
Approximate Infer encefor In�nite Contingent BayesianNetworks

Brian Milch, BhaskaraMarthi, David Sontag,Stuart Russell,Daniel L. Ong and Andr eyKolobov
ComputerScienceDivision

Universityof California
Berkeley, CA 94704

f milch,bhaskara,russell,dsontag,dlong,karaya1g@cs.berkeley.edu

Abstract

In many practicalproblems—fromtrackingair-
craft basedon radar data to building a bibli-
ographic databasebasedon citation lists—we
want to reasonaboutan unboundednumberof
unseenobjectswith unknown relationsamong
them. Bayesiannetworks, which de�ne a �x ed
dependency structureon a �nite setof variables,
arenot theidealrepresentationlanguagefor this
task. This paperintroducescontingentBayesian
networks(CBNs), which representuncertainty
aboutdependenciesby labelingeachedgewith
a condition under which it is active. A CBN
maycontaincyclesandhavein�nitely many vari-
ables. Nevertheless,we give generalconditions
underwhich sucha CBN de�nes a uniquejoint
distribution over its variables.We alsopresenta
likelihoodweightingalgorithmthatperformsap-
proximateinferencein �nite time per sampling
steponany CBN thatsatis�estheseconditions.

1 Intr oduction

Oneof thecentraltasksanintelligentagentmustperformis
to make inferencesaboutthereal-world objectsthatunder-
lie its observations.Thistypeof reasoninghasawiderange
of practicalapplications,from tracking aircraft basedon
radardatato building abibliographicdatabasebasedonci-
tationlists. To tackletheseproblems,it makessenseto use
probabilisticmodelsthat representuncertaintyabout the
numberof underlyingobjects,the relationsamongthem,
andthemappingfrom observationsto objects.

Over the past decade,a numberof probabilistic model-
ing formalismshave beendevelopedthat explicitly repre-
sentobjectsandrelations.Most work hasfocusedon sce-
narioswhere,for any given query, thereis no uncertainty
aboutthe setof relevant objects. In extendingthis line of
work to unknown setsof objects,we facea dif�culty: un-
lesswe placeanupperboundon thenumberof underlying
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Figure1: A graphicalmodel(with platesrepresentingrepeated
elements)for theballs-and-urnexample.This is a BN if we dis-
regard the labelsBallDrawnk = n on the edgesTrueColorn !
ObsColork for k 2 f 1; : : : ; K g, n 2 f 1; 2; : : :g. With thelabels,
it is aCBN.

objects,the resultingmodelhasin�nitely many variables.
We have developeda formalism called BLOG (Bayesian
LOGic) in which suchin�nite modelscanbede�ned con-
cisely[7]. However, it is notobviousunderwhatconditions
suchmodelsde�ne probabilitydistributions,or how to do
inferenceon them.

Bayesiannetworks (BNs) with in�nitely many variables
are actually quite common: for instance,a dynamicBN
with time running in�nitely into the future hasin�nitely
many nodes.Thesecommonmodelshave thepropertythat
eachnodehasonly �nitely many ancestors.So for �nite
setsof evidenceandqueryvariables,pruningaway “bar-
ren” nodes[15] yieldsa �nite BN that is suf�cient for an-
sweringthequery. However, generativeprobabilitymodels
with unknown objectsoften involve in�nite ancestorsets,
asillustratedby thefollowing stylizedexamplefrom [13].

Example1. Supposeanurn containssomeunknownnum-
ber of balls N , and supposeour prior distribution for N
assignspositiveprobability to everynatural number. Each
ball has a color—say, black or white—chosenindepen-
dently from a �xed prior. Supposewe repeatedlydraw a
ball uniformly at random,observeits color, and return it
to the urn. We cannotdistinguishtwo identically colored
balls fromeach other. Furthermore, wehavesome(known)
probability of makinga mistake in each color observation.



Givenour observations,wemightwantto predictthetotal
numberof balls in theurn, or solvetheidentityuncertainty
problem: computingtheposteriorprobability that (for ex-
ample)wedrew thesameball onour �r st twodraws.

Fig. 1 shows a graphicalmodelfor this example.Thereis
an in�nite setof variablesfor the true colorsof the balls;
eachTrueColorn variabletakesthespecialvaluenull when
N < n. EachBallDrawnk variabletakesa valuebetween1
andN , indicatingtheball drawnondraw k. TheObsColork

variablethendependson TrueColor(BallDrawnk ) . In this BN,
all the in�nitely many TrueColorn variablesareancestors
of eachObsColork variable.Thus,evenif we prunebarren
nodes,wecannotobtaina �nite BN for computingthepos-
terioroverN . Thesameproblemarisesin real-world iden-
tity uncertaintytasks,suchasresolvingcoreferenceamong
citationsthatreferto someunderlyingpublications[10].

