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Abstract

In mary practicalproblems—fromtracking air-
craft basedon radar datato building a bibli-
ographic databasebasedon citation lists—we
want to reasonaboutan unboundedhumberof
unseenobjectswith unknavn relationsamong
them. Bayesiannetworks, which de ne a x ed
dependengstructureon a nite setof variables,
arenottheidealrepresentatiofanguageor this
task. This paperintroducescontingent Bayesian
networks (CBNSs), which representuncertainty
aboutdependencieby labeling eachedgewith
a condition underwhich it is actve. A CBN
maycontaincyclesandhavein nitely mary vari-
ables. Neverthelessye give generalconditions
underwhich sucha CBN de nes a uniquejoint
distribution over its variables.We alsopresenta
likelihoodweightingalgorithmthatperformsap-
proximateinferencein nite time per sampling
steponary CBN thatsatis estheseconditions.

1 Intr oduction

Oneof thecentraltasksanintelligentagentmustperformis

to make inferencesaboutthereal-world objectsthatunder

lie its obsenations.Thistypeof reasonindghasawiderange
of practicalapplications,from tracking aircraft basedon

radardatato building a bibliographicdatabas&asedn ci-

tationlists. To tackletheseproblemsjt makessenseo use
probabilistic modelsthat representuncertaintyaboutthe
numberof underlyingobjects,the relationsamongthem,
andthe mappingfrom obsenationsto objects.

Over the pastdecade,a numberof probabilistic model-
ing formalismshave beendevelopedthat explicitly repre-
sentobjectsandrelations. Most work hasfocusedon sce-
narioswhere,for ary given query thereis no uncertainty
aboutthe setof relevant objects. In extendingthis line of

work to unknavn setsof objects,we facea dif culty: un-

lesswe placean upperboundon the numberof underlying
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Figurel: A graphicalmodel(with platesrepresentingepeated
elements¥or the balls-and-urrexample. Thisis a BN if we dis-
regard the labelsBallDrawny = n on the edgesTrueColor, !
ObsColork fork2 f1;:::;K g, n2f1;2;:::g. With thelabels,
it isaCBN.

objects,the resultingmodelhasin nitely mary variables.
We have developeda formalism called BLOG (Bayesian
LOGic) in which suchin nite modelscanbe de ned con-
cisely[7]. However, it is notobviousunderwhatconditions
suchmodelsde ne probability distributions,or how to do
inferenceonthem.

Bayesiannetworks (BNs) with in nitely mary variables
are actually quite common: for instance,a dynamic BN
with time runningin nitely into the future hasin nitely
mary nodes.Thesecommonmodelshave the propertythat
eachnodehasonly nitely mary ancestors.Sofor nite
setsof evidenceand queryvariables,pruning away “bar-
ren” nodeg[15] yieldsa nite BN thatis sufcient for an-
sweringthequery However, generatre probabilitymodels
with unknovn objectsoften involve in nite ancestorsets,
asillustratedby thefollowing stylizedexamplefrom [13].

Example 1. Suppose@n urn containssomeunknowmum-
ber of balls N, and supposeour prior distribution for N
assigngositiveprobability to every natural number Each
ball has a color—say bladk or white—&osenindepen-
dentlyfroma xed prior. Supposeve repeatedlydraw a
ball uniformly at random,observeits color, and return it
to the urn. We cannotdistinguishtwo identically colored
ballsfromead other Furthermor, wehavesomeknown)
probability of makinga mistale in ead color observation.



Givenour observationsywe mightwantto predictthetotal
numberof ballsin theurn, or solvetheidentity uncertainty
problem: computingthe posteriorprobability that (for ex-
ample)wedrew the sameball onour r sttwo draws.

Fig. 1 shavs a graphicalmodelfor this example. Thereis
anin nite setof variablesfor the true colorsof the balls;
eachTrueColor, variabletakesthe specialvaluenull when
N < n. EachBallDrawny variabletakesavaluebetweenl
andN , indicatingtheball dravn ondraw k. TheObsColorg
variablethendependn TrueColor gaiprawn, ) - In this BN,
all the in nitely mary TrueColor, variablesare ancestors
of eachObsColory variable.Thus,evenif we prunebarren
nodeswe cannotobtaina nite BN for computingthe pos-
teriorover N . The sameproblemarisesn real-world iden-
tity uncertaintytasks suchasresolvingcoreferenceamong
citationsthatreferto someunderlyingpublicationg10].

