Generalizing Plansto New Environmentsin Relational MDPs

Carlos Guestrin  DaphneKoller

Chris Gearhart Neal Kanodia

Computer ScienceDepartment, Stanford University
f guestrin, koller, cmg33,nkanodiag@cs.stardrd.edu

Abstract

A longstandingyoalin planningresearctis theability to gen-
eralize plansdevelopedfor someset of environmentsto a
new but similar environment,with minimal or noreplanning.
Suchgeneralizatiorcan both reduceplanningtime and al-
low us to tackle larger domainsthan the onestractablefor
direct planning. In this paper we presentan approachto
thegeneralizatiorproblembasedon a new framework of re-
lational Markov DecisionProcesse¢RMDPs) An RMDP
canmodela setof similar environmentsby representingb-
jectsasinstance®f differentclasseslin orderto generalize
plansto multiple ervironments,we de ne an approximate
valuefunctionspeci edin termsof classe®f objectsand,in
a multiagentsetting,by classef agents. This class-based
approximatevalue function is optimizedrelative to a sam-
pledsubsebf environmentsandcomputedisinganef cient
linear programmingmethod. We prove that a polynomial
numberof sampledervironmentssufces to achieve perfor
mancecloseto the performancechiezablewhenoptimizing
overtheentirespace Our experimentaresultsshav thatour
methodgeneralizeplanssuccessfullyto new, signi cantly
larger, environmentswith minimal lossof performanceel-
ative to ervironment-speci cplanning. We demonstrateur
approaclon arealstratgic computenvar game.

1 Intr oduction
Most planning methodsoptimize the plan of an agentin a
®xed ervironment.However, in mary real-world settingsan
agentwill facemultiple ervironmentsover its lifetime, and
its experiencawith oneernvironmentshouldhelpit to perform
well in anotheyevenwith minimal or noreplanning.
Considerfor example,anagentdesignedo play a strate-
gic computerwar game,suchasthe Freecaft gameshavn
in Fig. 1 (an opensourceversion of the popularWarcraft
game). In this game,the agentis facedwith mary scenar
ios. In eachscenariojt mustcontrola setof agentqor units)
with differentskills in orderto defeatanopponentMost sce-
nariossharethe samebasicelementsresouces suchasgold
andwood; units, suchaspeasantsyho collectresourcesnd
build structuresand footmen,who ®ght with enemyunits;
andstructures suchasbarrackswhich areusedto train foot-
men. Eachscenarios composedf thesesamebasicbuild-
ing blocks, but they differ in termsof the maplayout, types
of units available,amountsof resourcesetc. We would like
theagentto learnfrom its experiencewith playingsomesce-
narios,enablingit to tacklenew scenariosvithoutsigni®cant
amountf replanning.n particular we would like theagent
to generalizefrom simplescenariosallowing it to dealwith
otherscenarioshataretoo complex for ary effective planner
Theideaof generalizatiohasbeenalongstandinggoalin
Markov DecisionProcesgMDP) andreinforcementearning
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Figure 1: Freecraftstratgic domainwith 9 peasantsa barrack,a

castle aforest,agold mine, 3 footmen,andanenemyexecutingthe
generalizegolicy computedy our algorithm.

research15; 16], andevenearlierin traditionalplanning[5].

This problemis achallengingone,becausét is oftenunclear
how to translatethe solutionobtainedfor onedomainto an-

other MDP solutionsassignvaluesand/oractionsto states.
Two differentMDPs (e.g., two Freecraftscenarios)aretyp-

ically quite different, in that they have a different set (and
evennumber)of statesandactions.In casesuchasthis, the

mappingof onesolutionto anotheris notwell-de®ned.

Our approachs basedon the insightthat mary domains
canbedescribedn termsof objectsandtherelationshetween
them.A particulardomainwill involve multiple objectsfrom
several classesDifferenttasksin the samedomainwill typ-
ically involve differentsetsof objects,relatedto eachother
in differentways. For example,in Freecraft,differenttasks
might involve differentnumbersof peasantsfootmen,ene-
mies, etc. We thereforede®nea notion of a relational MDP
(RMDP), basedon the probabilistic relational model(PRM)
framework [10]. An RMDP for a particular domain pro-
vides a generalschemafor an entire suite of ervironments,
or worlds, in that domain. It speci®esa setof classesand
how the dynamicsandrewardsof an objectin a given class
depencdbn the stateof thatobjectandof relatedobjects.

We usethe classstructureof the RMDP to de®nea value
functionthatcanbe generalizedrom onedomainto another
We begin with the assumptionthat the value function can
be well-approximatedisa sumof valuesubfunctiongor the
differentobjectsin the domain. Thus,the value of a global
Freecrafstateis approximatedsa sumof termscorrespond-
ing to the stateof individual peasantfootmen,gold, etc. We
then assumethat individual objectsin the sameclasshave
a very similar value function. Thus, we de®nethe notion
of a class-basedalue function whereeachclassis associ-
atedwith a classsubfunction All objectsin the sameclass
havethevaluesubfunctiorof their class andtheoverallvalue
functionfor a particularervironmentis the sumof valuesub-
functionsfor theindividual objectsin thedomain.

A setof valuesubfunctiondor thedifferentclassesmme-



diately determines valuefunctionfor ary new ervironment
in thedomain,andcanbeusedfor acting. Thus,we cancom-
putea setof classsubfunctiondasedn a subsebf environ-
ments,andapplythemto anotheronewithout replanning.

We provide an optimality criterionfor evaluatinga class-
basedsaluefunctionfor adistribution overernvironmentsand
shav how it can,in principle,beoptimizedusingalinearpro-
gram. We canalso“learn” a value function by optimizing
it relative to a sampleof ervironmentsencounteredy the
agent. We prove that a polynomial numberof sampleden-
vironmentssuf®ce to constructa class-basedalue function
whichis closeto theoneobtainabldor theentiredistribution
over ervironments. Finally, we shov how we canimprove
the quality of our approximationby automaticallydiscover-
ing subclassesf objectsthathave “similar” valuefunctions.