Bayesiannetworksalsofall shortin representingscenarios
wherethe relationsbetweenobjectsor events—andthus
thedependenciesbetweenrandomvariables—arerandom.

Example 2. Supposea hurricane is going to strike two
cities,AlphatownandBetaville, but it is not knownwhich
city will behit �r st. Theamountof damage in each city de-
pendson thelevel of preparationsmadein each city. Also,
thelevel of preparationsin thesecondcity dependson the
amountof damagein the�r stcity. Fig. 2 showsa modelfor
thissituation,wherethevariableF takesonthevalueA or
B to indicatewhetherAlphatownor Betavilleis hit �r st.

In this example,supposethat we have a goodestimateof
thedistribution for preparationsin the�rst city, andof the
conditionalprobabilitydistribution (CPD)for preparations
in the secondcity given damagein the �rst. The obvious
graphicalmodel to draw is the one in Fig. 2, but it hasa
�gure-eight-shapedcycle. Of course,we canconstructa
BN for the intendeddistribution by choosingan arbitrary
orderingof thevariablesandincludingall necessaryedges
to eachvariablefrom its predecessors.Supposeweusethe
orderingF; PA ; DA ; PB ; DB . ThenP(PA jF = A) is easy
to write down, but to computeP(PA jF = B ) we needto
sumout PB andDB . Thereis no acyclic BN that re�ects
ourcausalintuitions.

Using a high-level modelinglanguage,onecanrepresent

F
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DA DB
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Figure2: A cyclic BN for thehurricanescenario.P standsfor
preparations,D for damage,A for Alphatown, B for Betaville,
andF for thecity thatis hit ®rst.

scenariossuchasthosein Figs. 1 and2 in a compactand
naturalway. However, as we have seen,the BNs corre-
spondingto suchmodelsmaycontaincyclesor in�nite an-
cestorsets.Theassumptionsof �nitenessandacyclicity are
fundamentalnot just for BN inferencealgorithms,but also
for the standardtheoremthat every BN de�nes a unique
joint distribution.

Our approachto such modelsis basedon the notion of
context-speci�c independence(CSI) [1]. In theballs-and-
urnexample,in thecontext BallDrawnk = n, ObsColork has
only oneotherancestor— TrueColorn . Similarly, theBN
in Fig.2 is acyclic in thecontext F = A andalsoin thecon-
text F = B . To exploit theseCSIproperties,wede�ne two
generalizationsof BNs that make CSI explicit. The �rst
is partition-basedmodels(PBMs),whereinsteadof spec-
ifying a setof parentsfor eachvariable,onespeci�es an
arbitrarypartitionof theoutcomespacethatdeterminesthe
variable'sCPD.In Sec.2, wegiveanabstractcriterionthat
guaranteesthataPBM de�nesauniquejoint distribution.

To prove more concreteresults, we focus in Sec. 3 on
thespecialcaseof contingentBayesiannetworks(CBNs):
possiblyin�nite BNs wheresomeedgesare labeledwith
conditions. CBNs combinethe useof decisiontreesfor
CPDs[1] with the ideaof labelingedgesto indicatewhen
they areactive[3]. In Sec.3,weprovidegeneralconditions
underwhich a contingentBN de�nes a uniqueprobability
distribution, even in the presenceof cyclesor in�nite an-
cestorsets.In Sec.4 weexploretheextentto whichresults
aboutCBNs carry over to the moregeneralPBMs. Then
in Sec.5 we presenta samplingalgorithmfor approximate
inferencein contingentBNs. Thetimerequiredto generate
a sampleusingthis algorithmdependsonly on thesizeof
thecontext-speci�cally relevantnetwork, not thetotal size
of theCBN (which maybe in�nite). Experimentalresults
for this algorithmaregiven in Sec.6. We omit proofsfor
reasonsof space;theproofscanbe found in our technical
report[8].

2 Partition-based models

We assumea set V of random variables, which may
be countably in�nite. Each variable X has a domain
dom(X ); we assumein this paperthat eachdomainis at
mostcountablyin�nite. Theoutcomespaceoverwhichwe
would like to de�ne a probability measureis the product
space­ , £ (X 2 V) dom(X ). An outcome! 2 ­ is anas-
signmentof valuesto all thevariables;we write X (! ) for
thevalueof X in ! .

