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Abstract

A finite-dimensional complex space with indefinite scalar product [-, -] having v_ = 2 negative squares
and v4+ > 2 positive ones is considered. The paper presents a classification of operators that are normal
with respect to this product. It relates to the paper [1], where the similar classification was obtained by
Gohberg and Reichstein for the case v = min{v_,v+} =1.

1 Introduction

Consider a complex linear space C™ with an indefinite scalar product [-,-]. By definition, the latter is a
nondegenerate sesquilinear Hermitian form. If the ordinary scalar product (- ,-) is fixed, then there exists
a nondegenerate Hermitian operator H such that [z,y] = (Hz,y) Vz,y € C™. If A is a linear operator
(A : C™ = CO™), then the H-adjoint of A (denoted by Al*]) is defined by the identity [AMz,y] = [z, Ay]
(hence AlYl = H-1A*H). An operator N is called H-normal if NNI¥l = NN, an operator U is called
H-unitary if UUM = I, where I is the identity transformation.

Let V be a nontrivial subspace of C™. V is called neutral if [z,y] = 0 for all z,y € V. In this case we
may write [V,V] = 0. V is called nondegenerate if from z € V and Yy € V [z,y] = 0 it follows that z = 0.
The subspace VI is defined as the set of all vectors z € C™: [z,y] =0 Vy € V. If V is nondegenerate,
then VI is also nondegenerate and V+VI+H = C™.

A linear operator A acting in C'™ is called decomposable if there exists a nondegenerate subspace V- C C™
such that both V and V1! are invariant for A. Then A is the orthogonal sum of Ay = Aly and Az = Aly .
Since the conditions AV C VI and AXV C V are equivalent, an operator A is decomposable if there
exists a nondegenerate subspace V which is invariant both for A and Al

Pairs of matrices {A1, H1} and {As, H2}, where H; and H, are Hermitian, are called unitarily similar if
Ay =T 1A T, Hy = T*H, T for some invertible T’; in case when H; = H, they are H;-unitarily similar.

Throughout what follows by a rank of a space we mean v = min{v_, v}, where v_ (v, ) is the number of
negative (positive) squares of the quadratic form [z, z], or (it is the same) the number of negative (positive)
eigenvalues of the operator H. Note that without loss of generality it can be assumed that v_ < vy (otherwise
H can be replaced by —H; the latter (invertible and Hermitian operator) has opposite eigenvalues).

Our aim is to obtain a complete classification for H-normal operators acting in the space C™ of rank 2,
i.e., to find a set of canonical forms such that any H-normal operator could be reduced to one and only one
of these forms. This means that for any invertible Hermitian matrix H with v = 2 and for any H-normal
matrix N we must point out one and only one of the canonical pairs of matrices {N JH } such that the pair
{N, H} is unitarily similar to {N, H}.

Since any H-normal operator N : C"™ — C™ is an orthogonal sum of H-normal operators each of
which has one or two distinct eigenvalues (Lemma 1 from [1]), it is sufficient to solve our problem only for
indecomposable operators having one or two distinct eigenvalues.

Thus, in this paper we consider only indecomposable operators having one or two distinct eigenvalues
and assume that 2 =v_ <wy.



Finally let us introduce some notation. Denote the identity matrix of order r X r by I,., the r X r matrix
with 1’s on the secondary diagonal and zeros elsewhere by D,., and a block diagonal matrix with A, B, ...,
C diagonal blocks by A®@ B®...d C:
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2 Some Properties of Indecomposable H-normal Operators
The results of this section hold for any finite-dimensional space with indefinite scalar product.

Proposition 1 Let an indecomposable H-normal operator N acting in C™ (n > 1) have the only eigenvalue
A; then there exists a decomposition of C™ into o direct sum of subspaces

So={zeC": (N—A)z=(N¥-XIz =0}, (1)
S, S1 such that
N' =X « * 0 0 I
N = 0 Ny * ,H=| 0 H 0 ], (2)
0 0 N'=\I I 0 0

where N' : Sg — Sp, Ny : S = S, N" : 81 — 51, the internal operator Ny is Hy-normal, and the pair
{Ny, H1} is determined up to the unitary similarity.

Proof: Since N and N* commute, the subspace Sy defined by (1) is nontrivial. For N to be indecomposable
So must be neutral. Indeed, otherwise 3v € Sp : Nv = Av, N¥ = Xv, [v,v] # 0, therefore, V = span{v}
is a nondegenerate subspace that is invariant both for N and N™, hence, N is decomposable. Thus, Sp is
neutral. Let us take advantage of the following well-known result: for any neutral subspace Vi C C™ there
exists a subspace Vo (Vi N'Vy = {0}) such that

0 I
Ao =7 o) ®

Therefore, for So there exists a neutral subspace S such that H|g 1g,) has form (3). Since the subspace
(So+S1) is nondegenerate, the subspace S = (So+S5;)*! is also nondegenerate and C™ = Syp4S5+5;. As
Yve C™ (N —X)v € S([)J‘] and (N —XIw € S([,J‘], the matrices N and H has form (2) with respect to the
decomposition C™ = Sy+S+9;. Since N is H-normal, the internal operator N; is H;-normal.

It is seen that only the subspace S is fixed; S and S; may change. However, the pair { Ny, H; } is unique
in a sense, namely, it is determined up to the unitary similarity. Indeed, any transformation 7' such that
TSy C Sp has the form

" Th T
T = 0 Ty T;
0 Te¢ Tn



Since

; 0 0 I
H= 0 H1 0 5
I 0 0

from condition H = T*HT it follows that Ts = 0, H; = T H;Ty. As N = T-'NT, Ny = T; ' N1Tj so that
the pair {Ny, H} is unitarily similar to {Z’V\I, E}, Q.E.D.

Remark: the decomposition C" = Sy+S5+S; was constructed in [1], section 6 so that the first part of
this statement is borrowed from [1].

Corollary: to go over from one decomposition C™ = Sg+S+S; to another by means of a transformation
T it is necessary that T" would be block triangular with respect to both decompositions.

Theorem 1 If an H-normal operator N acting in a space C™ of rank k > 1 is indecomposable, then either

(A) or (B) holds:
(A) N has two eigenvalues and n = 2k;
(B) N has one eigenvalue and 2k < n < 4k.

Proof: First show that n > 2k. Indeed, n = v_ + v4 > 2min{v_,v;} = 2k. Now prove (A). Let N have
two distinct eigenvalues. Then, according to Lemma 1 form [1], C™ is a direct sum of two neutral subspaces
of the same dimension m which are invariant for N and N Since in a space with indefinite scalar product
no neutral space can be of dimension more than rank of a space, m < k and n < 2k. But it is established
before that n > 2k. Hence, n = 2k and the proof of (A) is completed.

Now prove (B), i.e., show that if N has one eigenvalue, then n < 4k. For k = 1 the proof is given in
Theorem 1, [1]. Suppose inductively that for all ¢ < k the size of indecomposable operators having one
eigenvalue is not more than 4¢ x 4i. Let v_ = k+ 1, v > v_, N have the only eigenvalue A. According
to Proposition 1, one can assume that the matrices N and H has form (2). Let Ny = Nl(l) D...d Nl(p)
be a decomposition of the internal operator N; into an orthogonal sum of indecomposable operators, H; =
Hl(l) D...0 Hl(”), S =80 @...0 8P be the corresponding decompositions of H; and S. Let U(_z) be the

number of negative eigenvalues of Hl(i) (i=1,...p). If dim So = s, then )% | v =k +1—s. Let

m=Y ", m=Y 8.

v(_i)>0 ’U(_i):O

Then Hy = H{ ® H{', Ny = N{ @ Ny, where N{, N{' are the corresponding sums of operators Nl(i). Since for

any i = 1,...p rank of the subspace Sfi) is not more than v(_i), N < k (because k+1—s < k), and the size
of an indecomposable operator in a space of rank 0 is equal to 1, by the inductive hipothesis dimS < 411(_1),
hence dimS' < 4(k + 1 — s). Since H{' has only positive eigenvalues, N}’ is a usual normal operator having

one eigenvalue A, therefore, N;' = AI so that

Mo o« M, x AN o« My,
o N o Lo | o N0 o«
N= 0 0 A« , N7 = 0 0 M ox
0 0 0 A 0 0 0 X
If dim S" = r > 2s, then the system
M X =0
MX =0
has a nontrivial solution X = (zy,...,2,)T (where Y7 is Y transposed). Therefore, there exists a nonzero

vector v = Y_I_, z;w; (w; are the basis vectors of ") that satisfies the condition (N—\I)v = (N -XI)v =0,
ie, v € Sy. But SoNS = {0}. This contradiction proves that dim S" < 2s. Thus, n = 2dim So + dim S’ +
dim S" <2s+4(k+1—-s)+2s=4(k+1), QED.

Since an indecomposable operator cannot have more than two eigenvalues (Lemma 1, [1]), either (A) or
(B) is true so that the proof of the theorem is completed.



3 The Classification of Indecomposable H-normal Operators

The principal aim of this paper is to prove the following result:

Theorem 2 If an indecomposable H-normal operator N (N : C™ — C™) acts in a space with indefinite
scalar product with v_ = 2 negative squares and vy > 2 positive ones, then 4 < n < 8 and the pair {N,H} is
unitarily similar to one and only one of canonical pairs {(4),(5)} - {(31),(32)}. The choice of the particular
canonical form is determined as follows.

If N has two distinct eigenvalues A1, Az, then {N, H} is unitarily similar to {(4),(5)}:

AN 1 0 0
o x 0 o
N = 0 0 x 0 |°7 e€C,
0 0 x /\2
Im{)q - )\2} >0 Zf Im{)q - )\2} 75 0,
forz#0 [ Re{\ — A2} >0 otherwise, )
(0 I
a=(n ¢) ©)

If N has one eigenvalue X\, dim Sy = 1, the internal operator Ny is indecomposable, and n =4, then {N, H}
is unitarily similar to {(6),(7)}:

A1 iry irez
0 X =z 0
N = 00 A 22 , |2/ =1, r1,r2 € R, (6)
0 0 O A
H = D,. (7)

If N has one eigenvalue X, dim Sop = 1, Ny is indecomposable, and n = 5, then {N, H} is unitarily similar
to one and only one of pairs {(8),(11)}, {(9),(11)}, {(10),(11)}:

A1 0 0 irs
0 X 1 iry —2r?+ir
N = 0 0 X 1 2irq , '1,T2,T3 € §R, (8)
0 0 0 A 1
0 0 0 O A
A1 0 0 iT‘g
0 X z 1 —222r2Im?%2 + iry2? |z| =1, z # 1,
N=|0 0 X =z —2ir122Imz , 0<argz<m, 9)
0 0 0 X 22 ri,r2,73 € R,
0 0 0 O A
A1 0 0 T3
0 X i 7 2r2+iry
N = 0 0 X 4 24 , T1,72,73 € R, (10)
0 0 0 A -1
0 0 0 O A
H = Ds. (11)

If N has one eigenvalue A, dim Sop =1, Ny is decomposable, and n = 4, then {N, H} is unitarily similar to
one and only one of pairs {(12),(15)}, {(13),(15)}, {(14),(15)}:

A1 0 0
0 X 0 z
0 0 0 A



0

z
(1+ir)z

A

-1 0
0 z

A —(1+ir)z
0 A

H=D,. (15)

,12|=1, reR>0, (13)

SO O
SO > -
O > O

, 12l =1, reR >0, (14)

SO O
SO >

If N has one eigenvalue A, dim Sop =1, Ny is decomposable, and n =5, then {N, H} is unitarily similar to

{(16),(17)}:

A1 0 3ri+iry O
0 XA 0 z 0
N=] 0 0 X 0 ri |, |2|=1, ri,r2 €R, 11 >0, (16)
00 0 A 22
00 0 0 A
H = Ds. (17)

