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1. INTR ODUCTION. The aim of this paper is to present a slice of the linear algebra
of the 1950sand to give someanswers to questionsraised then. The motivation for the
piecewas provided by Helmut Wielandt. It was Wielandt's habit over many yearsto make
noteson papers that interestedhim in what he called \diaries" (Tageb•ucher). Thesediaries
were madeavailable by his family after his death in February 2001and are currently being
transcribed. Many notestherein amount to summariesof papers,but in other casesWielandt
would add questions, ideas, or even further results. In this article we discussone such
entry, which appears on page 35 of Diary VI I (1951) and will eventually be accessiblein
transcribed electronicform [24]. The entry concernsa paper that Wielandt reviewed for the
Zentralblatt [23]. We next turn to this paper.

In 1950,H. S. A. Potter, a mathematicianat AberdeenUniversity in Scotland,published
a note in this Monthl y [19] on the matrix equation

AB = ! BA: (1)

He called a pair of complexn � n matrices A and B satisfying (1) quasi-commutative. We
refer to such matricesas! -commutative (seesection2 for a de�nition of this term applicable
to generalrings). Otherwise we follow Potter's notation. It should be noted here that the
term \quasicommutativ e" hasalsobeenusedin a di�erent sense(see[18]).

Potter's principal result is the following theorem[19]:

Theorem 1 (P otter) Let A and B be complexsquare matricessatisfying (1), where ! is a
primitive qth root of unity. Then

Aq + B q = (A + B)q: (2)

In his note, Potter provesTheorem1 by deriving it from the generalexpansionof (x + y)q

for any nonnegative integerq and ! -commutativ e x and y for arbitrary complex! . This for-
mula, which we state as(3){(5), involvesthe classicalq-binomial coe�cien ts and is currently
referredto as the noncommutativeq-binomial theorem (see,for example,[1, Formula 10.0.2]
or [12, Exercise1.35],but beware: the q in the last sentence is our ! ). The result that (3){
(5) holds for ! -commutativ e operators is generally attributed to Sch•utzenberger [20]. We
call (3){(5) the Potter-Sch•utzenberger formula. It is of considerableinterest in the study of
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Figure 1: H. S. A. Potter is third from the right in the front row, A. C. Aitk en and
H. W. Turnbull are tenth and eleventh from the left, respectively, in the secondrow (seated);
H. Schneider is the fourteenth from the left in the fourth row. (Usedwith the permissionof
the MacTutor History of Mathematics Archive.)

quantum groups (see,for example, [16, p.75]). In fact, Potter's proof shows that it holds
under very generalconditions, which we examinein section2.

Potter cites and appliesresults from the book by Turnbull and Aitk en [22, p.148],where
a matrix X satisfying AX = X C is called a commutant of A and C. There all commutants
of A and C are determined under the assumption that A and C are in Jordan canonical
form. If A and B are ! -commutativ e, then clearly B is a commutant of A and ! A. The
generalquestion of commutants was also consideredby Goddard and Schneider [14]. One
might observe that all the mathematicians mentioned in this paragraph were in Scotland
in the early 1950s. Figure 1 shows the participants of the 1951 Edinburgh Mathematical
Society Colloquium at St. Andrews [26]. Four of the mathematicians who turn up in the
present article are pictured.

Wielandt's proof of Theorem 1 is reproducedand translated in section3. We comment
on it and present a variant form of it in section 4. Wielandt's proof usesmatrix theory
nontrivially and is basedon an insightful observation. However, it relies heavily upon the
assumptionthat ! is a primitiv e qth root of 1, and there is no obvious way of obtaining the
more generalTheorem2 using his methods.

In his diary, following the proof of Potter's theorem,Wielandt alsoraisessomequestions.
These include the construction of all identities satis�ed by ! -commutativ e matrices and
the determination of all irreducible pairs of ! -commutativ e matrices. Naturally unaware of
Wielandt's question,M. P. Drazin (then in Cambridge, England) to a largeextent furnished
an answer to the latter question in [9].

