CS281A /Stat241A: Statistical Learning Theory

Lecturer: Daniel Ting adapted from notes by Barbara Engelhardt

More on the Multivariate Gaussian, Generalized Linear Models (GLIM) (10

Scribes:

1 Contours and Eigenvalues of the covariance matrix

Let’s look at the density of the d-dimensional multivariate Gaussian again.
plalp, D) = e enp(~(a — )T & — 4)/2)
(2m)d/2|x|1/2

1.1 Diagonal covariance matrix

Let’s first consider a simple 2-d case where

We get
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This is just the density for 2 independent normals.

What does this look like in terms of the contours of the density.
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Thus each contour consist of the points that satisfy an equation of the form

2 2
2 Ty | Ty
C ——2+—2

01 03

Draw the contour plots. Axes are the major/minor of the ellipse.

1.2 General covariance matrix

Now consider a general (positive definite) covariance matrix . We keep p = 0 We can use use the spectral

theorem to decompose the matrix
S =UTAU

where U is an orthogonal matrix and A is a diagonal matrix where the diagonal entries are > 0

We also get the inverse
ST =(UTAD) T =UTIAT U = UTAT Y

since U orthogonal implies U~ = UT

The diagonal entries of A are the eigenvalues and the corresponding rows of U are the corresponding eigen-
vectors.

logp(z|p,X) = const —aT¥ ™ x/2
const —2TUTA" Uz /2
= const — (Uz)TA (Ux)/2

x?
_ _ K
= const E —)\2
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Reparameterizing ' = Uz brings us back to the diagonal case.
Graphically what does this mean? Orthogonal matrices can be viewed as generalized rotation matrices.

Work out a 2d example.

e (i ) N G W Qoos T )

We get the major axis along (cos(30), sin(30)) and minor axis along (cos(30), sin(30)).

What if we take p # 07 Then we do the same kind of reparameterization trick 2’ = U(x — ). Geometrically
this just means we shift the center of the ellipse

We can also flip this around. Given an n x n matrix A and a vector z of n independent standard normals ,
Az is Normal(0, AAT) eg we may take A = UTA/?

1.3 Distance metric viewpoint

We may also view the map d(z,y)? = (z—y)T S~ (x —y) as defining a distance metric and (z,y) — 27Xy

as defining an inner product.
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In Euclidean space, we have
<z, y>= xTy
|z|* = 2"
It is easy to verify all the properties of inner product are satisfied by

<zy>ypa=zln 1y

Thus, the following is a distance metric
d(z,y)5- = (z =957 (z —y)

What does this mean geometrically? Go back to the spectral decomposition ¥ = UTAU. To go from our
“new” space back down to usual Euclidean space, we stretch it along the eigenvectors. The amount of
stretching along eigenvector v; is equal to the square root of the corresponding eigenvalue v/ ;.

What does this mean in terms of normal densities? The log of the density is given by
logp(|u, X) = const — d(x, 1) /2
The contours (ie the curves of equal density) are exactly the points equidistant from the mean.

Example: classification

Consider two multivariate normals with known mean and covariance. Assume the covariance matrix is he
same, but the means are different.

Given a data point, which normal did it come from?

Setting the posterior log odds ratio to 0 gets us the decision boundary

g 2 =010 _ ) p(XIY =0)p(Y =0)
p(Y =11X) p(X[Y =1)p(Y =1)
p(Y =0)
= 10gp(X|Y:O)—logp(X|Y=1)+10gp(Y:1)
= —d(X,p0)%5-1/2+d(X,p1)%5-1/2 + log pg; z (1)§

Stop here and draw contour plots
p(Y =0)
p(Y =1)

Note that if ¥ is not a multiple of the identity then the lines (in Euclidean space) are not orthogonal to the
line between the means.

d(Xa UO)%*1/2 = d(Xa lu’l)22*1/2 + 1Og

Continuing to get a algebraic solution

p(Y = 0[X) 1 Ty—1 1 Ty—1 p(Y =0)
log o — 2 = (X — ) R N(X - (X = p)TE X — ) log B —
%% LV = 1X) 5 (X — o) (X = po) + 5 (X =) (X — 1) log PV =)

_  _,Ty-1 Ty—1y T (Y:O)

= —p XX A STX =g o+ i BT NllOgi(Yzl)
_ =0

= (1 —p0)"TTX — g S o + ] B + 1ogﬁ

= X ++4
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When the covariance matrices are different 31, Yo define 2 distance metrics. We can’t “reshape” the entire
space by applying a single distance metric.

