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Abstract
A longstandinggoalin planningresearchis theability to gen-
eralizeplansdevelopedfor someset of environmentsto a
new but similarenvironment,with minimalor noreplanning.
Suchgeneralizationcan both reduceplanningtime and al-
low us to tackle larger domainsthan the onestractablefor
direct planning. In this paper, we presentan approachto
thegeneralizationproblembasedon a new framework of re-
lational Markov DecisionProcesses(RMDPs). An RMDP
canmodela setof similar environmentsby representingob-
jectsasinstancesof differentclasses.In orderto generalize
plansto multiple environments,we de�ne an approximate
valuefunctionspeci�edin termsof classesof objectsand,in
a multiagentsetting,by classesof agents.This class-based
approximatevalue function is optimizedrelative to a sam-
pledsubsetof environments,andcomputedusinganef�cient
linear programmingmethod. We prove that a polynomial
numberof sampledenvironmentssuf�ces to achieve perfor-
mancecloseto theperformanceachievablewhenoptimizing
over theentirespace.Ourexperimentalresultsshow thatour
methodgeneralizesplanssuccessfullyto new, signi�cantly
larger, environments,with minimal lossof performancerel-
ative to environment-speci�cplanning.We demonstrateour
approachona realstrategic computerwargame.

1 Intr oduction
Most planningmethodsoptimize the plan of an agentin a
®xedenvironment.However, in many real-world settings,an
agentwill facemultiple environmentsover its lifetime, and
its experiencewith oneenvironmentshouldhelpit to perform
well in another, evenwith minimalor no replanning.

Consider, for example,anagentdesignedto play a strate-
gic computerwar game,suchas the Freecraft gameshown
in Fig. 1 (an opensourceversionof the popularWarcraft
game). In this game,the agentis facedwith many scenar-
ios. In eachscenario,it mustcontrolasetof agents(or units)
with differentskills in orderto defeatanopponent.Mostsce-
nariossharethesamebasicelements:resources, suchasgold
andwood;units, suchaspeasants,who collectresourcesand
build structures,and footmen,who ®ght with enemyunits;
andstructures, suchasbarracks,whichareusedto train foot-
men. Eachscenariois composedof thesesamebasicbuild-
ing blocks,but they differ in termsof the maplayout, types
of unitsavailable,amountsof resources,etc. We would like
theagentto learnfrom its experiencewith playingsomesce-
narios,enablingit to tacklenew scenarioswithoutsigni®cant
amountsof replanning.In particular, wewould like theagent
to generalizefrom simplescenarios,allowing it to dealwith
otherscenariosthataretoocomplex for any effectiveplanner.

Theideaof generalizationhasbeenalongstandinggoalin
Markov DecisionProcess(MDP) andreinforcementlearning

Figure1: Freecraftstrategic domainwith 9 peasants,a barrack,a
castle,a forest,agoldmine,3 footmen,andanenemy, executingthe
generalizedpolicy computedby ouralgorithm.

research[15;16], andevenearlierin traditionalplanning[5].
Thisproblemis achallengingone,becauseit is oftenunclear
how to translatethesolutionobtainedfor onedomainto an-
other. MDP solutionsassignvaluesand/oractionsto states.
Two differentMDPs(e.g., two Freecraftscenarios),aretyp-
ically quite different, in that they have a different set (and
evennumber)of statesandactions.In casessuchasthis, the
mappingof onesolutionto anotheris notwell-de®ned.

Our approachis basedon the insight that many domains
canbedescribedin termsof objectsandtherelationsbetween
them.A particulardomainwill involvemultipleobjectsfrom
severalclasses.Differenttasksin thesamedomainwill typ-
ically involve differentsetsof objects,relatedto eachother
in differentways. For example,in Freecraft,differenttasks
might involve differentnumbersof peasants,footmen,ene-
mies,etc. We thereforede®nea notionof a relationalMDP
(RMDP), basedon theprobabilistic relationalmodel(PRM)
framework [10]. An RMDP for a particular domain pro-
videsa generalschemafor an entiresuiteof environments,
or worlds, in that domain. It speci®esa setof classes,and
how the dynamicsandrewardsof an object in a given class
dependon thestateof thatobjectandof relatedobjects.

We usetheclassstructureof theRMDP to de®nea value
functionthatcanbegeneralizedfrom onedomainto another.
We begin with the assumptionthat the value function can
bewell-approximatedasa sumof valuesubfunctionsfor the
differentobjectsin the domain. Thus,the valueof a global
Freecraftstateis approximatedasasumof termscorrespond-
ing to thestateof individualpeasants,footmen,gold,etc.We
then assumethat individual objectsin the sameclasshave
a very similar value function. Thus, we de®nethe notion
of a class-basedvaluefunction, whereeachclassis associ-
atedwith a classsubfunction. All objectsin the sameclass
havethevaluesubfunctionof theirclass,andtheoverallvalue
functionfor aparticularenvironmentis thesumof valuesub-
functionsfor theindividualobjectsin thedomain.

A setof valuesubfunctionsfor thedifferentclassesimme-



diatelydeterminesa valuefunctionfor any new environment
in thedomain,andcanbeusedfor acting.Thus,wecancom-
putea setof classsubfunctionsbasedon a subsetof environ-
ments,andapplythemto anotheronewithout replanning.

We provide anoptimality criterionfor evaluatinga class-
basedvaluefunctionfor adistributionoverenvironments,and
show how it can,in principle,beoptimizedusingalinearpro-
gram. We can also “learn” a value function by optimizing
it relative to a sampleof environmentsencounteredby the
agent. We prove that a polynomialnumberof sampleden-
vironmentssuf®ce to constructa class-basedvaluefunction
which is closeto theoneobtainablefor theentiredistribution
over environments. Finally, we show how we can improve
the quality of our approximationby automaticallydiscover-
ing subclassesof objectsthathave “similar” valuefunctions.

We presentexperimentsfor a computersystemsadmin-
istration task and two Freecraft tasks. Our results show
that we cansuccessfullygeneralizeclass-basedvalue func-
tions. Importantly, our approachalsoobtainseffective poli-
ciesfor problemssigni®cantlylargerthanour planningalgo-
rithm couldhandleotherwise.