In section 5 we present the prenormal form obtained by Drazin [9] and show that the
classi�cation problem of ! -commutativ e matrices is equivalent to the classi�cation problem
of pairs of commuting matrices,both under simultaneoussimilarity. In section6 we demon-
strate that the converseto Potter's theoremdoesnot hold, not even for someof its weakened
versions.In section7 we determineall polynomial identities satis�ed by ! -commutativ e ma-
trices thus answering Wielandt's �rst question. Finally, in section 8 we discusswork on
! -commutativ e matrices precedingthat of Potter and Wielandt.
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2. POTTER'S PR OOF. We beginby examiningPotter's proof of Theorem1. In the �rst
part of the proof Potter doesnot assumethat ! is a root of unity, and for ! -commutativ e
matrices A and B he establishesthe generalformula (here stated in a slightly di�erent but
equivalent form)

(A + B)q =
qX

k=0

ckB kAq� k ; (3)

wherethe ck are determinedby

� k � q� kck = � q (k = 0; : : : ; q) (4)

and the � k are given by

� k =
kY

s=1

(1 + � � � + ! s� 1) (k = 0; : : : ; q): (5)

The coe�cien ts ck in (4), known as the q-binomial coe�cients , were well studied in the
nineteenth century in the theory of hypergeometricseries(see,for example, [1, chap. 10])
and in the theory of partitions (see[1, chap. 11] and [21, sec.1.3]).

Let R be any ring with identit y 1, and let ! , x, and y be elements of R. Let Z signify
the subring of R generatedby 1. Thus Z is isomorphic either to the ring of integersZ or
to Zm , the ring of integersmodulo m. We call x and y ! -commutative if the following three
identities hold:

! x = x! ; ! y = y! ; xy = ! yx: (6)

From Potter's argument we can obtain the following version of the Potter-Sch•utzenberger
theorem.

Theorem 2 Let R be a ring with 1, and let ! be an element of R. If x and y are ! -
commutative elementsof R, then

(x + y)q =
qX

k=0

ckykxq� k ; (7)

where the ck are given by (4) and (5).

We observe that the coe�cien ts ck lie in Z [! ] and thus there is no loss of generality by
consideringonly the subring Z [! ; x; y] of R.

Corollary 3 Supposethat Z [! ] is an integral domain. Under the conditions of Theorem 2,
supposefurther that

� k 6= 0 (k = 1; : : : ; q � 1) (8)

but that
� q = 0: (9)

Then
(x + y)q = xq + yq: (10)
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Evidently, if Z [! ] is a �eld and ! is a primitiv e qth root of 1 in R, then (8) and (9) are
satis�ed. Thesestatements also hold if Z = Zq and ! = 1. We alsonote that when Z [! ] is
an integral domain a necessarycondition for (10) to be satis�ed is that (9) be true.

A ring K [x; y] in two noncommutativ e indeterminates x and y over a central �eld K ,
where x and y are subject to the relation xy = ! yx for some! in K , is today called a
quantumplaneover K (see[16, p.72]).

3. WIELANDT'S NOTES. In Figure 2 we display a facsimile of page35 of Wielandt's
Diary VI I [24], dated 20 March 1951. The following is a translation of this note:

Quasi-commutative Matrices
New proof of a theorem of H. S. A. Potter (On the latent roots of quasi-commutative

matrices, Amer. Math. Monthly 57, 321{322 (1950)).
If AB = ! BA, and ! is a primitive qth root of unity, then (� ) (A + B)q = Aq + B q.
Proof: It is clear that (A + B)q = Aq + B q +

P q� 1
1 ckAkB q� k , where the scalars ck do not

depend on the special choice of of A; B (except for � ). If one chooses

A =

0

B
B
B
B
B
B
@

1
1

1
1

1

1

C
C
C
C
C
C
A

; B =

0

B
B
B
B
B
B
B
@

1
!