An instantiation¾is an assignmentof valuesto a subset
of V. We write vars(¾) for the setof variablesto which
¾assignsvalues,and¾X for thevaluethat¾assignsto a
variableX 2 vars(¾). Theemptyinstantiationis denoted
? . An instantiation¾is saidto be �nite if vars(¾) is �-
nite. The completionsof ¾, denotedcomp(¾), are those
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Figure3: A simplecontingentBN.

outcomesthatagreewith ¾onvars(¾):

comp(¾) , f ! 2 ­ : 8X 2 vars(¾) ; X (! ) = ¾X g

If ¾is a full instantiation— that is, vars(¾) = V — then
comp(¾) consistsof justasingleoutcome.

To motivateourapproachto de�ning aprobabilitymeasure
on ­ , considerthe BN in Fig. 3, ignoring for now the la-
belson the edges.To completelyspecify this model,we
would have to provide, in additionto the graphstructure,
a conditionalprobabilitydistribution (CPD) for eachvari-
able. For example,assumingthe variablesarebinary, the
CPDfor X wouldbeatablewith 8 rows,eachcorrespond-
ing to aninstantiationof X 'sthreeparents.Anotherwayof
viewing this is thatX 's parentsetde�nes a partitionof ­
whereeachCPTrow correspondsto a block (i.e.,element)
of thepartition. This mayseemlike a pedanticrephrasing,
but partitionscanexposemorestructurein the CPD. For
example,supposeX dependsonly on V whenU = 0 and
only on W when U = 1. The tabular CPD for X would
still bethesamesize,but now thepartitionfor X only has
four blocks: comp(U = 0; V = 0), comp(U = 0; V = 1),
comp(U = 1; W = 0), andcomp(U = 1; W = 1).

De�nition 1. A partition-basedmodel¡ overV consistsof

² for each X 2 V, a partition ¤ ¡
X of ­ where wewrite

¸ ¡
X (! ) to denotetheblock of thepartition thattheout-

come! belongsto;
² for each X 2 V andblock ¸ 2 ¤ ¡

X , a probabilitydis-
tributionp¡ (X j¸ ) overdom(X ).

A PBM de�nes a probability distribution over ­ . If V is
�nite, thisdistributioncanbespeci�edasaproductexpres-
sion,justasfor anordinaryBN:

P(! ) ,
Y

X 2 V

p¡ (X (! )j¸ ¡
X (! )) (1)

Unfortunately, this equationbecomesmeaninglesswhen
V is in�nite, becausethe probability of eachoutcome!
will typically be zero. A naturalsolution is to de�ne the
probabilitiesof �nite instantiations,andthenrely on Kol-
mogorov's extensiontheorem(see,e.g.,[2]) to ensurethat
we have de�ned a uniquedistribution over outcomes.But
Eq.1 reliesonhaving a full outcome! to determinewhich
CPDto usefor eachvariableX .

How can we write a similar product expressionthat in-
volvesonly apartialinstantiation?Weneedthenotionof a
partialinstantiationsupportingavariable.

De�nition 2. In a PBM ¡ , an instantiation ¾ supports
a variable X if there is someblock ¸ 2 ¤ ¡

X such that
comp(¾) µ ¸ . In this casewewrite ¸ ¡

X (¾) for theunique
elementof ¤ ¡

X thathascomp(¾) asa subset.

Intuitively, ¾ supportsX if knowing ¾ is enoughto tell
us which block of ¤ ¡

X we're in, and thus which CPD to
use for X . In Fig. 3, (U = 0; V = 0) supportsX , but
(U = 1; V = 0) doesnot. In an ordinaryBN, any instan-
tiationof theparentsof X supportsX .

An instantiation¾is self-supportingif every X 2 vars(¾)
is supportedby ¾. In a BN, if U is anancestralset(a set
of variablesthat includesall theancestorsof its elements),
thenevery instantiationof U is self-supporting.

De�nition 3. A probability measure P over V satis�esa
PBM¡ if for every�nite , self-supportinginstantiation¾:

P(comp(¾)) =
Y

X 2 vars( ¾)

p¡ (¾X j¸ ¡
X (¾)) (2)

A PBM is well-de�nedif thereis auniqueprobabilitymea-
surethat satis�es it. Oneway a PBM canfail to be well-
de�ned is if the constraintsspeci�ed by Eq. 2 are incon-
sistent: for instance,if they requirethat the instantiations
(X = 1; Y = 1) and(X = 0; Y = 0) both have probability
0.9. Conversely, a PBM canbesatis�edby many distribu-
tionsif, for example,theonly self-supportinginstantiations
arein�nite ones— thenDef. 3 imposesnoconstraints.