2 Relational Mark ov DecisionProcesses
A relationalMDP de®nesthesystemdynamicsandrewards
at thelevel of a templatefor a taskdomain.Givena particu-
lar environmentwithin thatdomain,it de®nesaspeci®cMDP
instantiatedfor thatenvironment.As in thePRM framework
of [10], the domain is de®nedvia a schema, which speci-
®es a set of object classesC = f C1; : : : ; Ccg. Eachclass
C is also associatedwith a set of statevariablesS[C] =
f C:S1; : : : ; C:Sk g, which describethe stateof an object in
thatclass.EachstatevariableC:S hasa domainof possible
valuesDom[C:S]. We de®neSC to be the set of possible
statesfor anobjectin C, i.e., thepossibleassignmentsto the
statevariablesof C.

For example, our Freecraft domain might
have classes such as Peasant, Footman, Gold;
the class Peasant may have a state variable
Task whose domain is Dom[Peasant:Task] =
f Waiting, Mining, Harvesting, Buildingg, and a state
variable Health whose domain has three values. In this
case,SPeasant would have 4 � 3 = 12 values,one for each
combinationof valuesfor TaskandHealth.

The schema also speci®es a set of links L [C] =
f L 1; : : : ; L l g for eachclassrepresentinglinks betweenob-
jectsin thedomain.Eachlink C:L hasa range � [C:L ] = C0.
For example,Peasant objectsmight be linked to Barrack
objects— � [Peasant:BuildTarget] = Barrack, and to the
global Gold and Wood resourceobjects. In a more com-
plex situation,a link may relateC to many instancesof a
classC0, which we denoteby � [C:L ] = f C0g, for example,
� [Enemy:My Footmen] = f Footmang indicatesthataninstance
of theenemyclassmayberelatedto many footmaninstances.

A particular instanceof the schemais de®ned via a
world ! , specifyingthe setof objectsof eachclass;we use
O[! ][C] to denotethe objectsin classC, and O[! ] to de-
note the total set of objectsin ! . The world ! also spec-
i®es the links betweenobjects,which we take to be ®xed
throughouttime. Thus, for each link C:L , and for each

o 2 O[! ][C], ! speci®esa setof objectso0 2 � [C:L ], de-
notedo:L. For example,in a world containing2 peasants,
we would have O[! ][Peasant] = f Peasant1; Peasant2g;
if Peasant1 is building a barracks,we would have that
Peasant1:BuildTarget = Barrack1.

The dynamicsand rewards of an RMDP are also de-
®ned at the schemalevel. For each class, the schema
speci®esan action C:A, which can take on one of sev-
eral valuesDom[C:A]. For example,Dom[Peasant:A] =
f Wait, Mine, Harvest,Buildg. EachclassC is also associ-
atedwith a transitionmodelP C , which speci®estheproba-
bility distribution over the next stateof an objecto in class
C, giventhecurrentstateof o, theactiontakenon o, andthe
statesandactionsof all of theobjectslinkedto o:

P C (S0
C j SC ; C:A; SC :L 1 ; C:L 1 :A; : : : ; SC :L l ; C:L l :A): (1)

For example, the status of a barrack, Barrack:Status0,
depends on its status in the previous time step, on
the task performed by any peasantthat could build it
(Barrack:BuiltBy:Task), ontheamountof woodandgold,etc.

The transitionmodelis conditionedon thestateof C:L i ,
which is, in general,an entiresetof objects(e.g., the setof
peasantslinked to a barrack). Thus we must now provide
a compactspeci®cationof the transitionmodel that cande-
pendon thestateof anunboundednumberof variables.We
candealwith this issueusing the ideaof aggregation [10].
In Freecraft,our model usesthe count aggregator ] , where
theprobabilitythatBarrack:Statustransitionsfrom Unbuilt to
Built dependson ] [Barrack:BuiltBy:Task = Built], the num-
ber of peasantsin Barrack:BuiltBywhoseTaskis Build.

Finally, we alsode®nerewardsat theclasslevel. We as-
sumefor simplicity thatrewardsareassociatedonly with the
statesof individualobjects;addingmoreglobaldependencies
is possible,but complicatesplanningsigni®cantly. Wede®ne
a reward function RC (SC ; C:A), which representsthe con-
tribution to the rewardof any objectin C. For example,we
mayhavearewardfunctionassociatedwith theEnemyclass,
whichspeci®esa rewardof 10 if thestateof anenemyobject
is Dead: REnemy(Enemy:State= Dead) = 10. We assume
thattherewardfor each objectis boundedby Rmax .

Givena world, theRMDP uniquelyde®nesa groundfac-
toredMDP � ! , whosetransitionmodelis speci®ed(asusual)
asadynamicBayesiannetwork (DBN) [3]. Therandomvari-
ablesin this factoredMDP arethe statevariablesof the in-
dividual objectso:S, for eacho 2 O[! ][C] and for each
S 2 S[C]. Thus,thestates of thesystemat a givenpoint in
time is avectorde®ningthestatesof theindividualobjectsin
theworld. For any subsetof variablesX in themodel,wede-
®nes[X ] to bethepartof theinstantiations thatcorresponds
to the variablesX . The groundDBN for the transitiondy-
namicsspeci®esthedependenceof thevariablesat timet + 1
on the variablesat time t. The parentsof a variableo:S are
thestatevariablesof theobjectso0 thatarelinkedto o. In our
examplewith the two peasants,we might have the random
variablesPeasant1:Task, Peasant2:Task, Barrack1:Status,
etc. Theparentsof the time t + 1 variableBarrack1:Status0

are the time t variablesBarrack1:Status0, Peasant1:Task,
Peasant2:Task, Gold1:AmountandWood1:Amount.

The transitionmodel is the samefor all instancesin the
sameclass,asin (1). Thus,all of the o:Statusvariablesfor
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Figure2: Freecrafttacticaldomain:(a)Schema;(b) Resultingfac-
toredMDP for aworld with 2 footmenand2 enemies.

barrackobjectso sharethesameconditionalprobabilitydis-
tribution. Note,however, thateachspeci®cbarrackdepends
ontheparticularpeasantslinkedto it. Thus,theactualparents
in the DBN of the statusvariablesfor two differentbarrack
objectscanbedifferent.

Therewardfunctionis simply thesumof therewardfunc-
tionsfor theindividualobjects:

R(s; a) =
X

C 2C

X

o2O [! ][C ]

R(s[So]; a[o:A]):

Thus, for reward function for the Enemy class described
above, our overall reward function in a given statewill be
10 timesthenumberof deadenemiesin thatstate.

