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Abstract mation where correspondence between regions has to be
established or higher-level problems such as object recogn

This paper presents an alternative approach to the imagetion where recognition of subparts would benefit from good
segmentation problem. Similar to other recent proposals segmentation algorithms.
a graph theoretic framework is used: Given an image a  Many different approaches have been proposed in the
weighted undirected graph is constructed, where each pixelpast. Data clustering methods have been applied to image
becomes a vertex of the graph and edges measure a relasegmentation in form of agglomerative and divisive algo-
tionship between pixels. Our approach differs from presiou rithms [9]; also techniques based on mapping image pixels
work in the way we define the edge weights. Typically theto some feature space [1] have been suggested. Recently a
edge weights represent pixel similiarities and a good seg- graph theoretic approach has become the most popular and
mentation corresponds to a (normalized) minimum cut of a number of authors have demonstrated good performance
the graph. The shortcoming of the minimum cut approach on this task using methods that are based on graph cuts [18],
is that it favors cutting small regions of isolated nodes and [13], [3]. One of the advantages of the graph cut methods
therefore a normalization is needed in order to enforce a is that they can make use of well understood algorithms for
more balanced partitioning. We propose to fix this short- graph partitioning and that the graph structure allows the
coming by using a maximum cut approach, because a maxsearch for a globally optimal solution based on local fea-
imum cut is usually achieved when the clusters are of sim-tures.
ilar size. Our edge weights measure the pixel dissimilar-  This paper is structured as follows: in the following sec-
ity and hence we seek a maximum cut of the graph. Sincéion we will review some related work and then our ap-
computing the maximum cut is NP-complete we use an approach will be described in section three. In section four
proximation algorithm based on semidefinite programming some results will be shown, before concluding in section
to obtain a good cut. We define different graph structures six..
that can be used and show that the computational complex-
ity of the problem significantly depends on the structure ofd2. Related Wor k
the graph. Synthetic and real images are segmented an
the results are compared to results obtained by alternative In the graph theoretic framework image segmentation is

segmentation algorithms. performed by repeatedly partitioning a gragh= (V, E)
into two disjoint setsA andB (AU B = V,AN B = ().
1. Introduction Given an imagd a weighted undirected gragh= (V, E)

is constructed, where each pixel becomes a vertex of the
Image segmentation (also referred to as perceptual groupgraph. The graph is usually fully connected and the edge
ing) is one of the most studied and yet unsolved problems inweight w(i, j) is computed by a function measuring the
computer vision. The objective is to partition the imageint  similarity between the verticesandj. Low-level features
regions of similar appearance and thereby achieve a comsuch as brightness, color and texture are typically used for
pact, summary representation [5]. While pixels in the same estimating the similarity.
region should look alike, pixels in different regions stwbul Segmenting the image corresponds to finding a partition
inhibit different low-level features (e.g. color, brigleiss, of the graph into disjoint set®&;, 5, V3, ..., V;,,, such that
texture). The Gestalt movementin psychology [17] showed the similarity within the set; is high and between two dif-
that perceptual grouping plays an important role in human ferent setd/; andV is low. The objective function for mea-
visual perception and a wide range of computer vision prob- suring the similarity is where the various approaches diffe
lems could benefit from well segmented images. ExamplesThe objective function also determines the complexity of
are intermediate-level vision problems such as steree estithe algorithm: in simple cases the complexity is a low de-
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Figure 1: The minimum cut favors cutting small sets of iso-
lated nodes (image based on [13]).

gree polynomial, but often the computation of an exact so-
lution turns out to be NP-complete; in these cases approxi-
mate solutions, often based on eigen-decomposition of th
affinity matrix, have been suggested.

2.1 Minimum Cuts

In the framework of minimum cuts the partitioning, also
called acut, is achieved by removing all edges between the
two sets. For each cut a cost is defined as follows:

cut(A, B) = Z w(u,v).
ueAveEB
The optimal cut can be computed efficiently with the
Ford Fulkerson algorithm [4] and Wu and Leahy [18] show
a clustering method based on this minimum cut criterion.
However, as the authors themselves mention in their work,
this criterion tends to favor cutting small sets of isolated
nodes in the graph, see fig. 1.

2.2 Normalized Cuts

In order to avoid this unnatural bias Shi and Malik [13] pro-
pose a normalized cutNcut) criterion that measures the
within group similarity as well as the cluster dissimilgrit

and thereby produces better results. It is defined as a frac-

tion of the total edge connections to all nodes in the graph:

cut(A, B)
assoc(A, V)

cut(A, B)

Ncut(A, B) =
cut(4, B) assoc(B,V)’

whereassoc(A, V) = > < 4 ey w(u,v) is the weight
of all edges from nodes in A to all nodes in the graph. As
it turns out, this definition allows to minimize the disasso-

€

within the groups simultaneously. Unfortunately this more
general formulation comes at a high price: computing the
optimal normalized cut is NP-complete (as proven by Pa-
padimitriou, see the appendix of [13]) and therefore approx
imation algorithms need to be applied. It can be shown that
computing the eigenvectors of the affinity matrix (which is
essentially the adjacency matrix of the graph) produces an
approximate solution to the normalized cut problem [13].