! 2

. . .
! q� 1

1

C
C
C
C
C
C
C
A

; (degree= q)

then (A + B)q = � E is a diagonalmatrix: Indeed, with T = BA � 1, it follows that T � 1AT =
! A, T � 1BT = ! B , and thus T � 1(A + B)T = ! (A + B), hence1 A + B has eigenvalues
�; �! ; : : : ; �! q� 1. Not all of them are zero due to the trace; the matrix (A + B)q hasonly � q

as eigenvalueand is, just like (A + B), transformableto diagonalform, so (A + B)q = � qE.
This implies that c1 = � � � = cq� 1 = 0, since otherwisea particular nondiagonalelementof
(A + B)q would be nonzero.

Problem:Determine all identities for A; B . Is everypair A; B with (A + B)q = Aq + B q

decomposableas

S� 1AS =

0

B
B
@

A1
. . .

Ar

1

C
C
A ; S� 1BS =

0

B
B
@

B1
. . .

B r

1

C
C
A

with
A � B � = ! � B � A � ; ! q

� = E?

Determination of all irr educiblepairs of quasi-commutative matrices?
Earlier work on quasi-commutative matrices?

1This implication is basedon the primitivit y of ! as a root of unit y.
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Figure 2: Page35 of Wielandt's diary VI I (reproducedwith the permissionof Annemarie
Wielandt).
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Apparently, in the �rst paragraph of the proof Wielandt is referring to the quasi-
commutativit y relation rather than to relation (� ) when he says \except for (� )." Also,
he must meanthat ! q

� = 1, for ! � is a scalar.

4. WIELANDT'S PR OOF AND A VARIANT. Wielandt's proof begins with the
simple but insightful remark that for ! -commutativ e matrices the coe�cien ts ck in the ex-
pansion (A + B)q =

P q
k=0 ckB kAq� k are independent of the particular matrices A and B,

hencethat the result will follow if he can show that the coe�cien ts must be 0 in the case
of a well-chosenpair of matrices A and B. The argument requiresthe linear independence
of the set of matrices B kAn� k (k = 1; : : : ; q � 1). Though Wielandt does not say this, he
choosesmatrices A and B that satisfy this condition. He then usesan argument involving
eigenvaluesand the diagonalizability of matrices to show that c1 = � � � = cq� 1 = 0.

We now give a variant of Wielandt's proof. Let A and B be the matrices chosenby
Wielandt, and let s and t be arbitrary complexnumbers. Sincethe eigenvaluesof B are the
qth roots of unity, it follows that the characteristic polynomial of sB is � q � sq. Becausethe
proper principal minors of sA + tB and tB coincideand det(sA + tB ) = (� 1)q� 1(sq + tq), it
followsthat the characteristicpolynomial of sA+ tB is � q� (sq+ tq). By the Cayley-Hamilton
theorem[11] we obtain

(sA + tB )q = (sq + tq)I = (sA)q + (tB )q: (11)

But

(sA + tB )q = (sA)q + (tB )q +
q� 1X

k=1

cksk tq� kAkB q� k ;

soeach matrix coe�cien t ckAkB q� k must be zero. SinceA and B are both nonsingular,this
implies that ck = 0.

Thus, the alternative proof demonstratesthe following extensionof Potter's Theorem:

Prop osition 4 Let A and B be ! -commutative matricessatisfying (1), where ! is a prim-
itive qth root of unity. Then

(sA + tB )q = (sA)q + (tB )q (12)

for all complexnumbers s and t.

A proof in a rather similar spirit is givenby R. Bhatia and L. Elsnerin [4] for the following
fact: if A and B are ! -commutativ e, then the spectrum of A + B is p-Carrollian (i.e., the
eigenvaluesof A + B can be enumerated as

(� 1; : : : ; � r ; ! � 1; : : : ; ! � r ; : : : ; ! p� 1� 1; : : : ; ! p� 1� r ) ):

Moreover, the sameholds for all perturbations of B of the speci�c form given in [4, Theo-
rem 2]. The term \Carrollian" was coinedby R. Bhatia in honor of Lewis Carroll, initially
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to denotean n-tuple that contains � x if it contains x, and later turned into \ p-Carrollian"
for n-tuples that contain all multiples of x with pth roots of unity. It is usedin [3] and [2]
as well.