Draw some rough contour plots showing the quadratic relationship.
Algebraically, this happens since you are left with a quadratic term

D YN IR Yt

2 Generalized Linear Models (GLIMs) and the Iteratively Reweighted
Least Squares (IRLS) algo

We mainly want to go over IRLS, but you’ll see more about the GLIM model itself in class tomorrow.
In the usual regression setting we had the model

E[Y|z] = Tz
Least squares linear regression gave the ML solution when Y ~ Normal(8T z,0?)

We can generalize linear regression by considering the following model

EY|z] = p= f(6"x)
In this model, we assume

e 2 enters model via linear combination 67 x

e 4 is a function of this linear combination, f(07x).

e y is distributed according to an exponential family function, with conditional mean u = f(67 ).
This model is a Generalized Linear Model (GLIM). The function f is called the response function. f~! is
called the link function

The GLIM framework extends linear regression. It

e is useful for modeling different types of data (binary, counts, etc)

e lends itself to an easy algorithm (IRLS) for finding MLE for the parameters 6.

Ex: Logistic regression is an example of this where the response and link functions are
1
Y
l-y

This is often used when the dependent variable Y takes binary values (0-1). E[Y|z] gives the Bernoulli
probability of success. ie Y|z ~ Bernoulli(f(67z))
The response function scales the values into the interval (0,1)

S (y) =log

When we model data Y according to a GLIM, we need to choose:
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e Which exponential family

e Which response function

Which exponential family we choose usually depends on the type of data. eg logistic for binary, poisson for
counts.

Once an exponential family is chosen, we often choose the canonical response function. Recall that for
exponential families we have the natural parameterization 1 and the moment parameterization y. There is
an invertible mapping 7 = ¢(u) between the 2 parameterizations.

The canonical response function is the function
f(07x) = f(n) = ¢"1(n) = A'(n) = E[Y |n] = E[Y |x]

We may now ask, what value of the parameters 6 gives the MLE?

3 Newton-Raphson

Newton-Raphson is a general, iterative algorithm to maximize (or minimize) a scalar valued function .J().

The general form of one iteration is
0t — o) — H=1,J

where VgJ is the gradient vector of J(6) and H is the Hessian matrix of J(6) (the second derivative of J

with respect to 6).

3.1 1-dim case
It is easiest to gain an intuition of Newton-Raphson in the 1-dimensional case.
Consider a concave quadratic polynomial
f(z) = a(x —x0)* + bz — o) + ¢
by doing a Taylor expansion.

The gradient and Hessian are

f(x) =2a
To maximize f we set the gradient to 0
0 = 2a(xmin —x0)+b
b S
min 0 2 0 f//(I())

This is exactly the Newton-Raphson step, so for a convex quadratic polymial, it jumps to the maximum in
1-step.
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Consider an arbitrary convex function on 1 variable, and carry out a Taylor series expansion

f@) = f(zo) + f'(x0)(x — o) + f"(x0)(x — 20)*
The r.h.s. is just like the quadratic polynomial case. We can maximize it just like before. We hope that by
maximizing an approximation to f, we can get closer to the true maximizer.

This gives us intuition about how Newton-Raphson works.

At each step, Newton-Raphson approximates the function of interest with a quadratic approximation and
finds the maximizer of the approximation.

Draw a picture
1%

3.2 Newton-Raphson as choosing a step size

Return to the 1-dim form of Newton-Raphson.

0T — 9™ — 1 (6) /7" (0)

This looks like a gradient method with step size chosen to be

1
- J”(@)

p

As the iterates get closer to the solution, the step size gets smaller.