If N has one eigenvalue A, dim Sop =1, Ny is decomposable, and n = 6, then {N, H} is unitarily similar to
one and only one of pairs {(18),(20)}, {(19),(20)}:

A1 2y 0 O 0
0 X 1 irg 0 2r2—7r%/2+4irs
0 0 A 1 0 0
N = 00 0 A 0 1 , r1,m2 € R, 2 >0, (18)
00 0 0 A ry
00 0 0 0 A
A1 —2irImz 0 0 0
0 A z ri 0 (2r{Im’z —r3/2 +ir3)2”
00 0 A0 22 ;
0 0 0 0 A ro
00 0 0 0 \
|z2] =1, 0<argz <m, r,rs,73 € R, r2 >0, (19)
0 0 0 I
. 0 D3 0 O
H= 0 0 oI O (20)
L 0 0 O

If N has one eigenvalue A, dim So = 2, and n =4, then {N,H} is unitarily similar to one and only one of

pairs {(21),(23)}, {(22),(23)}:

A0 z re /3
N=| 0O X0 ei/3 |z| =1, r e R >3, (21)
0o 0 X 0 " 0<argz<mw ifr>\3,
0 0 O A
A0 0 O
0 X1 0
N=1002xo0 | (22)
0 0 0 X



pairs {(24),(26)}, {(25),(26)} :

If N has one eigenvalue X\, dim Sy =

If N has one eigenvalue X\, dim So =

If N has one eigenvalue A, dim Sy = 2, and n = 8, then {N, H} is unitarily similar to {(31),(32)}:

SO OO O

SO O O OO

0

OO O OO OO

2, and n =17, then {N, H} is unitarily similar to {(29),(30)}:

OO OO

2
0
A
0
0
0
0

~

OO OO O O

and n = 6, then {N, H} is unitarily similar to {(27),(28)}:

OO O O

o~

If N has one eigenvalue A, dim So = 2, and n =5, then {N, H} is unitarily similar to one and only one of

OO OO

H

[

OO O O

OO O

SO O ~=O

e O OO O
o> 3 o

SO »O

0
0
I,

irl

O > O W

X

1

OO OO »O

OO O >»O O

OO OO OO

0
0
I

0 I
I, 0 )°

O >N = O
> o o oo

> O oN O

0 I
L 0 |.
0 0

0

i’l"l

» |2l =1,

, |2l =1, reR >0,

0 2| =1, z # -1,

z
0
A

0 b
I 0 |.
0 0

0
0
—2129C08X
21 8ina

r1,T2 € §R, ro > 0,

0
0

sinacos
zocosacosf |,

0 sing

A
0

|z1] = |22| =1, 0< o, B < 7/2,
an=1ifB=n/2, =1 ifa=n/2,

|

0

OO O OO OO

1

SO O OO OO

SO oo O -=O

0

OO O OO OO

0
0
I

OO OO OoODOC OO

0 I
I 0 |.
0 0

0
0
—z1Z28inacos
z1cosacosf3
sin 3
0
0
0

0
A

0
0
cosacosy
292 8INQCcosy
0
sin y
0
0

(23)

(24)

(25)



lz1] = 22| =1, 0<a<7/2, 0< B <y <7/2,

zn=1ify=n/2, z2=11ifa=0 (31)
0 0 L

g=| 0o 1, o |. (32)
L 0 0

The following sections contain the proof of this theorem.

4 Two Distinct Eigenvalues of N

Suppose an indecomposable H-normal operator N has 2 distinct eigenvalues. Then (Lemma 1, [1]) C" =
014Q2, dimQy = dim Qs = m, [Q1,01] = 0, [Q2,Q02] = 0, NO; C Q;, NQ; C 9y, N; = Nlg,
(N3 = N|g,) has only one eigenvalue \; (A\2). According to Theorem 1, m = 2 and n = 4. Note that the
subspaces Q; and O, are determined up to interchanging. Since N is indecomposable, at least one of the
operators Ny, Ny is not scalar. Consequently, one can assume Ny # Ay I. If both N; and N, are not scalar,
then we can fix Zm{\; — A2} > 0 if Zm{A; — A2} # 0 and Re{A;1 — A2} > 0 if Zm{A; — A2} = 0 (let us
remember that A\; # A2). Now Q; and Q, are determined uniquely.
As H is nondegenerate, for any basis in Q; there exists a basis in Qs such that

le(AOl /\11 ) (33)

NiN,* = Ny*Ny. (34)

From (34) it follows that NJ = alN; + B1. As N, = aN; + BI has the only eigenvalue A2, we conclude
Ny = Xl + z(Ny — M 1) (z € C). Thus, we have reduced N to the form

_ )\1 1 )\2 0
v (A L)e( 2 )eec .

Show that forms (35) with different values of = are not H-unitarily

Let us fix a basis in Q; such that

N is H-normal if and only if

NT =TN, (36)
TTH =71, (37)

where N = Ny ® No, N = N, @ ]\7;, N; has form (33),

(A 0 ~ ()X O
N2_<$ )\2>7N2_<£i' )\2)
From (36) it follows that 7 is block diagonal with respect to the decomposition C™ = Q1+Qy: T =T ® Ty,
Ty satisfying the condition Ny = T, 'N;T;. Taking into account (37), we get To = T} ™', therefore, Ny =

Ty 'NoTy = No, ie., & = .
It can easily be checked that (35) is indecomposable so that we have proved the following lemma;:

Lemma 1 If an indecomposable H-normal operator acts in a space C™ of rank 2 and has 2 distinct eigen-
values A1, A2, then n =4 and the pair {N, H} is unitarily similar to canonical pair {(4),(5)}:

A1 0 O
1o ox 0 0

N = 0 0 A 0 , € C,
0 0 x /\2



Im{)q - )\2} >0 Zf Im{)q - )\2} 75 0,
forz#0 [ Re{\ — A2} >0 otherwise,

(0 L
#=(n 6)

where the number x forms a complete and minimal invariant of the pair { N, H} under the unitary similarity
(in short, we say that x is an H-unitary invariant). In other words, every pair {N,H} satisfying the
hypothesis of the lemma is unitary similar to pair {(4),(5)} and pairs {(4),(5)} with different values of x are
not H-unitarily similar to each other.

5 One Eigenvalue of N

Throughout what follows we will assume that N has only one eigenvalue A so that N and H have form (2).
Since the neutral subspace Sy cannot be more than two-dimensional, there appear two cases to be considered:
dim Sy = 1 and dim Sy = 2. Now let us prove the following proposition which holds for all spaces with
indefinite scalar product:

Proposition 2 An H-normal operator such that dim Sy = 1 is indecomposable.

Proof: Assume the converse. Suppose some nondegenerate subspace V is invariant both for N and for NI
Let us denote V; =V, Vo = VI, Ny = N|v,, N2 = N|v,, Hi = H|y,, H2 = H|y,. The following conditions
must hold: Ny N = NN, No NI = NI, Here N is the Hi-adjoint of N; (i = 1,2). Let us define

Si={zeVi: (Ni—A)z =N -z =0}, i=1,2.

Since the operators N; and Nl[*] (N, and NQ[*]) commute, dim S§ > 1 (i = 1,2), therefore, dim{Sy, =
S§ + S2} > 2. This contradicts the condition dim So = 1. Thus, N is indecomposable.

If dimSy = 1, then rank of S is equal to 1, therefore, to classify the internal operator N; we may
apply Theorem 1 from [1]. Since the indecomposability (or decomposability) of Ny is a property which does
not change under the unitary similarity of the pair {Ny, H1}, we must consider both the case when N; is
indecomposable and that when N; is decomposable.

5.1 dim Sy =1 and N; is Indecomposable

If N is indecomposable, then, according to Theorem 1, 2 < dim S < 4 (recall that rank of S is equal to 1).
Therefore, 4 <n < 6. Let us consider the alternatives n = 4,5,6 one after another.

5.1.1 n=4

According to Theorem 1 of [1], one can assume that Ny and H; are reduced to the form

le()\ z),|Z|=1, H1:D2.

0 X
Hence
0 a b c
0 0 2 d
N=AT=14 00 ¢ | H=De
0 00O

Throughout what follows only H-unitary transformations are used unless otherwise stipulated. This means
that for each case we fix some form of the matrix H and find out to what form it is possible to reduce the
matrix N without the change of H.



The condition of the H-normality of IV is equivalent to the system

az = ez (38)
Re{ab} Re{de}. (39)

If @ = 0, then e = 0, therefore, the vector v from S (v; are the basis vectors) belongs to Sp, which is
impossible. Thus, a # 0. Replace the vector vy by av; and vy by vs/@. This transformation reduces N — AT

to the form o

01 %Y ¢
00 2 d
N=A=1 14319 ¢ 2
00 0 O
Further, apply the transformation 3
1 2d' 0 0
10 1 0 0
T= 0 0 1 —zd
0 0 O 1
to the matrix N — AI. We obtain:
0 1 b "
00 2z O
N=AM=119 9 o 22
00 0 O

It follows from (39) that b = iry (r; € R). Taking the transformation

1 0 3zRe{c"z} 0
7= 01 0 —32Re{c"z}
00 1 0 ’
00 0 1
we reduce N — Al to the final form
0 1 @ry irgz
0 0 =z 0
N -\ = 00 0 22 " |Z|—]., ry,re € R, (40)

0 0 O 0

where 7o = Im{c"z}.
Let us prove that the numbers z, r1, r are H-unitary invariants. Indeed, let T" be an H-unitary
transformation of the matrix N to the form N, where

0 1 irm iraZ

< 0 0 =z " -

N =\ = 00 0 52 ,|Z|:1, 71,72 € R.
0 0 O 0

This means that T satisfies conditions (36) and (37). From Corollary of Proposition 1 it follows that T' is
block triangular with respect to the decomposition C"™ = Sg + S + S1. According to Theorem 1 from [1], 2
is an Hj-unitary invariant of N1. Ty = T'|g is a Hy-unitary transformation of Ny to the form ]Tf;, therefore,
z is also an H-unitary invariant of N, i.e., Z = z. Applying condition (36), we see that T is uppertriangular
and its diagonal terms are equal to each other. From (37) it follows that |t11| = 1. Therefore, without loss
of generality one can assume that £;; = 1 (we replace our matrix 7' by the matrix 7" = ;1 T; the latter has
the same properties (36), (37) ).



Thus,

1 tip tiz tis

_ 0 1 toz  tog

T= 0 O 1 t34
0 O 0 1

For T to be H-unitary it is neccessary and sufficient to have

tag+ta = 0 (41)

tog +tastin +ti3 = 0 (42)
Retis + Re{tmm} = 0 (43)
Retas = 0, (44)

for T to reduce N to the form N it is neccessary and sufficient to have

tog +iry = ir1 + 2t12 (45)
tog + iritss +irez = ifsz 4 2°ti3 (46)
Zt34 = Z2t23. (47)

Express t34 in terms of o3 from (47) and t12 in terms of to3 from (45): t34 = zta3, t12 = Z(ir1 — ir1) + Ztas.
Substituting these expressions in (41), we get: 2Rets3 = i(r1—r1). Since Retag = 0 (condition (44)), 711 = ry.
Further, let us express ta4 in terms of t13 and t»3 (condition (46)): toq = (ir2 —ire)z + 2%t;3 — iry 2ta3. Then
condition (42) can be written in the form

(iry — iT5) + 2tz + zt13 + iritas + |tas]|* = 0.

As Retaz = 0, iritaz € R, consequently, zf13 + zt13 + ir1t23 + |t23|> € R. But i(ra — 72) € S Therefore,
73 = r9. Thus, the numbers z, 71, 7o are H-unitary invariants.
Due to Proposition 2 matrix (40) is indecomposable so that we have proved the following lemma:

Lemma 2 If an indecomposable H-normal operator N (N : C* — C*) has the only eigenvalue \, dimSp = 1,
the internal operator Ny is indecomposable, then the pair {N,H} is unitarily similar to canonical pair

{(6),(7)}:

A1 ary irez
0 X =z 0
N = 00 A 22 , |21 =1, r1,r2 € R,
0 0 O A
H = Dy,

where z, r1, T2 are H-unitary invariants.