Whencanwe be surethat a PBM is well-de�ned? First,
recall that a BN is well-de�ned if it is acyclic, or equiv-
alently, if its nodeshave a topologicalordering. Thus, it
seemsreasonableto think aboutnumberingthevariablesin
a PBM. A numberingof V is a bijection¼from V to some
pre�x of N (this will be a properpre�x if V is �nite, and
the whole setN if V is countablyin�nite). We de�ne the
predecessorsof avariableX under¼as:

Pred¼[X ] , f U 2 V : ¼(U) < ¼(X )g

NotethatsinceeachvariableX is assigneda �nite number
¼(X ), thepredecessorsetPred¼[X ] is always�nite.

Oneof thepurposesof PBMsis to handlecyclic scenarios
suchasExample2. Thus,ratherthanspeakingof a single
topologicalnumberingfor amodel,wespeakof asupport-
ivenumberingfor eachoutcome.

De�nition 4. A numbering¼ is a supportive numbering
for an outcome! if for each X 2 V, the instantiation
Pred¼[X ](! ) supportsX .

Theorem1. A PBM¡ is well-de�nedif, for everyoutcome
! 2 ­ , thereexistsa supportivenumbering¼! .



Theconverseof this theoremis not true: a PBM mayhap-
pento bewell-de�ned evenif someoutcomesdo not have
supportive numberings.But moreimportantly, therequire-
ment that eachoutcomehave a supportive numberingis
very abstract. How could we determinewhetherit holds
for a givenPBM?To answerthis question,we now turn to
amoreconcretetypeof model.

3 Contingent Bayesiannetworks

ContingentBayesiannetworks (CBNs) area specialcase
of PBMs for which we can de�ne more concretewell-
de�nednesscriteria,aswell asan inferencealgorithm. In
Fig. 3 thepartitionwasrepresentednot asa list of blocks,
but implicitly by labeling eachedgewith an event. The
meaningof anedgefrom W to X labeledwith aneventE ,
which we denoteby (W ! X j E), is thatthevalueof W
mayberelevantto theCPDfor X only whenE occurs.In
Fig. 3, W is relevantto X only whenU = 1.

Usingthede�nitions of V and­ from theprevioussection,
wecande�ne aCBN structureasfollows:

De�nition 5. A CBN structureGis a directedgraphwhere
thenodesare elementsof V andeach edge is labeledwith
a subsetof ­ .

In our diagrams,we leave anedgeblankwhenit is labeled
with theuninformativeevent­ . An edge(W ! X j E) is
saidto be activegiven an outcome! if ! 2 E , andactive
givena partial instantiation¾if comp(¾) µ E. A variable
W is anactiveparentof X given¾if anedgefrom W to
X is active given¾.

JustasaBN isparameterizedbyspecifyingCPTs,aCBN is
parameterizedby specifyingadecisiontreefor eachnode.

De�nition 6. A decisiontree T is a directedtree where
each nodeis an instantiation¾, such that:

² therootnodeis ? ;
² each non-leafnode¾splits on a variable X T

¾ such
that the children of ¾ are f (¾; X T

¾ = x) : x 2
dom

¡
X T

¾

¢
g.

U=1

U=0
V=1

V=0

W=1

W=0 V=1

V=0

(a) (b)

Figure4: Two decisiontreesfor X in Fig. 3. Tree(a) respects
theCBN structure,while tree(b) doesnot.

Two decisiontreesareshown in Fig. 4. If a nodesplitson
a variablethathasin�nitely many values,thenit will have

in�nitely many children. This de�nition alsoallows a de-
cision tree to containin�nite paths. However, eachnode
in the treeis a �nite instantiation,sinceit is connectedto
the root by a �nite path. We will call a pathtruncatedif
it endswith a non-leafnode. Thus,a non-truncatedpath
eithercontinuesin�nitely or endsat a leaf. An outcome!
matchesa pathµ if ! is a completionof every node(in-
stantiation)in the path. The non-truncatedpathsstarting
from the root aremutually exclusive andexhaustive, so a
decisiontreede�nesapartitionof ­ .

De�nition 7. Thepartition ¤ T de�ned by a decisiontree
T consistsof a block of the form f ! 2 ­ : ! matchesµg
for each non-truncatedpathµ startingat therootof T .

Sofor eachvariableX , wespecifyadecisiontreeTX , thus
de�ning a partition¤ X , ¤ (TX ) . To completetheparam-
eterization,we also specify a function pB (X = xj¸ ) that
mapseach¸ 2 ¤ X to a distribution over dom(X ). How-
ever, thedecisiontreefor X mustrespecttheCBNstructure
in thefollowing sense.

De�nition 8. A decisiontreeT respectstheCBN structure
Gat X if for everynode¾2 T thatsplitsona variableW ,
there is anedge (W ! X j E) in Gthat is activegiven¾.