Bayesiametworksalsofall shortin representingcenarios
wherethe relationsbetweenobjectsor events—andthus
thedependencielBetweerrandomvariables—areandom.

Example 2. Supposea hurricane is going to strike two
cities, Alphatownand Betavillg but it is not knownwhich
city will behit r st. Theamountof damage in ead city de-
pendsonthelevel of prepatationsmadein ead city. Also,
thelevel of preparationsin the secondcity dependnthe
amountof damagein the r stcity. Fig. 2 showsa modelfor
this situation,wheethevariableF takesonthevalueA or
B to indicatewhetherAlphatownor Betavilleis hit r st.

In this example,supposehat we have a good estimateof
thedistribution for preparationsn the rst city, andof the
conditionalprobability distribution (CPD)for preparations
in the secondcity given damagein the rst. The obvious
graphicalmodelto draw is the onein Fig. 2, but it hasa
gure-eight-shapedycle. Of course,we can constructa
BN for the intendeddistribution by choosingan arbitrary
orderingof thevariablesandincludingall necessargdges
to eachvariablefrom its predecessorsSupposeve usethe
orderingF; Pa;Da;Pg;Dg. ThenP(PajF = A) is easy
to write down, but to computeP (P4 jF = B) we needto
sumoutPg andDg . Thereis no agyclic BN thatre ects
our causalntuitions.

Using a high-level modelinglanguage pne canrepresent

Figure2: A cyclic BN for the hurricanescenario.P standsfor
preparationsp for damageA for Alphatovn, B for Betaville,
andF for thecity thatis hit ®rst.

scenariosuchasthosein Figs. 1 and2 in a compactand
naturalway. However, aswe have seen,the BNs corre-
spondingio suchmodelsmay containcyclesor in nite an-
cestorsets. Theassumptionsf nitenessandagyclicity are
fundamentahotjustfor BN inferencealgorithmsbut also
for the standardtheoremthat every BN de nes a unique
joint distribution.

Our approachto suchmodelsis basedon the notion of
contet-speci ¢ independencé€CSl) [1]. In the balls-and-
urnexample,in thecontet BallDrawng = n, ObsColork has
only one otherancestor— TrueColor,. Similarly, the BN

in Fig. 2is agyclic in thecontext F = A andalsoin thecon-
text F = B. To exploit theseCSI propertieswe de ne two
generalization®f BNs that make CSl explicit. The rst

is partition-basedmodels(PBMs), whereinsteadof spec-
ifying a setof parentsfor eachvariable,one speci esan
arbitrarypartitionof theoutcomespacehatdetermineshe
variables CPD.In Sec.2, we give anabstractriterionthat
guaranteethata PBM de nesauniquejoint distribution.

To prove more concreteresults, we focusin Sec.3 on
the specialcaseof contingent Bayesiametworks(CBNS):
possiblyin nite BNs wheresomeedgesare labeledwith
conditions. CBNs combinethe use of decisiontreesfor
CPDsJ[1] with theideaof labelingedgeso indicatewhen
they areactive[3]. In Sec.3, we provide generatonditions
underwhich a contingentBN de nes a uniqueprobability
distribution, evenin the presencef cyclesor in nite an-
cestorsets.In Sec.4 we exploretheextentto which results
aboutCBNs carry over to the more generalPBMs. Then
in Sec.5 we present samplingalgorithmfor approximate
inferencean contingenBNs. Thetime requiredto generate
a sampleusingthis algorithmdependonly on the size of
the contet-speci cally relevantnetwork, not the total size
of the CBN (which maybein nite). Experimentaresults
for this algorithmaregivenin Sec.6. We omit proofsfor
reason®f spaceithe proofscanbe foundin our technical
report[8].

2 Partition-based models

We assumea set V of random variables, which may
be countablyin nite. Each variable X has a domain
dom(X); we assumen this paperthat eachdomainis at
mostcountablyin nite. Theoutcomespaceoverwhichwe
would like to de ne a probability measurds the product
space , £ x »yvydom(X). Anoutcome! 2 - isanas-
signmentof valuesto all the variables;we write X (! ) for
thevalueof X in! .