5.1.2 n=5
According to Theorem 1 of [1], it can be assumed that the pair {N;, H; } has either form (48) or (49):

A zor
Ni={|0 X z |,|2|]=1,0<argz<m reR, H =Ds, (48)
0 0 A
A1 ar
N, = 0 X 1 , r€R, H = Ds. (49)
0 0 A
For a while we will consider both the cases together, assuming that
A 2oz
Ni=[0 X 2 |,]|=1,0<Largz <m xzeC.
0 0 A

10



Then

|

>~

~

I
OO OO
[eo i e RN en B an i ]

o
ooV R o
OQ 0

OO O N o

The condition of the H-normality is equivalent to the system

az’ = g2 (50)
at + bz = gx+ f2 (51)
2Ref{ac} + |b]*> = 2Re{eg}+|f|> (52)

As above (see the case when n = 4), one can check that a # 0, hence a can be assumed equal to 1, so g = 2'2.

Having in mind these equalities, take the (H-unitary) transformation

1 20 2'(c—z2'b) 0 —1i|c—x2b)?
0 1 0 0 0
T=]10 0 1 0 —2'(c—7z2'b)
0 0 0 1 —2'b
0 0 0 0 1
It reduces N — AI to the form
01 0 0 d&
00 2 z ¢
N-X=]00 0 2 [
00 0 0 27
00 0 0 O
Now apply either the transformation
1 0 0 Red/(Rez?+1) 0
0 1 0 0 —Red'/(Rez"? + 1)
T=]10 01 0 0 (2" #1)
0 00 1 0
0 00 0 1
or
1 0 0 —iiZmd 0
010 0 —iImd'
T=|0 01 0 0 (z' =1)
0 00 1 0
0 00 0 1
to the matrix N — AI. We get
01 0 0 i(Zmd+Im{dz })/(Rez+1)
0 0 2 = e
N-X=|00 0 2 f! (2" #14)
00 0 O 22
00 0 O 0
or
01 0 0 Red
00 ¢« =z €
N-X=]000 ¢ f (z' =)
000 0 -1
000 0 O



Now we shall distinguish cases (48) and (49).
(a) 2’ =1, z=1iry (r1 € R). Conditions (51), (52) of the H-normality of N yield: f' = 2iry, ¢ =
—2r} + iry. Denote (Zmd' — Im{d’?2})/(Rez’2 + 1) by r3. We have

010 O ir3
0 0 1 iTl —27‘% + irg
N - = 0 0 0 1 2iry , r1,T2,73 € R. (53)
0 00 O 1
000 O 0

There remains to check the H-unitary invariance of the numbers ry, r3, r3. To prove this, let us suppose
that some H-unitary matrix T reduces (53) to the form

010 0 i3

) 0 0 1 iff -2/ +irs
000 0 1
000 0 0

From condition (36) NT = TN it follows that T' is uppertriangular with diagonal terms which are equal
to each other. According to Theorem 1 from [1], ry is an Hp-unitary invariant for N;. We already know
that in this case 71 must be an H-unitary invariant (see the previos case n = 4), i.e., ¥1 = r1. For T to be
H-unitary, i.e., to satisfy (37), |t11| must be equal to 1. Therefore, as in case n = 4, one can assume that
ty1 = 1. Thus, T has the form

1 ti2 tiz tia tis
0 1 tag t2q tos
T=|0 0 1 tu ts |. (54)
0 O 0 1 ity
0 O 0 0 1

Condition (36) amounts to system (55) - (60), (37) to system (61) - (66):

toz = t19 (55)

tog = iritio + t13 (56)

tos +irs = itz + (—2r? + ir2)ti2 + 2irit13 + t1a (57)
t34 = to3 (58)

t3s + iritys +iry = T2 + 2iritag + tog (59)
t4s = t34, (60)

tas +t12 =0 (61)

t35 + t3at1z + 113 =0 (62)

tos 4 toatin + tostis +t14 =0 (63)
2Ret1s + 2Re{tiotia} + [t13> =0 (64)
t34 +t23 =0 (65)

2Retas + |tas]? = 0. (66)

Express t35 in terms of ta3, to4, t45 from (59) and substitute this expression in (62), taking into account
that ¢t12 = ta3 = t34 = t45 and expressing to4 in terms of 10 and t13 from condition (56). We obtain
irg — ity = 2ir1t1s + 2Ret3 + |t12]?. Since Retis = 0 (equation (61)), we have 2ir #12 € R, hence, the right
hand side of the condition obtained is real and the left one is imaginary. Therefore, 75 = rs.

Since t13 = ta4 — ir1t12 (condition (56)), to5 can be expressed in terms of t12, to4 and t14 in the following
way (see condition (57)): to5 = i(F3 — r3) + irati12 + 2ir1t24 + t14. By substituting this expression in (63), we
get irg —ir3 = iratia +ir1(2f21 + [t12]?) + 2Re{t12t24 } + 2Ret14. Because of condition (66) iry (224 + [t12]?) is
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real as well as the rest terms of the right hand side, hence, 3 = r3. We have proved the H-unitary invariance
of ry, 7o, T3.

(b) 2’ =2, |2| =1, 0< arg z <m, x =11 € R. Applying conditions (51), (52) of the H-normality of N,
we get

01 0 O ir3
0 0 2z r —222r2Im%z + ire2?
N-XM=]00 0 =z —2ir122Im z r1,T2,73 €ER (2 #£1)
0 0 0 O 22
0 0 0 O 0
or
01 0 O r3
0 0 2 m 27‘% + ire
N-X=]020 0 ¢ 2ir ri,r2,73 € R (2 =1i).

0 0 0 O -1
0 0 0 O 0

We shall join these cases, assuming that

01 0 O 12
0 0 2z r —222r2Im%z + irg2?
N-X=]|000 =z —2ir122Im z ,
0O 0 0 O 22
0 0 0 O 0
where
rg € R, z#1

r= —irs €S (r3 €R), z=1.

Let us prove the H-unitary invariance of the numbers z, 71, r2, 3 (or x). Suppose some matrix T realizes
the H-unitary transformation of N to the form N, where

010 0 iz

i 0 0 2 7 —28%7°Im?z +irs2?

N-XM=|000 2 —2if12*Tmz
000 0 z?
000 0 0

By Theorem 1 of [1], z and r; are H;-unitary invariants, hence, they are H-unitary invariants, i.e., Z = z,
71 = r1. Further, from (36) it follows that 7T is uppertriangular with diagonal terms which are equal to each
other. Applying (37), we get that T has form (54). Now condition (37) is equivalent to system (61) - (66),
condition (36) to system (67) - (72):

tog = zt19 (67)

toa = r1t12 + 2t13 (68)

tos +ix = i% + (—222r2Im?2 + ir92%)t1s — 2ir122Imz t13 + 2%ty (69)
tag = to3 (70)

2tss + ritag + irez? = ira22 — 2ir1 22Imz tas + 22tas (71)

2ty = 22t34. (72)

Express t35 in terms of a3, ta4, t45 and, taking into account the equalities t12 = Ztaz (67), t13 = Z(t2s —r1t12)
(68), tag = taz (70), t4s = zt23 (72), substitute the obtained expression in (62). After multipling both sides
by z, we have: (iry —iry) = —2ir1Imz toz + tag + t2g + |t23|? — r1(Ztas + 2%23). Since Retaz = 0 (65), the
right hand side of this equality is real. Consequently, 73 = r5.

Now let us express to5 in terms of to3, tog, t14 from (69) : tos = i(ZF — x) — 2r22Im22 toz + iraztas —
2iry zImztag + 2irZImztaz + 2%t14. Rewrite condition (63) in the form to5 +tasfis + tastiz + 14 = 0, multiply
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its both sides by z and substitute the expression for to5 in it. We obtain: i(x — %)z = —2r2Im?2zta3 +iratos —
2iry Imztag +2ir?zImztag +2t14 +Zt14 +tagtag +tastaz — 271 |tas|?. Since —2r2Im2z+2ir?zImz = ir2ImzRez
and —2ir1Imz tag — r1z|taz|? = r1(2Rez Retas + 2Imz Imtay), the right hand side is real. Therefore,
Im[iz(x — £)] = 0. If z # 4, then this condition means (r3 — 3)Rez = 0, hence 73 = r3 because Re z # 0.
If z = 4, then Im[i(r3 — r3)] = 0, hence also we get 73 = r3. This concludes the proof of the H-unitary
invariance of z, Ty 19, 3.

Due to Proposition 2 all obtained forms are indecomposable. They are not H-unitarily similar because
their internal matrices N are not Hj-unitarily similar due to Theorem 1 of [1]. Thus, we have proved the
following lemma:

Lemma 3 If an indecomposable H-normal operator N (N : C® — C®) has the only eigenvalue X, dimSp = 1,
the internal operator Ny is indecomposable, then the pair {N, H} is unitarily similar to one and only one of

canonical pairs {(8),(11)}, {(9),(11)}, {(10),(11)}:

A1 0 0 irs
0 X 1 irp —2r2+ir
N = 0 0 X 1 2irq , T1,T2,T3 € R,
0 0 0 A 1
0 0 0 O A
A1 0 0 irs
0 A 2z r —22%riIm%2 +iry2? |2| =1, z # 14,
N=]00 X =z —2ir122Imz , O<argz<m,
0 0 0 X 22 r1,7r2,73 € R,
0 0 0 O A
A1 0 0 r3
0 X i 7 2r2+4ir
N = 0 0 X 1 2irq , r1,r2,73 € R,
0 0 0 A -1
0 0 0 O A
H= -D57

where z, 11, ra, T3 are H-unitary invariants.

5.1.3 n=6
In this case, according to Theorem 1 from [1], the matrices N1 and H; can be written in the form

A cosa sina O

0 0 1
N1= 0 )\ 0 1 ,0<OLS7T/2, H1= 0 I2 0
0 0 A 0 1 0 0

0 0 0 A

so that

0 a b c d e 0 0 0 0 01
0 0 cosa sina 0 f 0 00 010
1 00 0 0 1 g 1001000
N=AM=140 o o or|"T=l0o001 00
00 0 0 0 p 0100 0O
00 0 0 0 0 1 0 00 0O

The condition of the H-normality of IV is equivalent to the following system:

a = pcosa (73)
0 = psina (74)
bcosa+csina = g
2Re{ad} + [b* + [c|* = 2Re{fp}+ |g|* + |h|.
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From (74) and the condition 0 < a < w/2 it follows that p = 0. Then from (73) we obtain that also
a = 0. Hence, the vector v2 € S belongs to Sy, which is impossible. This contradiction proves that for
indecomposable operator N : C® — C® dimSy # 1.

Recall that if n > 6, then the operator N; is always decomposable (Theorem 1 of [1]). Thus, we have
obtained the classification for all indecomposable operators N having also indecomposable internal operator
Nj.

5.2 dim Sy =1 and N; is Decomposable

If the operator IV; is decomposable, then it can be represented as an orthogonal sum of indecomposable
operators NV, .. NP Ny =NV g . oN? o =HYe.. oH". Without loss of generality it can
be assumed that Hl(l) has one negative eigenvalue. Denote Hl(l) by H>, Nl(l) by Na, Hl(z) ®...0 Hl(p) by
Hs, Nl(z) B...0 Nl(p) by Nj3. Since Hs has only positive eigenvalues, one can assume that H3 = I. N3 is a
usual normal operator having the only eigenvalue A, hence, N3 = AI.