For example,tree(a) in Fig. 4 respectstheCBN structure
of Fig. 3 at X . However, tree(b) doesnot: theroot instan-
tiation ? doesnot activatetheedge(V ! X j U = 0), so
it shouldnot split onV .

De�nition 9. A contingentBayesiannetwork (CBN) B
over V consistsof a CBNstructure GB , andfor each vari-
ableX 2 V:

² a decisiontreeT B
X that respectsGB at X , de�ning a

partition ¤ B
X , ¤ (T B

X ) ;
² for each block ¸ 2 ¤ B

X , a probability distribution
pB (X j¸ ) overdom(X ).

It is clearthata CBN is a kind of PBM, sinceit de�nes a
partitionandaconditionalprobabilitydistribution for each
variable.Thus,we cancarryover thede�nitions from the
previoussectionof what it meansfor a distribution to sat-
isfy aCBN, andfor aCBN to bewell-de�ned.

We will now give a setof structuralconditionsthatensure
that a CBN is well-de�ned. We call a set of edgesin G
consistentif theeventson theedgeshave a non-emptyin-
tersection:that is, if thereis someoutcomethatmakesall
theedgesactive.

Theorem2. Supposea CBNB satis�esthefollowing:

(A1) Noconsistentpathin GB formsa cycle.
(A2) No consistentpathin GB formsan in�nite reced-
ing chainX 1 Ã X 2 Ã X 3 Ã ¢¢¢.

(A3) No variableX 2 V hasan in�nite , consistentset
of incomingedgesin GB .

ThenB is well-de�ned.



A CBN thatsatis�estheconditionsof Thm.2 is saidto be
structurally well-de�ned. If a CBN hasa �nite setof vari-
ables,we cancheckthe conditionsdirectly. For instance,
theCBN in Fig. 2 is structurallywell-de�ned: althoughit
containsacycle, thecycle is not consistent.

The balls-and-urnexample (Fig. 1) has in�nitely many
nodes,so we cannotwrite out the CBN explicitly. How-
ever, it is clear from the plates representationthat this
CBN is structurally well-de�ned as well: there are no
cycles or in�nite receding chains, and although each
ObsColork nodehasin�nitely many incomingedges,the
labels BallDrawnk = n ensurethat exactly one of these
edgesis active in eachoutcome. In [8], we discussthe
generalproblemof determiningwhetherthe in�nite CBN
de�ned by ahigh-level modelis structurallywell-de�ned.

4 CBNsasimplementationsof PBMs

In a PBM, we specifyan arbitrarypartition for eachvari-
able;in CBNs,werestrictourselvesto partitionsgenerated
by decisiontrees.But given any partition¤ , we cancon-
struct a decisiontree T that yields a partition at leastas
�ne as¤—that is, suchthateachblock ¸ 2 ¤ T is a subset
of somȩ 02 ¤ . In theworstcase,everypathstartingat the
root in T will needto split on every variable.Thus,every
PBM is implementedby someCBN, in thefollowing sense:
De�nition 10. A CBN B implementsa PBM ¡ over the
samesetof variablesV if, for each variable X 2 V, each
block ¸ 2 ¤ B

X is a subsetof someblock ¸ 02 ¤ ¡
X , and

pB (X j¸ ) = p¡ (X j¸ 0).
Theorem 3. If a CBN B implementsa PBM ¡ and B is
structurally well-de�ned, then¡ is also well-de�ned,and
B and¡ aresatis�edby thesameuniquedistribution.

Thm. 3 gives us a way to show that a PBM ¡ is well-
de�ned: constructa CBN B that implements¡ , andthen
use Thm. 2 to show that B is structurally well-de�ned.
However, thefollowing exampleillustratesacomplication:
Example 3. Considerpredictingwho will go to a weekly
bookgroupmeeting. Supposeit is usuallyBob's responsi-
bility to preparequestionsfor discussion,but if a historical
�ction bookis beingdiscussed,thenAlice preparesques-
tions. In general, Alice and Bob each go to the meeting
with probability 0.9. However, if thebookis historical �c-
tion andAlice isn't going, thenthegroupwill haveno dis-
cussionquestions,sotheprobability thatBobbothers to go
is only0.1.Similary, if thebookis nothistorical �ction and
Bobisn't going, thenAlice'sprobabilityof goingis 0.1.We
will useH , GA andGB to representthebinary variables
“historical �ction”, “Alice goes”,and“Bob goes”.

Thisscenariois mostnaturallyrepresentedby aPBM. The
probabilitythatBobgoesis 0.1given((H = 1)^ (GA = 0))
and0.9 otherwise,sothepartitionfor GB hastwo blocks.
Thepartitionfor GA hastwo blocksaswell.

