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Overview

= Filtering: ° e °
P(x¢|z0, 215+, 2t) ° e e

= Smoothing: ° G @ °
P(CL}‘ZQ, Zlyeooes ZT)

= Note: by now it should be clear that the “u” variables don’t really change anything
conceptually, and going to leave them out to have less symbols appear in our equations.




P(x2|20,21,22) o< P(x2,20,21,22)

> P(za|2) P(xa|21) P(21|21) P(a1|w0) P20 o) Px0)

= P(zo|r2) Y P(aa|z1)P(z1|z1) Y P(a1]ao) P(20]w0) P(zo)
T1 To P(.CU(), Z())
?(wl, Zo)

P(xb 205 Zl)

T(x27 205 Zl)

T)(an 20y 215 22)

m Generally, recursively compute:

P(xii1,20,...,2¢) = Z P(xiyr|xy) P, 20y - - -y 2t)
Tt

P(l’t+1, R0y« vy %ty Zt+1) = P(Zt+1|$t+1)P(13t+1, 20y Zt)



Smoothing 5 666

P($2‘203 21y %25 %3, 24)

X P($2,Z0,21,ZQ,Z3,Z4)
= Z P(Z4|£I?4)P(LE4|.’I?3)P(23|.’133)P($3|$2)P(252|$2)P($2|J31)P(21|$1)P(.’131|£E())P(ZU|.’I)0)P($0)

ro,T1,T3,T4

= Z P(Z4|ZB4)P(ZE4|CE3)P(Z3|ZL'3)P($3|£E2 ZQ|£L'2 (ZP $2|£B1 Zl|£L'1 <ZP .2131|£170 Z()|£l?0) ( 0)))

r3,Tq

- <ZP(z3|;c3 (23]z2) <ZP(z4|x4 $4|x3>> (22]z2) (ZP xalz1)P(21|21) (ZP z1|zo)P(z0|x0) P (0)))

b(z3) = P(z4]xs3) P(x1, 20, 21)

b(xQ) - P(z3,24|x2) P(xQVZOaZlaZQ)

m  Generally, recursively compute:

= Forward: (same as filter) = Backward:
P@ir,20,--2) = ) Pl@ale) P, 20, 21) P(zt41,- - 2rl@es1) = P(zegr|zesn) P(zete, - 2r|Tes)
P(@i41, 20,26 2041) = P2 |Tee1) P(@e41, 20, - - 2e) Pzt41,. - orlee) = Z P(@isaloe) Pz, - 2rles)

Tt41

s Combine:P (x4, 20, . ..,27) = P(xt, 20, ..., 2¢) P(2¢41, . - ., 27|24



Complete Smoother Algorithm

s Forward pass (= filter):
1. Init: ag(zo) = P(20|z0)P(z0)

2. Fort=0,...,T—1

o aiy1(zey1) = P(zip1|wesr) Do, P(wia|ze)ai ()

= Backward pass:
1. Init: bp(zp) =1
2. Fort=T-1,...,0
o bi(z) =2, P@s1|z) P(zeq1|@is1)bisr (2e41)
= Combine:
1. Fort=0,...,T

L P(a:t, 20y oo ZT) = P(.’,Ct, 20y oo Zt)P(CEt+1, Zt41ly ey ZT|£Ct) = at(xt)bt(xt)

Note |: computes for all times t in one forward+backward pass
Note 2: can find P(X, | Z, ..., Z7) by simply renormalizing



Important Variation

= Find P(xtaajt—I—l)ZOa"'va)

P(x¢, 20y, 27)

bt(CEt) = P(Zt-l-la"‘aZTlxt)
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s Recall:

= So we can readily compute

P(x, Tiy1, 2055 2T)

= P(x¢, 20, -5 2¢t) P(xeg1|Te, 205 - o5 2¢) P(Ze1s - - o5 27| 421, Tty 205 - - -5 2¢)  (Law of total probability)
= P(fL't, A TRER azt)P($t+1|~’I3t)P(Zt+1, ceey ZT|33t+1) (Markov assumptions)
= ay(x4) P(xip1|e)bpar(Tia1) (definitions a, b)



Exercise

[ | Flnd P(xtaxt—i—kazo 7777 ZT)



Kalman Smoother

= = smoother we just covered instantiated for the particular
case when P(X.,, | X,) and P(z, | X,) are linear Gaussians

= We already know how to compute the forward pass
(=Kalman filtering)

= Backward pass:

b () =/ P(xiq1|ze) P(ze41|Te41)beg1 (41 ) dT i
Tt41

s Combination:

P(x4,20,...,27) = as(x¢)bs(24)



Kalman Smoother Backward Pass

= TODO: work out integral for b,

s TODO: insert backward pass update equations

= TODQO: insert combination = bring renormalization
constant up front so it’s easy to read off P(X. | Z,, ..., Z7)



Matlab code data generation example

= A=[ 0.99 0.0074; -0.0136 0.99];C=[11;-1+1];
= X(:,1) =[-3;2];
= Sigma_w =diag([.3 .7]); Sigma_v =[2 .05; .05 1.5];
= w=randn(2,T); w = sgrtm(Sigma_w)*w; v =randn(2,T); v = sqrtm(Sigma_v)*v;
= fort=1:T-1
X(5LH+1) = A* x(;,t) + w(:,t);
z(:,1) = C*x(:,b) + v(;,1);
end
% now recover the state from the measurements
P_0 = diag([100 100]); x0 =[0; 0];
% run Kalman filter and smoother here

% + plot



Kalman filter/smoother example

state

— — —Kalman filter

......... Kalman smoother