An instantiation¥is an assignmenbf valuesto a subset
of V. We write vars(%) for the setof variablesto which
Y,assignsvalues,and¥x for the valuethat %.assigndo a
variableX 2 vars(%). The emptyinstantiationis denoted
? . An instantiation¥is saidto be nite if vars(3) is -

nite. The completionsof ¥ denotedcomp(%), arethose



Figure3: A simplecontingentBN.

outcomeshatagreewith ¥%onvars(%):

comp(¥y, f! 2- :8X2vars(¥%;X(')=%g
If %is afull instantiation— thatis, vars(¥3) = V — then
comp(¥j consistof justasingleoutcome.

To motivateourapproacho de ning aprobabilitymeasure
on - , considerthe BN in Fig. 3, ignoring for now the la-
belson the edges. To completelyspecify this model, we
would have to provide, in additionto the graphstructure,
a conditionalprobability distribution (CPD) for eachvari-
able. For example,assuminghe variablesare binary, the
CPDfor X wouldbeatablewith 8 rows, eachcorrespond-
ing to aninstantiatiorof X 'sthreeparents Anotherway of
viewing thisis that X 's parentsetde nes a partition of -
whereeachCPTrow correspondso ablock (i.e., element)
of the partition. This may seemlik e a pedantiaephrasing,
but partitionscan exposemore structurein the CPD. For
example,supposeX dependonly onV whenU = 0 and
only on W whenU = 1. The takular CPD for X would
still bethe samesize,but now the partitionfor X only has
four blocks: comp(U = 0;V = 0), comp(U=0;V = 1),
comp(U = 1;W = 0), andcomp(U = 1; W = 1).

De nition 1. A partition-basedanodelj overV consistof

2 foreadh X 2V, apartitione{ of- wherewewrite
. & (1) todenoteheblock of thepartition thattheout-
come! belonggo;

2 foreadh X 2 V andblod , 2 ai , a probability dis-
tributionp; (Xj, ) overdom(X).

A PBM de nes a probability distribution over - . If V is
nite, thisdistributioncanbespeci edasaproductexpres-
sion,justasfor anordinaryBN:

P, P (XL %) 1)

X2V

Unfortunately this equationbecomesmeaninglessvhen
V is in nite, becauseahe probability of eachoutcome!
will typically be zero. A naturalsolutionis to de ne the
probabilitiesof nite instantiationsandthenrely on Kol-
mogory's extensiontheorem(see,e.g.,[2]) to ensurethat
we have de ned a uniquedistribution over outcomes.But
Eq. 1 reliesonhaving afull outcome to determinawvhich
CPDto usefor eachvariableX .

How can we write a similar product expressionthat in-
volvesonly a partialinstantiation Ve needthe notionof a
partialinstantiationsupportinga variable.

De nition 2. In a PBM j, an instantiation % supports
a variable X if there is someblodk , 2 a{ sud that
comp(¥ U , . In thiscasewewrite , § (%) for theunique
elemenobfa{ thathascomp(¥) asa subset.

Intuitively, % supportsX if knowing ¥ais enoughto tell
us which block of a{ we're in, and thus which CPD to
usefor X. In Fig. 3, (U= 0;V = 0) supportsX, but
(U= 1;V = 0) doesnot. In anordinary BN, ary instan-
tiation of the parentof X supportsx .

An instantiation¥is self-supportingf every X 2 vars(%3
is supportedby ¥ In aBN, if U is anancestraket(a set
of variablesthatincludesall the ancestorsf its elements),
thenevery instantiationof U is self-supporting.

De nition 3. A probability measue P over V satis esa
PBM if for every nite, self-supportingnstantiation¥
P(comp(%3) = pxL.k®) @

X 2 vars(¥%)

A PBMis well-de nedif thereis auniqueprobabilitymea-
surethatsatis esit. Oneway a PBM canfail to be well-

de ned is if the constraintsspeci ed by Eg. 2 areincon-

sistent:for instance|f they requirethat the instantiations
(X=1Y=1)and(X = 0;Y = 0) both have probability
0.9. Corversely a PBM canbe satis ed by mary distribu-

tionsif, for example theonly self-supportingnstantiations
arein nite ones— thenDef. 3imposeso constraints.

When canwe be surethata PBM is well-de ned? First,
recallthata BN is well-de ned if it is agyclic, or equiv-
alently if its nodeshave a topologicalordering. Thus, it
seemgeasonabléo think aboutnumberinghevariablesn
aPBM. A numberingof V is a bijection¥from V to some
pre x of N (this will bea properpre x if V is nite, and
thewhole setN if V is countablyin nite). We de ne the
predecessorsf avariableX under¥ias:

Predy[X], fU2V : %U) < %X)g

NotethatsinceeachvariableX is assigned nite number
Y{X), thepredecessmetPredy[X ] is always nite.

