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Abstract

A real finite dimensional space with indefinite scalar product having v_ negative squares and vy
positive ones is considered. The paper presents a classification of operators that are normal with respect to
this product for the cases min{v—,v4+} =1, 2. The approach to be used here was developed in the papers
[1] and [2], where the similar classification was obtained for complex spaces with v = min{v_,v+} =1, 2,
respectively.

1 Introduction

Consider a real linear space R™ with an indefinite scalar product [-,-]. By definition, the latter is a non-
degenerate sesquilinear Hermitian form. If the ordinary scalar product (-,-) is fixed, then there exists a
nondegenerate Hermitian operator H such that [z,y] = (Hz,y) Y,y € R™ If A is a linear operator
(A: R® - R™), then the H-adjoint of A (denoted by A)) is defined by the identity [A*lz,y] = [z, Ay]. An
operator N is called H-normal if NN* = N¥ N, an operator U is called H-unitary if UU™ = I, where I
is the identity transformation.

Let V be a nontrivial subspace of R™. The subspace V is called neutralif [z,y] = 0 Vz,y € V. If from the
conditions z € V and Yy € V [z,y] = 0 it follows that z = 0, then V is called nondegenerate. The subspace
VI is defined as the set of all vectors z € R": [z,y] = 0 Vy € V. If V is nondegenerate, then VI is also
nondegenerate and V+VIH = R,

A linear operator A acting in R™ is called decomposable if there exists a nondegenerate subspace V' C R"
such that both V and V[ are invariant for A or (it is the same) if V' is invariant both for A and A*. Then
A is the orthogonal sum of A1 = Aly and Ay = A|yu. If an operator A is not decomposable, it is called
indecomposable.

Throughout what follows by a rank of a space we mean v = min{v_,v;}, where v_ (v;) is the number
of negative (positive) squares of the quadratic form [z, z], i.e., the number of negative (positive) eigenvalues
of the operator H. Note that without loss of generality it can be assumed that v_ < vy (otherwise H can
be replaced by —H; the latter (nondegenerate Hermitian operator) has opposite eigenvalues). Later on we
assume that v_ < vy.

The problem is to obtain a complete classification for H-normal operators acting in R", i.e., to find a
set of canonical forms such that any H-normal operator could be reduced to one and only one of these
forms. Since it is sufficient to solve the problem only for indecomposable operators, for any nondegenerate
Hermitian matrix H and for any indecomposable H-normal matrix N we would like to point out one and
only one of the canonical pairs of matrices {N, H} so that the pair {N, H} is unitarily similar to {N, H}
(two pairs of matrices { Ny, H1} and {N», Hy}, where H; and H, are nondegenerate Hermitian matrices, are
called unitarily similar if Ny = T~'N,T, Hy = T*H, T for some invertible matrix T'; if H; = Hs, then they
are Hy-unitarily similar). In what follows such a classification is presented for operators acting in spaces of
rank 1 and 2. As in [2], we will denote by I, the identity matrix of order r x r, by D, the r x r matrix with
1’s on the secondary diagonal and zeros elsewhere, and by A ® B @ ... ® C a block diagonal matrix with
blocks A, B, ..., C.
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2 On Decomposition of H-normal Operators in Real Spaces

Let an H-normal operator NV act in R™ and have p distinct real eigenvalues A1, Aa, ..., Ap and ¢ distinct pairs
of complex conjugate eigenvalues ap 1 £ i8py1, apr2 £iBpt2,. .., Qprqg £ i0ptq. Let us define

\) = (A =)™, if 1<k<p
PRVZL 2 =200+ a2+ B2)", if p<k<p+g,

Qij ={z: vi(N)x =¢;(NMz =0}, 4,j=1,...,p+4q,
Q={@0,J): Qi #{0}}.
Proposition 1 The subspaces Q;; have the following properties: (1) Qi; N Qr = {0} V (i,7) # (k,1).
(2) Xijyea Qis = B
(8) Each subspace Q;; is invariant for both N and N, (}) Eigenvalues of the operator N
of pi()), those of the operator Nl|g.. are roots of p;(N). (5) [Qij, Qu] =0 V (i,5) # (I,k).

Q.; are Toots

Proof:

(1) Suppose (i,7) # (k,1). Without loss of generality it can be assumed that i # k. Let 3z : 2 € Qyj,
T € Qui, i-e., pi(N)x = @i (N)x = 0. Since the polynomials ;(A) and g ()) are relatively prime, there exist
polynomials 1; (), ¥ (A) such that the matrix identity I = ;(A)p;(A) + vk (A)pr (A) is valid. Consequently,
z = ;(N)pi(N)z + P (N)pr(N)z = 0.

(2) The greatest common divisor of the polynomials & (X) = [[; 2 vi(N), &(A) = [l wi(N), -,
€p+q(A) = [lizprq wi(A) is equal to 1, therefore, there exist polinomials 11(A), ¥2(A), ..., ¥piq(A) such

that T = Y P10 4h;(A)&(A) VA. Hence, Yz z = Y 241 (N)&(N)z = Y04 z; (where 2; = 1y(N)&(N)z).
Since the product of all o;(A) annihilates N, we have ¢;(N)x; = 0 Vi, i.e., R* = Zf;q Q;, where Q; = {z :
@i(z) = 0}. Similarly, each subspace Q; is a direct sum of the subspaces Q;; = {z € Q; : ¢;(NI')z = 0}.
Disregarding the trivial subspaces );;, we obtain the desired equality R™ = Z(i, fea Qij-

(3) Since N and N commute, for all (i,5) and € Q;; we have 0 = Ny;(N)z = ¢;(N)Nz, 0 =
Ny;j(NFM)z = ¢;(NF)Nz, i.e., Nz € Q. It can be checked in the same way that Nz € Q;;.

(4) Let N|g,; have an eigenvalue Ag such that ¢;(Ag) # 0. Then there exists a (real or complex)
eigenvector x # 0 corresponding to the eigenvalue Ag. Since the polynomials A — Ag and ¢;(\) are relatively
prime, there exist polynomials 1)1()), 2()\) such that the identity I = 1 (A)(A — XoI) + ¥2(A)p;(A)
holds for all (complex) matrices A. Consequently, z = 1 (N)(N — XoI)z + ¥2(N)pi(N)z = 0 because
(N = XoI)xz = ¢i(N)z = 0. The contradiction obtained shows that all eigenvalues of N|q,, are roots of
¢i(\). The operator N*/|g, . can be considered in the same way.

(5) Let i # I. Take arbitrary vectors z € Qij, y € Qu. Since the eigenvalues of N|q,; are not roots
of ¢i()), the operator ¢;(N)|g,; is nondegenerate. Therefore, 32 € Qy; : Yi(N)z = x. We have [z,y] =
[o1(N)z,y] = [2,0(N)y] = [2,0] = 0.

The proof of the proposition is completed.

Now let Vi = Qi ((4,9) € Q), Vi = span{Q;jk, Qr;} ((j, k) € Q, j < k). The subspaces V;, Vj, are
mutually orthogonal, the intersection of any two of them is zero, and their sum is R™. It follows from the
nondegeneracy of H that each subspace V;, Vj; is nondegenerate. The restriction N|y, has the only real
eigenvalue ); if i < p or the pair of complex conjugate eigenvalues a; + if; if i > p. The restriction Ny,
has two distinct real eigenvalues A;, Ay, if j,k < p, one real eigenvalue ); and the pair of complex conjugate
eigenvalues ay, + iy, if j < p, k > p, or two distinct pairs o £48;, o £ 46 if 5,k > p.