Show that the size of N3 is equal to 1 x 1. Indeed, let dimVa = k, dimV3 =1 > 1 (V3 and V3 are the sub-
spaces of S corresponding to Ny and N3, respectively), Vo = span{w?),wg), ey w,(f)}, = span{w?),w?),

..,wl(a)}. Then, by the above,

AN My My x A 1\4{3] My *

_ 0 N2 0 * [*] — 0 N2* 0 *
N = 0 0 X x|’ N = 0 0 AI x|’

0 0 0 A\ 0 0 0 X

where M; = (a1,a9,...,ax), Mo = (b1,ba,...,b), M3z = (¢1,¢2,...,¢k), My = (dy,ds,...,d;). Because of
the Hs-normality of N dz'mSé2) >1 (562) ={zeVy: (N2— Az = (NQ[*] — M)z = 0}), hence, without
loss of generality it can be assumed that w?) € S(()z). Since I > 1, e} (0 |ai] # 0):

Z a;b; + apt1ar = 0 (75)
1

Z o;d; + apyier = 0. (76)
1

Therefore, Jv = Y7 aiwz@ + an+1w§2) #0: (N —X)v = (N¥ —XIv = 0, i.e., some nonzero vector from
S belongs to Sp. This is impossible so that dim V3 = 1.

As N, is indecomposable and rank of V5 is less than or equal to 1, dim V5 < 4 in accordance with
Theorem 1. Thus, 1 < dimV; < 4, dimV3 =1 so that 4 <n < 7. Consider the casesn =4, 5, 6, 7 one after
another.

521 n=14
Then dimVa = 1, dimV3 =1,

0 a b ¢ 0 0 01
00 0d 0 -1 0 0
N = AL= 0 0 0 e , H= 0 0 10
0000 1 0 0 0

Since H; = —1@® 1 is congruent to Dy, we will assume that H; = D5 so that H = D4. Having fixed H = Dy,
we will apply, as is customary, only H-unitary transformations.
The condition of the H-normality of IV is now equivalent to the following;:

Re{ab} = Re{de}. (77)
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Since the assumption a = b = 0 contradicts the condition SN Sy = {0} (because then either v2 or vs belongs
to Sp), one can assume that a # 0 and, therefore, a = 1 (see the paragraph after (39)). Keeping in mind
that a = 1, reduce N — AI to the form

0 1 v =sgnReb ¢
00 0 d
N=AT=1¢ 0 e |’
00 0 0
having applied either the transformation
v/ |Reb| 0 0 0
0 |Reb| —iZmb/+/|Reb| 0
T= Reb # 0
0 0 1/+/TReb] 0 (Reb #0)
0 0 0 1/+/|Reb|
or
10 0 O
01 -b 0
T= 00 1 0 (Reb=0).
00 0 1

Now consider the three cases (Re b’ = 0,1 or —1) separately.
(a) b’ = 0. Since Re{d'e’'} = 0 (condition (77) of the H-normality of N) and d' # 0 (otherwise vs € Sp),
the representation d' = g1z, €' =ig2z (|2| = 1, 01,02 € R, 01 > 0) is valid. Therefore, taking

Vor 0 0 0
T— 0 ' Vor 0 0 ’
0 ie/yer 1/ya 0
0 0 0 1/\/9_1
we reduce N — A to the form
01 0 ¢
0 0 0 =z
N=AM=1400 0
0 00 O

One can assume that ¢’ = 0. To achieve this it is sufficient to apply the transformation

1 0 ¢ 0

o1 0 =
T= 0 0 1 0
00 O 1

There remains to prove that z is an H-unitary invariant. Indeed, any matrix T satisfying condition (36)
(N = AXI)T = T(N — M) for the matrices

01 00O 0100
0 00 2 < 0 00 2 -
N -\ = 00 0 0 , N—=AI = 00 0 0 , l2l=1%3=1
0 00O 0 00O
and condition (37) TT™ = I has the form
1 % % x
01 0 =
T = t11 0 0 1 % 5 |t11| =1.
0 001



This follows the desired equality z = Z.
(b) b =1. As Re{d'e’} = 1 (condition (77)), d' = gz, ¢’ = (1/o+ir)z (|2| = 1, 0,7 € R, 0 > 0). Consider
the transformation
—it/(1—it) 1/(1—1it)
1/(1—dt) —it/(1—it

where t is a root of the equation 1+ % = 1/9? + (to + r)%. Tts discriminant D/4 = 1/¢® + 0®> +r%2 — 2 is
nonnegative so that ¢ is in fact real. Subjecting to (78), the matrix N — AI becomes the following;:

T:Ile;< ))6911, teR, (78)

C”

ZI

(I+iar")e
0

, =1, eR.

SO OO
SO O =
[l all

Note that if ' = 0, then there exists a nonzero vector v = aws + Buz € Sp, which is impossible. Applying

(78) with ¢ = —1r', we can replace r' by —r'. Thus, we can assume 7' > 0. Finally, to get ¢’ = 0 it is
sufficient to take

1 15 ti3 —Re{@E}
o 1 o T3
T= 0 O 1 — ’
0 O 0 1

where t15 = e~ ¥/2(rc!! — 2¢))/(2r), t13 = e~¥%/2cY /r (we mean that 2z’ = e, ¢!/ = Re{c"e¥/?}, ¢ =
Tm{c"e~/%}).
Thus, we have reduced the matrix N — AI to the form

1 1 0
0 0 z
0 0 (1+ir)z
0 0 0

0
0

N-M=| g lzl=1, reR>0.
0

Now there remains to show that the numbers z and r are H-unitary invariants.
First note that for a block triangular matrix

Tn Ty Ts
T=| 0 Ty Ts (79)
0 0 T
to reduce N — AI to the form N — AI, where
0N N\ 0 N N
N-XM=|(0 N3 Ny |, N-X=[0 N3 N, |,
0 0 0 0 0 0
it is necessary and sufficient to have
NTy = TiN; +ToN (80)
NiTs + NoTg = T1]’\\7; + sz\\f; (81)
NsTy = TuN; (82)
NsTs + NyTs = T4JV4. (83)
If
0 0 I
H=|(0 H 0],
I 0 O
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then for (79) to be H-unitary it is necessary and sufficient to have

Wy = 1 (84)
TAH\TS + T5Ty = 0 (85)
TlTék =+ 7—'2.[:[11—'-—‘;k + T3T1* = 0 (86)
T4H1TIH1 = I (87)
Since any H-unitary transformation 7" such that
011 0 0 11 0
0 0O z T=T 0 00 Z
0 00 (1+irz - 0 00 (1+4iMz |’
0 0O 0 0 00 0

lz| = |Z| =1, r, 7 € R > 0, has to be block triangular (by Corollary of Proposition 1), systems (80) - (83),
(84) - (87) are applicable. Combining (80) and (87), we get |t11| = 1, hence (condition (84)) t44 = t11. Now
from (80) and (83) it follows that (2 + ir)z = (2 + iF)Z, hence z = z, ¥ = r, Q.E.D.

(c) ¥ = —1. The matrix N — AI can be carried into the form

, |2l =1, reR >0,

where z and r are H-unitary invariants. The proof is analogous to the case (b) above.

Thus, we have obtained the canonical form for each case considered. By using conditions (80) - (87) one
can eagsily check that these forms are not H-unitarily similar to each other. They are indecomposable due
to Proposition 2. Thus, we have proved the following lemma:

Lemma 4 If an indecomposable H-normal operator N (N : C* — C*) has the only eigenvalue \, dimSp = 1,
the internal operator Ny is decomposable, then the pair {N,H?} is unitarily similar to one and only one of

canonical pairs {(12),(15)}, {(13),(15)}, {(14),(15)}:

A1 0O
0O X 0 =z
N=149 0 a0 | FI=1
0 0 0 A
A1 1 0
0 A 0 2
N_ 0 0 )\ (1+zr)z 7|Z|_17T€%>07
0 0 0 A
A1l -1 0
0 A 0 .
N_ 0 0 )\ —(]_+Z/r-)z ,|Z|—177‘€§R>07
00 0 A
H = Dy,

where z, r are H-unitary invariants.
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5.2.2 n=5

Then dimVa = 2, dimV3 = 1 and, according to Theorem 1 from [1], after interchanging the 3-rd and 4-th

rows and colomns, we get:

0 a b c d 0 00 01

0 0 0 2z e 000 10

N-XM=|00020 f|,|]?/l=1,H=|( 0 0 1 0 0

0 00 0 g 010 00

0 00 0O 10 000

The condition of the H-normality of IV is equivalent to the system

az = gz (88)
2Re{ac} + |b? 2Re{eg} + |f|*. (89)

It is readily seen that a # 0, consequently, it can be assumed that a = 1 and g = 22 (see the paragraph after
(39)). Further, take the (H-unitary) transformation

1

OO O O

and reduce N — AI to the form

Applying now the transformation

1
T=L&| 0 eiorgf
0

0

1
0
0
0

0

b —

OO =

SO O OO
SO O =
OO O OO

]

b|?

o R oY
_o o oo

0 iIm{e'z?}

0
we get
01 0 ¢ d
000 2z mrz?
N-X=] 000 0 o
000 0 22
0 00 O 0

0
1

@I,

OO O O

o N L&

;/
\__/

, T1,T2 €§R, ro > 0.

We can assume that 7o > 0 because otherwise vs € Sy, which is impossible. From condition (89) of the
H-normality of N it follows that ¢ =y + 373 + irs (r3 € R). Keeping in mind these conditions, apply the

transformation
1 ti2 t13 O —%|1513|2
0 1 0 0 0
T=|0 0 1 0 —#3 )
0 0 0 1 —t19
0 0 0 0 1
where t12 = 717, t13 = (d" —r12(r1 + 173 +ir3))/r2, to the matrix N — AI. Then ¢’ = 1r3 +irs, " =0,

the rest terms of N — AI do not change. Renaming r» and r3, write out the final form of N — AI:

010

0 00 z
N-X=]000 0

0 00 0

0 00 0

1 .
57‘% +irs 0

0
1

2’2

0
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To prove the H-unitary invariance of z, ry, ro assume that

01 0 im’+im 0

i 000 F 0

N-X=[00 0 0 fo|, L, eR, >0, 2 =1,
000 0 7
000 0 0

and there exists a matrix T such that NT = TN (condition (36)) and TT™ = I (condition (37)). Recall that
T has block form (79) so that conditions (80) - (87) hold. From (82) it follows that ta3 = 0 and zt44 = Ztas.
Since taafss = 1 (87), 2|tas|? = Z, i.e., Z = 2, |tsa| = 1. Therefore, one can assume that

1 0 it
T, = 0 ¢33 0 , |t33|=1, teR
0 0 1

because it is allowed to divide T by its term tas = t44 of modulus 1. Now from (83) it follows that
t45 = itz, Fit33 = 7. As T, 7:1 > 0, t33 =1 and 7"‘1 = 7. Since t12 = —@ (COnditiOIl (85)) and
tag + (312 + ira)tag = (3717 + if)ti1 + Zt12 (condition (80)), 7 = ry. This completes the proof of the
H-unitary invariance of z, 71, r2.

Due to Proposition 2 the obtained form is indecomposable. Thus, we have proved the following lemma:

Lemma 5 If an indecomposable H-normal operator N (N : C° — C°) has the only eigenvalue X\, dim Sy =
1, the internal operator Ny is decomposable, then the pair {N,H} is unitarily similar to canonical pair

{(16),(17)}:
A1 0 3ri+iry O
0 X0 z 0
N = 0 0 X 0 r1 ) |Z|:1; 1,72 €§R7 ™ >07
000 A 2?
000 0 A
H = Ds,

where r1, ro, 2z are H-unitary invariants.

