| < ) |IM]| (8)
S

whenever the matrix M is partitioned into blocks (M), (an example of such a norm is provided
by || -||2). Note that the previously used maximum-entry norm satisfies (8) but is not consistent,
i.e., fails to satisfy

|AB] < ||A] - |B]| for all A, B.

Denoting the norms of pre- and post- processing maps subordinate to the norm || - || by ||-|/op,
we suppose that the pre- and post-processing is performed with errors
IPRER(M)comp — PRER(M)[lop < fore(n)e| M || + O(e?),
[POST (M) comp — PosTa(M)[lop < fpost(n)el|M]| + O(e?),
where n is the order of the matrix M. As before, we denote by p(n) the coefficient of € in the

final error bound (6).
Under all these assumptions, the following error estimate follows [DDHKO7|:

Theorem. A recursive matrix multiplication algorithm based on non-stationary partitioning
with pre- and post-processing is stable. It satisfies the error bound (6), with the function p
satisfying the recursion

p(ng) = M(njﬂ)thPOSTnj llop ||PREnj ||<2>p + 2fpre(”j)tj”POSTnj llop + fpost(”j)HPREnj ||gp

forj=1,...,p.

2.2 Group-theoretic matrix multiplication

In this section we describe the group-theoretic constructions of Cohn et al. Our exposition
closely follows the pertinent parts of [DDHKO7|. To give a general idea about group-theoretic
fast matrix multiplication, we must first recall some basic definitions from algebra.



Definition (semidirect product). If H is any group and @ is a group which acts (on the left)
by automorphisms of H, with ¢ - h denoting the action of ¢ € QQ on h € H, then the semidirect
product H x @ is the set of ordered pairs (h,q) with the multiplication law

(h1,q1)(h2, g2) = (ha(q1 - h2), q1g2). 9)

We will identify H x {19} with H and {15} x Q with @, so that an element (h,q) € H X Q) may
also be denoted simply by hg. Note that the multiplication law of H x @) implies the relation

qgh = (q-h)q.

Definition (wreath product). If H is any group, S is any finite set, and @ is a group with a
left action on S, the wreath product H @ is the semidirect product (H°) x Q where @ acts on
the direct product of |S| copies of H by permuting the coordinates according to the action of @
on S. (To be more precise about the action of @ on H?, if an element h € HS is represented as
a function h: S — H, then ¢ - h represents the function s — h(g1(s)).)

Definition (triple product property, simultaneous triple product property). If H is a
group and X, Y, Z are three subsets, we say X, Y, Z satisfy the triple product property if it is
the case that for all ¢, € Q(X), ¢, € Q(Y), ¢. € Q(2), if ¢pqyq. = 1 then ¢, = ¢y = ¢ = 1.
Here Q(X) = Q(X, X) is the set of quotients; Q(S,T) := { st ! seS, teT } CH.

If {(X;,Y;, Z;)|iel} is a collection of ordered triples of subsets of H, we say that this
collection satisfies the simultaneous triple product property (STPP) if it is the case that for
all 4,7, k € I and all ¢, € Q(X;, Xj), qy € QY;, Y), ¢. € Q(Zy, Z;), if qzqyq. = 1 then
@G =qy=¢q.=1landi=j=F.

Definition (abelian STP family). An Abelian STP family with growth parameters («, ) is
a collection of ordered triples (Hy, Tn, kn), defined for all N > 0, satisfying

1. Hy is an Abelian group.

2. Yy ={(X;,Y:,Z;) |i=1,2,...,N } is a collection of N ordered triples of subsets of Hy
satisfying the simultaneous triple product property.

3. |Hy| = No+o(),
4. ]{IN = Hi=1 ‘XZ’ = Hi=1 ’Y;’ = Hi:l ’ZZ’ — NﬁN+O(N)

Recall from Section 1.3 that in [CKSUO05] matrix-multiplication algorithms are constructed
based on families of wreath products of Abelian groups.

To get into more details, we must recall basic facts about the discrete Fourier transform of
an abelian group. For an abelian group H, let H denote the set of all homomorphisms from H
to S, the multiplicative group of complex numbers with unit modulus. Elements of H are called
characters and are usually denoted by the letter y. The sets H, H have the same cardinality.
When H;, Hy are two abelian groups, there is a canonical bijection between the sets I/{\l X ]/'{\2
and (Hy x Hs)"; this bijection maps an ordered pair (x1,x2) to the character x given by the
formula x(h1, ha) = x1(h1)x2(h2). Just as the symmetric group Sym,, acts on H™ via the formula
o (h1,hay ... hn) = (hg-1(1), hg=1(2), - -+ s ho-1()), there is a left action of Sym,, on the set Hn
defined by the formula o - (x1, X2, -+, Xn) = (Xo-1(1)s Xo=1(2)s « -5 Xo—1(n))-