Thus, we have proved the following lemma:

Lemma 1 Any H-normal operator N acting in R™ is an orthogonal sum of H-normal operators each of
which has one of the following sets of eigenvalues:



(a) one real eigenvalue;

(b) two distinct real eigenvalues;

(c) two complex conjugate eigenvalues;

(d) one real and two complex conjugate eigenvalues;

(e) two distinct pairs of complex conjugate eigenvalues.

This lemma shows the principal difference between real and complex spaces because indecomposable
operators acting in complex spaces have either one or two distinct eigenvalues (Lemma 1 from [1]).

3 Classification of H-normal Operators Acting in Spaces of Rank
1

This section is closely related to [1].

Let us classify indecomposable H-normal operators acting in a space R™ of rank 1. According to Lemma 1,
we can consider only operators having one of the sets of eigenvalues (a) - (e). However, for a space of rank
1 not all variants are possible, namely, the alternatives (d) and (e) cannot be realized. Indeed, if N|g,, (or
N [*]|Q12) has two eigenvalues a =+ i3, the subspace Q12 is necessarily of dimension 2 or higher. However,
since @12 is neutral, dim Q12 < 1. Thus, the alternatives (d) and (e) are impossible. Let us consider the
remaining variants and prove the following theorem:

Theorem 1 If an indecomposable H-normal operator N (N : R™ — R™) acts in a space with indefinite
scalar product having v_ = 1 negative squares and vy > 1 positive ones, then 2 < n < 4 and the pair {N,H}
is unitarily similar to one and only one of canonical pairs (1), (2), (3), (4), (5), (6):

A 0
NZ( 01 A2>7 )‘1<)\27 H:D2> (1)
N=( % B) g>0, H=D 2)
_/8 o ’ 3 2,
N=(}7* +1, H=D (3)
- 0 A , 2= ) - 2
A1 0
N = 0 A 1|, H=Ds, (4)
0 0 X
Al o r
N = 0 A -1 |, H=Ds, (5)
0 0 X
2 A0 cna 0 0 1
N = . ,0<a<m, H=[ 0 L, 0 (6)
0 0 XA sina 1 0 0
0 0 O A

The proof of the theorem is presented in the following subsections.



3.1 One Real Eigenvalue of N

Let us take advantage of Proposition 1 from [2], which is proved for complex spaces but is valid for real ones
as well: If an indecomposable H-normal operator N : R™ — R™ (n > 1) has the only eigenvalue X\, then
there exists a decomposition of R™ into a direct sum of subspaces

So={z: (N=Az=(NM - D)z =0}, (7)
S, Sy such that
N' =X * 0 0 I
N = 0 N1 * , H = 0 H1 0 5 (8)
0 0 N'=M I 0 O

where N' : Sg — Sp, Ny : S =+ S, N" : S; — Si, the internal operator N1 is H,-normal, and the pair
{N1,H:} is determined up to unitary similarity. To go over from one decomposition R = So+S+S; to
another by a transformation T it is necessary that the matriz T be block triangular with respect to both
decompositions.

Since Sp is neutral, dimSy = 1. According to Proposition 2 from [2], if the subspace Sy is one-dimensional,
then the operator N is indecomposable. So, it is not necessary to check the indecomposability for each
canonical form to be obtained in this subsection. As H has one negative eigenvalue, H; has only positive
eigenvalues and one can assume that H; = I, N; = AI. Later on we will no longer stipulate that H; = I,
N1 = AI. By Theorem 1 of [2] (it is also valid for real spaces), n < 4. Consider the cases n = 2, 3, 4
successively.

3.1.1 n=2
The matrices N and H have form (8):

v=(05) m=(10)

Since So NS1 = {0}, a # 0. Let v1 = /|ajv1, 02 = 1/4/|alva. Then we do not change the matrix H and
reduce N to form (3). Since (3) is a special case of canonical form (16) from Theorem 1 ([1]), the number 2
is an H-unitary invariant, i.e., two forms (3) with different values of z are not H-unitarily similar.

3.1.2 n=3
The matrices N and H have form (8):

A a b 0 01
N=|10 X c])],H={( 01 0
0 0 A 1 00
The condition of the H-normality of N is
a® =%

If a = 0, then ¢ = 0 and v, € Sy, which is impossible because of the condition Sy NS = {0}. Therefore,
a # 0. Let 01 = av1, U3 = 1/av3. then we reduce N to the form

A1 Y
N=| 0 X z |, z=4=1
0 0 X

without changing the matrix H. If x = 1, take the H-unitary transformation T' (throughout what follows
only H-unitary transformations are used unless otherwise stipulated):

1 b —ib?
T=10 1 -3V
0 0 1



It reduces N to form (4). If z = —1, the number b’ turns out to be H-unitary invariant. Indeed, let

01 r ~ 01 r
N-X=|00 -1 |, N-AI=(00 -11,
00 0 00 O
and some matrix T' = {t;;}? ;_, satisfy The conditions
NT = TN, (9)
= 1. (10)

Then, according to Proposition 1 from [2], T is block triangular with respect to the decomposition R™ =
So+S+S;, i.e., upper triangular. Condition (9) implies

t11 = to2 = t33,
t23 + ’f‘t33 = 7~‘t11 — t12. (1].)

Since the diagonal terms of T are equal to each other, From (10) it follows that ¢15 + t23 = 0. Then from
(11) we get r = 7, Q.E.D. The forms obtained are not H-unitarily similar. Indeed, let an H-unitary matrix
T= {tij},i ;=1 reduce the first form to the second. Since T is upper triangular (Proposition 1 from [2]), from
(9) it follows that t1; = too = —t33, which is impossible because condition (10) implies ¢;1¢33 = 1. Thus, we
have obtained two canonical forms: (4) and (5).

3.1.3 n=4
The matrices N and H have form (8):

Aa b c 0 001
wo[ndoa] afa e
0 0 0 A 10 00
The condition of the H-normality of N is
a®+ b =d* + e (12)

Since a? + b? # 0 (otherwise vq,v3 € Sp, which is impossible), without loss of generality it can be assumed
that a # 0. Taking 01 = avy, U4 = v4/a, we reduce N to the form

A1 Y
0 X0 d
N= 0 0 X €
0 0 0 A
Further, let us apply the transformation
V1+b2 0 0 0
T = 0 1//14+0b2  —b'//1+ b2 0
N 0 b/V1I+b2  1/v/1+0b72 0
0 0 0 1/v/1 + b2
Then we get
A1 0
0 AN 0 a
N = 0 0 X €
0 0 0 X



Note that e’ # 0 because otherwise vz € Sp, which is impossible because Sop NS = {0}. The number e”
can be replaced by —e’ by means of the (H-unitary) transformation 03 = —v3. So, we can assume e’ > 0.
Moreover, it can be assumed that ¢’ = 0. To this end it is sufficient to take the transformation

1 0 /e —%01'2/6"2

01 0 0
T= 00 1 —c''/e"

00 0 1

Then ¢"” will vanish, d"” and e” will not change. Condition (12) of the H-normality of N implies d” = cosa,
e =sina (o € (0;7)). Show the H-unitary invariance of the parameter @. Let an H-unitary matrix
T = {ti;}; j=1 reduce N to the form

N =

SO O

0
0
A siné
0

OO >

Then, according to Proposition 1 from [2], T is block triangular with respect to the decomposition R™ =
So+S+S; and from (9) it follows that to3 = 0. Now condition (10) yields t32 = 0 . Applying (9) again, we
have

t1n = tog,
tggcosa = tagcCOsQ,
t44 sina = t33 sin &.

Condition (10) yields t11t44 = t3, = t3; = 1 so that t11 = t22 = taq = 1. Hence, cosa = cos@. Since
sina, sin@ > 0, we have t33 = t44 and sina = sin&. Consequently, & = «a, Q.E.D. Thus, we have obtained
canonical form (6).