We presentexperimentsfor a computersystemsadmin-
istration task and two Freecrafttasks. Our results shov
that we can successfullygeneralizeclass-basedalue func-
tions. Importantly our approachalsoobtainseffective poli-
ciesfor problemssigni®cantlylargerthanour planningalgo-
rithm could handleotherwise.

2 Relational Mark ov DecisionProcesses

A relational MDP de®nesthe systemdynamicsandrewards
atthelevel of atemplatefor ataskdomain. Givena particu-
lar ervironmentwithin thatdomain,it de®nesaspeci®cMDP
instantiatedor thaternvironment. As in the PRM framework
of [10], the domainis de®nedvia a schema which speci-

thatclass. EachstatevariableC:S hasa domainof possible
valuesDom[C:S]. We de®neS¢ to be the setof possible
statedfor anobjectin C, i.e., the possibleassignmentto the
statevariablesof C.

For example, our Freecraft domain might
have classes such as Peasant, Footman, Gold;
the class Peasant may have a state variable
Task whose domain is Dom[PeasantTasK =
f Waiting, Mining, Harvesting Buildingg, and a state
variable Health whose domain has three values. In this
case,Speasant Would have 4 3 = 12 values,one for each
combinationof valuesfor TaskandHealth

The schemaalso speci®esa set of links L[C] =

jectsin thedomain.Eachlink C:L hasarange [C:L]= C°
For example, Peasant objectsmight be linked to Barrack
objects— [PeasantBuildTargeff = Barrack andto the
global Gold and Wood resourceobjects. In a more com-
plex situation,a link may relate C to mary instancesof a
classC? which we denoteby [C:L] = fC%, for example,
[EnemyMy_Footmef = f Footmang indicatesthataninstance
of theenemyclassmayberelatedto mary footmaninstances.
A particular instanceof the schemais de®nedvia a
world ! , specifyingthe setof objectsof eachclass;we use
O[! ]IC] to denotethe objectsin classC, andQ[! ] to de-
note the total setof objectsin ! . The world ! also spec-
i®es the links betweenobjects,which we take to be ®xed
throughouttime. Thus, for eachlink C:L, and for each

02 O[!'][C],! speci®esasetof objectsd® 2 [C:L], de-
notedo:L. For example,in a world containing2 peasants,
we would have OJ! J[Peasant = fPeasanl;Peasan?g;
if Peasanl is building a barracks,we would have that
Peasanl:BuildTarget= Barrackl.

The dynamicsand rewards of an RMDP are also de-
®ned at the schemalevel. For each class, the schema
speci®esan action C:A, which can take on one of sev-
eral valuesDom[C:A]. For example, Dom[PeasantA] =
f Wait, Mine, Harvest,Buildg. EachclassC is also associ-
atedwith a transitionmodelP €, which speci®eghe proba-
bility distribution over the next stateof an objecto in class
C, giventhe currentstateof o, the actiontakenon o, andthe
statesandactionsof all of the objectslinkedto o:

PC(S2 jSc;CiA; Scu,;CiL1:A; ::1;Scu,;CiLI:A): (1)

For example, the status of a barrack, BarrackStatu$,
dependson its status in the previous time step, on
the task performed by ary peasantthat could build it
(BarrackBuiltBy: Task, ontheamountof woodandgold, etc.

Thetransitionmodelis conditionedon the stateof C:L;,
which s, in general,an entire setof objects(e.g., the setof
peasantdinked to a barrack). Thuswe mustnow provide
a compactspeci®cationof the transitionmodelthat cande-
pendon the stateof an unboundechumberof variables.We
candealwith this issueusing the idea of aggregation [10].
In Freecraft,our modelusesthe countaggreator], where
theprobabilitythatBarrack Statugransitiondrom Unbuilt to
Built dependon ] [Barrack BuiltBy: Task = Built], the num-
ber of peasantin Barrack BuiltBy whoseTaskis Build.

Finally, we alsode®nerewardsat the classlevel. We as-
sumefor simplicity thatrewardsareassociate@nly with the
statef individual objects;addingmoreglobaldependencies
is possible put complicategplanningsigni®cantly We de®ne
areward function R¢ (S¢; C:A), which representshe con-
tribution to the reward of any objectin C. For example,we
may have arewardfunctionassociateavith the Enemyclass,
which speci®esarewardof 10if the stateof anenemyobject
is Dead RE"®M(EnemyState= Dead = 10. We assume
thattherewardfor ead objectis boundeddy R nax -

Givenaworld, the RMDP uniquelyde®nesa groundfac-
toredMDP , , whosetransitionmodelis speci®edasusual)
asadynamicBayesiametwork (DBN) [3]. Therandomvari-
ablesin this factoredMDP arethe statevariablesof the in-
dividual objectso:S, for eacho 2 O[! ][C] and for each
S 2 S[C]. Thus,thestates of the systemat a givenpointin
time is avectorde®ningthe statesof theindividual objectsin
theworld. For ary subsebf variablesX in themodel,wede-
®nes[X ] tobethepartof theinstantiatiors thatcorresponds
to the variablesX . The groundDBN for the transitiondy-
namicsspeci®egshedependencef thevariablesattimet + 1
on the variablesat time t. The parentsof a variableo:S are
the statevariablesof the objectso® thatarelinkedto o. In our
examplewith the two peasantsye might have the random
variablesPeasarnl:Task Peasan2:Task Barrackl:Status
etc. The parentsof thetimet + 1 variableBarrack1:Statud
are the time t variablesBarrackl:Statu§, Peasarl:Task
Peasan?2:Task Gold1:AmountandWood1l:Amount

The transitionmodelis the samefor all instancesn the
sameclass,asin (1). Thus,all of the o:Statusvariablesfor
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Figure?2: Freecraftacticaldomain:(a) Schemaf(b) Resultingfac-
toredMDP for aworld with 2 footmenand2 enemies.

barrackobjectso sharethe sameconditionalprobability dis-
tribution. Note, however, thateachspeci®cbarrackdepends
ontheparticularpeasantinkedtoit. Thus,theactualparents
in the DBN of the statusvariablesfor two differentbarrack
objectscanbedifferent.