Oneof the purpose®f PBMsis to handlecyclic scenarios
suchasExample2. Thus,ratherthanspeakingof a single

topologicalnumberingfor amodel,we speakof a support-

ive numberingfor eachoutcome.

De nition 4. A numbering¥zis a supportve numbering
for an outcome! if for eadh X 2V, the instantiation
Predy,[X ](! ) supportsX .

Theorem1. APBM; iswell-de nedif, for everyoutcome
I 2 -, there existsa supportivenumberings .



The corverseof this theoremis not true: a PBM may hap-
pento bewell-de ned evenif someoutcomesio not have
supportve numberingsBut moreimportantly therequire-
ment that eachoutcomehave a supportve numberingis
very abstract. How could we determinewhetherit holds
for agiven PBM? To answerthis questionwe now turnto
amoreconcreteype of model.

3 Contingent Bayesiannetworks

ContingentBayesiannetworks (CBNSs) are a specialcase
of PBMs for which we can de ne more concretewell-

de nednesxriteria, aswell asaninferencealgorithm. In

Fig. 3 the partitionwasrepresentedot asal list of blocks,
but implicitly by labeling eachedgewith an event. The
meaningof anedgefrom W to X labeledwith aneventE,

whichwe denoteby (W ! X j E), is thatthevalueof W

may berelevantto the CPDfor X only whenE occurs.In

Fig. 3, W isrelevantto X only whenU = 1.

Usingthede nitions of V and- from the previoussection,
we cande ne aCBN structureasfollows:

De nition 5. ACBN structureGis a directedgraphwheie
the nodesare elementof V and eat edge is labeledwith
asubsenf- .

In our diagramsywe leave anedgeblankwhenit is labeled
with theuninformatve event- . Anedge(W ! X jE)Iis
saidto be activegivenanoutcome! if | 2 E, andactive
givena partialinstantiation¥if comp(¥3 p E. A variable
W is anactiveparentof X given%if anedgefrom W to
X is active given¥%a

JustasaBN is parameterizetly specifyingCPTs,aCBNis
parameterizetly specifyinga decisiontreefor eachnode.

De nition 6. A decisiontreeT is a directedtree where
ead nodeis aninstantiation¥; sud that:

2 therootnodeis ?;
2 ead non-leafnode¥splits on a variable X §, suc

that the cgildren of % are f(¥% X3, =x) X 2
dom XJ, g
v=1
V=0
(b)

Figure4: Two decisiontreesfor X in Fig. 3. Tree(a) respects
the CBN structurewhile tree(b) doesnot.

Two decisiontreesareshavn in Fig. 4. If anodesplitson
avariablethathasin nitely mary values thenit will have

in nitely mary children. This de nition alsoallows a de-
cision treeto containin nite paths. However, eachnode
in the treeis a nite instantiation,sinceit is connectedo
theroot by a nite path. We will call a pathtruncatedif
it endswith a non-leafnode. Thus, a non-truncategpath
eithercontinuedn nitely or endsataleaf. An outcome!
matcesa pathp if ! is a completionof every node(in-
stantiation)in the path. The non-truncatecpathsstarting
from the root are mutually exclusive and exhaustve, so a
decisiontreede nesa partitionof - .

De nition 7. Thepartition @1 de ned by a decisiontree
T consistsof a block of theformf! 2 - : | matdesug
for eadh non-truncatecpath i startingat therootof T .

Sofor eachvariableX , we specifyadecisiontreeTy , thus
de ning apartitionayx , ©, ). To completethe param-
eterization,we also specify a function pg (X = xj, ) that
mapseach, 2 oy to adistribution over dom(X). How-

ever, thedecisiontreefor X mustrespecthe CBN structure
in thefollowing sense.

De nition 8. AdecisiontreeT respectshe CBN structure
GatX if for everynode¥2 T thatsplitsona variableW,
therisanedge (W ! X j E) in Gthatis activegiven¥

For example,tree(a) in Fig. 4 respectghe CBN structure
of Fig. 3 at X . However, tree(b) doesnot: therootinstan-
tiation ? doesnot activatetheedge(V! X jU = 0), so
it shouldnotsplitonV.