3.2 Two Distinct Real Eigenvalues of N

According to Proposition 1, in this case

_ )\1 0 _ 0 a
= (2 )om=(0 4 )earo

It can be assumed that a = 1 (to this end it is sufficient to take U3 = v1/a, U2 = v2). Since the order of
eigenvalues is not fixed, we can assume that A\; < Ay. Thus, we have obtained canonical pair (1).

3.3 Two Complex Conjugate Eigenvalues of N

Let N have two distinct eigenvalues A = a + i3, A = a — i3. Since N and N commute, there exists a
vector z = z+1iy (z,y € R™) such that either Nz = Az, Nz =Xz or Nz = Az, NI¥lz = \z. In the first case
[2,Z] = 0. Indeed, N[z,Z] = [\z,%] = [N2,%] = [z, NI¥Z] = [2,A\Z] = A[z,Z]. Therefore, (A\—X)[2,%] = 0, hence
[2,Z] = 0. Let us write in detail the condition obtained: [z + iy, z — iy] = [z, 2] — i[y, z] — i[z,y] — [y,y] =0,
ie, [z,y] = 0, [z,2] = [y,y]. Since two-dimensional subspace V = span{z,y} cannot be neutral, we
have [z,z] # 0. Thus, V is a nondegenerate subspace which is invariant for N and N <], For N to be
indecomposable it is necessary to have R" = V. But [z,z] = [y,y], i.e., H is either positive or negative
definite, which contradicts the condition min{v_,v;} = 1. Thus, only the case Nz = Az, NIz = Xz is
possible. It can be shown as before that [z, 2] = 0, i.e., [z, 2] = —[y, y] so that the subspace V = span{z,y}
is either nondegenerate or neutral. As above, we see that V is necessarily nondegenerate and V = R".
Thus, for the basis {z,y} we have

N:(_aﬁ g) H:(‘Z _ba) (a®+ b #0).



Let us reduce H to the form D, without changing the matrix N. To this end it is sufficient to take

t11 ti2
T =
( —t12 tn >7

where

—2t11t12 = @,

t%1 _tiz = b

(it can be checked that this system always has a real solution {t11,%12}). Then

a b «f 0 1 _
(b _a)_T (1 O)T, TN = NT.

One can replace 8 by —f3 by means of the H-unitary transformation T' = D5, therefore, one can assume that
B > 0. Thus, we have obtained canonical pair (2). The proof of Theorem 1 is completed.

4 Classification of H-normal Operators Acting in Spaces of Rank
2

The objective of this section is to prove the following theorem (the subspace So and the internal operator
N; are defined in Section 3.1 by formulas (7), (8), respectively):

Theorem 2 If an indecomposable H-normal operator N (N : R™ — R™) acts in a space with indefinite
scalar product having v_ = 2 negative squares and vy > 2 positive ones, then 4 < n < 8 and the pair {N, H}
is unitarily similar to one and only one of the canonical pairs {(13),(14)} - {(54),(55)}. The list of all the
canonical pairs is as follows.

If N has one real eigenvalue X\, dim Sg = 1, the internal operator Ny is indecomposable, and n = 4, then
the pair {N, H} is unitarily similar to the canonical pair {(13),(14)}:

A1 00
0 XN 2z O

N = 00 1| %= +1, (13)
0 0 0 X

H = D,. (14)

If N has one real eigenvalue A, dim Sy = 1, Ny is indecomposable, and n = 5, then the pair {N,H} is
unitarily similar to one and only one of the canonical pairs {(15),(17)}, {(16),(17)}:

A1 0 0 O
0 X1 00
N=]10 0 X1 0], (15)
0 00 X1
0 0 0 0 A
/\ 1 —T1 0 T9
0 X 1 T 0
N=]00 X -1 -r |, (16)
0 0 O A -1
0 0 O 0 A
H = Ds. (17)



If N has one real eigenvalue \, dim Sy = 1, Ny is decomposable, and n = 4, then the pair {N, H} is unitarily
similar to one and only one of the canonical pairs {(18),(20)}, {(19),(20)}:

A
N =

o O O

OO O
(= R

If N has one real eigenvalue A, dim Sg =1, Ny
similar to the canonical pair {(21),(22)}:

1 0 0
A0 =z
0 a0 | F=%n (18)
0 0 A
z 0
o — 1, 1 > 1 (19)
A z/r P EZELT ’
0 A
H =Dy (20)

is decomposable, and n = 5, then the pair {N, H} is unitarily

A1 0 420
0O X0 =z O
N=|1 00 X 0 r |,z=%£1,7r>0, (21)
000 x 1
00 0 0 A
H = Ds. (22)

If N has one real eigenvalue A, dim So = 1, Ny is decomposable, and n = 6, then the pair {N, H} is unitarily
similar to one and only one of the canonical pairs {(23),(25)}, {(24),(25)}:

OO O OO >
OO OO >

OO O OO >
OO oo

OO O >» O
OO = OO

|
—

_H O OO ooy

O > OO OO

O >0 O OO

OOBO
w

0
—r2/2

, r>0,

>R = O

0
—2rf +1r3/2
0
-1
T2

A

;T2>05

(25)

_ o O
OO =

00

If N has one real eigenvalue A, dim Sy = 2, and n = 4, then the pair {N, H} is unitarily similar to one and
only one of the canonical pairs {(26),(30)}, {(27),(30)}, {(28),(30)}, {(29),(30)}:

A
N =

O O O

N =

OO O

0
A
0
0

COoS &

A

O O > O o

—sina

O >3 O

sin

Coga L 0<a<m, (26)
A

1

ol (27)
A



A0 %z z
0O X —2 0
N = 00 X 0 , 2 ==%1, (28)
0O 0 0 X
A0 0 0
0 X1 0
N = 0 0 X 0} (29)
0 0 0 X
_ 0 I
H_<I2 0). (30)

If N has one real eigenvalue X\, dim So = 2, and n = 5, then the pair {N,H} is unitarily similar to one and
only one of the canonical pairs {(31),(33)}, {(32),(33)}:

A0 1 0 0
0 N0 10
N = 00 A z 0 |,z=4=1, (31)
0 0 0 A O
0 0 0 0 X
A0 1 00
0O X 0 » =z
N = 0 0 A1 0 |[|,z==1,r>0, (32)
0 0 0 A O
0 0 0 0 X
0 0 I
H = 0 I, O . (33)
I, 0 O

If N has one real eigenvalue A, dim Sy = 2, and n = 6, then the pair {N, H} is unitarily similar to one and
only one of the canonical pairs {(34),(36)}, {(35),(36)}:

A0 1 0 00
O XN 01 0
00X 010
N = 000 xo0 1l r >0, (34)
0 000 X O
0 0 00 0 A
A0 1 0 0 0
0 XN 01 r 0
0 0 A 0 cosa sina
N= 0 0 0 N —sina cosa » O<a<m, (35)
0 0 0O A 0
0 0 0O 0 A
0 0 I,
H=| 0 L 0 ]. (36)
I, 0 O



If N has one real eigenvalue X\, dim So = 2, and n = 7, then the pair {N,H} is unitarily similar to the
canonical pair {(37),(38)}:

A0 1 00 0 0
0 A01 0 O 0
0 0O A 0 0 cosa —sinacosf
N=| 0 0 0 X 0 sina cosacosf , 0<a,8<m, (37)
0 0 0 0 A 0 sin 3
0 0 0 00 A 0
0 0 0 00 0 A
0 0 L
gH=| 0 I 0 |. (38)
L 0 0