It remainsto specifytheactionsin thegroundMDP. The
RMDP speci®esa setof possibleactionsfor every objectin
theworld. In asettingwhereonly asingleactioncanbetaken
at any time step, the agentmust chooseboth an object to
act on, and which action to perform on that object. Here,
the set of actionsin the groundMDP is simply the union
[ o2 ! Dom[o:A]. In a settingwheremultiple actionscanbe
performedin parallel(say, in a multiagentsetting),it might
bepossibleto performanactiononeveryobjectin thedomain
ateverystep.Here,thesetof actionsin thegroundMDP is a
vectorspecifyinganactionfor everyobject:� o2 ! Dom[o:A].
Intermediatecases,allowing degreesof parallelism,arealso
possible.For simplicity of presentation,wefocusonthemul-
tiagentcase,suchasFreecraft,where,anactionis anassign-
mentto theactionof everyunit.
Example2.1(Freecraft tactical domain) Consider a sim-
pli�ed version of Freecraft, whose schema is illustrated
in Fig. 2(a), where only two classes of units partici-
pate in the game: C = f Footman, Enemyg. Both
the footman and the enemyclasseshave only one state
variable each, Health, with domain Dom[Health] =
f Healthy, Wounded,Deadg. The footman class contains
one single-valuedlink: � [Footman:My Enemy] = Enemy.
Thus the transition model for a footman's health will
dependon the health of its enemy: P Footman(S0

Footman j
SFootman; SFootman:My Enemy), i.e., if a footman's enemy is
not dead, than the probability that a footman will be-
come wounded, or die, is signi�cantly higher. A foot-
man can choose to attack any enemy. Thus each foot-
man is associatedwith an action Footman:A which se-
lects the enemyit is attacking.1 As a consequence, an

1A modelwherean actioncanchangethe link structurein the

enemycould end up being linked to a set of footmen,
� [Enemy:My Footmen] = f Footmang. In this case, the
transition model of the health of an enemymay depend
on the number of footmenwho are not dead and whose
action choice is to attack this enemy: P Enemy(S0

Enemy j
SEnemy; ] [SEnemy:My Footmen; Enemy:My Footmen:A]). Finally, we
mustde�ne the templatefor thereward function. Here there
is onlya reward whenanenemyis dead:REnemy(SEnemy).

We now have a template to describeany instanceof
the tactical Freecraft domain. In a particular world,
we must de�ne the instances of each class and the
links between these instances. For example, a world
with 2 footmen and 2 enemies will have 4 objects:
f Footman1; Footman2; Enemy1; Enemy2g. Each footman
will be linked to an enemy: Footman1:My Enemy =
Enemy1and Footman2:My Enemy = Enemy2. Each en-
emywill be linkedto both footmen:Enemy1:My Footmen=
Enemy2:My Footmen= f Footman1; Footman2g. The tem-
plate, along with the numberof objectsand the links in this
speci�c (“ 2vs2”) world yield a well-de�ned factored MDP,
� 2vs2, asshownin Fig. 2(b).

3 Approximately SolvingRelational MDPs
Thereare many approachesto solving MDPs [15]. An ef-
fective oneis basedon linear programming(LP): Let S(�)
denotethe statesin an MDP � and A(�) the actions. If
S(�) = f s1; : : : ; sN g, our LP variablesare V1; : : : ; VN ,
whereVi representsV(si ), thevalueof statesi . TheLP for-
mulationis:

Minimize:
P

i � (si )Vi ;
Subjectto: Vi � R(si ; a) + 


P
k P(s0

k j si ; a)Vk

8si 2 S(�) ; a 2 A(�) :

The staterelevanceweights� (s1); : : : ; � (sN ) in the objec-
tive functionareany setof positive weights,� (s i ) > 0.

In our setting,thestatespaceis exponentiallylarge,with
onestatefor eachjoint assignmentto the randomvariables
o:Sof everyobject(e.g., exponentialin thenumberof unitsin
theFreecraftscenario).In a multiagentproblem,thenumber
of actionsis alsoexponentialin thenumberof agents.Thus
this LP hasboth an exponentialnumberof variablesandan
exponentialnumberof constraints.Thereforetheexactsolu-
tion to this linearprogramis infeasible.

We addressthis issue using the assumptionthat the
value function can be well-approximatedas a sum of
local value subfunctionsassociatedwith the individual
objects in the model. (This approximationis a special
caseof the factored linear value function approachused
in [6].) Thus we associatea value subfunctionVo with
every object in ! . Most simply, this local value function
can dependonly on the stateof the individual object So.
In our example, the local value subfunction VEnemy1 for
enemyobject Enemy1might associatea numericvalue for
eachassignmentto the variableEnemy1:Health. A richer
approximationmight associatea value function with pairs,
or even small subsets,of closely relatedobjects. Thus, the

world requiresa small extensionof our basicrepresentation.We
omit detailsdueto lackof space.



function VFootman1 for Footman1might be de®nedover the
joint assignmentsof Footman1:Health and Enemy1:Health,
where Footman1:My Enemy = Enemy1. We will repre-
sent the completevalue function for a world as the sum
of the local value subfunctionfor each individual object
in this world. In our example world (! = 2vs2) with
2 footmen and 2 enemies,the global value function will
be: V2vs2(F1:Health; E1:Health; F2:Health; E2:Health) =
VFootman1(F1:Health; E1:Health) + VEnemy1(E1:Health) +
VFootman2(F2:Health; E2:Health) + VEnemy2(E2:Health).

Let T o bethescopeof thevaluesubfunctionof objecto,
i.e., the statevariablesthat Vo dependson. Given the local
subfunctions,weapproximatetheglobalvaluefunctionas:

V! (s) =
X

o2O [! ]

Vo(s[T o]): (2)

As for any linearapproximationto thevaluefunction,the
LP approachcanbe adaptedto usethis value function rep-
resentation[14]. Our LP variablesarenow thelocal compo-
nentsof theindividual local valuefunctions:

fV o(t o) : o 2 O[! ]; t o 2 Dom[T o]g: (3)

In our example,therewill be oneLP variablefor eachjoint
assignmentof F1:HealthandE1:Healthto representthecom-
ponentsof VFootman1. SimilarLP variableswill beincludedfor
thecomponentsof VFootman2, VEnemy1, andVEnemy2.