Notation. The notation Z(H") will be used to denote a subset of H" containing exactly one
representative of each orbit of the Sym, action on H™. An orbit of this action is uniquely
determined by a multiset consisting of n characters of H, so the cardinality of Z(H") is equal

to the number of such multisets, i.e. (|H|J§VN71).
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Given an Abelian STP family, the corresponding recursive matrix multiplication algortihm
is defined as follows. Given a pair of n-by-n matrices A, B, find the minimum N such that
kx - N! > n, and denote the group Hy by H. If N! > n, multiply the matrices using an
arbitrary algorithm. (This is the base of the recursion.) Otherwise reduce the problem of
computing the matrix product AB to ('H‘tVN_l) instances of N! x N! matrix multiplication,
using a reduction based on the discrete Fourier transform of the abelian group HV.

Padding the matrices with additional rows and columns of 0’s if necessary, one may assume

that kx - N! = n. Define subsets X,Y,Z C H{ Symy as

N N N
X = (H XZ-> X Sym py, Y = (H YZ> X Symy, 7= (H Zi> X Sympy .
i=1 i=1

=1

These subsets satisfy the triple product property [CKSUO05|. Note that | X| = |Y| = |Z] = n.
Now treat the rows and columns of A as being indexed by the sets X, Y, respectively; treat the
rows and columns of B as being indexed by the sets Y, Z, respectively.

The algorithm makes use of two auxiliary vector spaces C[H ! Symy] and C[HY x Symy],
each of dimensionality |H |V N! and each having a basis: the basis for C[H ! Sym y/ is denoted by
{ey | g € H1Symy }, and the basis for C[HN xSym ] is denoted by {eyo | x € HY, o € Symy }.

The Abelian STP algorithm from [CKSUO5| performs the following series of steps. We label
the steps according to whether they perform arithmetic or not. (For example, a step which
permutes the components of a vector does not perform arithmetic.)

1. Embedding (NO ARITHMETIC):  Compute the following pair of vectors in C[HSym y].

a = ZZAxyex_ly

zeX yeyY
b= Y B, .
yeY zeZ
2. Fourier transform (ARITHMETIC):  Compute the following pair of vectors in C[HY x
a = Z Z Z X(h)agh | €x.o-
XeﬁN oc€Symy \heHN
b= 3 D | 2 x(Mben | exa
YEHN o€Symy \heHN
3. Assemble matrices (NO ARITHMETIC):  For every x € Z(HY), compute the following

pair of matrices AX, BX, whose rows and columns are indexed by elements of Sym .

>

1

X .
APU = Ypx,0p”

X —
BO’T T

>

o-x,To~ !

4. Multiply matrices (ARITHMETIC):  For every x € Z(H"), compute the matrix prod-
uct CX := AXBX by recursively applying the Abelian STP algorithm.
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5. Disassemble matrices (NO ARITHMETIC): Compute a vector ¢:=Y) ¢y g€y 0 €

X)O—
C[H" x Sym ] whose components ¢, are defined as follows. Given x, o, let xo € Z(HY)
and 7 € Symy be such that x = 7 xo. Let

o =CX .
6. Inverse Fourier transform (ARITHMETIC):  Compute the following vector ¢ € C[H
1 .
ci= Z Z 7\H\N Z X(=h)éyo | €on-
heHN o€Sympy xeHN
7. Output (NO ARITHMETIC): Output the matrix C' = (C,,) whose entries are given by

the formula
Crzi=cCp—1,.

One of the main results of [DDHKO7]| established the numerical stability of all Abelian STP
algorithms for matrix multiplication.

Theorem. If { (Hy, Ty, kn) } is an Abelian STP family with growth parameters («, 3), then
the corresponding Abelian STP algorithm is stable. It satisfies the error bound (6), with the
Frobenius norm and the function u of order
p(n) = n'2s o),

Remark. The running time of an Abelian STP algorithm can also be bounded in terms of
the growth parameters of the Abelian STP family. Specifically, the running time is [CKSUO05]
O (n(a—l)/5+0(1)) . Note the curious interplay between the two exponents, (o — 1)/ and (o +
2)/2(3: their sum is always bigger than 3, since « > 23 + 1 is one of the requirements for an
Abelian STP construction:

—1 2 3 6 3
B 20 20 20

2.3 Matrix decompositions and other linear problems

The results about matrix multiplication from the previous section can be extended to show that
essentially all linear algebra operations can also be done stably, in time O(n*) or O(n“*"), for
arbitrary n > 0 [DDHO07|. For simplicity, whenever an exponent contains “+7”, it will henceforth
mean “for any n > 0.”