If N has one real eigenvalue \, dim Sy = 2, and n = 8, then the pair {N, H} is unitarily similar to one and
only one of the canonical pairs {(39),(41)}, {(40),(41)}:

A0 1 0 0O 0 0
0 X0 100 0 0
0 0 0 0 0 cosasing sinasing
N = 0 00X 0 0 —sinasin8 cosasinfg
“]1 0 0 0 0 X O cos 8 0 ’
0 00 0O 0 A 0 cos 8
0 00 0 00O A 0
0 00 0 00O 0 A
O<a<m 0<f8<7/2, (39)
A0 1 0 00 0 0
0 X0 100 0 0
0 0A 0O O 0 cosasinfg sinasiny
N = 0 00 A 0 0 —sinasinf cosasiny
“ 10 0 0 0 X O cosf3 0 ’
0 00 0 0 A 0 cosy
000 00O A 0
000 00O 0 A
O<a<m 0<y<f@B<m/2, (40)
0 0 I
H= 0 Ih 0 |. (41)
I, 0 0
If N has 2 distinct real eigenvalues Ay, A2, then the pair {N,H} is unitarily similar to the canonical pair
{(42),(43)}:
A1 0 0
_ 0 M 0 O
N = 0 0 X 0 , forr#0 A < Ao, (42)
0 0 r )\2
(0 L
H= ( oo ) . (43)

If N has 3 eigenvalues: A € R, a£1if (a,3 € R, B > 0), then the pair {N, H} is unitarily similar to the
canonical pair {(44),(45)}:

a B 0 0

| -8 a 0 0
N= 0 0 X 0 )’ (44)

0 0 0 A

10



H:(}l {f) (45)

If N has 4 eigenvalues: a1 £if1, as £ifBa, (a1,B1,00,02 € R, 0 < B1 < Ba, a1 < ap if 1 = B=2), then the
pair {N, H} is unitarily similar to the canonical pair {(46),(47)}:

o B 0 0

_ -8 o 0 0 —
N = 0 0 ap 2B |77 +1, (46)
0 0 —Zﬂz (6]
(0 L
H= ( L 0 ) (47)

If N has 2 eigenvalues a +if (o, € R, 8> 0), and n = 4, then the pair {N, H} is unitarily similar to one
and only one of the canonical pairs {(48),(50)}, {(49),(50)}:

a B cosy siny
| =B a —siny cosy
N = 0 0 o 3 , 0 <y < 2m, (48)
0 0 —p o}
a g 0 1
| -8 a1 0
N=10 0a -8 | (49)
0 0 8 «
(0 b
H= ( L 0 ) (50)

If N has 2 eigenvalues a +if (o, € R, 8> 0), and n = 6, then the pair {N, H} is unitarily similar to one
and only one of the canonical pairs {(51),(53)}, {(52),(53)}:

a B 0 0 0 r
-8 a 0 1 (cosy+1)/48—r  siny/4p8
N_| 0 0 a 8 2(cosy+1) 1 sinvy
N 0 0 -8 a —3siny t(cosy—1) |~
0 0 0 0 a 3
0 0 0 0 -3 a
0<vy<2my#m, (51)
a B 0 0 r 0
-8 a 0 1 0 r
1 0o 0 a B 0 0
N=1"9 0 -8 a 0 -1| (52)
0 0 0 0 a 8
00 0 0 -8 a
0 0 I
H=| 0 5 0 |. (53)
I, 0 0

11



If N has 2 eigenvalues o+ if8 (o, € R, B >0), and n = 8, then the pair {N, H} is unitarily similar to the
canonical pair {(54),(55)}:

a B 0 0 0 0 0 0
- a 0 1 0 0 sin? v/20 siny cos~y cos §/20
0 0 a B 0 O sin? y sin 7y cosy cos §
N = 0 0 -8 a 0 0 -—sinycosycosd —cos? y
0 0 0 0O a [ sinycosysind 0
0 0 0 0 -0 « 0 siny cosysin é
0O 0 0 0 0 O e Jé]
0 0 0 0 0 O —B a
O<y<m/2,0<0<m, (54)
0 0 I
gH=| 0 I, 0 |. (55)
ILL 0 0

Here all parameters are H-unitary invariants, i.e., the same canonical forms are H -unitarily similar to each
other iff the values of all parameters are equal.

The proof of the theorem is presented in what follows.

4.1 One Real Eigenvalue of N

The case when N has only one real eigenvalue A can be considered as in [2]. Namely, if dim Sg = 1, then
there exists two alternatives: N; is indecomposable or decomposable, this property being independent of
the choice of the decomposition R = Sy+S+S; because the indecomposability or decomposability of N;
does not change under unitary similarity of the pair {Ny, H;}. In the former case one can show that n <5
and obtain the canonical forms {(13),(14)} - {(16),(17)}, in the latter one can show that n < 6 and obtain
the canonical forms {(18),(20)} - {(24),(25)} in just the same way as it was done in [2]. If the subspace Sy
is two-dimensional, the operator N can also be considered as in [2] except for the case n = 4 because one
of the corresponding canonical forms in [2] is essentially complex. Thus, for the case when N has one real
eigenvalue A we will consider only the alternative dim Sy = 2, n = 4 and omit the rest.

4.1.1 dimSy=2,n=4
In this case R* = Sy+S;. Therefore,

_ (0 N2\ _
N—)\I—(O 0)-

(0 L
)H_(I20>)

and the submatrix N, is not restricted by the condition of the H-normality of N.
(a) detNo # 0. Suppose an H-unitary transformation

(T T
r=(z 1)

OO OO
OO OO
oo o 8
oo o

reduces N — A to the form N — \I:
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Then conditions (56) - (58) below are necessarily satisfied:

N.T; = 0, (56)
NoTy = TiNs, (57)
0 = T3Ns. (58)

Since N, is nondegenerate, (56) is satisfied only if 75 = 0. The operator T is H-unitary iff

T = I, (59)
T\T; + T, T = O. (60)

It follows from system (59) - (60) that without loss of generality we can consider only quasidiagonal trans-
formations T = T} @ Tf ™' because T» does not appear in equations (56) - (58).
Thus, the only condition .
N2 = T]_NQTI* (61)

should be satisfied, i.e., it is necessary to find out what form a nondegenerate 2 x 2-matrix N, can be reduced
to under congruence.

—~1

Consider the matrix Nj = NoN;~'. Tts spectral characteristics are invariant because Nj = Ty Ny T;*.

Since det N}, = 1, NJ has either two complex conjugate eigenvalues cos « % i sin o or two real eigenvalues 7,
1/r (r #0). In the former case N4 can be reduced to the form

cosa  Sina
Né:( . ),0<a<7r, (62)
—sina  cosa

in the latter to the Jordan normal form.
If Nj has form (62), then

Ny = ( t sina/(1 — cosa) t | ) £ £0.

—t t sina/(1 — cosa

As det Ny = 2t2/(1 — cosa) > 0, one can take Ty = /det N>I and obtain

+cosg +sing
Ny = .2 mg , O<a<m.
Fsing *cos

Since the transformation 71 = D, replaces sin § by —sin §, we can write

sz( cosa Sma),o<a<ﬂ (63)
—Sina Cosa

(note that two last formulas for Ny are not equivalent because (63) includes the extra value a = w/2
corresponding to the case Nj = —1I).

Now we must prove the invariance of the parameter a. To this end suppose that a nondegenerate matrix
Ty satisfies (61), where N5 has form (63) and

~ cosa sind -
N2: o~ ~ y O<a<m.
—sind  cosd

As Ny + N3 = Ty (N3 + N2 )T and Na — N = Ty(Na — N3 )T}, we have
4cos® a = det(Ny + N3) = (detT;)? det(Ny + N3) = (detT} )4 cos® &
and

4sin® o = det(Ny — N}) = (detTy)? det(Ny — N3) = (detTy)4 sin” 6.