De nition 9. A contingentBayesiannetwork (CBN) B
overV consistof a CBN structue GB, andfor ead vari-
ableX 2 V:

2 adecisiontreeT,? thatrespect$® at X , de ning a
partitiona® , @ 1s);

2 for eat block , 288, a probability distribution
ps (X], ) overdom(X).

It is clearthata CBN is a kind of PBM, sinceit de nesa
partitionanda conditionalprobability distribution for each
variable. Thus,we cancarry over the de nitions from the
previous sectionof whatit meandor a distribution to sat-
isfy a CBN, andfor a CBN to bewell-de ned.

We will now give a setof structuralconditionsthatensure
thata CBN is well-de ned. We call a setof edgesin G
consistenif the eventson the edgeshave a non-emptyin-
tersection:thatis, if thereis someoutcomethat makesall
theedgesactive.

Theorem 2. Suppos@ CBNB satis esthefollowing:
(A1) Noconsistenpathin G® formsa cycle
(A2) No consistenpathin G® formsanin nite reced-
ingchainX; A X, A X3 A ¢¢c.
(A3) Novariable X 2 V hasanin nite, consistenset
of incomingedgesin G°.

ThenB is well-de ned.



A CBN thatsatis esthe conditionsof Thm. 2 is saidto be

structurally well-de ned If aCBN hasa nite setof vari-

ables,we cancheckthe conditionsdirectly. For instance,
the CBN in Fig. 2 is structurallywell-de ned: althoughit

containsa cycle, thecycleis not consistent.

The balls-and-urnexample (Fig. 1) hasin nitely mary
nodes,so we cannotwrite out the CBN explicitly. How-
ever, it is clear from the platesrepresentatiorthat this
CBN is structurally well-de ned as well: there are no
cycles or innite receding chains, and although each
ObsColork nodehasin nitely mary incoming edges.the
labels BallDrawng = n ensurethat exactly one of these
edgesis active in eachoutcome. In [8], we discussthe
generalproblemof determiningwhetherthein nite CBN
de ned by a high-level modelis structurallywell-de ned.

4 CBNsasimplementationsof PBMs

In a PBM, we specifyan arbitrary partition for eachvari-
able;in CBNs,we restrictourselesto partitionsgenerated
by decisiontrees. But given ary partitiona, we cancon-
structa decisiontree T that yields a partition at leastas
ne asa—thatis, suchthateachblock, 2 o1 is asubset
of some, °2 o In theworstcase gvery pathstartingatthe
rootin T will needto split on every variable. Thus,every
PBMisimplementedy someCBN, in thefollowing sense:

De nition 10. A CBN B implementsa PBM j over the
samesetof variablesV if, for ead variable X 2 V, each
block , 28 is a subsetof someblok , °2 ai , and
pe(X].) = p (X}, 9.

Theorem 3. If a CBN B implementsa PBM j andB is
structurally well-de ned, thenj is alsowell-de ned,and
B andj aresatis edbythesameuniquedistribution.

Thm. 3 gives us a way to shov thata PBM j is well-
de ned: constructa CBN B thatimplements;j , andthen
use Thm. 2 to shav that B is structurally well-de ned.
However, thefollowing exampleillustratesa complication:

Example 3. Considerpredictingwhowill go to a weekly
bookgroup meeting Supposét is usuallyBob's responsi-
bility to prepae questiongor discussionbut if a historical
ction bookis beingdiscussedthenAlice prepaesques-
tions. In generl, Alice and Bob eat go to the meeting
with probability 0.9. However, if the bookis historical c-
tion andAlice isn't going thenthe groupwill haveno dis-
cussionmguestionssothe probabilitythatBobbothesto go
isonly0.1. Similary, if thebookis nothistorical ction and
Bobisn't going thenAlice's probability of goingis 0.1. We
will useH, G5 and Gg to representthe binary variables
“historical ction”, “Alice goes”,and“Bob goes”.

This scenarids mostnaturallyrepresentetly a PBM. The
probabilitythatBobgoess 0.1given((H = 1) (Ga = 0))
andO0.9 otherwise sothe partitionfor Gg hastwo blocks.
Thepartitionfor Go hastwo blocksaswell.

Figure5: Two CBNsfor Ex. 3, with decisiontreesandprobabil-
itiesfor Ga andGg .