As before,wehaveaconstraintfor eachglobalstates and
eachglobalactiona:
P

o Vo(s[T o]) �
P

o Ro(s[So]; a[o:A])+



P
s0 P! (s0 j s; a)

P
o Vo(s0[T o]); 8s; a:

(4)

This transformationhastheeffect of reducingthenumberof
freevariablesin theLP to n (thenumberof objects)timesthe
numberof parametersrequiredto describean object's local
valuefunction. However, we still have a constraintfor each
globalstateandaction,anexponentiallylargenumber.

Guestrin,Koller andParr [6] (GKP hereafter)show that,
in certaincases,this exponentially large LP can be solved
ef®ciently and exactly. In particular, this compactsolution
applies when the MDP is factored(i.e., representedas a
DBN), and the approximatevalue function is decomposed
asa weightedlinearcombinationof local basisfunctions,as
above. Undertheseassumptions,GKP presenta decomposi-
tion of theLP whichgrowsexponentiallyonly in theinduced
tree width of a graphdeterminedby the complexity of the
processdynamicsandthelocality of thebasisfunction.

This approachappliesvery easilyhere. The structureof
the DBN representingthe processdynamicsis highly fac-
tored,de®nedvia local interactionsbetweenobjects. Simi-
larly, thevaluefunctionsarelocal, involving only singleob-
jectsor groupsof closelyrelatedobjects.Often,theinduced
width of theresultinggraphin suchproblemsis quitesmall,
allowing thetechniquesof GKPto beappliedef®ciently.

4 GeneralizingValueFunctions
Although this approachprovides us with a principled way
of decomposinga high-dimensionalvaluefunctionin certain
typesof domains,it doesnot helpusaddressthegeneraliza-
tion problem:A local valuefunctionfor objectsin a world !

doesnot helpusprovide a valuefunctionfor objectsin other
worlds,especiallyworldswith differentsetsof objects.

To obtaingeneralization,webuild ontheintuition thatdif-
ferentobjectsin thesameclassbehave similarly: they share
thetransitionmodelandrewardfunction. Althoughthey dif-
fer in their interactionswith otherobjects,their local contri-
bution to the value function is often similar. For example,
it maybereasonableto assumethatdifferentfootmenhave a
similarlong-termchanceof killing enemies.Thus,werestrict
ourclassof valuefunctionsby requiringthatall of theobjects
in agivenclasssharethesamelocal valuesubfunction.

Formally, we de®nea class-basedlocal value subfunc-
tion VC for eachclass. We assumethat the parameteriza-
tion of this value function is well-de®nedfor every object
o in C. This assumptionholds trivially if the scopeof VC
is simply SC : we simply have a parameterfor eachas-
signmentto Dom[SC ]. When the local value function can
also dependon the statesof neighboringobjects,we must
de®ne the parameterizationaccordingly; for example, we
might have a parameterfor eachpossiblejoint stateof a
linked footman-enemypair. Speci®callyrather than de®n-
ing separatesubfunctionsVFootman1 and VFootman2, we de-
®ne a class-basedsubfunctionVFootman. Now the contri-
bution of Footman1to the global value function will be
VFootman(F1:Health; E1:Health). Similarly Footman2 will
contributeVFootman(F2:Health; E2:Health).

A class-basedvaluefunctionde®nesaspeci®cvaluefunc-
tion for eachworld ! , as the sum of the class-basedlocal
valuefunctionsfor theobjectsin ! :

V! (s) =
X

C 2C

X

o2O [! ][C ]

VC (s[T o]): (5)

This valuefunctiondependsbothon thesetof objectsin the
world and(whenlocalvaluefunctionscaninvolverelatedob-
jects)on the links betweenthem. Importantly, althoughob-
jectsin the sameclasscontribute the samefunction into the
summationof (5), theargumentof thefunctionfor anobject
is thestateof thatspeci®cobject(andperhapsits neighbors).
In any givenstate,thecontributionsof differentobjectsof the
sameclasscandiffer. Thus,everyfootmanhasthesamelocal
valuesubfunctionparameters,but adeadfootmanwill havea
lowercontribution thanonewhich is alive.

5 Finding GeneralizedMDP Solutions
With a class-level value function, we can easily generalize
from oneor moreworlds to anotherone. To do so, we as-
sumethatasinglesetof localclass-basedvaluefunctionsVC
is agoodapproximationacrossawiderangeof worlds! . As-
sumingwe have sucha setof valuefunctions,we canact in
any new world ! without replanning,asdescribedin Step3
of Fig.3. Wesimplyde®neaworld-speci®cvaluefunctionas
in (5), anduseit to act.

We mustnow optimizeVC in a way that maximizesthe
valueoveranentiresetof worlds.To formalizethis intuition,
we assumethat thereis a probabilitydistribution P(! ) over
theworlds that theagentencounters.We want to ®nd a sin-
glesetof class-basedlocalvaluefunctionsfV C gC 2C thatis a
good®t for thisdistributionoverworlds.Weview this taskas
oneof optimizing for a single“meta-level” MDP � � , where



nature®rst choosesa world ! , and the rest of the dynam-
ics arethendeterminedby theMDP � ! . Precisely, thestate
spaceof � � is f s0g[

S
! f (! ; s) : s 2 S(� ! )g: Thetransi-

tion modelis theobviousone:Fromtheinitial states0, nature
choosesa world ! accordingto P(! ), andan initial statein
! accordingto theinitial startingdistribution P 0

! (s) over the
statesin ! . Theremainingevolutionis thendoneaccordingto
! 'sdynamics.In ourexample,naturewill choosethenumber
of footmenandenemies,andde®nethe links betweenthem,
which thenyieldsawell-de®nedMDP,e.g., � 2vs2.

5.1 LP Formulation
Themeta-MDP� � allowsusto formalizethetaskof ®ndinga
generalizedsolutionto anentireclassof MDPs.Speci®cally,
wewishto optimizetheclass-level parametersfor VC , notfor
asinglegroundMDP � ! , but for theentire� � .