13



Therefore, |detT1| = 1, cosa = £ cos &, sin a = sin &. Now we write the condition No+ Ny = Tl(]’\\f; +JT7;*)Tf

in detail:
cosa 0 _ (t2, + t2,) cos @ (t11t21 + t1otan) cOS @
0 cosa )\ (titar +tiotzs) cosa (t3; +t2,) cos & :

Since | cos a| = | cos @|, we have t%; + t2, = 1, hence cosa = cosa. Thus, a = &, Q.E.D.
If Nj has distinct real eigenvalues r and 1/r, i.e., r # %1, then it can be reduced to the diagonal form

Ny =1/r&r, |r| > 1. Consequently,
0 ¢
Nz_(rt 0),1:;&0.

Taking 71 = 1@ t, we reduce Ny to the form

01
NQZ(T 0>,|T'|>].. (64)

It is clear that r is an invariant.

Finally, we consider the case when NJ has the eigenvalues +1. If Nj = I, the matrix N is selfadjoint,
hence, it can be reduced to the diagonal form. Therefore, the nondegenerate subspace V = span{v;,vs} is
invariant both for N and for N*| i.e., the operator N is decomposable. It can easily be checked that N is
not equivalent to the form

) 11
w=(51)

because then N» turns out to be degenerate, which is impossible. If Nj = —I, Ny can be reduced to the

above-mentioned form
0 1
=51,

The last case to be considered is the case when the Jordan normal form of NJ is
(-1 1
M= 4.
st t
= 2
NQ—(_t 0 , t#0.

1
N2:(2Z z),z:ﬂ:l. (65)

Then

Taking Ty = +/|t|I, we achieve

—z 0

Here z is an invariant. Indeed, suppose that some matrix T satisfies condition (61), where

—~ 1 5
N2:(3 g),%:il.
Then z = 1t},Z, hence z = Z.

As a result, we have obtained three forms (63), (64), (65). Now it is necessary to find out whether the
operator N is indecomposable in the three cases. The indecomposability of N means that (aN2 +bN;)x =0
only if (z, Nox) = 0 (a® 4+ b # 0). If N} = N, N; ™! has no real eigenvalues, the equation (aNs + bN3)z = 0
has no solutions, i.e., N is indecomposable if N, has form (63) with « # 7 /2. If an eigenvalue A of Nj is not
equal to 1, then (z, Naz) = 0 because (z, Nox) = (2, AN5z) = A(z, Nyz) = A(z, Naz). Thus, if N5 has form
(64), (65), or (63) with o = 7/2, then N is also indecomposable.

(b) detN2 = 0. Since N with Ny = 0 is decomposable, it suffices to consider the remaining case rg No = 1:

ESTERS

_ ka kb 2 | 32 2 2
Nz—(la lb)’a +b"#0, k°+1°#0.
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It is readily seen that So NSy # {0} if la = kb, therefore, we can assume that this condition is not satisfied.
Taking T =T; @ Ty, where
a k
n= ( b ) ’

we obtain one more canonical form:

0000
0010
N=A=19 00 0
0000

(it can easily be checked that this form is indecomposable).

As a result, we have proved that

If an indecomposable H-normal operator N (N : C* — C*) has the only eigenvalue X\ € R, and
dim Sop = 2, then the pair {N,H} is unitarily similar to one and only one of the canonical pairs {(26),(30)},

{(27),(30)}, {(28),(30)}, {(29),(30)}-

4.2 Two Real Distinct Eigenvalues of N

Since the canonical pair {(42),(43)} is obtained in the same way as in [2], we will not repeat the proof of the
following fact:

If an indecomposable H-normal operator acts in a space R™ of rank 2 and has 2 distinct real eigenvalues:
A1 and A2, then n =4 and the pair {N, H} is unitarily similar to the canonical pair {(42),(43)}.

4.3 Three Eigenvalues of N: One Real and Two Complex Conjugate

Suppose an indecomposable H-normal operator N has a real eigenvalue A and two complex eigenvalues
a+iB (8 > 0). According to Lemma 2.1, we have R" = Q1+Q», dim Q1 = dim Q2 = m, [Q1, Q1] = 0,
[Q2,Q2] =0, NQ1 C Q1, NQ> C Qa, Ny = N|g, has two eigenvalues a + i3, Na = N|g, one eigenvalue .
Since min{v_,v;1} =2, n =v_ + vy > 4. On the other hand, the subspaces Q; and Qs are neutral so that
n = 2m < 4. Thus, n = 4. As H is nondegenerate, for any basis in Q; there exists a basis in Qs such that

Take a basis in Q; such that

[ « B
Nl_(—,@ a)' (66)
Then with respect to the decomposition R” = Q;+Q» we have
(N 0 (0 I
e (%8 ) (o), on
The condition of the H-normality of N is
NiN; = N}Ny. (68)

The only matrix commuting with (66) and having one eigenvalue A is AI. Thus,

v=(% 2 )e(o )

It can easily be checked that N is indecomposable. Indeed, suppose a subspace V is invariant for N and
N Since min{dim V,dim VI*1} < 2, we can assume that dim V < 2. If V were of dimension 1, then there
would exist a vector v € V such that Nv = lv, N*ov = \v. But all eigenvectors of N corresponding to the
eigenvalue A are not eigenvectors of N*|. Thus, dim V # 1. Suppose dim V = 2. Then N |v has either the
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only eigenvalue A or two eigenvalues a +i3. In the former case V = Qa, in the latter V= Q;. In the both
cases V is degenerate, therefore, N is indecomposable.

Thus, we have proved that

If an indecomposable H-normal operator acts in a space R™ of rank 2 and has 3 eigenvalues: A € R, a+if
(o, B € R, B>0), thenn =4 and the pair {N, H} is unitarily similar to the canonical pair {(44),(45)}.

4.4 Two Distinct Pairs of Complex Conjugate Eigenvalues of N

Suppose N has four eigevalues oy £ i1, as £if2 (81, B2 > 0, (a1,61) # (az2,02)). Let us fix the order of
these pairs: 1 < B2, a1 < ap if 81 = B2. As in the previous section, one can show that N and H can be

reduced to form (67) with
B
N; = .
! ( -f1 )

It follows from condition (68) of the H-normality of N that

NQZ( 2 zﬂ2),Z::|:1.

—zfB2 a2

Now we prove that the number 2 is an H-unitary invariant. To this end suppose that a matrix 7' satisfies
condition (9) NT = TN and condition (10) TT* = I, where

_ (65) Zﬂz Y (65) 2,@2 sl
N_N1®(_zﬁ2 (12>7N_N1®(—2ﬂ2 a2>,|2|—|2'|—1.

It follows from (9) that T = T} & T», where

t11 t12
T = .
! ( —t12 tn )

It follows from (10) that T = T; !, therefore,

t3z  t34
= ( —t34 133 )

It is seen that under these conditions Z = z. The indecomposability of the form obtained can be checked as
before.

Thus, we have proved that

If an indecomposable H-normal operator acts in a space R™ of rank 2 and has 4 eigenvalues: a; + iy,
ap i, (01,P1,02,02 € R, 0 < By < Ba, a1 < ag if 1 = =), then n =4 and the pair {N,H} is unitarily
similar to the canonical pair {(46),(47)}.

4.5 Two Complex Conjugate Eigenvalues of N

The two following propositions hold for any space with indefinite scalar product. They are in a sense
analogous to Propositions 1, 2 from [2].