5. NORMAL FORMS FOR ! -COMMUT ATIVE MA TRICES. Note that Wielandt
raisesthe questionof classifyingirreducible ! -commutativ e pairs, having in mind reductions
by simultaneous similarity A 7! T � 1AT and B 7! T � 1BT, since relation (1) is invariant
under simultaneoussimilarity. To study this question, we start with somepreliminary ob-
servations.

Supposethat
AB = ! BA; (13)

where! is a nonzerocomplexnumber. By the foregoingremark on simultaneoussimilarity,
we may assumethat A is in Jordan canonicalform. Notice that not all Jordan normal forms
are allowed for the matrix A. For example,if B is nonsingularand A is not nilpotent, then
each row and each column of B must contain at least one nonzeroelement. Thus, if � is
a nonzeroeigenvalue of A, so is ! � . Since the number of eigenvalues is �nite and A has
a nonzeroeigenvalue, it follows that ! is a root of unity. Moreover, if J i (� i ) is the Jordan
block of largest sizein A, then using the fact that every row and column of B has at least
onenonzeroelement, it follows that there is a block for ! � i of equalsize. Thus, we conclude
that the maximal sizeof a Jordan block in A is the samefor each nonzeroeigenvalue. In
caseboth A and B are nonsingular, the Jordan forms of both are restricted in this way.

Theorem 5 If A and B are nonsingular matrices satisfying AB = ! BA with ! 6= 0, then
! is a primitive pth root of 1 for somep and the Jordan form of A may be written as

J = diag(K 1; : : : ; K q)

where each K j is the direct sum of Jordan blocks of the same size corresponding to the
eigenvalues�; ! �; : : : ; ! p� 1� . The Jordan form for B has the samestructure.

Proof. From the assumption of the theorem we infer that A is similar to ! A. Hencethe
number and sizesof Jordan blocks corresponding to any eigenvalue � of A coincidewith the
number and sizesof the Jordan blocks corresponding to the eigenvalue ! � . The proof for B
follows by interchanging the rolesof A and B.

Assuming that A is already in its Jordan form, one can obtain a full description of all
matrices B satisfying (13) using results from [22, p.21]. However, in this way we will not
have obtained a canonical form for the pair (A; B) under simultaneous similarity, for in
general there will be similarities that leave A invariant but change B. Already in 1951,
Drazin to a large extent answered the questionof classi�cation of ! -commutativ e pairs, al-
though Wielandt wasapparently unaware of his results. In [9], Drazin obtainedthe following
prenormal form for pairs of ! -commutativ e matrices:
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Theorem 6 If A and B are n � n matricessatisfying an equation of the from AB = ! BA,
then either

(i) A and B can be simultaneously reduced to triangular form by a similarity transforma-
tion,

or

(ii) there is an integer r (0 � r � n � 2) such that A and B can be reduced, by the same
similarity transformation, to the forms

"
S X
0 Ar

#

;

"
T Y
0 B r

#

; (14)

where S and T are triangular r � r matrices,and A r and B r are nonsingular (n � r ) �
(n � r ) matrices.

Furthermore, Drazin alsoproved an additional theorem:

Theorem 7 If (i) holds in Theorem 6 with ! 6= 1, then each of AB and BA is nilpotent,
and A and B havebetween them at least n zero eigenvalues.If, however,(i) is false, then
! is necessarily a primitive root of unity, and the order k of ! must divide n � r . Further,
in this case,ST and TS are both nilpotent, and the reduction of A and B can be e�ected in
sucha way that A r takesthe form

2

6
6
6
6
4

a
! a

. . .
! k� 1a

3

7
7
7
7
5

; (15)

where a is a nonsingular square matrix of order (n � r )=k; then the most general form of B r

is 2

6
6
6
6
4

0 0 : : : 0 b1

b2 0 : : : 0 0
. . .

0 0 : : : bk 0

3

7
7
7
7
5

; (16)

where b1; : : : bk are arbitrary nonsingular matricesof order (n � r )=k subject to the relations
bi a = abi (i = 1; 2; : : : ; k), S and T are triangular r � r matrices, and A r and B r are
nonsingular (n � r ) � (n � r ) matrices.