H

GA GB

GA=0GB=0

GB=1

GB=0
H=1

H=0

0.9

0.1

0.9
GA:

GA=1

GA=0
H=1

H=0

0.1

0.9

0.9
GB:

H

GA GB
H=1

H=0

H=1

H=0
GB=1

GB=0

0.9

0.1

0.9
GA:

H=1

H=0

GA=1

GA=0

0.9

0.1

0.9

GB:

Figure5: Two CBNsfor Ex. 3, with decisiontreesandprobabil-
ities for GA andGB .

The CBNs in Fig. 5 both implementthis PBM. Thereare
nodecisiontreesthatyield exactlythedesiredpartitionsfor
GA andGB : the treesin Fig. 5 yield threeblocksinstead
of two. Becausethe treeson the two sidesof the �gure
split on thevariablesin differentorders,they respectCBN
structureswith differentlabelson theedges.TheCBN on
the left hasa consistentcycle, while theCBN on theright
is structurallywell-de�ned.

Thus,theremaybemultiple CBNsthat implementa given
PBM, and it may be that someof theseCBNs are struc-
turally well-de�ned while othersarenot. Even if we are
given a well-de�ned PBM, it may be non-trivial to �nd a
structurallywell-de�ned CBN that implementsit. Thus,
algorithmsthatapplyto structurallywell-de�ned CBNs—
suchastheonewe de�ne in thenext section— cannotbe
extendedeasilyto generalPBMs.

5 Infer ence

In this sectionwe discussan approximateinferenceal-
gorithm for CBNs. To get information about a given
CBN B, our algorithm will use a few “black box” ora-
cle functions. The function GET-ACTIVE-PARENT(X ; ¾)
returns a variable that is an active parent of X given
¾ but is not already included in vars(¾). It does this
by traversing the decision tree T B

X , taking the branch
associatedwith ¾U when the tree splits on a variable
U 2 vars(¾), until it reachesa split on a variablenot in-
cludedin vars(¾). If thereis no suchvariable— which
meansthat ¾ supportsX — then it returns null. We
also needthe function COND-PROB(X ; x; ¾), which re-
turnspB (X = xj¾) whenever ¾supportsX , andthe func-
tion SAMPLE-VALUE(X ; ¾), which randomly samplesa
valueaccordingto pB (X j¾).

Our inferencealgorithm is a form of likelihood weight-



function CBN-L IKELIHOOD-WEIGHTING(Q,e,B,N )
returns anestimateof P (Qje)
inputs: Q, thesetof queryvariables

e, evidencespeci®edasaninstantiation
B, acontingentBayesiannetwork
N , thenumberof samplesto begenerated

W Ã amapfrom dom (Q) to realnumbers,with values
lazily initialized to zerowhenaccessed

for j = 1 to N do
¾,w Ã CBN-WEIGHTED-SAMPLE(Q,e,B)
W[q] Ã W[q] + w whereq = ¾Q

return NORMALIZE(W[Q])

function CBN-WEIGHTED-SAMPLE(Q,e,B)
returns aninstantiationandaweight

¾Ã ? ; stack Ã anemptystack;w Ã 1
loop

if stack is empty
if someX in (Q [ vars(e)) is not in vars(¾)

PUSH(X , stack)
else

return ¾, w

while X on topof stack is not supportedby ¾
V Ã GET-ACTIVE-PARENT(X ,¾)
pushV onstack

X Ã POP(stack)
if X in vars(e)

x Ã eX

w Ã w £ COND-PROB(X ,x,¾)
else

x Ã SAMPLE-VALUE(X ,¾)
¾Ã (¾, X = x)

Figure6: Likelihoodweightingalgorithmfor CBNs.

ing. Recall that the likelihood weighting algorithm for
BNs samplesall non-evidencevariablesin topologicalor-
der, thenweightseachsampleby theconditionalprobabil-
ity of the observed evidence[14]. Of course,we cannot
sampleall the variablesin an in�nite CBN. But even in a
BN, it is notnecessaryto sampleall thevariables:therele-
vantvariablescanbefoundby following edgesbackwards
from thequeryandevidencevariables.We extendthis no-
tion to CBNsby only following edgesthatareactive given
theinstantiationsampledsofar. At eachpoint in thealgo-
rithm (Fig. 6), we maintainan instantiation¾anda stack
of variablesthatneedto besampled.If thevariableX on
the top of the stackis supportedby ¾, we pop X off the
stackandsampleit. Otherwise,we �nd avariableV thatis
anactive parentof X given¾, andpushV onto thestack.
If the CBN is structurallyadmissible,this processtermi-
natesin �nite time: condition(A1) ensuresthat we never
pushthesamevariableontothestacktwice,andconditions
(A2) and(A3) ensurethat thenumberof distinctvariables
pushedontothestackis �nite.