Therewardfunctionis simply the sumof therewardfunc-
tionsfor the individt;(al obje)c(:ts:

R(s;a) = R(s[So]; a[o:A]):
C2C 020! ][C]

Thus, for reward function for the Enemy class described
above, our overall reward function in a given statewill be
10timesthenumberof deadenemiesn thatstate.

It remainsto specifythe actionsin the groundMDP. The
RMDP speci®esa setof possibleactionsfor every objectin
theworld. In asettingwhereonly asingleactioncanbetaken
at ary time step, the agentmust chooseboth an object to
act on, and which actionto perform on that object. Here,
the set of actionsin the ground MDP is simply the union
[ 021 Dom[o:A]. In a settingwheremultiple actionscanbe
performedin parallel(say in a multiagentsetting),it might
bepossibleo performanactiononevery objectin thedomain
atevery step.Here,the setof actionsin thegroundMDP is a
vectorspecifyinganactionfor everyobject: 2; Dom[o:A].
Intermediatecasesallowing degreesof parallelism,arealso
possible For simplicity of presentationwe focusonthemul-
tiagentcase suchasFreecraftwhere,anactionis anassign-
mentto theactionof every unit.

Example 2.1 (Freecrafttactical domain) Considera sim-
plied version of Freecaft, whose schemais illustrated
in Fig. 2(a), where only two classesof units partici-
pate in the game: C = fFootman, Enemyg. Both
the footman and the enemyclasseshave only one state
variable ead, Health with domain Dom[HealtH =
f Healthy WoundedDeady.  The footman class contains
one single-valuedink: [FootmanMy Enemy = Enemy
Thus the transition model for a footmans health will
dependon the health of its enemy: peman(ge o 0 i
Skootman; SFootman:My Enemy, 1.6, If @ footmans enemy is
not dead, than the probability that a footman will be-
come wounded, or die, is signi cantly higher A foot-
man can chooseto attak any enemy Thus eadh foot-
man is associatedwith an action FootmanA which se-
lects the enemyit is attacking® As a consequengean

A modelwherean action can changethe link structurein the

enemy could end up being linked to a set of footmen,
[EnemyMy_Footmen = fFootmang. In this case the
transition model of the health of an enemymay depend
on the number of footmenwho are not dead and whose
action choice is to attadk this enemy: PE™™(S2 ... |
Senemy; 1[S Enemy: My.Footmern ENemy.My_FootmenA]). Finally, we
mustde ne thetemplatefor the reward function. Here there
is only a reward whenan enemyis dead: RE"®™Y(S Enemy) -
We now have a templateto describe any instance of
the tactical Freecaft domain. In a particular world,
we must de ne the instances of ead class and the
links betweenthese instances. For example a world
with 2 footmen and 2 enemieswill have 4 objects:
f FootmanlFootman2EnemylEnemy®. Ead footman
will be linked to an enemy: FootmanilMy Enemy =
Enemyland Footman2My_Enemy = Enemy2 Eac en-
emywill belinkedto bothfootmen:EnemyiMy_Footmen=
Enemy2My_Footmen= fFootman]Footman®. Thetem-
plate, alongwith the numberof objectsandthe links in this
speci ¢ (“ 2v2") world yield a well-de ned factored MDP,
ove, asshownin Fig. 2(b). I

3 Approximately Solving Relational MDPs

Thereare mary approacheso solving MDPs [15]. An ef-
fective oneis basedon linear programming(LP): Let S()
denotethe statesin an MDP  and A() the actions. If
S()
whereV, represent¥/(s;), thevalueof states;. TheLP for-
mulationis:
Minimize:
Subjectto:  V,

(si)Vi;
R(si;a) +

i « P(sP j sija)Vk
8si2S() ;a2A():

(sn) in the objec-
tive functionareary setof positive weights, (s;) > O.

In our setting,the statespaceis exponentiallylarge, with
one statefor eachjoint assignmento the randomvariables
0:S of everyobject(e.g., exponentiain thenumberof unitsin
the Freecraftscenario).In a multiagentproblem,the number
of actionsis alsoexponentialin the numberof agents.Thus
this LP hasboth an exponentialnumberof variablesandan
exponentialnumberof constraints.Thereforethe exactsolu-
tion to thislinear programis infeasible.

We addressthis issue using the assumptionthat the
value function can be well-approximatedas a sum of
local value subfunctionsassociatedwith the individual
objectsin the model. (This approximationis a special
caseof the factoredlinear value function approachused
in [6].) Thus we associatea value subfunctionV, with
every objectin ! . Most simply, this local value function
can dependonly on the stateof the individual object Sg.
In our example, the local value subfunction Venemy: for
enemyobject Enemylmight associatea numericvalue for
eachassignmento the variable EnemyiHealth A richer
approximationmight associatea value function with pairs,
or even small subsetspf closelyrelatedobjects. Thus, the

world requiresa small extensionof our basicrepresentation.We
omit detailsdueto lack of space.



function Vigotman1 for Footmanlmight be de®nedover the
joint assignment®f Footmanl1Health and EnemyiHealth,
where FootmaniMy Enemy = Enemyl We will repre-
sentthe completevalue function for a world as the sum
of the local value subfunctionfor eachindividual object
in this world. In our exampleworld (! = 2v2) with
2 footmen and 2 enemies,the global value function will
be: V,.o(Fl:Health ElHealth F2:Healthy E2:Health) =
Vroomand{ FL:Healthy ELHealth) + Vgpemy{ELl:Health) +
Vrootmand F2:Healthy E2:Health) + Venemyd E2Health).