5.23 n==6

In this case dimV, = 3, dimVs = 1. The matrices N — AI and H, according to Theorem 1 from [1], have the
form:

0 a b c e
0 0 2z r» 0 f
|1 00 0 2 0 ¢ .
N -\ = 00000 h ,l2l=1,reR (90)
0 00 0 0 p
0 000 O0 O
or
0 a b ¢ d e
0 01 4r 0 f
1000 1T 0 g
N -\ = 0000 0 h , T ER, (91)
000 0 0 p
0 00 0 0O
0 0 01
| 0 D3 0 O
H= 0 0 1 0 |-
1 0 00



For a while we will consider these two cases together, assuming that

0 a b c d e
0 0 2z 2 0 f
1000 2 0 g _
N =) = 00000 h , |2l =1, z € C.
0 00 0 O0p
0 00 0 O0UO
Then the condition of the H-normality of N is equivalent to the system

az = zh (92)
aT+bZ = zh+23 (93)
2Re{ac} + D>+ |d> = 2Re{fh}+ g + p|*. (94)

As is customary, we can assume that a = 1, h = 22.

1 00
010
0 01
T= 0 0O
0 0 O
0 0O
It reduces N — M to the form
0
0
0
N -\ = 0
0
0
Further, take the transformation
1 z29' zd—x
0 1 0
|1 0 0 1
T= 0 O 0
0 O 0
0 O 0
and carry the matrix N — Al into the form
0
0
0
N =) = 0
0
0

Let us use the (H-unitary) transformation
0 0 0
—3ld?* —d 0

0 0 O
1 0 O
d 1 0
0 0 1

1 ¢ 0 €

0 z =z 0 f

0 0 2z 0 ¢

0 0 0 0 22

0 0 0 0 ¢

0 0 0 0 O

g 0 0 —1zd—=zg|
00
00 —zc +Tg'
10 —zg'
01 0
00 1

1 0 0 €

0 2 = 0 f"

0O 0 2 0 O

0 0 0 0 =22

0 0 0 0 p"

0O 0 0 0 O

Now note that p" # 0 because otherwise vs € Sg. Since the rotation of the vector vs about any angle does
not change the matrix H, we can assume that p” =73 € ® > 0 (we put 05 = €' *"9? v5). The transformation

0

0
0
0
1
0
0

OO OO -
OO OO -
S oo~ OO

6”/7‘2 _%'ell/,r2|2
0 0
0 0
0 0
1 —5"/7‘2
0 1
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reduces the matrix N — AI to the final form:

bIII

SO O OO O

oo n 8 O©

SO O OO O
o

1
0
0
0
0
0

SO O O W

Now we will distinguish the cases (90) and (91).
(a) z =1,z € §. According to conditions (93) and (94) of the H-normality of N,
24 0
2r? —r2/2 +irs
0 T1, T2, I3 € §R7
1 ’ ro > 0.
T2
0

=

1

[

|

>

~

Il
coocoooo
cCOoO0O0 O M
COoOO0 O M
coor~3IOo
coocooooO

Let us show that 71, ry, r3 are H-unitary invariants. Indeed, suppose some matrix 7' satisfies conditions
(37) TT™ = I and (36) (N — XI)T = T(N — AI), where

0 1 2ir;y 0 O 0
00 1 i 0 27%—m%/2+irs
- oo o 1 0 0 71, 72, 73 € R,
N == 0 0 0 0 O 1 ’ 9 > 0.
0 0 0 0 O T
0 0 0 0 O 0
From (36) it follows that
t11 ti2 ti3 tia t15  tie
tin t2z tas 0 tog
T— 0 tin taa 0O 36

0 0 ts4a tss tse

0
0
0 0 0 tun 0 46
0
0O 0 0 0 0 ¢t

Using (87), we get: tsa = 0, |t11] = 1. As above (see the argument before Lemma 5), we can assume that
t11 = 1. Then t34 = —#»3 (condition (87)) and #(F1 — 1) = t34 — t23 (condition (82)), hence, 71 = r; and
Retaz = 0. Further, from (83) it follows that ro = ratss, from (87) that |ts5| = 1. As re,72 > 0, 73 = rp and
t55 =1. Thus,

1 it tog O
. 0 1 4 O 2
T= 00 1 o0l t e R, 2Retoy +t° = 0.
0 0 0 1

Substituting Ty in (80), we get t1o = it, t13 = tog — 71t; replacing T5 by —T,H ;TS in (83), we have
i3 = ir3 — 2Retay — t2, hence 73 = r3. This completes the proof of the H-unitary invariance of vy, 72, r3.
(b) 0 < arg z < m,z € R. Applying the condition of the H-normality, we get

01 —-2irZmz 0 O 0
0 0 z ri 0 (2r2Zm%z —r2/2 +ir3)2?
0 0 0 z 0 0
N=A=14 ¢ 0 0 0 P ’
00 0 0 0 T2
00 0 0 0 0



where 11, 72, 73 € R, ro > 0. That the numbers z, r1, r9, r3 are H-unitary invariants can be checked as in
(a) above. That the forms obtained are not H-unitary similar can also be checked by the reader by using

formulas (80) - (87).

Because of Proposition 2 the forms obtained are indecomposable so that we have proved the following

lemma:

Lemma 6 If an indecomposable H-normal operator N (N : C® — C®) has the only eigenvalue X, dimSp = 1,
the internal operator Ny is decomposable, then the pair {N,H?} is unitarily similar to one and only one of

canonical pairs {(18),(20)}, {(19),(20)}:

A
0
N=| "

0
0
0
N(

OO O OO

[=NeNeNaip Y

, 1,2 € %, ro > 0,

ro

2iry 0 O 0
1 drr 0 2r2 —r3/2+4ir3
A 1 0 0
0 A0 1
0 0 A )
0 0 O A
1 —2iri{Zmz 0 O
A z ry 0 (2r2Zm?z —
0 A z 0
0 0 A0
0 0 0 A
0 0 0 0
z|=1,0<argz <m, r1,r2,r3 € R, 72 >0,
0 0 01
o Dy 00
H= 0O 0 1 0 |’
1 0 0 0

where z, r1, T2, T3 are H-unitary invariants.
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We will show that this alternative is impossible. Indeed, if dimV; = 4, dimV3 = 1, then, in accordance with

Theorem 1 of [1],

|
>~
~
I
[en B en B en B en B en B e B an)

a b
0 cosa
0 0
0 0
0 0
0 0
0 0
00
00
00
H=| 0 0
01
00
1 0

C

sinao

0

o O OO

S OO H OO

0

S OO OOO

SO OO+ O

SO o OO

0

SO OO OO®

_ O oo oo

0

<

o8 R

SO OO OO =

Therefore, the conditions of the H-normality of N are as follows:

a
0

b cosa + ¢ sina

2Re{ad} + |b> + |c|> + |e|?

23

gcosa

gsina

h

, 0<a<7/2,

2Re{gq} + |h]* + |p|* + |r[*.



Since sina # 0, ¢ = 0, hence a = 0. Thus, (N — A)vy = (N*] = XI)vy = 0 which contradicts the condition
SonS ={0}.

Thus, we have classified all indecomposable operators with one-dimensional subspace Sg. Now let us
consider the case when dim Sg = 2.

5.3 dim Sy =2

Let Sy be 2-dimensional. Since the operator H; = H|g has only positive eigenvalues, one can assume that
H, = 1. Nj is a usual normal operator having the only eigenvalue A, hence, N; = AI. As a result, we have

Al N1 N
N=| 0 M N; |, (95)
0 0 Al
0 01
H=[0 1T 0 (96)
I 00
Below we will not stipulate that the pair {IV, H} has form {(95),(96)}.
For N to be H-normal it is necessary and sufficient to have
NiN; = NI Ns. (97)

According to Theorem 1, for indecomposable operators n < 8. Let us consider the casesn =4, 5, 6, 7, 8
one after another.

5.3.1 n=4
In this case C* = Sp+91,

O OO
O OO

(0 Ny \ _
Noar= (9 %)

OO0
(s>l enRESUIS

00

Condition (97) of the H-normality of N does not restrict the submatrix Ny (its terms a, b, ¢, d). If N» =0,
the operator N is decomposable because the nondegenerate subspace V' = span{vi,vs} is invariant for N
and N[¥. Thus, N, can be either of rank 1 or of rank 2 (rg Ny = 1 or 2).

(a) rg Ny = 2. Suppose an H-unitary transformation T

_(Th T>
=(% n)

reduces N — M to the form N — \I:

_(0 N c vy_ [0 N
woar= (0% moa= (0,

Then conditions (98) - (100) must be satisfied:

NoTs = 0 (98)
NyT, = TN, (99)
0 = T3Ns. (100)

Since N> is invertible, (98) holds only if T3 = 0. Hence, T is H-unitary iff

nTy = I (101)
T\Ty + T,T; = O. (102)
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From system (101) - (102) it follows that without loss of generality we can consider only block diagonal
transformations of the form T' =Ty ® T;~" because T> does not figure in equations (98) - (100).

Thus, the only condition (99) N, = T1]’\\7;T1* must be satisfied. Applying Proposition 3 from Appendix,
we obtain that the submatrix Ny can be reduced to one of the canonical forms

_( z e /3 (2 0
ve (5w ) we (5 0),

where z, 21, 20, 0 (|2 = 1, 0 € R > V3,0 < argz < wif o > V3, |21] = |%| = 1, arg z1 < arg z)
are invariants. For the latter form the operator NV is decomposable because the nondegenerate subspace
V = span{vi,vs} is invariant both for N and N [<], For the former we obtain the following canonical form:

re im/3

0 0 =z

N\ = 0 0 0 eim/3; |z| =1, 7 € R > /3,
0 00 0 T 0<argz<m ifr>+3.
0 0 0 0

(b) rg Ny =1. Then

ka kb
sz( fa. K ) lal 18] # 0, [k] + 1] # 0.

If la = kb, then v = bus — avy # 0 belongs both to Sp and S;, which is impossible (Sp N'S; = {0}). Thus,
we can assume that 1@ # kb. Taking the transformation T = Ty @ T} ™', where

n=(34).

o> Ql

we obtain one more canonical form:

=

.

~

Il
OO OO
SO OO
OO = O
co oo

Lemma 7 If an indecomposable H-normal operator N (N : C* — C*) has the only eigenvalue \, dimSy = 2,
then the pair {N, H} is unitarily similar to one and only one of canonical pairs {(21),(23)}, {(22),(23)}:

A0 z re /3
N=| O A0 em/3y |z| =1, r € R > V3,
1 0 0 X 0 " 0<argz<mifr>+3,
0 0 0 A
A0 0 0
0 X1 0
N = 0 0 X 0|’
0 0 0 A
(0 L
i=(n %)

where r, z are H-unitary invariants.

Proof: The possibility to reduce N to one of forms (21), (22) is proved before the lemma. The argument
in (a) above shows that these forms are not similar, hence, they are not H-unitarily similar. Thus, we must
only prove the indecomposability of V.
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Show that the first canonical form is indecomposable. Assume the converse. Let some nondegenerate
subspace V be invariant for N and N*. Then there exists a nonzero vector wy € V : wy € So. Therefore,
Jws = avs +buvs +v €V (v € Sy, |al + b #0).

(N =X)wy = azvy +b(re” ™ 3z0; + €™ z0,),
(NM —XDwy = a(zv, + rei™3zvy) + be~ 7/ 3zv,.
Since min {dim V,dim VIH} < 2, it can be assumed that dimV < 2. As the vectors w; and wy are linearly

independent, we get dim V = 2. Therefore, the vectors (N — A)ws and (NI — XI)w, must be linearly
dependent, i.e., the following condition must be satisfied:

(a+ bre /%) (are’™® 4 be /%) = abei™/3. (103)
Since (103) breaks if either a or b is equal to zero, we can rewrite (103) as follows:

(%)21"6"”/3 + (%)(e_i”/3 — e84 p?) 4 e /3 = 0, (104)

Discriminant of (104) is equal to r* — 2r? — 3. Since r? > 3, it is nonnegative. Therefore,

a_i\/ﬁ—r2ﬂ:\/r4—2r2—3

b r(1+iv/3)

Consequently, |#|? = 1(r?—1Fvr* — 2r2 — 3), therefore, [wa, (N—A)ws] = 2[b]*(|$|? + %rei™/3 4 e~im/3) =
0. Thus, the subspace V is degenerate, i.e., the operator N is indecomposable.