Eigenvector based segmentation is used for finding effi-
ciently approximate solutions in the normalized cuts frame
work, but has also been proposed by others. All these meth-
ods find one or several eigenvectors of an affinity matrix and
differ only in the way the affinity matrix is defined and how
many and which eigenvectors are used. A good overview
is presented by Y. Weiss in [16] where different eigenvalue
based approaches are compared and analyzed.

3. The Maximum Cut Approach

Graph partitioning techniques that minimize some objec-
tive function have been studied extensively and all kinds of
objective functions have been suggested. All of these ap-
proaches have to deal with minimum cut’s behavior of fa-

voring small isolated regions. In this paper an alternative
approach is pursued: instead of computing a minimum cut,
we will compute the maximal cut on an appropriately de-

fined graph.

We are interested in partitions where the within clus-
ter similarity is large and the between cluster similargy i
small. In theminimumcut framework the edge weights rep-
resent the similarity between pixels. One can think of the
edges as rubber bands holding the vertices together, with
thicker rubber bands holding together more similar pixels.
The minimum cut is the one which requires the least en-
ergy for cutting the rubber bands and separating the graph
in two pieces. In contrast, in thmaximumcut framework,
the edge weights represent the dissimilarity between gixel
Think of the edges as springs pushing apart pixels that do
not look alike. The graph cannot expand arbitrarily but has
to fit within a certain size (the image canvas), and there-
fore the springs have to be compressed, which requires en-
ergy. The maximum cut removes the most resisting edges
and thereby minimizes the required energy.

Finding the maximum cut fixes the shortcoming of mini-
mum cut: the cost of the cut is maximized when there are as
many connections as possible, which encourages a partition
with larger regions. Maximum cuts are usually used in the
electronic circuit design. Given an electronic circuitGpe
fied by a graph, the maximum cut defines the largest amount
of data communication that can simultaneously take place
in the circuit. The highest-speed communications channel
should thus span the vertex partition defined by the max-

ciation between the groups and to maximize the associationmum edge cut. Finding the maximum cut in a graph is



NP-complete, despite the existence of algorithms for mini-
mum cut (MAXCUT is one of Karp’s original NP-complete
problems [10]). However, there exist good approximation
algorithms.

3.1 Constructing the Graph

The first step consists of constructing an undirected graph
based on the given image. There are two independent steps
involved: first we need to decide on the graph structure and

then we need to compute the edge weights.

3.1.1 Graph Structure

For each image pixel there is a vertex in the graph and the

edge weights represent the dissimilarity between two pix-
els. We experimented with three different approaches for
the number of edges in the graph:

e Fully connected graph:For each pair of pixels a
dissimilarity measure is computed. This graph cap-
tures the global dissimilarity between different regions
very well, but even for medium sized images (e.g.
1 Megapixel) this approach becomes intractable (the
graph will have one million vertices and one trillion
edges). Therefore a threshold distadgg..s;, has to
be chosen and only pixels that are at mgt., apart
are connected to each other. Typically,..s, is in the
range of 10 to 20 pixels.

4- or 8-neighbors graphThis graph captures the lo-
cal dissimilarities and reduces the number of edges
by an order of magnitude. Additionally the neigh-
borhood graph is planar and there exist polynomial
time algorithms for finding the maximum cut for pla-
nar graphs [8]. Unfortunately some information about
global characteristics is lost.

Randomly sampled graphkor each vertex we pick
randomly a number of different vertices (20 or 50)
and compute the dissimilarity to those. While this

graph has a small number of edges it captures hope-

fully enough local and global information.

Brightness: When working with gray-level images
brightness replaces color. But it should be noted that
brightness is not a reliable cue when shadows are
present (which is essentially always the case).

Texture: Probably the best cue is texture. Texture can
be measured by the response of DOOG filters at vari-
ous scales and orientations [11].

e Spatial Proximity:Pixel that are closer to each other in
the image are more likely to belong to the same region.
This simple fact is measured by the Euclidian distance
between the pixel locations in image coordinates.

e Number of edges between pixelEdges often coin-
cide with object boundaries. We compute the edge
map of the image (using a Canny edge detector) and
then count the number of edges that intersect the line
between the pixels.

We use a weighted average of these features as the dis-
similarity measure. Our implementation makes usé loé
Berkeley Segmentation Engine (BSEplemented by C.
Fowlkes and publicly available at [6].