We can addressthis problem using a similar LP solu-
tion to the one we usedfor a single world in Sec.3. The
variablesaresimply parametersof thelocal class-level value
subfunctionsfV C (t C ) : C 2 C; t C 2 Dom[T C ]g: For
the constraints,recall that our object-basedLP formulation
in (4) hada constraintfor eachstates andeachactionvector
a = f aogo2O [! ]. In thegeneralizedsolution,thestatespace
is the union of the statespacesof all possibleworlds. Our
constraintsetfor � � will, therefore,bea unionof constraint
sets,onefor eachworld ! , eachwith its own actions:

V! (s) �
P

o Ro(s[So ]; ao) + 

P

s 0 P! (s0 j s; a)V! (s0);
8! ; 8s 2 S(� ! ); a 2 A (� ! );

(6)
wherethe value function for a world, V! (s), is de®nedat

theclasslevel asin Eq. (5). In principle,we shouldhave an
additionalconstraintfor thestates0. However, with anatural
choiceof staterelevanceweights� , this constraintis elimi-
natedandtheobjective functionbecomes:

Minimize:
1 + 


2

X

!

X

s2 S !

P(! )P0
! (s)V! (s); (7)

if P0
! (s) > 0; 8s. In somemodels,the potentialnumber

of objectsmay be in®nite, which could make the objective
function unbounded. To prevent this problem,we assume
that the P(! ) goes to zero suf®ciently fast, as the num-
ber of objectstendsto in®nity. To understandthis assump-
tion, considerthe following generative processfor selecting
worlds: ®rst, the numberof objectsis chosenaccordingto
P(] ); then, the classesand links of eachobject are cho-
senaccordingto P(! ] j ] ). Using this decomposition,we
have that P(! ) = P(] )P(! ] j ] ). The intuitive assump-
tion describedabove canbeformalizedas: 8n; P(] = n) �
� ] e� � ] n ; for some� ] � � ] > 0: Thus,thedistribution P(] )
overnumberof objectscanbechosenarbitrarily, aslongasit
is boundedby someexponentiallydecayingfunction.

5.2 Samplingworlds
The main problemwith this formulation is that the size of
the LP — the sizeof the objective and the numberof con-
straints— grows with thenumberof worlds,which, in most
situations,grows exponentiallywith the numberof possible
objects,or mayevenbein®nite. A practicalapproachto ad-
dressthis problemis to samplesomereasonablenumberof
worlds from thedistribution P(! ), andthento solve theLP

for theseworlds only. The resultingclass-basedvaluefunc-
tion canthenbeusedfor worldsthatwerenotsampled.

We will startby samplinga setD of m worldsaccording
to P(! ). We cannow de®neour LP in termsof the worlds
in D, ratherthanall possibleworlds. For eachworld ! in D,
our LP will containa setof constraintsof theform presented
in Eq. (4). Notethat in all worldstheseconstraintssharethe
variablesVC , whichrepresentourclass-basedvaluefunction.
ThecompleteLP is givenby:

Variables: fV C (t C ) : C 2 C; t C 2 Dom[T C ]g:

Minimize: 1+ 

2m

P
! 2D

P
C 2C

P
o2O [! ][C ]

P
t o 2 T o

P 0
! (t o)VC (t o):

Subjectto:
P

C 2C

P
o2O [! ][C ] VC (s[T o ]) �

P
o2O [! ][C ] RC (s[So ]; a[o:A])+



P

s 0 P! (s0 j s; a)
P

C 2C
P

o2O [! ][C ] VC (s0[T o ]);

8! 2 D; 8s 2 S(� ! ); a 2 A (� ! );
(8)

whereP 0
! (T o) is themarginalizationof P 0

! (So) to thevari-
ablesin T o. For eachworld, theconstraintshave thesame
form as the onesin Sec.3. Thus, oncewe have sampled
worlds,we canapplythesameLP decompositiontechniques
of GKPto eachworld to solve this LP ef®ciently. Ourgener-
alizationalgorithmis summarizedin Step2 of Fig. 3.

Thesolutionobtainedby theLP with sampledworldswill,
in general,not beequalto theoneobtainedif all worldsare
consideredsimultaneously. However, we canshow that the
qualityof thetwo approximationsis close,if asuf®cientnum-
ber of worlds aresampled. Speci®cally, with a polynomial
numberof sampledworlds,we canguaranteethat,with high
probability, the quality of the value function approximation
obtainedwhensamplingworlds is closeto the oneobtained
whenconsideringall possibleworlds.
Theorem5.1 Considerthefollowingclass-basedvaluefunc-
tions(each with k parameters): bV obtainedfromtheLP over
all possibleworldsby minimizingEq. (7) subjectto thecon-
straints in Eq. (6); eV obtainedfromtheLP with thesampled
worldsin (8); andV� theoptimalvaluefunctionof themeta-
MDP � � . For a numberof sampledworldsm polynomial in
(1="; ln 1=�; 1=(1� 
 ); k; � ] ; 1=� ] ), theerror is boundedby:

kV� � eVk1;P 
 � kV� � bVk1;P 
 + "R max ;

with probabilityat least1 � � , for any� > 0 and" > 0;
where kVk1;P 
 =

P
! ;s2 S !

P(! )P0
! (s) jV! (s)j, andRmax

is themaximumper-objectreward.
Theproof,which is omittedfor lackof space(seeonlinever-
sionof thispaper),usessomeof thetechniquesdevelopedby
deFariasandVanRoy [2] for analyzingconstraintsampling
in generalMDPs. However, therearetwo importantdiffer-
ences:First, our analysisincludestheerror introducedwhen
samplingtheobjective, which in our caseis a sumonly over
a subsetof the worlds ratherthanover all of themasin the
LP for thefull meta-MDP. This issuewasnot previously ad-
dressed.Second,thealgorithmof deFariasandVanRoy re-
lieson theassumptionthatconstraintsaresampledaccording



to some“ideal” distribution (thestationarydistributionof the
optimalpolicy). Unfortunately, samplingfrom this distribu-
tion is asdif®cult ascomputinga near-optimalpolicy. In our
analysis,aftereachworld is sampled,our algorithmexploits
thefactoredstructurein themodelto representtheconstraints
exactly, avoiding thedependency on the“ideal” distribution.