Proposition 2 Let an indecomposable H-normal operator N acting in R" (n > 2) have two distinct eigen-
values A = a + i3, A =a —if. Let

Sy={z=x+iy (z,y € R") : Nz = Az, Nz =Xz},
Sy ={z=x+iy (z,y € R"): Nz =Xz, NMz =)z},
{z; }} ({zj}gi’{) be a basis of Sy (S§), and
p+q

Sy = Z span{z;,y;}.

i=1
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Then there exists a decomposition of R™ into a direct sum of subspaces Sy, S, S1 such that

N'  x * 0 0 I
N = 0 Ny = , H=| 0 H; 0 |, (69)
0O 0 N" I 0 O

where
N': So—)S(), NIZN{@@NII)+(1,

’_ a f .
Nj—(_ﬁ a>, i=1..p+q, (70)
N": 8 58, N'=N'&...o N\,
N/ =N; if1<j<p, Nj=N;j ifp<j<p+yg, (71)

the internal operator Ny is Hy-normal and the pair {Ny,H,} is determined up to unitarily similarity. To
go over from one decomposition R™ = Sq+S+S; to another by means of a transformation T it is necessary
that the matriz T be block triangular with respect to both decompositions.

Proof: It is clear that the subspace Sy is well defined, i.e., that its definition does not depend on the choice
of bases in S and Sj/. Since N and N*| commute and have two eigenvalues, at least one of the subspaces
Sp, SY is nontrivial so that p 4+ ¢ > 0. Show that the system {z;}T9 U {y;}577 is a basis in Sp. In fact, the
assumption E]Piil(ajxj+bjyj) =0(a;,b; € R, j =1,...p+q) means that Re Z;’ii’(aj—ibj)zj = 0, therefore,
Re{N 301 (a;—ibj)z;} = 0. But Re{N Y51{(a;—ibj)z} = aRe Y51 (a; —ibs)z; — BTm 3511 (a;—ibj)z;
so that Zm E?if(aj —1ib;)z; = 0. Thus, E?if(aj —1ib;)z; = 0. Since the vectors z; are linearily independent
inC" aj =b; =0 (j =1,...p+q), i.e., the vectors {z; }¥T9 U {y;}’*? are linearily independent in R".
Thus, the dimension of Sy is equal to 2(p + q).

Now let us prove that for N to be indecomposable it is necesssary that Sy be neutral. Indeed, we
already know that if z = = + iy (z,y € R") is an eigenvector of N*| such that Nz = Az, then the
subspace span{z,y}, which is invariant for N and N[*], is either nondegenerate or neutral (see Section 2.3).
Since n > 2 and N is indecomposable, it is necessarily neutral. Further, if Nz; = Az, N¥z = Xz,
Nzy = Azs, NPz, = Az, then it can be shown (as in Section 2.3) that [z1,22] = [21,%2] = 0, hence
[z1,22] = [#1,92] = [y1,%2] = [y1,92] = 0. If N2y = Azg, NPz = Xzy, Nzg = Azo, NP¥zy = Xzo, then
[21,23) = 0, i.e., [z1,72] = [y1,92] and [z1,y2] = —[y1,22]- If a® +b% # 0 (a = [21,22], b = [71,32]), the
two-dimensional subspace span{azx; — byi + x2,bx1 + ay + y2}, which is invariant for N and N, will be
nondegenerate, therefore, N will be decomposable. Thus, for N to be indecomposable it is necessary to have
a =b=0. It can be checked in the similar way that the conditions [z1, z2] = [y1, y2] = [T1,¥2] = [y1,22] =0
are satisfied if Nz; = Az1, N2 = Az1, N2zo = Aza, N*lzy = A2y, Thus, if N is indecomposable, S is
neutral.

For any neutral subspace Sy of a space with indefinite scalar product there exists a subspace S; such that

0 I

Since (Sp+S1) is nondegenerate, the subspace S = (So+S1)[*! is nondegenerate too and R" = Sp+S+5;.
It is clear that with respect to this decomposition the matrices N and H have form (69), the submatrix
N’ has form (70) and N" has from (71). The last two statements of the proposition can be proved as in
Proposition 1 from [2]. The proof is completed.

Proposition 3 An H-normal operator such that dim Sy = 2 is indecomposable.

Proof: Assume the converse. Suppose some nondegenerate subspace V is invariant both for N and for N[,
Let us denote Vi =V, Vo = VIH, Ny = N|v,, Ny = N|v,, Hy = H|y,, Hy = H|y,. Since the operators NV;
(i = 1,2) are H;-normal, both subspaces Séz) C V; (defined as Sp) are nontrivial, i.e., dim Séz) > 2. Since
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So = 881)4—882), dim Sy = dim S(gl) + dim S((]2) > 4. This contradicts the condition dim Sy = 2. Thus, N is
indecomposable.

Now let us show that if min{v_,v;} = 2, then N is indecomposable only if n < 8. According to
Proposition 2, which is applicable (recall that n = v_ + vy > 4), if N is indecomposable, then Sy is neutral
so that dim Sy = 2. Therefore, if we show that for n > 8 we have dim Sy > 2, this will mean that N is
decomposable.

Let us complexify the source space R™ and apply the results from [1] and [2] concerning the decomposition
of an H-normal operator in a complex space. Lemma, 1 from [1] states that for an H-normal operator having
two distinct eigenvalues A and X there exists a decomposition of C™ into a sum C” = Vi +Vo+Vs+V, such
that

Ny 0 0 0 01 0 O

. 0 Ny 0 0 I 0 0 O
N= 0 0 N3 O , H= 0 0 H 0 ’

0 0 0 Ny 0 0 0 Hy

where Ni, N3 have the only eigenvalue A, Na, Ny the only eigenvalue X, dimV; = dimVs. It is seen that if
the space C™ is R™ complexified, then dimV3 = dimV}.

Since ranks of the subspaces V1 +Va, V3, Vj are less than or equal to 2, Theorem 1 from [1] and Theorem 1
from [2] are applicable. It follows from these theorems that if dim Vi, dim V3 > 0, then there exist at least
two linearily independent vectors z;, z such that Nz; = Azy, N Kz = Az1, Nzg = Azg, N Kz = Aza,
ie., dimSy > 4. If dimV3 = 0, n is equal to 4 because the subspaces V; and V3 are neutral (hence
n = (2dimVy) <4 = n =4). If dimV; = 0, there appear two alternatives: V3 and V; each have rank 1
or one of these subspaces has rank 0. In the latter case either N3 or Ny is decomposable for any n. In the
former case, according to Theorem 1 [1], N3 (N4) is always decomposable if dimVs > 4 (dimVy > 4). In
either case for n > 8 there exist two linearily independent vectors z1, z2 such that Nz; = Az1, N ¥z = le,
Nzy = Azp, N¥zy = Xzy. As above, we have dim Sy > 4. Thus, if n > 8, N is decomposable, Q.E.D.

Thus, according to Proposition 2, the matrices N and H can be reduced to the form

Ni Ny N3 0 0 I
N=| o ~N N |, BH=[0 T 0], (72)
0 0 Ng I 0 0

where 5
«a
NIZ ( _ﬁ a )a

Ng is equal either to N7 or to N{. The condition of the H-normality of N is equivalent to the system

NIN; = NN, (73)

NiN? + NoN; = NZN, + NiNy, (74)

NiN; + NaNj + NsN; = N;Ns+ N:Ns + NiNg, (75)
Ni:N; = N;Ni. (76)

Note that if Ng = Ny, then dim S > 0 so that it is the case dimV; > 0. It was stated before that if
dimV; > 0, then for indecomposable operators n = 4. Therefore, for n = 4 the submatrix Ng can be equal
to either Ny or NJ but for n = 6,8 we have Ng = N1. Now let us consider the cases n = 4, 6, 8 successively.