Drazin's formulasstill do not give a canonicalform. Indeed,�rst of all an ! -commutativ e
pair (A; B) can be put into block diagonal form, with blocks (A i ; B i ) of one of four types,
accordingto their spectra:

Type I: � (A i ) = f 0g; � (B i ) = f 0g;

Type II: � (A i ) = f 0g; � (B i ) = f � i (6= 0); ! � i ; : : : ; ! k� 1� i g;

Type II I: � (A i ) = f � i (6= 0); ! � i ; : : : ; ! k� 1� i g; � (B i ) = f 0g;

Type IV: � (A i ) = f � i (6= 0); ! � i ; : : : ; ! k� 1� i g; � (B i ) = f � i (6= 0); ! � i ; : : : ; ! k� 1� i g:
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Moreover, for a pair of type IV one can assumethat all submatricesbi in (16) save one (b1

say) are equal to the identit y. At that stagethe problem of classi�cation of ! -commutativ e
matrices of type IV reducesto the problem of classsi�cation of commuting pairs (a;b1).
The samereduction can be achieved for typesI I and I I I. We can summarizethis as follows
(see[15] for a proof):

Theorem 8 The problem of representation under simultaneous similarity for ! -
commutative pairs is equivalent to the problem of representation under simultaneous sim-
ilarity for all commuting pairs. Moreover, the latter is already equivalent to the problemof
representationfor ! -commutativepairs of type II, III or IV.

The problem of classi�cation of commuting matricespairs is quite fascinatingand notori-
ous. M. Gelfandand V. A. Ponomarev[13] showed that the simultaneoussimilarity problem
of any n-tuple of matricesis equivalent to it. The problemwaslater takenup by S.Friedland,
who showed in [10] how to �nd a �nite number of invariants that will characterizean orbit
of a pair (A; B) under simultaneous similarity up to a �nite ambiguity, which meansthat
theseinvariants may characterizea �nite number of similarity orbits. For a �xed dimension
d, Friedland decomposedthe variety of pairs of squarematricesin �nitely many subvarieties
locally closedunder simultaneoussimilarity. For each such subvariety Z , he found a rational
map f from Z into a �nite-dimensional vector spaceV for which the pre-imagesunder f
(of points in V) consist of �nitely many orbits of matrix pairs. The map f and the space
V depend strongly on Z , although, for a �xed f , there is an upper bound on the number
of conjugation classesin each pre-image. Friedland's method was later re�ned by K. Bon-
gartz in [5]. He modi�ed Friedland's construction (by changing Z , f , and V) so that the
pre-imagesunder f are exactly the individual orbits of pairs of matrices.

In other words, given two pairs (A; B) and (C; D) of matrices, they are simultaneously
similar to each other if and only if they lie in the sameZ and have the sameimageunder
f . This provides, at least in principle, a completeanswer to the problem of simultaneous
similarity (i.e., it givesa decisionalgorithm, but no readily available normal forms).

We should also mention that one of the abstract versionsof this problem is to �nd all
isomorphismclassesof cyclic modulesof �nite length over the commutativ e polynomial ring
R = C[x; y]. A pair of commuting n � n matrices A and B de�nes an R-module structure
on Cn by letting x and y be multiplication by A and B, respectively.

6. THE CONVERSE TO POTTER'S THEOREM. Having studiedthe decomposition
of ! -commutativ e matrices into blocks, we now discussWielandt's secondquestion: Does
the converseof Potter's theoremhold for every irreducible block (i.e., doesthe relation (12)
with s = t = 1 imply that

AB = ! BA (17)

for someqth root of unity ! )?
If q = 2, this strong versionof the conversedoeshold:
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Prop osition 9 A pair (A; B) is ! -commutative with q = 2 if and only if (12) holds with
s = t = 1.

Proof. The condition A2 + B 2 = (A + B)2 is equivalent to AB = � BA.

However, the converseis in generalnot true, even if (12) is assumedto hold for all values
of s and t, as the following exampleshows.