6 Learning Classesof Objects
The de®nition of a class-basedvalue function assumesthat
all objectsin a classhave the samelocal valuefunction. In
many cases,evenobjectsin thesameclassmight play differ-
ent rolesin themodel,andthereforehave a differentimpact
on the overall value. For example,if only onepeasanthas
thecapabilityto build barracks,his statusmayhave a greater
impact.Distinctionsof this typearenotusuallyknown in ad-
vance,but arelearnedby anagentasit gainsexperiencewith
adomainanddetectsregularities.

We proposea procedurethat takesexactly this approach:
Assumethatwe have beenpresentedwith a setD of worlds
! . For eachworld ! , an approximatevaluefunction V! =P

o2O [! ] Vo wascomputedasdescribedin Sec.3. In addi-
tion,eachobjectisassociatedwith asetof featuresF ! [o]. For
example,thefeaturesmayincludelocal information,suchas
whethertheobjectis a peasantlinkedto a barrack,or not,as
well asglobal information,suchaswhetherthis world con-
tainsarchersin additionto footmen.Wecande®neour“train-
ing data”D asfhF ! [o]; Voi : o 2 O[! ]; ! 2 Dg.

We now have a well-de®nedlearningproblem:giventhis
training data, we would like to partition the objects into
classes,suchthatobjectsof thesameclasshavesimilarvalue
functions. Thereare many approachesfor tackling sucha
task.We chooseto usedecisiontreeregression,soasto con-
structa treethatpredictsthe local valuefunctionparameters
giventhefeatures.Thus,eachsplit in thetreecorrespondsto
afeaturein F ! [o]; eachbranchdown thetreede®nesasubset
of local valuefunctionsin D whosefeaturevaluesareasde-
®nedby thepath;theleafat theendof thepathis theaverage
valuefunctionfor this set.As theregressiontreelearningal-
gorithmtriesto constructa treewhich is predictive aboutthe
local valuefunction,it will aim to constructa treewherethe
meanateachleaf is verycloseto thetrainingdataassignedto
thatleaf. Thus,theleavestendto correspondto objectswhose
local valuefunctionsaresimilar. We canthustake theleaves
in the tree to de®neour subclasses,whereeachsubclassis
characterizedby thecombinationof featurevaluesspeci®ed
by thepathto thecorrespondingleaf. This algorithmis sum-
marizedin Step1 of Fig.3. Notethatthemeansubfunctionat
a leaf is notusedasthevaluesubfunctionfor thecorrespond-
ing class;rather, theparametersof thevaluesubfunctionare
optimizedusingtheclass-basedLP in Step2 of thealgorithm.

7 Experimental results
We evaluatedour generalizationalgorithmon two domains:
computernetwork administrationandFreecraft.

7.1 Computer network administration
For this problem,we implementedour algorithmin Matlab,
usingCPLEX astheLP solver. Ratherthanusingthefull LP
decompositionof GKP [6], we usedthe constraintgenera-
tion extensionproposedin [13], asthememoryrequirements

1. Learning Subclasses:
� Input:

– A setof trainingworldsD.
– A setof featuresF ! [o].

� Algorithm:
(a) For each! 2 D, computeanobject-basedvaluefunction,

asdescribedin Sec.3.
(b) Apply regressiontree learningon fhF ! [o]; Vo i : o 2

O[! ]; ! 2 Dg.
(c) De�ne a subclassfor eachleaf, characterizedby the fea-

turevectorassociatedwith its path.
2. Computing Class-BasedValueFunction:

� Input:
– A setof (sub)classde�nitions C.
– A templatefor fV C : C 2 Cg.
– A setof trainingworldsD.

� Algorithm:
(a) Computetheparametersfor f VC : C 2 Cg thatoptimize

theLP in (8) relative to theworldsin D.
3. Acting in a NewWorld:

� Input:
– A setof local valuefunctionsfV C : C 2 Cg.
– A setof (sub)classde�nitions C.
– A world ! .

� Algorithm: Repeat
(a) Obtainthecurrentstates.
(b) DeterminetheappropriateclassC for eacho 2 O[! ] ac-

cordingto its features.
(c) De�ne V! accordingto (5).
(d) Use the coordinationgraph algorithm of GKP to com-

puteanactiona thatmaximizesR(s; a) + 

P

s 0 P(s0 j
s; a)V! (s0).

(e) Takeactiona in theworld.

Figure3: Theoverall generalizationalgorithm.

werelower for this secondapproach.We experimentedwith
themultiagentcomputernetwork examplesin [6], usingvari-
ousnetwork topologiesand“pair” basisfunctionsthatinvolve
statesof neighboringmachines(see[6]). In oneof theseprob-
lems,if we have n computers,thentheunderlyingMDP has
9n statesand 2n actions. However, the LP decomposition
algorithmusesstructurein theunderlyingfactoredmodelto
solvesuchproblemsveryef®ciently[6].

We ®rst testedthe extent to which value functions are
sharedacrossobjects.In Fig. 4(a),weplot thevalueeachob-
ject gave to the assignmentStatus= working, for instances
of the `threelegs' topology. Thesevaluesclusterinto three
classes. We usedCART r to learn decisiontreesfor our
classpartition. In thiscase,thelearningalgorithmpartitioned
the computersinto threesubclassesillustratedin Fig. 4(b):
`server', `intermediate',and`leaf'. In Fig. 4(a),we seethat
`server' (third column)hasthehighestvalue,becausea bro-
kenservercancauseachainreactionaffectingthewholenet-
work, while `leaf' value(®rst column)is lowest,asit cannot
affectany othercomputer.

We thenevaluatedthegeneralizationquality of our class-
basedvaluefunctionby comparingits performanceto thatof
planningspeci®callyfor a new environment.For eachtopol-
ogy, wecomputedtheclass-basedvaluefunctionwith 5 sam-
pled networks of up to 20 computers. We then sampleda
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Figure4: Network administratorresults:(a)Trainingdatafor learningclasses;(b) Classeslearnedfor `threelegs'; (c) Generalizationquality
(evaluatedby 20 MonteCarlorunsof 100steps);(d) Advantageof learningsubclasses.TacticalFreecraft:(e)3 footmenagainst3 enemies.

new network andcomputedfor it a valuefunction that used
the samefactorization,but with no classrestrictions. This
valuefunction hasmoreparameters— differentparameters
for eachobject,ratherthanfor entireclasses,which areopti-
mizedfor this particularnetwork. This processwasrepeated
for 8 setsof networks. The results,shown in Fig. 4(c), in-
dicatethat thevalueof thepolicy from theclass-basedvalue
function is very closeto the valueof replanning,suggesting
thatwe cangeneralizewell to new problems.We alsocom-
putedautopicupperboundon theexpectedvalueof theopti-
malpolicy by removing the(negative)effectof theneighbors
on thestatusof themachines.Althoughthis boundis loose,
ourapproximatepoliciesstill achieve avaluecloseto it.