4.5.1 n=14
By the above,
a B a b
N = ( N1 N3 ) _ —ﬂ (67 C d
0 Ng | 0 0 a =4
0 0 F8 «
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Ng = N; Then from (75) it follows that ¢ = —b, d = a. If a®?+b? = 0, i.e., N3 = 0, then SoNS; # 0, which

contradicts the indecomposability of N. Therefore, a? + b?> # 0. Taking the block diagonal transformation
T = va? + 2L, ® 1/va? + b2],, we can reduce N to the form

a B cosy siny

| -8 a —siny cosy
N = 0 0 o 3 , 0<~v<2nm. (77)
0 0 -0 @

According to Proposition 3, matrix (77) is indecomposable. Let us prove the H-unitary invariance of the
parameter . To this end suppose that a matrix T satisfies conditions

NT = TN, (78)
TTH = T (79)
for the matrix N of form (77) and the matrix
. a [ cos¥y sinF
- Ni N —f «a —sing cosqy ~
_ — < .
N ( 0 N1> 0 0 o g |20s¥<?m
0o 0 -8 el

According to Proposition 2, the matrix 7" has the block triangular form
_(Th Ty
T= ( 0 T; )
with respect to the decomposition R* = Sp+S5;. The transformation T is H-unitary iff

Ty = I, (80)
T\T; + T = O. (81)

It follows from condition (78) that N7 and T} commute, therefore,

t11 ti2
T, =
! ( —t12  t11 )

t13  t1a
T5 = .
2 ( —tia  ti3 )
Now, combining (80) and (78), we have N1T5 -i—Nng*’1 = T1]’\73 +T5N;. But T5 and Ny commute (as well as
Ty and N3) so that N3 = Ty N3Ty = N3T\ T} = (detT;)? Ns. Since detN3 = detN3 = 1, we have (detT})? = 1

and N3 = N3, i.e., v =4, Q.E.D.
Ng = N Then, according to (75), ¢ = b. The transformation

so that from (81) we get

10 0 a/28
o1 —a/28 0
=100 1 0
00 0 1

reduces N3 to the form
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without changing the submatrices Ny and Ng. If both b’ and d’' are equal to zero, the condition SoNS; = {0}
fails. Therefore, 4b"? + d'?> # 0 and we can take the transformation

cos¢p sing —rsing rcos¢
—sing cos¢ —rcos¢ —rsing
0 0 cos ¢ sin ¢ ’
0 0 —sin¢ cos ¢

T =

where cos2¢ = 2b'/V/d'"? + 4b2, sin2¢ = —d'/Vd'"? + 402, r = d'/(406). It does not change N; and Ng but

reduces N3 to the form
11 1
Ny = ( o ) Y = VA >0,

If we now take 0; = Vb'"vy, 03 = Vs, 03 = 113/\/17, Uy = 1)4/\/17, then N3 will be equal to Dy. Thus, we
have obtained the final form for the matrix V:

a g 0 1

| 8 a1 0
N = 0 0 a -8 (82)

0 0 8 «a

According to Proposition 3, matrix (82) is indecomposable. Forms (77) and (82) are not H-unitarily
similar because for matrix (82) the subspace S{ defined in Proposition 2 is nontrivial in contrast to that for
(77). Thus, we have proved that

If an indecomposadble H-normal operator acts in a space R* of rank 2 and has 2 eigenvalues: o % if3
(o, € R, B > 0), then the pair {N,H} is unitarily similar to one and only one of the canonical pairs

{(48),(50)}, {(49),(50)}-
452 n=6

The matrices N and H have form (72) with Ng = N;. Since the submatrix Ny is an ordinary normal matrix
(condition (76)), one can assume that Ny = N;. Thus,

N1 Ny N3
N = 0 N1 N5
0 0 N
First reduce the submatrix
Ny = ( a b )
¢ d

to the form

I T -7y
T=0o 1 -13 |, (84)
0 0 I

Then
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If both ¢’ and d' are equal to zero, i.e., N2 = 0, then from condition of the H-normality (75) it follows that
N5 = 0, which contradicts the condition Sop NS = {0}. Therefore, ¢> + d”? # 0 and we can subject the
matrix N obtained to the transformation T' = I, ® T} & I, where

o ANEEE T
=\ LevETE aEFE )
Then

Ny = (8 o ) &' =\ +d? > 0.

Taking v; = d"vy, U3 = d"'va, U3 = v3, Uy = v4, U5 = v5/d", U = ve/d", we obtain desired form (83) for the
submatrix Ns.
Now let us apply conditions (74) and (75). We get

1 .
N5=—( cosy+1  siny

2 —sinvy cos'y—l)’ 0<v<2m
Ny = p d .
(cosy+1)/48 —q siny/48+p
Finally, take transformation (84) with

Ty =2p/(cosy+ 1) I if v#m,

(9 -2\ 4,
Tz—(q 0)1f'y_7r.

_ 0 ¢
N3 = ( (cosy+1)/48— ¢ sinvy/43 ) (v # ),
N3 =p'ly (y=m).

Then

As a result, we have obtained two forms:

a B 0 0 0 r
-8 a 0 1 (cosy+1)/48—r  siny/4p
N=| 0 0 a 8 (cosy +1) 1siny
1 0 0 -8 «a —1sinvy 2(cosy—1) |’
0 0 0 0 a 3
0 0 0 0 -3 a
0<y<2my#m, (85)
a B 0 0 r 0
-8 a 0 1 0 r
| o0 a s 0o o
N=19 0 -8 a 0 -1 | (86)
00 0 0 a 48
0 0 0 0 -8 «

According to Proposition 3, matrices (85) and (86) are indecomposable. Let us show that they are not
H-unitarily similar and that the numbers r and y are H-unitary invariants. To this end suppose that some
H-unitary matrix T reduces the matrix N to the form N:

NNy, Ng\ [N Ny N
N = 0 Ny Ny |, N= 0 N, Ny |,
0 0o M 0 0o M
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where

a g 00
w5 2)me(30).

1/ cosy+1 sin 7y

= — <

N 2( —sin~y cos*y—l)’ 0<v<2m
1

~a cosy +1 sin ¥ -
N5_2( —sin¥ cos’y—l)’ 0<y<2m

Then, according to Proposition 2, T" has the block triangular form

T T, T
T=| 0 T, Ts
0 0 Tg

with respect to the decomposition RS = Sp+S+S;. It follows from condition (78) NT = TN that

[ cos¢ sing _ [ tis tig
h=Ta=Ts= ( —sing¢ cosq§>’ T; = ( —t14 t13+% )

Condition (79) TT™ = I implies Ty T + T>T; = 0, hence

t t
Ts=-TT5Ti=( ins )
—t36 135 — 5
where
.3
si
t3y = —t13C08 2¢ — t14 Sin 2¢ + IIIB ¢,
.2
cos
tszg = —ti138in2¢ + t14cos2¢ — w

Substituting the expressions for Ty, T5, Tg in the formula N, T5 + N5Ts = T4JV; + T5 N7, which follows from
(78), we obtain: N5 = N5. Therefore, forms (85) and (86) are not H-unitarily similar and the parameter
is an H-unitary invariant.