Example 10 Considerthe casen = 3 and q = 3. Let � be a complexnumber di�erent from
0, � 1, and the primitiv e third roots of unity. For the pair of matrices

A =

2

6
4

0 0 1
�

1 0 0
0 � � +1

� 0

3

7
5 ; B =

2

6
4

0 1 0
0 0 1
1 0 0

3

7
5 (18)

we have
BA = EAB ; (19)

where

E =

2

6
4

� 0 0
0 � � +1

� 0
0 0 � 1

� +1

3

7
5 :

Moreover, sinceE is invertible, it follows that

A(E � 1 + I ) = � EA; (E � 1 + I )B = � BE: (20)

But (19) and (20) imply that
(A + tB )3 = A3 + t3B 3

for all t. However, since E has three distinct eigenvalues it follows that (17) does not
hold. Also, if the pair (A; B) is replacedby ( eA; eB) := T(A; B)T � 1, then eB eA = eE eA eB, where
eE := TET � 1. SinceE and eE have the samespectrum, (17) doesnot hold for the pair ( eA; eB)
either. In other words, the pair (A; B) cannot be reducedto a direct sum of ! -commutativ e
pairs. Note that in this exampleboth matrices A and B are nonsingular.

If we assumethat s = t = 1 in (12), then we can even produce 2 � 2-counterexamples,
for example, with q = 3 (see[15]). Drazin's prenormal form for ! -commutativ e matrices
also raisesthe questionof whether the converseto Potter's theorem at least holds for pairs
of matrices of the form (14)(i). However, there are again examplesdemonstrating that this
is not the case[15].

On the other hand, if a pair (A; B) of nonsingularblock k� k matricesof the form (15){
(16) with some! satis�es (12), then necessarily! is a primitiv eqth root of unity, equality (17)
holds, and q divides k. Indeed,supposethat a pair (A; B) is in the form (15){(16), wherea
and bj are nonsingularcommuting matricesand ! 6= 0. If the pair (A; B) satis�es (12), then
the matrix coe�cien t of sq� 1t must be zero, that is

Aq� 1B + Aq� 2BA + � � � + BAq� 1 = 0: (21)
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On the other hand, by direct calculation,

BA j = E(! j )A j B (j = 0; : : : ; q � 1); where E(� ) := diag(� k� 1I ;
1
�

I ;
1
�

I ; : : : ;
1
�

I ):

SinceE(� ) is block-diagonal for any � 6= 0, the matricesA and E(! j ) commute. Theserules
now allow us to interchangeA j and B in (21) to obtain

Aq� 1B + Aq� 2BA + � � � + BAq� 1 = (I + E(! ) + E(! 2) + � � � + E(! q� 1))Aq� 1B = 0:

SinceA and B are nonsingular, this implies that the matrix factor in front of Aq� 1B must
be zero, hencethat 1 + 1=! + 1=! 2 + � � � + 1=! q� 1 = 0; i.e., ! q = 1. Next, the coe�cien t
of stq� 1 must also be zero, which can be similarly shown to imply that ! k = 1 (although
the interchangerules for B j and A are a bit more involved). This implies, in turn, that (17)
holds. Now, ! is a primitiv e root of order q0, with q0 dividing q. Then relation (17), which
we just established,implies that the matrices Aq0

and B q0
commute and that

(sA + tB )q =
�
(sA)q0

+ (tB )q0
� q=q0

= (sA)q + (tB )q;

which is possibleonly when q0 = q. Sincethe relations ! q = ! k = 1 imply that ! gcd(q;k) = 1,
we alsoconcludethat q must divide k.

But even the commutativit y of the blocks a and bi in (15){(16) doesnot follow automat-
ically from the relation (12), as we also show in [15]. In view of thesecounterexamples,it
seemsnatural to posethe more generalproblem of characterizing all classesof matrices for
which the equivalenceof (12) and (17) holds.