The CBNsin Fig. 5 both implementthis PBM. Thereare
nodecisiontreesthatyield exactly thedesiredpartitionsfor

Ga andGg: thetreesin Fig. 5 yield threeblocksinstead
of two. Becausehe treeson the two sidesof the gure

split onthevariablesin differentorders,they respectCBN

structureswith differentlabelson the edges.The CBN on

theleft hasa consistentycle, while the CBN on theright

is structurallywell-de ned.

Thus,theremay be multiple CBNsthatimplementa given
PBM, andit may be that someof theseCBNs are struc-
turally well-de ned while othersarenot. Evenif we are
given a well-de ned PBM, it may be non-trivial to nd a
structurallywell-de ned CBN that implementsit. Thus,
algorithmsthatapplyto structurallywell-de ned CBNs—
suchasthe onewe de ne in the next section— cannotbe
extendedeasilyto generalPBMs.

5 Inference

In this sectionwe discussan approximateinferenceal-
gorithm for CBNs. To get information about a given
CBN B, our algorithmwill usea few “black box” ora-
cle functions. The function GET-ACTIVE-PARENT(X ; %)
returns a variable that is an active parentof X given
¥a but is not alreadyincludedin vars(%j. It doesthis
by traversing the decisiontree T,2, taking the branch
associatedwith %y when the tree splits on a variable
U 2 vars(%), until it reachesa split on a variablenot in-
cludedin vars(%j. If thereis no suchvariable— which
meansthat % supportsX — then it returnsnull. We
also needthe function COND-PROB(X ; X; %3, which re-
turnspg (X = Xj¥) wheneer ¥%supportsX , andthe func-
tion SAMPLE-VALUE(X; %), which randomly samplesa
valueaccordingo pg (X j¥).

Our inferencealgorithmis a form of likelihood weight-



function CBN-LIKELIHOOD-WEIGHTING(Q, e, B,N)
returns anestimateof P (Qje)
inputs: Q, thesetof queryvariables
e, evidencespeci®edasaninstantiation
B, acontingentBayesiametwork
N, thenumberof samplego begenerated

W A amapfrom dom (Q) to realnumberswith values
lazily initialized to zerowhenaccessed
forj =1toN do
¥wA CBN-WEIGHTED-SAMPLE(Q, €, B)
W[q]A W[q] + w whereq = %
return NORMALIZE(W[Q])

function CBN-WEIGHTED-SAMPLE(Q, €, B)
returns aninstantiationranda weight

%A ?; stack A anemptystack;w A 1
loop
if stack is empty
if someX in (Q [ vars(e)) isnotin vars(%)
PUsH(X , stack)
else
return % w

while X ontop of stack is notsupportedyy ¥
V A GET-ACTIVE-PARENT(X , %)
pushV onstack

X A Porp(stack)
if X invars(e)

x A ex

wA w £ ConD-PrROB(X ,X,%)
else

x A SAMPLE-VALUE(X ,%)
YA (¥ X =X)

Figure6: Likelihoodweightingalgorithmfor CBNs.

ing. Recall that the likelihood weighting algorithm for

BNs samplesall non-ezidencevariablesin topologicalor-

der, thenweightseachsampleby the conditionalprobabil-
ity of the obsened evidence[14]. Of course,we cannot
sampleall the variablesin anin nite CBN. But evenin a
BN, it is notnecessaryo sampleall thevariablesitherele-
vantvariablescanbe found by following edgeshackwards
from the queryandevidencevariables.We extendthis no-
tion to CBNsby only following edgeghatareactive given
theinstantiationsampledsofar. At eachpointin thealgo-
rithm (Fig. 6), we maintainan instantiation¥sanda stack
of variablesthat needto be sampled.If thevariableX on

the top of the stackis supporteddy ¥ we pop X off the
stackandsamplét. Otherwisewe nd avariableV thatis

anactive parentof X given¥; andpushV ontothe stack.
If the CBN is structurallyadmissible this processtermi-

natesin nite time: condition (A1) ensureshatwe never
pushthe samevariableontothestacktwice,andconditions
(A2) and(A3) ensurehatthe numberof distinctvariables
pushedontothe stackis nite.