For the second matrix N we see that the vectors (N — Al)ws and (N LIy . Jwy (w2 = avs + buy + v,
v € Sp) can be linearly dependent only if a = b = 0. Therefore, N is also indecomposable. This concludes
the proof of the lemma.

5.3.2 n=5
The matrix N — Al has the form

0 0 a ¢ d

0 N1 N2 0 0 b e f
N-X=0 0 Ns =| 0 0 0 g h
0 0 0 00 0 0O

00 0 0O

so that condition (97) of the H-normality of N amounts to the system

la| =gl
ab = gh
bl = |hl|.

The latter means that g = @z, h = bz (|z| = 1). Note that a and b are not equal to zero simultaneously
because otherwise vz € Sy, which is impossible.
Take the transformation T =T, & I ® T}, where

T = ( Z tia ), atos 75 bt1o,
tao

and reduce N — AT to the form

001 d

000 & f
N-x=|000 2 0|,z=1

000 0 O

00 0 0 O



Now we fix the form of the submatrices N; and N3 so that the following transformations will change only
the submatrix Na. At first, apply the transformation

I T, —iTTs
T=(o0o 1 -1y |, (105)
0 0 I

where Ty = (0 d'), and reduce N to the form

A0
N, = ( e f” ) .

Now let us consider two cases: f” =0 and f" # 0.
(a) f" =0. Then e” # 0 because otherwise vs € So. Subjecting N — AI to the transformation T' =

Ty ®I® Ty, where
1 C"
Ty = ( 0 e > ’

00

(b) f"#0. Then one can assume that |f"| = 1 (to this end it is sufficient to put 02 = +/|f"|va,

’l’)\,% = 1)5/\/ |f”|) Thus, f” =2z, |Z]_| =1.
If 22 # z, then N is decomposable. Indeed, applying

we get

T -TWTy -iTTeTs
T=1| 0 I Ts
0 0 Tt

: (106)

where _ )
1 ze"/(1—-22 — _
ni= (o 2T ) m= (0 gwsa-z ).
we reduce N> to the diagonal form Ny = ¢ @ z;. Now the nondegenerate subspace V = span{vs,vs} is
invariant for N and N[ hence, N is decomposable.
Let 22 = 2. Note that if e” = 0, then N is decomposable (V = span{vs,vs} is nondegenerate, NV C V,
NV C V). Thus, e # 0. Taking transformation (106) with

1 iz.c/le" . .
= (o BEE) n= (eat s epepyz ),

where ¢}/ = Re{d"zZ1}, ¢4 = Im{c"Zz1}, we reduce N> to the final form

N2:(0 0 ),r:|e"|>0.
T 21

Lemma 8 If an indecomposable H-normal operator N (N : C® — C®) has the only eigenvalue X, dimSy = 2,
then the pair {N, H} is unitarily similar to one and only one of canonical pairs {(24),(26)}, {(25),(26)}:

A0 1 00

0 x 010
N=]100 X z 0], |2/=1,

00 0 X0

0 0 0 0 A
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A0 1 0 O
0O X0 r =z
N=|0 0 X 22 0 |,zl=1,reR>0,
0 00 X O
0 0 0 0 X
0 0 I,
g=| o 5 o |,
I, 0 0

where z, r are H-unitary invariants.

Proof: The possibility to reduce N to one of forms (24), (25) is proved before the lemma. Hence, it is
necessary to show that these forms are indecomposable, are not H-unitarily similar to each other and their
terms z, r are H-unitary invariants. These statements may be proved as follows.

For the block triangular matrix

T Ty T3
T=| 0 T, Ty (107)
0 0 T
to satisfy condition (36) NT = TN, where
0 N N, ) 0 N N,
N-x=[0 0 Ns |, N=xI=|0 0 N |,
0 0 0 0 0 0
it is necessary and sufficient to have
NT, = TN (108)
NiTs + NyTg = TiNy+TyNs (109)
NyTs = TyNs. (110)

If H has form (96), then for (107) to be H-unitary it is necessary and sufficient to have

T = 1 (111)

T\T: + T,T; = 0 (112)

T\T; + T3 + TsTy = 0 (113)
T = I (114)

If an H-unitary transformation T' reduces matrix (25) (the second) to form (24) (the first), then from
Corollary of Proposition 1 it follows that T has block form (107) and, according to (36),

T, = ( %1 bz ) (115)

tao

Apply condition (109), replacing Ts by Ty~ (111), Ty by —T1T¢Ty (112). Then we get: z/fa2 = 0. This
contradiction proves that the canonical forms are not H-unitarily similar.

If
001 0 O 001 0 O
000 r =z 00 0 7 2
000 220 |T=T71000 2 0],
000 O O 000 0 O
000 0 A 00 0 0 A
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|z| = |2| =1, r,7 € ® > 0, then T has form (107), the submatrix T; having form (115) and ¢11 = t33. Since
|ts3] = 1 (condition (114)), we can assume that t;; = t33 = 1. Replace Ts by Ty " and apply (110); we have
#? = 22. Now substitute 77" for Ts and —T, T for T in (109). We obtain

tss = 3t (116)
r—zliz[las = Ftas — 2’taotss (117)
Z/E = §t22. (].].8)

From (].].8) it follows that |t22| = ]., zZ=z. Hence, 1/@ = t22, t35 = Zt12 and r = ’thg. Therefore, r= f|t22|,
i.e., ¥ = r. Thus, the numbers z,r are H-unitary invariants of canonical form (25). That z is an H-unitary
invariant of (24) can be checked in the similar way.

There remains to prove that matrices (24) and (25) are indecomposable. The proof is by reductio ad
absurdum. Suppose some nondegenerate subspace V is invariant for N and N*| (N has form (24)). As
min{dim V,dim VI*1} < 2, we can assume that dim V < 2. Since there exists a vector wy # 0 € Sp :
wy € V, there exists also a vector wy = avz +bvy +cvs +v € V (v € Sy, |b| + |¢| # 0). As the vectors
(N = M)ws = avy + b(vy + zv3) and (N (- AT Jwa = azv; + bvs + cv; must be linearly dependent, we
obtain b = 0. But in this case the subspace V' will be degenerate because [(N — AI)wy,ws] = 0. This
contradiction proves the indecomposability of (24). Now let us check the indecomposability of (25). Suppose
a nondegenerate subspace V is invariant both for N and N, Then, as before, Jw; #0 € Sp : w; € V and
Jwy = avs+bvs+cvs+v €V (v € Sy, |b| +|c| # 0). Therefore, the vectors (N — A\ )ws — zz(N[*] —A)wy =
brvs —crz2v, and (N=Aws = avy +brvs +b22v3+czvy have to be linearly dependent. Hence, b =0 = ¢ = 0.
The contradiction obtained proves that (25) is also indecomposable. The proof of the lemma, is completed.

5.3.3 n=6
The matrix N — A has the form

Ny

0
N-X=]|0 0
0 0 ¢ d

Ny a b
N3 , where N; = ( ) .
0

The submatrix N; is not equal to zero because then condition (97) of the H-normality of N implies N3 = 0
so that vz, vs € Sp, which is impossible. Thus, we must consider two alternatives: rg Ny = 2 and rg N; = 1.

(a) rg Ny = 2. At first apply the transformation T = Ny @ I @ N;'; it takes N; to I. Since N; has
become equal to I, N3, according to (97), has become unitary. Recall that any unitary matrix is unitarily
similar to some diagonal one with nonzero terms of modulus 1; moreover, this representation is unique to
within order of diagonal terms. Thus, U (UU* =I): N3 = U*N3U, where

N; = ( a0 ), |21] = |#2| =1, arg z1 < arg z». (119)
0 zZ9
If we subject N — AI to the transformation T = U & U @ U, then N3 maps to (119) and Ny = I does not
change.
Note that if z; # 22, N is decomposable. To check this it is sufficient to reduce
_(e f
Ny = ( g h ) (120)
to the diagonal form by means of transformation (105) with the submatrix
T, = ( B 0 @-7f)/(1—Ziz) )
(f —z29)/(1 — 2172) 0

(this transformation does not change N; and N3). Now the nondegenerate subspace V = span{vi, vs,vs} is
invariant for N and N hence, N is decomposable.

29



Thus, for N to be indecomposable N3 must be equal to zI. Show that in case when z = —1 N is also
decomposable. Indeed, apply the transformation
U _%NQU —%NQNQ*U
T=1| 0 U %NQ*U ,
0 0 U

where U is a unitary matrix reducing N>+ Ny to the diagonal form (U is known to exist). Then N> becomes
diagonal; we already know that in this case N is decomposable.
Thus, N = zI, z # —1. Now we will apply only transformations preserving the submatrices N; and N3.

First let us take (105) with
0 0
n=(7 )

e 0
N2:(g/ h/>-
_ ti3 0
T2_<0 t24)7

where Re{t13 + 2t13} = Ree’, Re{tas + 2t24} = Re h' (since z # —1, these equations are solvable for any e’
and h'). After this transformation
_ 7:’!‘1 0
(0

One can assume that g’ = r3 € > 0. To this end it is sufficient to put v = e’ 29 9 vy, g = et 979 9'114,
vg = €' %799 vg. Now apply the transformation

T, T\Ty, —ITTeTs
T = 0 Tl —T]_TQ* , where
0 0 T

and carry submatrix (120) to the form

Further, apply transformation (105) with

1 1
Tl:l/‘/i( _GED/le+1] GrD/lz+1] )

1 —r3/|z + 1] 0 )

T = - ) )
2 2((zrg—zrl)—rg(z+1)/|z+1| r3/|z + 1|

We get:
iry 0 1
Ny = ( g/} ir! ) ) 7',1 = i(rl +1r2).
As above, we can assume that ¢"’ € R > 0. For N to be indecomposable g” must be nonzero so that g” > 0.
This is the final form of the matrix N — AI:

0 iTl
T2 )
z 2| =1, z # -1,

0
r
0
0 =z > or,re €R, T2 > 0.
0
0

=

(121)

OO O OO

0
0

[evlien B en B en Bl an]
SO O =
SO OO ~=O

Let us show that z, ry, r2 are H-unitary invariants. To this end suppose that an H-unitary matrix T
reduces (121) to the form

0 I N, . 3 }
; — =1 ~1
Nex=[00 21 | . N=(™ 0 Jl=1z#-1,
0 0 0 ro 1Ty T1,T9 € §R, r9 > 0.
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By Corollary of Proposition 1, T must have block triangular form (107), therefore, systems (108) - (110) and
(111) - (114) must hold. From (108), (114), and (111) it follows that Ty = Ty = T = T;~"'. Now from (110)
it follows that Z = z. Combining (112) and (109), we get Ny = T1 NoT7 + 21517 + Th Ty . If we denote

) tl
rj=nry=( )
21 22

and write out the general form for 2 x 2 unitary matrix

081 msz
T = , o €10,1], = |sy| = =1, 1292
' ( V1—0%s3 —g51s283 > 0 € (0,1}, [sa] = foa] = ol (122)

then we obtain

it = i1+ 0y/1— 0%FTsars + 2ty + 15y
iry = iry — 0\/1— 0®51safs + 2thy + 1.

Summing these equalities, we get
2iry = 2y + 2t} + thy + 2thy + thy.

It is easy to check that if Re{zt +#} = 0 (z # —1), then ZTm{zt + t} = 0. In our case t;; + th, plays the

role of ¢, therefore, we have zt}; + t; + 2thy + thy = 0. Hence 71 = r1. Let us check that from the obtained
equality 71 = r; it follows that 75 = ro. Indeed, 2Ny — Ny =T} (zN;= — N,)T7.