3.3 Multivariate Quadratic functions

Ex: J(0) is the negative sum of squared error (written out in matrix notation):
1 T
J(0) = —5(y = X0)"(y — X6)
then:

VoJ = XT(y — X0)

and
H=-X"X.
Then the general form of a Newton Raphson batch algorithm is:
6.(t+1) - e(t) + (XTX)—IXT(y _ Xet)

or
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9(t+1) - (XTX)leTy

Hops to the final solution in a single step!!

The same intuition that a Newton-Raphson iteration maximizes a quadratic approximation to thetrue func-
tion still holds in the multivariate case.

4 IRLS

In general, we can take J to be the log likelihood function /(). Finding the maximizer of J then means
finding the MLE.

Recall:

10D) = log [ h(yn) exp{n} yn — A(nn)}

where 1, = ¥ (i) and p, = f(071,), and we are choosing f to be the canonical response function, so

N N
Z Ogh yn Z 9 TnYn — nn))

N N N
Zlogh yn) + 67 anyn ZA Mn)
n=1 n=1 n=1

Now, take the gradient of the log likelihood with respect to 6 (change of variables, since n,, = 07 x,):

al ’ dnn
vél = Z TnlYn — A (ﬁn)%

N
n=1

N
= Z(yn - /Ln)xn

N
vél = Z(yn - Mn)xn
n=1
=X"(y—p)

We also need the Hessian. Take another derivative:
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—dn, "
or
H=XTwx
where
. dp dun }
W =diagq —,...,——
g { dm dnn

These are just the second derivatives of A(n,) (i.e., variance of ;).
Note that weight matrix depends on #®) (superscript not included though).

Plugging this into the Newton-Raphson form:

0D — o) — H=1,J

— (XTWw® x)~1 [XTW(“XG(“ +XT(y— ,M)}
This is similar to the solution of weighted linear least squares regression
B=(XTwx) ' xTwy

Why is that? Newton-Raphson uses a quadratic function to approximate the log-likelihood. The log-
likelihood of a normal is a quadratic function.

Example: Logistic regression. Compute Hessian:

1

Vi, A1) = pin = Elyp|zn, 0] = p(yn = 1|25, 0) = m

so, since derivative of logistic function i, is pun (1 — pn):

W =diag{p1(1 — p1), ..., un (1 — pn)}

Leave it as an exercise for the reader to handle noncanonical response functions: idea is that Hessian matrix
has an additional term. Alternatively, we can compute the expected Hessian.

4.1 Fisher’s scoring method

For non-canonical link functions, the Hessian become uglier to compute. This is because

M = Y (pn) = (f (0" 2n) # 072y
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Digression into multivariate calc.
In vector/matrix calculus notation, the gradient is

Vole, f(0) is a vector.

d

Vo f(0) = (@f(t?))T =t gz f(0)

4 ’ i (0) is a linear functional represented by the transpose of a vector.

Vo f(0) gives a vector valued function of 6.

The Hessian is the matrix of second order partial derivatives and equal to the derivative of this vector valued

function.

Put &, = 0Tz,

Taking the Hessian then gives

d
H

With a canonical link function &

d(é% can be ugly to compute.

d
H—@ng

= 267"

(yn - Nn) - (dfn doT

2

d2

(6) = =/ 0)

N

1(0|D) = const + Z(nnyn — A(mn))

n=1

N
Vol = Z Vonn(yn — A/(nn))

dny, dpy,

(yn —Hn) T 40T do

din €\ ( dpn din dSy,
dny d&p, do

dny,

(Yn — kn) — (—)214//(7771)5571555

dé,

had a simple form. We don’t have that anymore. In particular,

Fisher’s idea is this. linstead of calculating the true Hessian, replace it with the expected Hessian. Since
EY,, = p, the first term disappears. That leaves the second term in the sum

Some intuition: Ideally ¥, should be centered on p,, if our parameters are good. From the step size viewpoint,
as long as our step sizes are going to 0 at an appropriate rate, we will still reach the maximizer.