More precisely, some of the results may be roughly summarized by saying that n-by-n ma-
trices can be multiplied in O(n**") operations if and only if n-by-n matrices can be inverted
stably in O(n“*") operations. A bit of extra precision is necessary to make this claim; the cost
of extra precision is accounted for by the O(n) factor.

Other results in [DDH07| may be summarized by saying that if n-by-n matrices can be
multiplied in O(n“*") arithmetic operations, then we can compute the QR decomposition stably
(and so solve linear systems and least squares problems stably) in O(n“*") arithmetic operations.
These results do not require extra precision, which is why we only need to count arithmetic
operations, not bit operations.
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The QR decomposition then can be used to stably compute a rank-revealing decomposition,
compute the (generalized) Schur form, and compute the singular value decomposition, all in
O(n®*™) arithmetic operations. To compute (generalized) eigenvectors from the Schur form we
rely on solving the (generalized) Sylvester equation, all of which can be done stably in O(n“*")
bit operations.

Here are a few more details about the work in [DDHO7|. It starts by reviewing con-
ventional block algorithms used in practice in libraries like LAPACK [ABB'99] and ScaLA-
PACK [BCC%97|. The normwise backward stability of these algorithms was shown earlier
[Hig90, DHS95, Hig02] using (6) as an assumption; this means that these algorithms are guar-
anteed to produce the exact answer (e.g., solution of a linear system) for a matrix C close to
the actual input matrix C, where close means close in norm:

IC = Cll = 0@E)I[Cl.

Here the O(e) is interpreted to include a factor n¢ for a modest constant c.
The running-time analysis of these block algorithms in [DDHO7]| reveals that these block

algorithms run only as fast as O(n%) operations, where O(n”) is the operation count of
matrix multiplication, using v instead of w47 to simplify notation. Even if v were to drop from
3 to 2, the exponent % would only drop from 3 to 2.5. While this is an improvement, one
can do better.

The next step in [DDHO07| is the application of known divide-and-conquer algorithms for
reducing the complexity of matrix inversion to the complexity of matrix multiplication. These
algorithms are not backward stable in the conventional sense. However, they can be shown to
achieve the same forward error bound (bound on the norm of the error in the output) as a
conventional backward stable algorithm, provided that they use just O(logP n) times as many
bits of precision in each arithmetic operation (for some p > 0) as a conventional algorithm. Such
algorithms are called logarithmically stable.

Incorporating the cost of this extra precise arithmetic in the analysis only increases the total
cost by a factor at most log?’ n. Thus, if there are matrix multiplication algorithms running in
O(n®*") operations for any 1 > 0, then these logarithmically stable algorithms for operations
like matrix inversion also run in O(n“*") operations for any n > 0, and achieve the same error
bound as a conventional algorithm.

A divide-and-conquer algorithm for QR decomposition described in [EG00] is simultaneously
backward stable in the conventional normwise sense (i.e., without extra precision), and runs in
O(n*™) operations for any n > 0. This may be in turn used to solve linear systems, least-
squares problems, and compute determinants equally stably and fast. The same idea applies to
LU decomposition but stability depends on a particular pivoting assumption [DDHO7].

The QR decomposition is then used to compute a rank-revealing U RV decomposition of a
matrix A. This means that U and V are orthogonal, R is upper triangular, and R reveals the
rank of A in the following sense: Suppose o1 > --- > 0, are the singular values of A. Then
for each 7, omin(R(1: 7, 1: 7)) is an approximation of o, and omax(R(r+1:n, 7+ 1:n)) is
an approximation of o,41. If R were diagonal, then the URV decomposition would be identical
to the singular-value decomposition, and these approximations would be exact. The algorithm
in [DDHO07| is randomized, in the sense that the approximations of o, and o, are reasonably
accurate with high probability.

Finally, the QR and URV decompositions in algorithms for the (generalized) Schur form
of nonsymmetric matrices (or pencils) [BDG97| lower their complexity to O(n“*") arithmetic
operations while maintaining normwise backward stability. The singular-value decomposition
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may in turn be reduced to solving an eigenvalue problem with the same complexity. Computing
(generalized) eigenvectors can only be done in a logarithmically stable way from the (general-
ized) Schur form. This is done by providing a logarithmically stable algorithm for solving the
(generalized) Sylvester equation, and using this to compute eigenvectors.

This covers nearly all standard dense linear algebra operations (LU decomposition, QR de-
composition, matrix inversion, linear equation solving, solving least squares problems, computing
the (generalized) Schur form, computing the SVD, and solving (generalized) Sylvester equations)
showing that all those problems can be solved stably and asymptotically as fast as the fastest ma-
trix multiplication algorithm that may ever exist (whether the matrix multiplication algorithm
is stable or not). For all but matrix inversion and solving (generalized) Sylvester equations,
stability means backward stability in a normwise sense, and the complexity is measured by the
usual count of arithmetic operations.
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