Next, we wantedto determineif our procedurefor learn-
ing classesyields betterapproximationsthan the onesob-
tainedfrom thedefault classes.Fig. 4(d) comparesthemax-
norm error betweenour class-basedvalue function and the
one obtainedby replanning. The graph suggeststhat, by
learningclassesusingour decisiontreesregressiontreepro-
cedure,we obtaina muchbetterapproximationof the value
functionwewouldhave,hadwereplanned.

7.2 Freecraft
In orderto evaluateour algorithmin theFreecraftgame,we
implementedthemethodsin C++andusedCPLEXastheLP
solver. We createdtwo tasksthatevaluatetwo aspectsof the
game:long-termstrategic decisionmakingandlocal tactical
battlemaneuvers. Our Freecraftinterface,andscenariosfor
theseandothermorecomplex tasksarepublicly availableat:
http://dags.stanford.edu/Freecraft/ . For eachtaskwe designed
an RMDP model to representthe system,by consultinga
“domainexpert”. After planning,ourpolicieswereevaluated
on the actual game. To better visualize our results, we
direct the readerto view videosof our policiesat a website:
http://robotics.stanford.edu/ � guestrin/Research/Genera li za ti on/ .
This websitealsocontainsdetailson our RMDP model. It is
importantto notethat,our policieswereconstructedrelative
to a very approximatemodel of the game, but evaluated
againsttherealgame.

In the tacticalmodel,the goal is to take out an opposing
enemyforce with an equivalent numberof units. At each
time step,eachfootmandecideswhich enemyto attack.The
enemiesarecontrolledusingFreecraft's hand-built strategy.
We modelledfootmenandenemiesaseachhaving 5 “health
points”,which candecreaseasunitsareattacked. We useda
simpleaggregator to representthe effect of multiple attack-
ers. To encouragecoordination,eachfootmanis linked to a
“buddy” in aring structure.Thelocalvaluefunctionsinclude
termsover triplesof linkedvariables.We solved this model

for aworld with 3 footmenand3 enemies,shown in Fig.4(e).
The resultingpolicy (which is fairly complex) demonstrates
successfulcoordinationbetweenour footmen: initially all
three footmenfocus on one enemy. When the enemybe-
comesinjured,onefootmanswitchesits target.Finally, when
the enemyis very weak,only onefootmancontinuesto at-
tack it, while theotherstacklea differentenemy. Using this
policy, our footmendefeattheenemiesin Freecraft.

Thefactorsgeneratedin our planningalgorithmgrow ex-
ponentiallyin thenumberof units,soplanningin largermod-
els is infeasible. Fortunately, when executinga policy, we
instantiatethecurrentstateat every time step,andactionse-
lection is signi®cantlyfaster[6]. Thus,eventhoughwe can-
not executeStep2 in Fig. 3 of our algorithmfor larger sce-
narios,we cangeneralizeour class-basedvaluefunctionto a
world with 4 footmenandenemies,without replanningusing
only Step3 of ourapproach.Thepolicy continuesto demon-
stratesuccessfulcoordinationbetweenfootmen,andweagain
beatFreecraft's policy. However, asthenumberof units in-
creases,thepositionof enemiesbecomesincreasinglyimpor-
tant.Currently, our modeldoesnot considerthis feature,and
in a world with 5 footmenandenemies,our policy losesto
Freecraftin aclosebattle.

In thestrategic model,thegoal is to kill a strongenemy.
Theplayerstartswith afew peasants,whocancollectgoldor
wood,or attemptto build abarrack,whichrequiresbothgold
andwood. All resourcesareconsumedafter eachBuild ac-
tion. With abarrackandgold, theplayercantraina footman.
Thefootmencanchooseto attacktheenemy. Whenattacked,
theenemyloses“healthpoints”,but ®ghtsbackandmaykill
thefootmen.Wesolvedamodelwith 2 peasants,1 barrack,2
footmen,andanenemy. Everypeasantwasrelatedto a “cen-
tral” peasantandevery footmanhada “buddy”. The scope
of our local value function includedtriples betweenrelated
objects.Theresultingpolicy is quiteinteresting:thepeasants
gathergold andwoodto build a barrack,thengold to build a
footman.Ratherthanattackingtheenemyat once,this foot-
manwaitsuntil a secondfootmanis built. Then,they attack
the enemytogether. The strongerenemyis ableto kill both
footmen,but it becomesquiteweak.Whenthenext footman
is trained,ratherthanwaiting for a secondone,it attacksthe
now weakenemy, andis ableto kill him. Again,planningin
largescenariosis infeasible,but actionselectioncanbeper-
formedef®ciently. Thus,we canuseour generalizedvalue
function to tackle a world with 9 peasantsand 3 footmen,
without replanning.The 9 peasantscoordinateto gatherre-
sources.Interestingly, ratherthanattackingwith 2 footmen,
thepolicy now waitsfor 3 to betrainedbeforeattacking.The
3 footmenkill theenemy, andonly oneof themdies. Thus,



we have successfullygeneralizedfrom a problemwith about
106 joint state-actionpairsto onewith over1013 pairs.

8 Discussionand Conclusions
In thispaper, wehavetackledalongstandinggoalin planning
research,theability to generalizeplansto new environments.
Suchgeneralizationhastwo complementaryuses:First we
cantacklenew environmentswith minimal or no replanning.
Secondit allowsusto generalizeplansfrom smallertractable
environmentsto signi®cantlylargerones,whichcouldnotbe
solveddirectly with our planningalgorithm.Our experimen-
tal resultssupportthefactthatourclass-basedvaluefunction
generalizeswell to new plansandthat theclassandsubclass
structurediscoveredby our learningprocedureimprovesthe
quality of the approximation.Furthermore,we successfully
demonstratedourmethodsonarealstrategic computergame,
whichcontainsmany characteristicspresentin real-world dy-
namicresourceallocationproblems.