As an example,considerthe balls-and-urnCBN (Fig. 1).
If we want to query N given somecolor observations,

the algorithmbegins by pushingN onto the stack. Since
N (which has no parents)is supportedby ? , it is im-
mediately removed from the stack and sampled. Next,
the �rst evidencevariableObsColor1 is pushedonto the
stack. The active edgeinto ObsColor1 from BallDrawn1

is traversed,and BallDrawn1 is sampledimmediatelybe-
causeit is supportedby ¾(which now includesN ). The
edgefrom TrueColorn (for n equalto thesampledvalueof
BallDrawn1) to ObsColor1 is now active,andsoTrueColorn

is sampledaswell. Now ObsColor1 is �nally supportedby
¾, so it is removed from the stackand instantiatedto its
observedvalue. This processis repeatedfor all theobser-
vations.Theresultingsamplewill geta high weight if the
sampledtruecolorsfor theballsmatchtheobservedcolors.

Intuitively, thisalgorithmis thesameaslikelihoodweight-
ing, in thatwesamplethevariablesin sometopologicalor-
der. Thedifferenceis thatwe sampleonly thosevariables
thatareneededto supportthequeryandevidencevariables,
andwe do not bothersamplingany of the othervariables
in the CBN. Sincethe weight for a sampleonly depends
on the conditionalprobabilitiesof the evidencevariables,
samplingadditionalvariableswouldhave noeffect.

Theorem 4. Given a structurally well-de�ned CBN B,
a �nite evidenceinstantiation e, a �nite set Q of query
variables, and a number of samplesN , the algorithm
CBN-L IKELIHOOD-WEIGHTING in Fig. 6 returnsan es-
timateof theposteriordistribution P(Qje) that converges
with probability1 to thecorrectposteriorasN ! 1 . Fur-
thermore, each samplingsteptakesa �nite amountof time.

6 Experiments

Werantwosetsof experimentsusingthelikelihoodweight-
ing algorithmof Fig. 6. Both usethe balls andurn setup
from Ex. 1. The �rst experimentestimatesthe numberof
balls in theurn giventhecolorsobservedon 10 draws; the
secondexperimentis an identity uncertaintyproblem. In
bothcases,we run experimentswith botha noiselesssen-
sormodel,wheretheobservedcolorsof ballsalwaysmatch
their true colors, and a noisy sensormodel, wherewith
probability0.2thewrongcolor is reported.

Thepurposeof theseexperimentsis to show thatinference
over an in�nite numberof variablescanbe doneusinga
generalalgorithmin �nite time. We show convergenceof
our resultsto thecorrectvalues,which werecomputedby
enumeratingequivalenceclassesof outcomeswith up to
100balls (see[8] for details). More ef�cient samplingal-
gorithmsfor theseproblemshave beendesignedby hand
[9]; however, our algorithmis general-purpose,soit needs
nomodi�cation to beappliedto adifferentdomain.

Number of balls: In the�rst experiment,wearepredict-
ing thetotal numberof balls in theurn. Theprior over the
numberof ballsis aPoissondistributionwith mean6; each
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Figure 7: Posteriordistributions for the total numberof balls
given10 observationsin thenoise-freecase(top) andnoisycase
(bottom). Exactprobabilitiesaredenotedby ' £ 's andconnected
with a line; estimatesfrom 5 samplingrunsaremarkedwith '+' s.

ball is black with probability 0.5. The evidenceconsists
of color observationsfor 10 draws from the urn: � ve are
blackand� ve arewhite. For eachobservationmodel,� ve
independenttrialswererun,eachof 5 million samples.1

Fig.7 showstheposteriorprobabilitiesfor totalnumbersof
ballsfrom 1 to 15computedin eachof the� ve trials,along
with theexactprobabilities.Theresultsareall quiteclose
to the true probability, especiallyin the noisy-observation
case.The varianceis higherfor the noise-freemodelbe-
causethesampledtruecolorsfor theballsareoftenincon-
sistentwith theobservedcolors,somany sampleshavezero
weights.

Fig. 8 shows how quickly our algorithmconvergesto the
correct value for a particularprobability, P(N = 2jobs).
The run with deterministicobservationsstayswithin 0.01
of the trueprobabilityafter2 million samples.Thenoisy-
observationrunconvergesfaster, in just100,000samples.