Now let us check the H-unitary invariance of r for matrix (85). To this end suppose that

N _( 0 r )
87\ (cosy+1)/48—r siny/4B )’

N — 0 ¥
37\ (cosy+1)/43 —F sinvy/43 |’
0 <y <2m v #m. It follows from (79) that T1Ty = —1T>T5 + X, where X is an antisymmetric matrix,

therefore,
Te = tis tie _ msinqﬁ —T COS¢
37T\ toy o rcos¢ xsing ’

215 = —(t3;+t3,)cos¢ + t1asin’ ¢/ B,

where

21 = —(t3;+1t2,)sin¢p — t14sin¢cosp/p,
a5 = —tigsingcos/B+ ((tiz +sing/B)? +t2,)sin ¢,
2y = —tigsin®¢/B — ((t1z + sin¢/B)% +t3,) cos b
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Since N1T3 + NoT5 + N3Tg = le\}; +T5 N5 +T3N, (COIIditiOIl (78)), ]f\}; = Tl*(Nng —T3N1 + NoT5—T5Ns +
N3Ts). Substituting the expressions for T, T3, T5, Ts in this formula, we obtain:

aitis + astia +az = 0, (87)
bitiz + bot1gy +b3 = F—r, (88)
where

= —glcos(s =) +cos)

ay = —%(sin(d) — ) +sin¢),

G = =55 olcos(s =) + cos ),

b= i@ —7) —sing),

b = —glcos(d—7) = cosg)

b = gpsing(sin(d =) —sin).

Since the left hand sides of equations (87) - (88) are proportional and the coefficients of 13 and of ¢4 in (87)
are not equal to zero simultaneously, condition (87) implies # = r. Therefore, r is an H-unitary invariant.
The proof of the invariance of r for matrix (86) is analogous.

Thus, we have proved that

If an indecomposable H-normal operator acts in a space R® of rank 2 and has 2 eigenvalues: o =+ if3
(o, € R, B > 0), then the pair {N,H} is unitarily similar to one and only one of the canonical pairs

{(51),(53)}, {(52),(53)}-

453 n=38
The matrices N and H have form (72), Ng being equal to Ni:

N1 N» Ns
N = 0 Ny Nj
0o 0 M

Since Ny is an ordinary normal matrix (condition (76)), it can be assumed that Ny = Ny & Nj.
Having these equalities in mind, we reduce the submatrix
d
h

a b

e (o
00 00O

Ny = ( 010 0 ) (89)

without changing the submatrices Ny, Ny, and Ng = N;. To this end take transformation (84) with

T, = ( b{)ﬂ —ao/ﬂ d(/)ﬂ —f(:)/ﬂ )

0 0 0 O
N2:<e/ f/ g/ h/)-

Now subject the obtained matrix N to the transformation T = I, @ T{ @ T}’ @ I, where

TI:( f'/\/e? + fr2 e'/\/6'2+f'2> ife? + 2 >0
=\ 2 e ’
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to the form

Then



T =1L ife' = f' =0,
T =L ifg =h' =0.
We get

we(§ B0 R ) e

If f+ 4" =0, ie, Ny = 0, from condition (75) it follows that Ny = 0, which is impossible because
So NS = {0}. Therefore, f"" + h" > 0. Without loss of generality it can be assumed that f” # 0 (otherwise
one can take U3 = v, Uy = vg, U5 = v3, Ug = v4). Therefore, we can assume f” = 1, taking 0v; = f"vy,
U2 = f"va, U7 = w7/ f", Ug = vs/f". Keeping in mind that f” = 1, take the transformation

Tero( YVIEHPL W VTTRPL Y\ res
SO\ pyirREL  1VITEREL v

where T; = +/1 + h'"2I;. Then we obtain desired form (89) for the submatrix No.
Condition (74) implies

*

*

Ny =

RN ¥ ¥

—q
Since the case p = ¢ = 0 is impossible (the condition SoNS = {0}), we have p? + ¢* > 0. The transformation

T:IQGBIQEBTlGBIQ,Where
T1=( p/VP + ¢ Q/x/p2+q2)
—q/VPP+ @ p/NPP+EP )

reduces N5 to the form

O ¥ *

, P =Vpr+¢2 >0,

Ns =

'~

o % ¥
=

retaining the submatrices Ny, N2, Ny, and Ng. It follows from conditions of the H-normality (74) and (75)
that

sin? v sin y cosy cos §
| —sinycosycosd —cos?y
Ns = sin -y cos 7y sin § 0 , 0<y <m/2,0<d <,

sin 7y cos 7y sin §

0
N. — s t
87 \ sin®y/268—t sinycosycosd/2B+s )

At last, take transformation (84), where

T — 0 0 s/(sinycosysind) t/(sin~ycos~ysind)
27\ 0 0 —t/(sinycosysind) s/(sinycosysind) |’

and reduce N to the final form:

a B 0 0 0 O 0 0
-8 a 0 1 0 0 sin? v/20 siny cos~y cos §/20
0 0 a B 0 O sin? 5 sin 7y cosy cos §
N = 0 0 -8 a 0 0 -—sinycosycosd —cos? y
a 0 0 0 0 a B sinycosysind 0
0 0 0 0 -8 « 0 siny cosysin §
0 0 0 0 0 0 a 8
0 0 0 0 0 0 3 a
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0<vy<m/2,0<d <. (90)

Due to Proposition 3 the matrix obtained is indecomposable. Let us check the H-unitary invariance of
the parameters v and J. Suppose some H-unitary matrix 7" reduces the matrix N to the form N:

N1 Na N3 3 Ni N Nj
N={ 0 N+ N5 |, N=| 0 Ny, N5 |,
0 0 Nl 0 0 N1
where
[ a B B {000 0
Nl_(—ﬂ a)’ Ny = N; & Ny, N2_<0 10 0)7
sin? siny cosy cos &
— siny cos~y cos d —cos?y
N5 = : : )
sin -y cos -y sin § 0
0 sin -y cosy sin §
sin? & sin'?cos’ycosg
M- —sin & cosd cos & —cos? ¥
5 sin 4 cos ¥ sin & 0 ’
0 sin 4 cos4 sin §

0<v,7<m/2,0<8,6<m.

Then, according to Proposition 2, T has the block triangular form

T Ty Tj
T=| 0 T, Ts
0 0 T
with respect to the decomposition R® = Sg+S+S;. Combining condition (78) NT = TN and (79) TTI = I,
we get
o cos¢ sing _ cosy  siny
Ti=Ts = ( —sing cos¢ ) >, Ta=T1® ( —singy  cosy ) ’
t37 38 )
7 — t13 t14Sin¢ tis  tie , Ty = —tss a1 — % )
—t14 ti13+ g —t16 15 ts7 tss
—t58 ts7
where
.3
t3y = —ti13cC08 2¢ — t148in 2¢ + Slr/lé) ¢7
.2
tss = —t13in2¢ + t14 cos2¢p — w,
ts7 = —t15c08(¢p + 1) — t1gsin(P + ),
tss = —t15sin(¢ + ¥) + t16 cos(¢ + ¢).

Substituting the expressions for Ty, Ty, T in the formula NyT5 + N5Tg = T4]’\\7; + T5N; which follows from
(78), we obtain

sin? v sin 7y cos 7y cos §
. — sin~y cosy cos & —cos?y
Ny = sin~y cosy sin d cos(¢ — 1) siny ,

cosysin § sin(¢ — )
—siny cosysindsin(¢p — 1)) siny cosysind cos(¢p — 1)
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hence ¢ = ¢, hence y =%, 6 = 5.

Thus, we have proved that

If an indecomposable H-normal operator acts in a space R® of rank 2 and has 2 eigenvalues: o =+ if3
(o, B € R, B >0), then the pair {N,H} is unitarily similar to the canonical pair {(54),(55)}.

We have considered all the possible alternatives for an indecomposable operator N and have obtained
the canonical forms for each case. Thus, we have proved Theorem 2.
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