Let T , bethe scopeof the valuesubfunctionof objecto,
i.e., the statevariablesthat V, dependson. Giventhe local
subfunctionswe approxim)aztetheglobalvaluefunctionas:

Vi (s) = Vo(s[T o)) (2)
020 [! ]

As for ary linearapproximatiorto the valuefunction,the
LP approachcan be adaptedo usethis value function rep-
resentatiori14]. Our LP variablesarenow thelocal compo-
nentsof theindividual local valuefunctions:

fVo(te) : 02 Of! ];to 2 DOM[T ,]o: 3)

In our example,therewill be oneLP variablefor eachjoint
assignmenof F1:HealthandE1:Healthto representhecom-
ponentf Vigotmanz Similar LP variableswill beincludedfor
the component®f Vigotmana Venemys andVenemya

As before we have aconstrainfor eachglobalstates and
eachglobalactiona:

o Vo(s[T o])P o RO(S[So];a[OiA])*'
oPi(sPs;a) [ Vo(sTT,)); 8s;a:

This transformatiorhasthe effect of reducingthe numberof
freevariablesn theLP to n (thenumberof objects)}timesthe
numberof parametersequiredto describean objects local
valuefunction. However, we still have a constraintfor each
globalstateandaction,anexponentiallylarge number

Guestrin,Koller andParr [6] (GKP hereafter)show that,
in certaincasesthis exponentiallylarge LP can be solved
ef®ciently and exactly. In particular this compactsolution
applieswhen the MDP is factored(i.e., representechs a
DBN), and the approximatevalue function is decomposed
asa weightedlinear combinationof local basisfunctions,as
abore. UndertheseassumptionsGKP presenta decomposi-
tion of the LP which grows exponentiallyonly in theinduced
tree width of a graphdeterminedby the complity of the
processlynamicsandthelocality of the basisfunction.

This approachappliesvery easily here. The structureof
the DBN representinghe processdynamicsis highly fac-
tored, de®nedvia local interactionsbetweenobjects. Simi-
larly, the valuefunctionsarelocal, involving only singleob-
jectsor groupsof closelyrelatedobjects.Often, theinduced
width of theresultinggraphin suchproblemsis quite small,
allowing thetechnique®f GKP to be appliedef®ciently.

(4)

4 Generalizing Value Functions

Although this approachprovides us with a principled way

of decomposing high-dimensionaValuefunctionin certain

typesof domains,jt doesnot help us addresshe generaliza-
tion problem:A local valuefunctionfor objectsin aworld !

doesnot helpusprovide a valuefunctionfor objectsin other
worlds, especiallyworldswith differentsetsof objects.

To obtaingeneralizationye build ontheintuition thatdif-
ferentobjectsin the sameclassbehae similarly: they share
thetransitionmodelandrewardfunction. Althoughthey dif-
fer in their interactionswith otherobjects,their local contri-
bution to the value function is often similar. For example,
it maybereasonabléo assumehatdifferentfootmenhave a
similarlong-termchanceof killing enemiesThus,werestrict
our classof valuefunctionsby requiringthatall of theobjects
in agivenclasssharethe sameocal valuesubfunction.

Formally, we de®nea class-basedocal value subfunc-
tion V¢ for eachclass. We assumethat the parameteriza-
tion of this value function is well-de®nedfor every object
oin C. This assumptiorholdstrivially if the scopeof V¢
is simply Sc: we simply have a parameterfor eachas-
signmentto Dom[Sc]. Whenthe local value function can
also dependon the statesof neighboringobjects,we must
de®ne the parameterizatioraccordingly; for example, we
might have a parameterfor eachpossiblejoint stateof a
linked footman-enemypair. Speci®callyratherthan de®n-
ing separatesubfunctionsVeootman1 and Veootmanz We de-
®ne a class-basedsubfunctionMgotman NOw the contri-
bution of Footmanlto the global value function will be
Vrootmarl F1:Healthy EL:Health).  Similarly Footman2 will
contribtute Vegotmad F2:Health E2:Health).

A class-basedaluefunctionde®nesa speci®cvaluefunc-
tion for eachworld ! , asthe sum of the class-basedbcal
valuefunctionsfor the objectsin ! :

X
Vi (s) = Ve (s[To)):
€2C 020 [! ][C]

®)

This valuefunction depends$oth on the setof objectsin the
world and(whenlocal valuefunctionscaninvolve relatedob-
jects)on the links betweenthem. Importantly althoughob-
jectsin the sameclasscontritute the samefunctioninto the
summatiorof (5), the agumentof the functionfor anobject
is the stateof thatspeci®cobject(andperhapsts neighbors).
In ary givenstate thecontritutionsof differentobjectsof the
sameclasscandiffer. Thus,everyfootmanhasthesamedocal
valuesubfunctiornparameterdyut a deadfootmanwill have a
lower contritution thanonewhichis alive.

5 Finding GeneralizedMDP Solutions

With a class-l@el value function, we can easily generalize
from one or more worlds to anotherone. To do so, we as-
sumethatasinglesetof local class-basedaluefunctionsVc
is agoodapproximatioracrossawiderangeof worlds! . As-
sumingwe have sucha setof valuefunctions,we canactin
ary new world ! without replanning,asdescribedn Step3
of Fig. 3. We simply de®neaworld-speci®cvaluefunctionas
in (5), anduseit to act.