Identity uncertainty: In the secondexperiment, three
balls are drawn from the urn: a black one and then two
whiteones.Wewish to �nd theprobabilitythatthesecond
andthird drawsproducedthesameball. Theprior distribu-

1Our Java implementation averages about 1700 sam-
ples/sec.for theexactobservationcaseand1100samples/sec.for
thenoisyobservationmodelona3.2GHz Intel Pentium4.
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Figure8: ProbabilitythatN = 2 given10observations(5 black,
5 white) in the noise-freecase(top) and noisy case(bottom).
Solid line indicatesexact value; '+' s arevaluescomputedby 5
samplingrunsat intervalsof 100,000samples.

tion over thenumberof ballsis Poisson(6).Unlike thepre-
viousexperiment,eachball is blackwith probability0.3.

We ran � ve independenttrials of 100,000sampleson the
deterministicandnoisyobservationmodels.Fig. 9 shows
theestimatesfrom all � vetrialsapproachingthetrueproba-
bility asthenumberof samplesincreases.Notethatagain,
the approximationsfor the noisy observation model con-
vergemorequickly. Thenoise-freecasestayswithin 0.01
of thetrueprobabilityafter70,000samples,while thenoisy
caseconvergeswithin 10,000samples.Thus,we perform
inferenceover a modelwith anunboundednumberof ob-
jectsandgetreasonableapproximationsin �nite time.

7 Relatedwork

Thereareanumberof formalismsfor representingcontext-
speci�c independence(CSI) in BNs. Boutilier et al. [1]
use decisiontrees, just as we do in CBNs. Poole and
Zhang[12] usea setof parent contexts (partial instantia-
tions of the parents)for eachnode; suchmodelscan be
representedasPBMs, althoughnot necessarilyasCBNs.
Neitherpaperdiscussesin�nite or cyclic models.Theidea
of labelingedgeswith theconditionsunderwhich they are
active mayhave originatedin [3] (a working paperthat is
no longeravailable);it wasrecentlyrevivedin [5].
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Figure9: Probabilitythatdrawstwoandthreeproducedthesame
ball for noise-freeobservations(top)andnoisyobservations(bot-
tom). Solid line indicatesexact value; '+' s arevaluescomputed
by 5 samplingruns.

Bayesianmultinets[4] can representmodelsthat would
be cyclic if they were drawn as ordinary BNs. A multi-
net is a mixture of BNs: to samplean outcomefrom a
multinet,one�rst samplesa valuefor thehypothesisvari-
able H , and then samplesthe remainingvariablesusing
a hypothesis-speci�cBN. We could extend this approach
to CBNs, representinga structurallywell-de�ned CBN as
a (possiblyin�nite) mixture of acyclic, �nite-ancestor-set
BNs. However, thenumberof hypothesis-speci�cBNs re-
quiredwould often be exponentialin the numberof vari-
ablesthat govern the dependency structure. On the other
hand,to representa given multinet asa CBN, we simply
includeanedgeV ! X with the labelH = h whenever
thatedgeis presentin thehypothesis-speci�cBN for h.

Therehasalsobeensomework on handlingin�nite ances-
tor setsin BNs without representingCSI. Jaeger [6] states
thatan in�nite BN de�nes a uniquedistribution if thereis
a well-foundedtopologicalorderingon its variables;that
condition is more completethan ours in that it allows a
nodeto have in�nitely many active parents,but lesscom-
plete in that it requiresa singleorderingfor all contexts.
Pfeffer andKoller [11] point out thata network containing
an in�nite recedingpathX 1 Ã X 2 Ã X 3 Ã ¢¢¢ may
still de�ne auniquedistribution if theCPDsalongthepath
form aMarkov chainwith auniquestationarydistribution.

8 Conclusion

We have presentedcontingentBayesiannetworks, a for-
malism for de�ning probability distributions over possi-
bly in�nite setsof randomvariablesin a way that makes
context-speci�c independenceexplicit. We gave structural
conditionsunderwhich a CBN is guaranteedto de�ne a
uniquedistribution—even if it containscycles,or if some
variableshave in�nite ancestorsets.We presenteda sam-
pling algorithmthat is guaranteedto completeeachsam-
pling stepin �nite time andconverge to thecorrectposte-
rior distribution. Wehavealsodiscussedhow CBNs�t into
themoregeneralframework of partition-basedmodels.

Our likelihoodweightingalgorithm,while completelygen-
eral, is not ef�cient enoughfor most real-world prob-
lems. Our future work includesdeveloping an ef�cient
Metropolis-Hastingssamplerthatallows for user-speci�ed
proposaldistributions;theresultsof [10] suggestthatsuch
asystemcanhandlelargeinferenceproblemssatisfactorily.
Furtherwork at thetheoreticallevel includeshandlingcon-
tinuousvariables,andderiving morecompleteconditions
underwhichCBNsareguaranteedto bewell-de�ned.
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