Finally, recall that Potter derived from (17) in�nitely many identities (3){(5). Wielandt,
in e�ect, asked whether just oneof theseidentities, with q such that ! q = 1, already implies
! -commutativit y. From this point of view, it is not very surprising that the answer to his
question turns out to be no. Notice however that (3) with q = 2 is exactly equivalent
to (17). We believe the value q = 2 is the only one for which the expansion(3){(5) implies
! -commutativit y (17).

7. IDENTITIES SATISFIED BY ! -COMMUT ATIVE MA TRICES. The �rst ques-
tion Wielandt asked was which identities are satis�ed by ! -commutativ e matrices. We now
show that the polynomial identities f (x; y) = 0 that hold for all ! -commutativ e matrices
have f (x; y) in the ideal in C[x; y] generatedby the polynomial g(x; y) := xy � ! yx.

Theorem 11 Let C[x; y] denote the ring of polynomials in noncommuting indeterminates
x and y over the �eld C, and let I denotethe ideal of C[x; y] generated by the polynomial
g(x; y) := xy � ! yx, where ! q = 1. Then f (x; y) belongsto I if and only if the condition (17)
implies f (A; B) = 0 in Cq� q.

Proof. One direction is obvious: any polynomial f (x; y) from I satis�es f (A; B) = 0 for all
! -commutativ e matrices A and B.
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To establishthe converse,�rst recall that the condition ! q = 1 implies that there exists
a pair of nonsingular matrices A and B 2 Cq� q satisfying (17). Sincethe pair (sA; tB ) also
satis�es (17) for any scalarss and t, we seethat f (sA; tB ) = 0. Now interchangeA and B
in f (sA; tB ) using relation (17) as many times as necessaryto obtain a polynomial in the
form

f 1(sA; tB ) :=
X

i;j

ci;j si t j A i B j :

The polynomials f (x; y) and f 1(x; y) di�er by someelement of I . Now, sincef 1(sA; tB ) = 0
and sinces and t are independent scalars,each term ci;j si t j A i B j in the sum must be zero.
But as both A and B are nonsingular, this shows that ci;j = 0. Thus f 1(x; y) is the zero
polynomial, placing f (x; y) in I .

8. FUR THER HISTORICAL COMMENTS. We now addressthe last questionposed
by Wielandt, the questionabout work predating that of H. S.A. Potter. In fact, M. P. Drazin
brie
y addressedthis issuein [9]. Speci�cally, Drazin citesCayley's paper [6], wherethe case
! = � 1 wasconsidered,and the worksof F. Cecioni[7], S.Cherubino[8], andT. Kurosaki [17]
devoted to the generalcase. (Biographiesof the two Italian mathematicianscan be found
at [25].) Cecioni'spaper is a memoir summarizingand extending results on ! -commutativ e
matrices known at that time. He gives a condition on a matrix A that is necessaryand
su�cien t for the equationAX = ! X A to have a nonzerosolution X , describesthe structure
of an arbitrary solution along the lines of Turnbull and Aitk en [22, p.148], and stops one
step short of arriving at the formulas (15){(16) for an ! -commutativ e pair (A; B) with
AB nonsingular. A slightly di�erent prenormal form is derived by Cherubino [8], who also
describes the structure of the algebra of matrices commuting with a given matrix. The
pair (15)-(16) also appears in Kurosaki [17], even in reducedform (with all bj except for
one equal to the identit y), although not in a formal statement. Kurosaki's main result [17,
Theorem4] is a descriptionof the group of all nonsingularmatricesP satisfying the equation
AP = cPA for somec (depending on P) and a �xed nonsingular matrix A. Drazin, on
the other hand, is apparently mostly interested in simultaneous triangularization of an ! -
commutativ epair, which leadshim to derive, in his remarkably short paper [9], the prenormal
form described in section5.

A CKNO WLEDGMENTS. We are indebted to H. S. A. Potter and M. P. Drazin for fur-
ther references,to S. Friedland, L. Levy, and K. Bongartz for discussionsof the simultaneous
similarity problem, to R. Askey for information on the q-binomial formulae, to M. Lorenzfor
drawing our attention to the connectionto quantum planes,and to M. Benzi and N. Laghi
for their help with the works of Cecioni and Cherubino.
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