We mustnow optimize V¢ in a way that maximizesthe
valueover anentiresetof worlds. To formalizethis intuition,
we assumehatthereis a probability distribution P (! ) over
the worldsthatthe agentencountersWe wantto ®nd a sin-
gle setof class-basebbcal valuefunctionsfV ¢ gc 2c thatisa
good®t for this distribution overworlds. We view thistaskas
oneof optimizingfor a single“meta-level” MDP |, where



nature®rst choosesa world ! , and the rest of the dynam-
ics arethendeterminedby theMDP ;. Preciselythe state
spaceof isfsog[ ,f(!;s) : s2 S( 1)g: Thetransi-
tion modelis theobviousone: Fromtheinitial statesq, nature
choosesaaworld ! accordingto P (! ), andaninitial statein

I accordingto theinitial startingdistribution P°(s) overthe
statesn ! . Theremainingevolutionis thendoneaccordingo

I 'sdynamics.In ourexample naturewill choosehenumber
of footmenandenemiesandde®nethe links betweerthem,
whichthenyieldsawell-de®nedMDPeg., ave.

5.1 LP Formulation

Themeta-MDP  allowsusto formalizethetaskof ®ndinga
generalizedolutionto anentireclassof MDPs. Speci®cally
wewishto optimizetheclass-leel parameterfor V¢ , notfor
asinglegroundMDP | , but for the entire

We can addressthis problem using a similar LP solu-
tion to the one we usedfor a singleworld in Sec.3. The
variablesaresimply parametersf the local class-leel value
subfunctionsfV ¢ (tc) C 2 Ctc 2 Dom[Tc]g: For
the constraintsyecall that our object-based.P formulation
in (4) hadaconstrainfor eachstates andeachactionvector
a = faggoro 1 1- In thegeneralizedolution,the statespace
is the union of the statespaceof all possibleworlds. Our
constraintsetfor  will, therefore be a unionof constraint
sets,onefor eachworld ! , eachwith its own actions:

P o P 0;

Vi(s)  ,Ro(S[Soliac)+ P (s%js;a)Vi(s%;

8!1;852S( 1);a2A( 1)
| | ©
wherethe value function for a world, V, (s), is de®nedat
the classlevel asin Eq. (5). In principle,we shouldhave an
additionalconstrainfor the statesg. However, with anatural
choiceof staterelevanceweights , this constraintis elimi-

natedandthe objective functionbecomes:

. - - X
Minimize:

. PPV () ()

! SZS!

if P2(s) > 0;8s. In somemodels,the potentialnumber
of objectsmay be in®nite, which could make the objective
function unbounded. To prevent this problem, we assume
that the P(! ) goesto zero suf®ciently fast, as the num-
ber of objectstendsto in®nity. To understandhis assump-
tion, considerthe following generatie procesdor selecting
worlds: ®rst, the numberof objectsis chosenaccordingto
P(]); then, the classesand links of eachobject are cho-
senaccordingto P(!7 j ]). Using this decompositionwe
have thatP(!') = P()P('y j ]). Theintuitive assump-
tion describedabove canbeformalizedas: 8n; P(] = n)

je 1"; for some 1 > 0: Thus,thedistribution P(])
over numberof objectscanbe choserarbitrarily, aslong asit
is boundedoy someexponentiallydecayingfunction.

5.2 Samplingworlds

The main problemwith this formulationis that the size of

the LP — the size of the objective andthe numberof con-
straints— grows with the numberof worlds, which, in most
situations,grows exponentiallywith the numberof possible
objects,or mayevenbein®nite. A practicalapproacho ad-
dressthis problemis to samplesomereasonableumberof

worlds from the distribution P (! ), andthento solve the LP

for theseworlds only. Theresultingclass-basegaluefunc-
tion canthenbeusedfor worldsthatwerenot sampled.

We will startby samplinga setD of m worldsaccording
to P(! ). We cannow de®neour LP in termsof the worlds
in D, ratherthanall possibleworlds. For eachworld! in D,
our LP will containa setof constraintof theform presented
in Eg. (4). Notethatin all worldstheseconstraintsharethe
variablesVc , whichrepresenour class-basedaluefunction.
ThecompletelP is givenby:

Variables: fVc(tc) : C2 Ctc 2 Dom[T c]g:
P P P
Minimize: 2m 12D C2C _ 020 [! ][C]
. to27, PP (to) Ve (to):
Subjectto: 020 1 jic] Ve (S[To])

czc
P c  ATa
0201 [C] R™ (s[So]; a[o:A])+

so P (Soj s;a) cac

020 1 Jic] Ve (sTTo));
81 2D;852S( 1);a2A( 1);
®)
whereP(T ,) is themamginalizationof P2(S,) to thevari-
ablesin T,. For eachworld, the constraintshave the same
form asthe onesin Sec.3. Thus, oncewe have sampled
worlds,we canapplythe samel P decompositioriechniques
of GKP to eachworld to solve this LP ef®ciently. Our gener
alizationalgorithmis summarizedn Step2 of Fig. 3.
Thesolutionobtainedoy the LP with sampledvorldswill,

in generalnot be equalto the oneobtainedif all worldsare
consideredsimultaneously However, we canshov thatthe
quality of thetwo approximationss close if asuf®cientnum-
ber of worlds are sampled. Speci®cally with a polynomial
numberof sampledworlds, we canguaranteghat, with high
probability, the quality of the value function approximation
obtainedwhensamplingworlds is closeto the oneobtained
whenconsideringall possibleworlds.