3.2 Finding the Maximum Cut

After the graph has been constructed we want to repeatedly
bipartition it by finding maximum cuts. Karp showed by re-
ducing from a slight variant of 3SAT that finding the max-
imum cut is NP-complete [10]. Since we are working with
very large graphs, computing the exact solution is impossi-
ble. Instead we either try to find an approximate solution or
to restrict the graph to having a planar structure. Dependin
on the graph one of the following maximum cut algorithms
is used for bipartitioning:

3.21 A naivegreedy algorithm

For a long time no good polynomial time approximation
algorithm was known. The only solution was a naive greedy
algorithm that guaranteeséaapproximation. The ideaisto
start with any arbitrary cut and then to adjust the nodes a

In order to further reduce the number of edges we use ajittle bit in the following fashion: If some node has more
sparse representation and remove edges that have a weighieighbors on its side than on the other side, then move it to

smaller than a certain threshold.

3.1.2 EdgeWeights

Different low-level features can be used for computing the
dissimilarity between two pixels:

e Color: When working with color images, color obvi-
ously is an important grouping indicator. The dissim-
ilarity can be computed for example as the Euclidian
distance in the HSV color space.

the other side. This process is repeated until convergence.
Alternatively, a simple randomized algorithm just putsteac
node on a random side. Every edge has a probabilig/(nﬁ
crossing cut, hence the expected number of edges crossing
the cut is|2£|.

3.2.2 Approximation algorithms

The best known, and probably the best possible, approxima-
tion algorithm for maximum cuts is due to M. Goemans and
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Figure 2: Segmentation results on a synthetic image thasulasampled to 32x32 pixels: (a) Original image; (b) Normedi
cuts segmentation; (c) Our maximum cut result. See textismudsion.

D. Williamson [7] and guarantees to deliver a solution that 3.3 The Recursive Algorithm

is at least within a factor of 0.879 of the optimal solution.

The algorithm can be interpreted as a semidefinite programftér the graph has been partitioned we need to decide
or as an eigenvalue minimization problem. whether the current partition is sufficient or whether some

components should be recursively subdivided. This is cur-
rently done manually, a good stopping criteria is a possible
area of future research.

The maximum cut of a grap@ = (V, E) with weights
w;; = w(i, j) is given by the following integer program:

max Z wii (1 — viy5)
o 4. Results

In this section we will present and discuss some of the ob-
tained results. It should be noted that, in general, the eval

where they; are labels indicating to which set each ver- uation of different grouping algorithms is challenging and

tex belongs. This integer program can be relaxed so that arﬂOt well understood since the granularity of the segmenta-

approximate solution can be found in polynomial time. The .t|on depends heavily on the application. While there ex-

idea is to solve a semidefinite program and then to "round” ists databases of human sggmented images that can be used
the solution appropriately. The "rounding” is achieved by as ground truth ([12]),a universally accepted test beneh ha

picking a random hyperplane that separates the solutions oyet to be es@abllshed. A common way to present_ segmenta-
the semidefinite program. See [7] for details tion results is therefore to segment several test images and

We used a semidefinite programming package for MAT- compare these to segmentations obtained by alternative al-

3 S . 20 gorithms.

LAB called SDPT", which is publicly distributed at [15]. We are showing our segmentation of a synthetic image

(fig. 2) and a real image (fig. 3) and are comparing our

3.2.3 Algorithmsfor planar graphs results to the segmentations produced by J. Shi’s et al. nor-
malized cuts [13], obtained by the implementation that is

When the underlying graph structure is restricted to be pla- available at [2].

nar the maximum cut can be found by a polynomial time  Unfortunately only results on small images can be shown

algorithm that is due to Hardlock [8]. Hardlock’s algorithm  since the memory requirements for big images are enor-

transforms the maximum cut problem into the maximum mous (especially when the code is not optimized). Our

subjecttoxy; € {—1,1}

weighted matching problem and requi@ér?®) time. Re-  maximum cut algorithm was somewhat slower than the nor-
cently a better algorithm, running @(n'-* log n) time, has ~ malized cut algorithm, however our code is not optimized.
been developed [14]. The memory requrements were what prohibited the seg-

Due to time constraints we were not able to implement mentation of larger images. We are showing results on two
any of these algorithms for planar graphs but had to useimages that are realatively easy to segment. For more com-
Goemans’ and Williamson’s [7] approximation algorithm plicated images our algorithm failed to produce a good seg-
for arbitrary graphs. mentation.
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Figure 3: Segmentation results on a real image that was suydbsd to 32x32 pixels: (a) Original image; (b) Normalizediscu

segmentation; (c) Our maximum cut result. See text for disicun.

As can be seen in fig.2 and fig.3 the maximum cut seg- References
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