NP =Ny = ( —iri(z+1) 279 >;

—Tro —ir1(z+1)

the determinant of 2N — N,, which does not change the similarity, is equal to —r?(z + 1)? + zrZ, hence

ry = 752. Since sign of 75 coincides with that of 73, 72 = ry. The proof of the H-unitary invariance of the

numbers 71, ro is completed.
(b) rg N; = 1. Let us show that in this case N is decomposable. In fact,

ka kb

Taking T =T, @ I @ T; ™", where

t k
T = ( 1 I ) , lt11 # ktoy,

o1

0 0
w=(00).

Without loss of generality one can assume that a # 0 and, therefore, that a = 1 (this may be achieved by
putting 0 = avs, s = ve/a). If b # 0, apply the transformation Ty ® Ty ® Ty, where

n= () ey ) = (UYL bR )
1 0 1/4/1b2+1 )’ 4 b/\/m _e—zargb/\/m )

to the matrix N — Al (we mean that a = 1). Then we obtain
00
(0 9).
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According to (97),

[ 0 2zcosa . .
N3 = ( 0 zpsina ), |21] = |22| =1, 0 < a < w/2.

Since v4 €Sy, sina # 0. Therefore, we can apply the transformation T of form (105), where

T, = ( 7 = =igeosa)(zasin) )

(N2 has form (120)). Under the action of T' the submatrices N, and N3 do not change but the submatrix No
becomes diagonal. Now the nondegenerate subspace V' = span{vy,vs} is invariant for N and N, hence, N
is decomposable.

Lemma 9 If an indecomposable H-normal operator N (N : C® — C°) has the only eigenvalue X, dimSp = 2,
then the pair {N, H} is unitarily similar to canonical pair {(27),(28)}:

A0 1 0 g O
0 XN 0 1 T2 iTl
No |00 X0 = 0 2| =1, z # —1,
a 0 00 X O z r1,r9 € R, ro >0,
00 00 X O
0 000 0 X
0 0 I
H=| 0 L 0o |,
I, 0 0

where z,11,7T2 are H-unitary invariants.

Proof: It is necessary to prove only the indecomposability of the canonical form because the rest was
proved before the lemma. Suppose that a nondegenerate subspace V' satisfies the conditions NV C V,
NV C V. As above, we can assume that dimV < 3 (see the proofs of the previos lemmas). Since Jw; # 0 €
So:wy €V, Iws = avs+bvg+v € V (v € (So+9), |a|+|b| # 0). The vectors (N —AI) (NI ws = avi+bvs
and (N — I — z(N[*] — M)wsy = air (14 2)vy — brazvy + biry (1 + 2)ve + arav, must be linearly dependent
because otherwise Sy C V and dim V > 4. Therefore, —b?roz = a?ry. Since z # —1, a = b = 0. This
contradiction proves that N is indecomposable. The proof of the lemma is completed.
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The matrix N — Al has the form

0 N1 No o b e
N-XM=]10 0 N3 ,wherele(d e f)'
0 0 0

As in case when n = 6, one can check that N; # 0, therefore, we must consider the cases rg N; = 1 and
rg N1 = 2. Show that the former alternative is also impossible. Indeed, if rg N; = 1, then

ka kb kc
M= (B W R ) el ol el £ 0, ]+ o

Applying the transformation T =Ty & I & T; ™", where

t k
T, = ( tll I ) , Ity # ktog,
21

we reduce N; to the form



Then from condition (97) of the H-normality of N it follows that

N3 =

coo o
E & »

Since there exists a nontrivial solution {a;} of the system

aoq +bas+cas = 0
sa; +uas +was = 0,

the nonzero vector v = a1v3 + a2v4 + agvs belongs to Sp, which contradicts the condition So NS = {0}.
Thus, rg N1 = 2. Then without loss of generality it can be assumed that

det(z 2)760.

Take the block diagonal transformation 77 @ I & T} ~1, where

It reduces N; to the form

Then we get

Nowtake T =T, T & Tl*’l, where

?

0

R YVIFITE 0 —d'//T+ [P
Tl = ( 1 ) ) T2 = 0 1 0
0 1+ [

and get the final form of the submatrix Ni:

Now consider the submatrix

r S
Ng— t u
vow

If v and w are both equal to zero, then vs € Sy. Therefore, we can assume that |v|> + |w|?> # 0 and can
apply the transformation T'=T, & Ty & I & T, where

T _( o] + |w]* T/ + Jw]? )
' —o/ /ol +[wl* W/ v +[w )
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Then

! !

r s
Ny=| t o |, w =|v2+]|w?>0.
0

If s' # 0, replace s’ by || by putting v = ei"”g sllvl, U3 = €t ors 3111?, Og = €t9795 yg. If s’ = 0, then apply
the transformation o7 = e=# %9y, 03 = e~4 99V vz, U5 = 71979t g and replace t' by [t'|. Now we can
assume that s € R > 0 and if s =0, then ' € ® > 0.

Now let us apply condition (97) of the H-normality of N. We obtain:

—z1Z3c0sa  sinacosf
N3 = z18tna zacosacosf |,
0 sing

|21l = 22| = 1,0 <, <7/2, B #0, z1 = 1if sinacosB =0, z2 = 1 if @ = 7/2. Let us show that in case
when o = 0 N is decomposable. Indeed, under the action of (105), where

T, — 0 P (h—Dzycosacosf)/sing
>~ 0 o0 0 ’

w3 4)
P q

becomes diagonal. The nondegenerate subspace V' = span{vi,vs,vs} is now invariant for N and N (<] hence,
N is decomposable.
Thus, a # 0. Applying transformation (105) with

(0 tiy tis
Tz_(() tag o5 )’

the submatrix

where
tiu = g/(z1sina)
tis = (h—tiuazecosacosf)/sins
toay = (p—t14)/(z15in0)
tas = (g —t2a — taszacosacosf)/ sin 3,

we reduce N, to zero without changing N; and N3. This is the final form of the matrix N — AI:

001 00O 0 0
000 10 0 0
0 0 0 0 0 —zzZ3cosa sinacosf

N - = 0 0 0 0O z18ina zacosacosf |,
0 00 00O 0 sinf
000 0O 0 0
000 0O 0 0

|z1]=|22|=1,0< a,8<7/2, 5 =1 f=7/2, 20 =1if o =7/2.

Show that 21, 22, @, § are H-unitary invariants. Suppose an H-unitary matrix T reduces N — AI to the
form

0 N O
N—-X=|0 0 N3 |, where
0 0 0
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— %1 25C08& sindcos,@
1 0 0 ~ ~ . ~ - >
N, = 01 0) N3 = 218ind zzcosagosﬂ ,
0 sinf
|71] = |2 = 1,0 < &,8 < /2, 21 = 1if § = /2, 73 = 1 if @ = 7/2. Therefore, T has block triangular
form (107) and conditions (108) - (114) hold. Combining (108), (114), and (111), we get: Ty = T1 @ t55
(|t55| = 1), T =T = Tgil. Now from (110) it follows that Ty = t11 @ tao (|t11| = |t22| = 1),

tossinacosB = ty1sindcosf
t112z18ina =  t99218Ina
t2287:n6 = t555in6,

hence t11; = tas = t55, hence N3 = N3, ie., @ = «, 8 = 3, 21 = 21, 22 = 29. Thus, a, 3, z1, 22 are H-unitary
invariants.

Lemma 10 If an indecomposable H-normal operator N (N : C7 — C7) has the only eigenvalue X, dim Sy =
2, then the pair {N, H} is unitarily similar to canonical pair {(29),(30)}:

A0 1 00 0 0
0 X010 0 0
0 0 XN 0 0 —z7Zcosa sinacosf
N = 0 0 0 X O 218inq zocosacosf |,
0 0 0 0 A 0 sinf
0 00 0O A 0
0 00 0O 0 A

|z1|:|22|=1,0<a,ﬂ§7r/2, Z]_:lzfﬂzﬂ'/z, Z2=1'ifOt=7T/2-

0 0 I
H=| 0 I 0 |,
L 0 0

where 21, 22, T, a, B are H-unitary invariants.

Proof: We have to prove only the indecomposability of the canonical form because the rest was proved
above. The proof, as is customary, is by inductio ad absurdum. Suppose a nondegenerate subspace V is
invariant for N and N; then we can assume (see the proofs of the previous lemmas) that dim V' < 3 and
Jwy = avg+bvr+v €V (v € (So+ S), |a| + |b| # 0). Then some nontrivial linear combination of the vectors
(N = XDws = avs + bug +v' (v € Sp) and (N — A)ws = a(—217acosavs + 21 sinavy) + b(sinacosBus +
22c080ic08Bvg + sinPus) + v" (v € Sp) must belong to Sp. This implies b = 0 = a = 0. The contradiction
obtained proves that IV is indecomposable. The proof is completed.

5.35 n=28
In this case
0 N]_ N2
N-X=[0 0 N ,wherele(Z ;’c ¢ Z)
0 0 0 g

As in case when n = 7, one can check that for the condition S NSy = {0} to hold the rank of N; must be
equal to 2. Without loss of generality it can be assumed that

det(Z ?);Ao.

As before (in case when n = 7), taking the block diagonal transformation T'=T; & I ® T} ™', where
a b
Tl - ( e f ) )
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we reduce Nj to the form
1 0 ¢ d
Nl_(o 1 ¢ h’)'

The results for the previous case n = 7 let reduce the submatrix Ny to the form (I 0). Indeed, there
exists a transformation

ts3 34 t35 O
T=T 0T, ®T:", where Ty =T} ~! = ::2 ::i i‘;: ol
0 0 0 1
that reduces the submatrix N; to the form
1
M=o 90 w)
and there exists a transformation
t33 tza 0 36
T=TieToT; ", where T, =75 = | f8 fe 3 s |
tes tea 0 Tes

that reduces the obtained submatrix N; to the desired form

1000
Nl—(o 10 0)' (123)

Now consider the submatrix N3 and its submatrices N3 and Nj':

N} t wu
N3:<NZ’)’ Né:(f Z)’NZ’I)I:(U w)

Note that N{ must be nondegenerate because otherwise the system

ta; +0as = 0
way +way = 0

has a nontrivial solution {a;}?, hence, the nonzero vector v = ajvs + asvs belongs to S.

Thus, N§' is nondegenerate. Recall that any nondegenerate matrix is a product of some selfadjoint
positive definite matrix and some unitary one. Consequently, Ni' = RU, where R is selfadjoint positive
definite and U is unitary. Let U; be a unitary matrix reducing R to the real positive diagonal form. Taking
T=UU,®U*U; @ Uy ® U*U;, we carry N into the form

0
Nélz(%l ro ),Tl,TQG%,0<T1ST'2

without changing the submatrix N;. Now we have

~
~

P q

_f N3\ _ | &
Na = ( Ny ) B B
0 T2

Further, apply transformation (105) with

_ (0 m (k=r'm)/ry (I—sm)/r,
T2_<Org romr ;/7;127“>
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and reduce the submatrix
(1)
m n

to zero. Finally apply condition (97) of the H-normality of N. We get: ro < 1. Show that if r; = rs,
then N is decomposable. In fact, if r; = 7o = 1, then from (97) it follows that N = 0, hence, the
nondegenerate subspace V = span{v;,vs,vs,v7} is invariant for N and N [*] hence, N is decomposable. If
r1 =712 < 1, then the matrix Nj/4/1 — r? is unitary, therefore, there exists a unitary matrix U that reduces
Nj to the diagonal form. Then the transformation T'= U @ U @ U @ U does not change the submatrices
N; = (I 0), N; =0, N{ =riI and reduces N} to the diagonal form. Now it is seen that N is decomposable
(V = span{vi,vs,vs,vr} is nondegenerate, NV C V, NV C V). Thus, in either case N is decomposable.