Theorem 5.1 Considerthefollowingclass-basegaluefunc-

tions (eadh with k parametes): ¥ obtainedfromtheLP over
all possibleworlds by minimizingEq. (7) subjectto the con-
straintsin Eq. (6); ¥ obtainedfromthe LP with the sampled
worldsin (8); andV theoptimalvaluefunctionof the meta-
MDP . For anumberof sampledvorldsm polynomial in
(1="In1=;151 );k; 7:1= ), theerroris boundedy:

kv ekl;P kv bl(1;P + "Rmax ;

with probability atjeastl  ,forany > Oand" > 0,
wheekVkip = | .5 P(1)P(s)jVi (S)j, and Rmax
is themaximunper-objectreward. |

The proof, whichis omittedfor lack of spacgseeonlinever-
sionof this paper) usessomeof thetechniquesievelopedby
deFariasandVanRoy [2] for analyzingconstraintsampling
in generalMDPs. However, therearetwo importantdiffer-
ences:First, our analysisincludesthe errorintroducedwhen
samplingthe objective, which in our caseis a sumonly over
a subsetof the worlds ratherthanover all of themasin the
LP for thefull meta-MDP This issuewasnot previously ad-
dressedSecondthealgorithmof de FariasandVan Roy re-
liesontheassumptiorthatconstraintsaresampledaccording



to some"ideal” distribution (the stationarydistribution of the
optimal policy). Unfortunately samplingfrom this distribu-
tion is asdif®cult ascomputinga nearoptimal policy. In our
analysis aftereachworld is sampledpur algorithmexploits
thefactoredstructuren themodelto representheconstraints
exactly, avoiding thedependenconthe“ideal” distribution.

6 Learning Classesof Objects

The de®nition of a class-basedalue function assumeghat
all objectsin a classhave the samelocal value function. In
mary casesgevenobjectsin the sameclassmight play differ-
entrolesin the model,andthereforehave a differentimpact
on the overall value. For example,if only one peasanhas
the capabilityto build barrackshis statusmayhave a greater
impact. Distinctionsof thistypearenot usuallyknown in ad-
vance but arelearnedby anagentasit gainsexperiencewith
adomainanddetectgegularities.

We proposea procedureghattakesexactly this approach:
Assumethatwe have beenpresentedvith a setD of worlds
p. For eachworld ! , an approximatevaluefunctionV, =

020 [1 ] Yo Wascomputedasdescribedn Sec.3. In addi-

tion, eachobjectis associatewvith asetof features, [0]. For
example,thefeaturesnayincludelocal information,suchas
whetherthe objectis a peasantinkedto a barrack,or not, as
well asglobalinformation, suchaswhetherthis world con-
tainsarchersn additionto footmen.We cande®neour “train-
ing data’D asfhF, [0]; Vi : 02 O[!' ];! 2 Dg.

We now have awell-de®nedlearningproblem: giventhis
training data, we would like to partition the objectsinto
classessuchthatobjectsof the sameclasshave similar value
functions. Thereare mary approachedor tackling sucha
task.We chooseo usedecisiontreeregressionsoasto con-
structa treethat predictsthe local valuefunction parameters
giventhefeatures.Thus,eachsplitin thetreecorrespondso
afeaturein F, [0]; eachbranchdown thetreede®nesasubset
of local valuefunctionsin D whosefeaturevaluesareasde-
®nedby the path;theleafattheendof the pathis theaverage
valuefunctionfor this set. As theregressiortreelearningal-
gorithmtriesto constructatreewhich is predictive aboutthe
local valuefunction, it will aimto constructatreewherethe
meanateachleafis very closeto thetrainingdataassignedo
thatleaf. Thus,theleavestendto correspondo objectswhose
local valuefunctionsaresimilar. We canthustake theleaves
in the treeto de®neour subclassesyhereeachsubclasds
characterizedby the combinationof featurevaluesspeci®ed
by the pathto the correspondindeaf. This algorithmis sum-
marizedn Stepl of Fig. 3. Notethatthemeansubfunctiorat
aleafis notusedasthevaluesubfunctiorfor thecorrespond-
ing class;rather the parametersf the valuesubfunctionare
optimizedusingtheclass-basetP in Step2 of thealgorithm.

7 Experimental results

We evaluatedour generalizatioralgorithmon two domains:
computemetwork administratiorandFreecraft.

7.1 Computer network administration

For this problem,we implementedour algorithmin Matlab,
usingCPLEX astheLP solver. Ratherthanusingthefull LP
decompositiorof GKP [6], we usedthe constraintgenera-
tion extensionproposedn [13], asthe memoryrequirements

1. Learning Subclasses:
Input:
— A setof trainingworldsD.
— A setof features~ [o].
Algorithm:

(a) Foreach! 2 D, computeanobject-basedaluefunction,
asdescribedn Sec.3.

(b) Apply regressiontreelearningon fhF  [0]; Voi
o'}l 2 Dg.

(c) De ne asubclasdor eachleaf, characterizedby the fea-
turevectorassociategvith its path.

2. Computing Class-Basedvalue Function:
Input:
— A setof (sub)classle nitions C.
— AtemplateforfVc : C 2 Cg.
— A setof trainingworldsD.
Algorithm:

(@) Computethe parameters$or f Ve : C 2 Cg thatoptimize

theLP in (8) relative to theworldsin D.
3. Acting in a New World:
Input:
— A setof local valuefunctionsfV ¢ : C 2 Cg.
— A setof (sub)classle nitions C.
— Aworld! .
Algorithm: Repeat

(a) Obtainthecurrentstates.

(b) Determinethe appropriateclassC for eacho 2 O[! ] ac-
cordingto its features.

(c) De neV, accordingo (5).

(d) Use the coordinationgraphalgorithm of Gk to com-
puteanactiona thatmaximizesR(s;a) + <0 P(s%j
s;a)Vi (s9).

(e) Takeactiona in theworld.