Severalotherpapersconsiderthegeneralizationproblem.
Several approachescanrepresentvaluefunctionsin general
terms,but usually requireit to be hand-constructedfor the
particulartask.Others[12; 8; 4] have focusedon reusingso-
lutionsfrom isomorphicregionsof statespace.By compari-
son,our methodexploits similaritiesbetweenobjectsevolv-
ing in parallel. It would bevery interestingto combinethese
two typesof decomposition.Thework of Boutilier et al. [1]
on symbolicvalueiterationcomputes®rst-ordervaluefunc-
tions,which generalizeover objects.However, it focuseson
computingexactvaluefunctions,which areunlikely to gen-
eralizeto a differentworld. Furthermore,it relieson theuse
of theoremproving tools,whichaddsto thecomplexity of the
approach.Methodsin deterministicplanninghavefocusedon
generalizingfrom compactlydescribedpolicieslearnedfrom
many domainsto incrementallybuild a ®rst-orderpolicy [9;
11]. Closestin spirit to our approachis the recentwork of
Yoonetal. [17], whichextendstheseapproachesto stochastic
domains.We performa similar procedureto discover classes
by ®nding structurein thevaluefunction. However, our ap-
proach®ndsregularitiesin compactlyrepresentedvaluefunc-
tions ratherthanpolicies. Thus,we cantackletaskssuchas
multiagentplanning,wheretheactionspaceis exponentially
largeandcompactpoliciesoftendonotexist.

The key assumptionin our methodis interchangeability
betweenobjectsof thesameclass.Ourmechanismfor learn-
ing subclassesallows us to deal with caseswhere objects
in the domaincanvary, but our generalizationswill not be
successfulin very heterogeneousenvironments,wheremost
objectshave very differentin�uenceson theoverall dynam-
ics or rewards. Additionally, the ef®ciency of our LP solu-
tion algorithmdependson theconnectivity of theunderlying
problem. In a domainwith strongandconstantinteractions
betweenmany objects(e.g., Robocup),or when the reward
functiondependsarbitrarilyonthestateof many objects(e.g.,
Blocksworld), thesolutionalgorithmwill probablynotbeef-
®cient. In somecases,suchastheFreecrafttacticaldomain,
we canusegeneralizationto scaleup to largerproblems.In
others,we could combineour LP decompositiontechnique
with constraintsampling[2] to addressthis high connectiv-
ity issue.In general,however, extendingthesetechniquesto
highly connectedproblemsis still anopenproblem.Finally,

althoughwe have successfullyappliedour class-valuefunc-
tions to new environmentswithout replanning,therearedo-
mainswheresuchdirect applicationwould not be suf®cient
to obtaina goodsolution. In suchdomains,our generalized
valuefunctionscanprovideagoodinitial policy, whichcould
bere®nedusingavarietyof local searchmethods.

We have assumedthat relationsdo not changeover time.
In many domains(e.g., Blocksworld or Robocup),this as-
sumptionis false. In recentwork, Guestrinet al. [7] show
thatcontext-speci�c independencecanallow for dynamically
changingcoordinationstructuresin multiagentenvironments.
Similar ideasmay allow us to tackledynamicallychanging
relationalstructures.

In summary, we believe that the class-basedvalue func-
tionsmethodspresentedherewill signi®cantlyfurthertheap-
plicability of MDP modelsto large-scalereal-world tasks.

Acknowledgements We arevery gratefulto RonParr for many
useful discussions.This work was supportedby the DoD MURI
program,administeredby theOf�ce of Naval ResearchunderGrant
N00014-00-1-0637,and by Air Force contractF30602-00-2-0598
underDARPA'sTASK program.

References
[1] C. Boutilier, R. Reiter, andB. Price. Symbolicdynamicpro-

grammingfor �rst-order MDPs. In IJCAI-01, 2001.
[2] D.P. de Fariasand B. Van Roy. On constraintsamplingfor

thelinearprogrammingapproachto approximatedynamicpro-
gramming.Submittedto Math.of OperationsResearch, 2001.

[3] T. DeanandK. Kanazawa. Probabilistictemporalreasoning.
In AAAI-88, 1988.

[4] T. G. Dietterich. Hierarchicalreinforcementlearningwith the
MAXQ value function decomposition. Journal of Arti®cial
IntelligenceResearch, 13:227–303,2000.

[5] R. E. Fikes,P. E.Hart,andN. J.Nilsson.Learningandexecut-
ing generalizedrobotplans.Artf. Intel., 3(4):251–288,1972.

[6] C. E. Guestrin,D. Koller, andR. Parr. Multiagentplanning
with factoredMDPs. In NIPS-14, 2001.

[7] C. E. Guestrin, S. Venkataraman,and D. Koller. Context
speci�c multiagentcoordinationand planningwith factored
MDPs. In AAAI-02, 2002.

[8] M. Hauskrecht,N. Meuleau, L. Kaelbling, T. Dean, and
C. Boutilier. Hierarchicalsolution of Markov decisionpro-
cessesusingmacro-actions.In UAI, 1998.

[9] R. Khardon.Learningactionstrategiesfor planningdomains.
Arti®cial Intelligence, 113:125–148,1999.

[10] D. Koller andA. Pfeffer. Probabilisticframe-basedsystems.
In AAAI, 1998.

[11] M. Martin andH. Geffner. Learninggeneralizedpolicies in
planningusingconceptlanguages.In KR, 2000.

[12] R.Parr. Flexible decompositionalgorithmsfor weaklycoupled
markov decisionproblems.In UAI-98, 1998.

[13] D. SchuurmansandR. Patrascu.Direct value-approximation
for factoredMDPs. In NIPS-14, 2001.

[14] P. SchweitzerandA. Seidmann.Generalizedpolynomialap-
proximationsin Markovian decisionprocesses.J. of Mathe-
maticalAnalysisandApplications, 110:568– 582,1985.

[15] R. SuttonandA. Barto. ReinforcementLearning: An Intro-
duction. MIT Press,Cambridge,MA, 1998.

[16] S. ThrunandJ. O'Sullivan. Discoveringstructurein multiple
learningtasks:TheTC algorithm.In ICML-96, 1996.

[17] S.W. Yoon,A. Fern,andB. Givan. Inductive policy selection
for �rst-order MDPs. In UAI-02, 2002.