There remains to consider the case when r < ro. If ¢’ # 0, let us replace ¢’ by |¢'| by means of
the transformation &7 = e?979% vy, 03 = €999 vy, G5 = €199 vy, 7 = €199y, If ¢' = 0, let us put
b1 = eIy, Gy = e 19T g g = e 9T s 7 = e~ 1979 ™ 7. Then r' will be replaced by |'|. Thus,
one can assume that ¢’ € ® > 0 and if ¢’ = 0, then ' € £ > 0. Applying (97) and renaming the terms of
N3, we get
—z1Zzsinacosf  cosacosy

z1cosacosf  z28inacosy
sinf 0 ’
0 siny

Ny = (124)

21| = |22| =1,0< B < v <7/2,0 < a <72, z1 = 1if cosacosy =0, z2 = 1 if a = 0. We already know
that if Nj is diagonal, N is decomposable. Therefore, a # 7/2. As a result, we have:

0 Nt 0
N-X=[0 0 N; ,le(é (1] 8 8) (125)
0 0 0

N3 has form (124),
|21 = 22| =1, 0< B<y<7/2, 0<a< /2,
ann=1lify=n/2, »=1if a=0.
Check the H-unitary invariance of the numbers a, 3, v, 21, and z2. To this end suppose that an H-unitary
matrix T reduces N — AI to the form N — AI, where N — AI has form (125), (124), (126),

(126)

Ny 0

0
N-x=[o N |,
0

0

0

N; has form (123), N3 has form (124),

—5Zsindcosﬁ €cosacosy
z1cosaicos3 Z8indcosy

sinf 0 ’
0 siny

N =

21| = |22| =1, 0< f <7 <7/2, 0< & < /2,
Si=1lify=n/2 H=1if a=0.
Then T has form (107) and conditions (108) - (114) hold. From (108), (114), and (111) it follows that
Thw=ThoT, T\Ty =1, Ty =Ts = T;'. From (110) it follows that NyT; = T‘{JV;’. Taking into account
general form (122) of a 2 x 2 unitary matrix, we can check that this equality implies Ty = Ty = t11 © ta2
([t11] = |t22| = 1), B = B, % = +. Applying (110) again, we get

taacosacosy = t11€C08QCOSY

t1121c080c083 = t9az1c0sacosf,

hence t1; = t22, hence N3 = N3, i.e., @ = o, 21 = 21, 23 = 2.
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Lemma 11 If an indecomposable H-normal operator N (N : C® — C®) has the only eigenvalue )\, dim Sy =
2, then the pair {N, H} is unitarily similar to canonical pair {(81),(32)}:

001 0O0O0 0 0

000 1O0O0 0 0

0 0 00 0 0 =—zzsinacosB cosacosy

0 00 00O z1cosacosf3 29 §INQCOSTY

N=AM=14%00000 sin 3 0 ’

0 00 0O0TO 0 sin 7y
000 0O0°TO 0 0
000 0O0TO 0 0

lz1] = 22| =1, 0<a<7/2,0< B <y <7/2,
an=1ify=n/2, 22=0ifa=0.

0 0 I
H=| 0 I, 0 |,
L 0 0

where 21,22, a, 3,7 are H-unitary invariants.

Proof: We must prove only the indecomposability of the canonical form. Assume the converse. Then
(see the proofs of the previous lemmas) we can assume that dimV > 4, wo = avy+bvs+v €V (v € (So+5),
la| + |b] # 0). The vectors (N — AI)(NM — XDwy = avy + bvg, (NP = XI)?wy = a(—Z1228inacosfv; +
cosacosyvy) + b(Zrcosacos vy + Zzsinacosyvs) and (N — X )2wy = a(—z1Zzsinacosfv; + zicosacosPus) +
b(cosacosyvy + zasinacosyvy) must be collinear because otherwise we get Sy C V, but since the condition
NSy C (S1 + So) does not hold, we obtain dim V' > 4. Thus, let us write the conditions of the linear
dependence (if a or b is equal to zero, the vectors are not collinear):

. b a .
—Z1228inacosB + ZicosacosfB— = cosacoswz + Zzsinacosy
a
. b a .
—z217Z3sinacos + cosacosy— = 21 cosacosﬂg + z98inQCOsY.
a

If we replace the last condition by its complex conjugate and subtract it from the first, we obtain:

b b a a
Z1cosacosf— — cosacosy(=) = cosacosy — Z1cosacos (E)
a a
or
— lal* + [b]? lal* + [b]?
Z1C0SQCos———=——— = coSQCcosy—————.
ab ab

Modulus of the left hand side must be equal to that of the right hand side, i.e., cosacosf = cosacos~y. Since
cosa # 0, cosf = cosv, hence, 3 = . But for our canonical form g < . This contradiction proves the
indecomposability of the operator N.

We have considered all alternatives for an indecomposable operator N and have obtained canonical forms
for each case. Thus, we have proved Theorem 2.

Appendix
Canonical Forms for 2 x 2 Matrices under Congruence

Proposition 3 Any invertible matrix A of order 2 x 2 is congruent to one and only one of the following
canonical forms:

z pe~im/3; .
A= 0 ein/3, ,|z|:1,QG?TEZ\/g,OSargz<7mfg>\/§, (127)
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A= ( 201 zO ), |z1] =1, |22| =1, arg z1 < arg za, (128)
2

where z, z1, 22, 0 form a complete a minimal set of invariants.
Proof: Consider the matrix 4' = AA* 1. If A = TAT*, then A" = TA'T! so that spectral properties of

A" do not change under congruence of A. Reduce A’ to the Jordan normal form. Since |det A'| = 1, there
exist three such forms:

A= ( o 3?2 ) 21 £ o, |orms| = 1, [21] < 1, (129)
A'=zgl, |z| =1, (130)
A':(g ;16),|g;|=1. (131)
(a) A’ is reduced to form (129). Since A = A'A* we have
A= ( °? ) - ( gi; 22 > — A4 (132)

It is seen that either b =c =0 or arg x1 = arg z».

If |z1] < 1, then from (132) it follows that a = d = 0; since A is invertible, b and ¢ are nonzero, therefore,
arg z1 = arg z». Now let us consider the function f(o) = 5(1 — ¢®> — /(0% + 1)(¢® — 3)) of the real variable
0. Tt monotonically decreases on the interval (v/3, +00), f(v/3) = —1, and lim,_,; « (@) = —oo0, therefore,
the equation f(p) = s has a root ¢ > v/3 for all s < —1. Let o be a root of the equatlon f 0) = —|:1:2| and
let e'97972 = —ei™/3,2 where |2| =1, 0 < arg z < 7. Then z1 = e™/322(1 — 0% + /(0> + 1)(0® —
z2 = £e/322(1 — 0* — \/(0? + 1)(0® — 3)), and from (132) it follows that

0 b
A= ( ¢ /3.2f(0)b 0 )a b#0.

Now the transformation

. ( | 1 2(e="/*f(0) - 1)/(B(f(2)? - 1)) )
e*"3of(0)/(e™* f(0) — 1) —e"/320/(b(f(0)” - 1))
reduces A to form (127) with ¢ > v/3. The numbers g and z cannot be changed under congruence because
the eigenvalues of A’ are invariants and from the condition e'™/322f(p) = e™/332f(p) (|| = |3 = 1,

0<argzargs<m, o, 0 € R>3) it follows that z = z, § = o.
If |z1| = 1, then from the condition z; # x5 it follows that arg z; # arg x», hence b = ¢ = 0. By taking
T = D5 one can interchange the terms a and d of the matrix A. Hence, we can assume that arg a < arg d.

Applying the transformation
T = < 1/+/]al 0 )
0 1/vld

we reduce A to form (128) with z; = e?979® 2, = i 2794,
To prove the invariance of z; and 25 suppose that A = TAT*, where A = 21 ® 29, A = 21 ® 23,

|z1] = |z2] = |21] = |22| = 1, arg 21 < arg 22, arg z1 < arg z3. Then
zilti ] + zltiz|? = 2 (133)
zityitor + zatiotay = 0 (134)
zitiitor + 2otiater = 0 (135)
Zl|t21|2 + Zz|t22|2 = . (136)

Since t11t21 = —Z122t12t22 (condiiton (134)), (135) holds only if (22 — 22)t12tes = 0. If 22 # 22, then t;, must
be zero because if t3o = 0, then ¢;; = 0 and, therefore, Z; = 23, 23 = 21, which contradicts the condition
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arg 71 < arg Z». Thus, t12 = 0, hence, to; =0, 21 = 21, 22 = 22. If 21 = 25, then, according to (133) - (136),

Z1 iZ1(|t11|2 + |t12|2), Zy = Z1(|t2A1|2 + |t22|2), hence 21 = 23 = 21 = 25. If 29 = —2z; and Etzz 75 0, then
t11t21 # 0 and 21 = 21([t11|? — |t12]?). Since [ta1|/|t22] = [t12]/|t11], 22 = Z1(|752_1|2 — [t22]?) = —Z1|t22|?/ [t11]?-
As arg z1 < arg z3, we get 21 = 21, Za = z3. The case when 25 = —z; and t15t22 = 0 can be considered as

before. Thus, we have proved the invariance of the numbers z; and zs.

(b) A’ is reduced to form (130). Then A = xA*, |z| = 1, this property being invariant with respect to
congruence. Since A is invertible, A = RU, where R is selfadjoint positive definite matrix and U is unitary.
Let T be a unitary matrix reducing U to the diagonal form A. After the application of T we have: A = RA,
where R = TRT™* is also selfadjoint positive definite. Now let T' be a lowertriangular matrix such that
TRT* = I. Then we reduce A to the uppertriangular form T*~1AT*. Since the term c of A is now equal to
zero, from the condition A = zA* it follows that b is also equal to zero, i.e., A is diagonal. We already know
that a diagonal matrix is congruent to (128) (see case (a) above). Thus, A can be reduced to form (128).

(c) A" is reduced to form (131). Let x = —e'™/322 (|z| = 1). Then the application of the condition
A = A'A* yields:
a b L in/3—
For A to be invertible b must be nonzero. Since |b| = |a + €™/32%a| = |aZ + e"™/3az| = |aZ — e~27/3q2| =

lei™/3az—e~"/3az| = 2|Im{e'™/3az}|, we see that Zm{ei™/3az} # 0. Let us chose z so that Zm{ei"/3az} > 0.
Applying the transformation

T =

V3 ( 1] 2izIm{az}|b| /b )
Ik e"3zb Z*(—2iIm{az} +az) )’

we reduce A to form (128) with ¢ = /3. It is clear that matrix (128) with ¢ = v/3 is not comgruent to that
with ¢ > 3 because in the former case A’ has the diagonal Jordan normal form in contrast to the latter.
Therefore, we must prove only the invariance of z. Note that if A = T AT*, where

B P \/ge—iﬂ/3z ~ 3 \/ge—iw/32 o
A_( 0 eiﬂ'/Sz )7 A_( 0 eiﬂ'/Sg ) |Z|—|Z|—1,
then 22 = 22 because the eigenvalue z = —ei™/322 of A’ does not change under congruence of A. Therefore,
1—3ei"/3 /3 —
A'=2 ( V3 e2im/3 | = Al

For T to satisfy the condition AT = T'A’ the matrix 7" must has the form

t11 t1o
T = . .
( ti2  t11 + it )
Now from the condition A = TAT* it follows that

Z|t11|2 + \/?_)eiiﬂ—/BZtnE + 6i7r/32'|t12|2 = Z (137)
thlg + \/ge_”/3z|t12|2 + e"”/3z(t11@ -+ i|t12|2) = 0. (138)

If t10 # 0, from (138) it follows that

ef'iﬂ'/GE + \/Eefir/Q +ei7r/6t1_1 +62i7r/3 =0,
12 12

which is impossible because the imaginary part of the left hand side is equal to Zm{/3e~¥"/2 + ¢2i7/3} =
—v/3/2. Therefore, t;5 = 0, hence (condition (137)) Z = z, i.e., z is an invariant. This concludes the proof
of the proposition.
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