Figure3: Theoverall generalizatioralgorithm.

werelower for this secondapproach We experimentedwith
themultiagentcomputemetwork examplesin [6], usingvari-
ousnetwork topologiesand“pair” basisfunctionsthatinvolve
statef neighboringmachinegseel6]). In oneof theseprob-
lems,if we have n computersthenthe underlyingMDP has
9" statesand 2" actions. However, the LP decomposition
algorithmusesstructurein the underlyingfactoredmodelto
solve suchproblemsvery ef®ciently[6].

We ®rst testedthe extent to which value functions are
sharedacrosobjects.In Fig. 4(a),we plot thevalueeachob-
ject gave to the assignmenttatus= working for instances
of the “threelegs' topology Thesevaluesclusterinto three
classes. We usedCART" to learndecisiontreesfor our
classpartition. In this casethelearningalgorithmpartitioned
the computersinto three subclassedlustratedin Fig. 4(b):
“sener', ‘intermediate’,and leaf. In Fig. 4(a), we seethat
“sener' (third column)hasthe highestvalue,because bro-
kensener cancausea chainreactionaffectingthewholenet-
work, while “leaf value(®rst column)is lowest,asit cannot
affectarny othercomputer

We thenevaluatedthe generalizatiomuality of our class-
basedvaluefunctionby comparingts performanceo thatof
planningspeci®callyfor a newv ervironment.For eachtopol-
ogy, we computedhe class-basedaluefunctionwith 5 sam-
pled networks of up to 20 computers. We then sampleda

02
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Figure4: Network administratoresults:(a) Trainingdatafor learningclasses(b) Classesearnedor “threelegs'; (c) Generalizatiomuality
(evaluatedby 20 Monte Carlorunsof 100 steps)y(d) Advantageof learningsubclasseslacticalFreecraft:(e) 3 footmenagainst3 enemies.

new network and computedfor it a valuefunctionthatused
the samefactorization,but with no classrestrictions. This
value function hasmore parameters— differentparameters
for eachobject,ratherthanfor entireclasseswhich areopti-
mizedfor this particularnetwork. This processvasrepeated
for 8 setsof networks. The results,shovn in Fig. 4(c), in-
dicatethatthe valueof the policy from the class-basedalue
functionis very closeto the value of replanning,suggesting
thatwe cangeneralizewell to new problems.We alsocom-
puteda utopicupperboundonthe expectedvalueof the opti-
mal policy by remaving the (negative) effect of theneighbors
on the statusof the machines.Although this boundis loose,
our approximatepoliciesstill achieve avaluecloseto it.

Next, we wantedto determineif our procedureor learn-
ing classesyields better approximationshan the onesob-
tainedfrom the default classesFig. 4(d) comparegshe max-
norm error betweenour class-basedalue function and the
one obtainedby replanning. The graph suggestghat, by
learningclasseausingour decisiontreesregressiortree pro-
cedure we obtaina muchbetterapproximationof the value
functionwe would have, hadwe replanned.

7.2 Freecraft

In orderto evaluateour algorithmin the Freecraftgame,we
implementedhemethodsn C++andusedCPLEX asthelLP
solver. We createdwo tasksthatevaluatetwo aspectof the
game:long-termstratgic decisionmakingandlocal tactical
battle maneuers. Our Freecraftinterface,and scenariogor
theseandothermorecomplex tasksarepublicly availableat:
http://dags.stanford.edu/Freecraft/ . For eachtaskwe deSigned
an RMDP modelto representhe system,by consultinga
“domainexpert”. After planning,our policieswereevaluated
on the actual game. To better visualize our results, we
directthereadeno view videosof our policiesat a website:
http://robotics.stanford.edu/ guestrin/Research/Genera
This websitealsocontainsdetailson our RMDP model. It is
importantto notethat, our policieswere constructedelative
to a very approximatemodel of the game, but evaluated
againsttherealgame.

In the tacticalmodel,the goalis to take out an opposing
enemyforce with an equivalent numberof units. At each
time step,eachfootmandecideswvhich enemyto attack. The
enemiesare controlledusing Freecrafts hand-hiilt stratayy.
We modelledfootmenandenemiesaseachhaving 5 “health
points”, which candecreasasunitsareattacled. We useda
simple aggrajator to representhe effect of multiple attack-
ers. To encourageoordination,eachfootmanis linkedto a
“buddy” in aring structure.Thelocal valuefunctionsinclude
termsover triples of linked variables.We solved this model

li zati on/.

for aworld with 3 footmenand3 enemiesshavnin Fig. 4(e).
The resultingpolicy (which is fairly comple) demonstrates
successfulcoordinationbetweenour footmen: initially all
three footmenfocus on one enemy When the enemybe-
comesnjured,onefootmanswitchests target. Finally, when
the enemyis very weak, only onefootmancontinuesto at-
tackit, while the otherstacklea differentenemy Usingthis
policy, our footmendefeatthe enemiesn Freecraft.

Thefactorsgeneratedn our planningalgorithmgrow ex-
ponentiallyin thenumberof units,soplanningin largermod-
elsis infeasible. Fortunately when executinga policy, we
instantiatethe currentstateat every time step,andactionse-
lectionis signi®cantlyfastef6]. Thus,eventhoughwe can-
not executeStep2 in Fig. 3 of our algorithmfor larger sce-
narios,we cangeneralizeour class-basedaluefunctionto a
world with 4 footmenandenemieswithout replanningusing
only Step3 of our approachThepolicy continuego demon-
stratesuccessfutoordinatiorbetweerfootmen,andwe again
beatFreecrafts policy. However, asthe numberof unitsin-
creasesthe positionof enemiesecomesncreasinglyimpor
tant. Currently our modeldoesnot considetrthis feature,and
in aworld with 5 footmenandenemiespur policy losesto
Freecrafin aclosebattle.

In the stratgjic model,the goalis to kill a strongenemy
Theplayerstartswith afew peasantsyho cancollectgold or
wood,or attemptto build a barrackwhichrequiresbothgold
andwood. All resourcesre consumedifter eachBuild ac-
tion. With abarrackandgold, the playercantrain afootman.
Thefootmencanchooseo attacktheenemy Whenattacled,
the enemyloses‘health points”, but ®ghtsbackandmay kill
thefootmen.We solveda modelwith 2 peasants] barrack2
footmen,andanenemy Every peasantasrelatedto a“cen-
tral” peasantind every footmanhada “buddy”. The scope
of our local value function includedtriples betweenrelated
objects.Theresultingpolicy is quiteinteresting:the peasants
gathergold andwoodto build a barrack thengold to build a
footman. Ratherthanattackingthe enemyat once,this foot-
manwaits until a secondfootmanis built. Then,they attack
the enemytogether The strongerenemyis ableto kill both
footmen,but it becomeguite weak. Whenthe next footman
is trained,ratherthanwaiting for a secondone, it attacksthe
nowv weakenemy andis ableto kill him. Again, planningin
large scenarioss infeasible,but actionselectioncanbe per
formedef®ciently. Thus,we canuseour generalizedsalue
function to tackle a world with 9 peasantand 3 footmen,
without replanning. The 9 peasantgoordinateto gatherre-
sources.Interestingly ratherthanattackingwith 2 footmen,
thepolicy now waitsfor 3 to betrainedbeforeattacking.The
3 footmenkill the enemy andonly oneof themdies. Thus,



we have successfullygeneralizedrom a problemwith about
10° joint state-actiorpairsto onewith over 102 pairs.

8 Discussionand Conclusions

In this paperwe have tackledalongstandingyoalin planning
researchtheability to generalizeplansto new ervironments.
Suchgeneralizatiorhastwo complementaryuses: First we
cantacklenew ervironmentswith minimal or no replanning.
Secondt allows usto generalizgplansfrom smallertractable
ervironmentsto signi®cantlylargeroneswhich couldnotbe
solveddirectly with our planningalgorithm. Our experimen-
tal resultssupportthefactthatour class-basedaluefunction
generalizesvell to new plansandthatthe classandsubclass
structurediscoveredby our learningprocedurémprovesthe
quality of the approximation.Furthermorewe successfully
demonstratedur methodson arealstratgic computergame,
which containgnary characteristicpresentn real-world dy-
namicresourceallocationproblems.

Several otherpapersconsiderthe generalizatiorproblem.
Several approachesanrepresentvalue functionsin general
terms, but usually requireit to be hand-constructefbr the
particulartask. Others[12; 8; 4] have focusedon reusingso-
lutions from isomorphicregionsof statespace.By compatri-
son,our methodexploits similarities betweenobjectsevolv-
ing in parallel. It would be very interestingto combinethese
two typesof decompositionThe work of Boutilier etal. [1]
on symbolicvalueiterationcomputes®rst-ordervalue func-
tions, which generalizeover objects.However, it focuseson
computingexact value functions,which areunlikely to gen-
eralizeto a differentworld. Furthermoreit reliesontheuse
of theoremproving tools,which addsto thecompleity of the
approachMethodsin deterministigplanninghave focusecdn
generalizingrom compactlydescribedolicieslearnedirom
mary domainsto incrementallybuild a ®rst-orderpolicy[9;
11]. Closestin spirit to our approachis the recentwork of
Yoonetal. [17], whichextendstheseapproachew stochastic
domains.We performa similar procedureo discover classes
by ®nding structurein the value function. However, our ap-
proach®ndsregularitiesin compactlyrepresentedaluefunc-
tionsratherthanpolicies. Thus,we cantackletaskssuchas
multiagentplanning,wherethe actionspacds exponentially
largeandcompactpoliciesoftendo not exist.

The key assumptiorin our methodis interchangeability
betweerpbjectsof the sameclass.Our mechanisnior learn-
ing subclassesllows us to deal with caseswhere objects
in the domaincanvary, but our generalizationwvill not be
successfuln very heterogeneousrvironments,wheremost
objectshave very differentin uenceson the overall dynam-
ics or rewards. Additionally, the ef®ciengy of our LP solu-
tion algorithmdepend®n the connectvity of the underlying
problem. In a domainwith strongand constantnteractions
betweenmary objects(e.g., Robocup),or whenthe reward
functiondependsarbitrarily onthestateof mary objectye.g.,
Blocksworld), the solutionalgorithmwill probablynotbeef-
®cient. In somecasessuchasthe Freecraftacticaldomain,
we canusegeneralizatiorto scaleup to larger problems.In
others,we could combineour LP decompositiortechnique
with constraintsampling[2] to addresshis high connecti-
ity issue.In general however, extendingthesetechniquego
highly connectegroblemsis still an openproblem. Finally,

althoughwe have successfullyappliedour class-aluefunc-
tionsto new ervironmentswithout replanningtherearedo-
mainswheresuchdirect applicationwould not be suf®cient
to obtaina goodsolution. In suchdomains,our generalized
valuefunctionscanprovide agoodinitial policy, which could
bere®nedusingavariety of local searchmethods.

We have assumedhatrelationsdo not changeover time.
In mary domains(e.g., Blocksworld or Robocup),this as-
sumptionis false. In recentwork, Guestrinet al. [7] shawv
thatcontet-speci cindependenceanallow for dynamically
changingcoordinatiorstructuresn multiagentervironments.
Similar ideasmay allow us to tackle dynamicallychanging
relationalstructures.

In summary we believe that the class-basedalue func-
tionsmethodgpresentedherewill signi®cantlyfurthertheap-
plicability of MDP modelsto large-scalaeal-world tasks.
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