As an example,considerthe balls-and-urnCBN (Fig. 1).
If we wantto query N given some color obsenrations,

the algorithmbegins by pushingN onto the stack. Since
N (which has no parents)is supportedby ?, it is im-
mediatelyremoved from the stack and sampled. Next,
the rst evidencevariable ObsColor; is pushedonto the
stack. The active edgeinto ObsColor; from BallDrawny
is traversed,and BallDrawn; is sampledimmediatelybe-
causeit is supportedoy ¥ (which now includesN). The
edgefrom TrueColor, (for n equalto the sampledvalueof
BallDrawn; ) to ObsColor; is now active,andsoTrueColory,
is sampledaswell. Now ObsColor; is nally supportedy
¥ soit is removed from the stackand instantiatedto its
obsenedvalue. This processs repeatedor all the obser
vations. Theresultingsamplewill geta high weightif the
sampledruecolorsfor theballsmatchtheobsenedcolors.

Intuitively, this algorithmis the sameaslik elihoodweight-
ing, in thatwe samplethevariablesn sometopologicalor-
der Thedifferenceis thatwe sampleonly thosevariables
thatareneededo supportthequeryandevidencevariables,
andwe do not bothersamplingary of the othervariables
in the CBN. Sincethe weight for a sampleonly depends
on the conditionalprobabilitiesof the evidencevariables,
samplingadditionalvariableswvould have no effect.

Theorem 4. Given a structurally well-de ned CBN B,
a nite evidenceinstantiatione, a nite setQ of query
variables, and a numberof samplesN, the algorithm
CBN-LIKELIHOOD-WEIGHTING in Fig. 6 returnsan es-
timate of the posteriordistribution P (Qje) that corverges
with probability 1 to thecorrectposteriorasN ! 1 . Fur-
thermoe, eath samplingsteptakesa nite amountof time

6 Experiments

Werantwo setsof experimentausingthelik elihoodweight-
ing algorithmof Fig. 6. Both usethe balls andurn setup
from Ex. 1. The rst experimentestimateshe numberof

ballsin theurn giventhe colorsobseredon 10 draws; the
secondexperimentis an identity uncertaintyproblem. In

both caseswe run experimentswith botha noiselessen-
sormodel,wheretheobseredcolorsof ballsalwaysmatch
their true colors, and a noisy sensormodel, where with

probability0.2thewrongcoloris reported.

Thepurposeof theseexperimentds to shav thatinference
over anin nite numberof variablescanbe doneusinga

generalalgorithmin nite time. We shav corvergenceof

our resultsto the correctvalues,which were computedby

enumeratingequivalenceclassesof outcomeswith up to

100 balls (see[8] for details). More ef cient samplingal-

gorithmsfor theseproblemshave beendesignedoy hand
[9]; however, our algorithmis general-purposesoit needs
no modi cation to beappliedto a differentdomain.

Number of balls: In the rst experimentwe arepredict-
ing thetotal numberof ballsin theurn. The prior over the
numberof ballsis a Poissordistribution with mean6; each
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Figure 7: Posteriordistributions for the total numberof balls
given 10 obsenationsin the noise-freecase(top) andnoisy case
(bottom). Exactprobabilitiesaredenotedby '£ 's andconnected
with aline; estimategrom 5 samplingrunsaremarkedwith '+' s.

ball is black with probability 0.5. The evidenceconsists
of color obserationsfor 10 draws from theurn: ve are
blackand ve arewhite. For eachobserationmodel, ve
independentrials wererun, eachof 5 million samples.

Fig. 7 shavstheposteriomprobabilitiesfor totalnumbersof
ballsfrom 1 to 15 computedn eachof the vetrials,along
with the exactprobabilities. The resultsareall quite close
to the true probability, especiallyin the noisy-obseration
case. The varianceis higherfor the noise-freemodel be-
causehe sampledrue colorsfor the ballsareoftenincon-
sistentwith theobsenedcolors,somary sampledave zero
weights.

Fig. 8 shavs how quickly our algorithm convergesto the
correctvalue for a particular probability P(N = 2jobg.
The run with deterministicobsenationsstayswithin 0.01
of the true probability after 2 million samples.The noisy-
obsenrationrun corvergesfasterin just 100,000samples.

Identity uncertainty: In the secondexperiment,three
balls are dravn from the urn: a black one and then two
white ones.Wewishto nd theprobabilitythatthesecond
andthird draws producedhe sameball. The prior distribu-

lour Jaa implementation averages about 1700 sam-
ples/secfor the exactobsenationcaseand1100samples/sedor
thenoisyobsenationmodelon a 3.2 GHz Intel Pentium4.
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Figure8: ProbabilitythatN = 2 given10 obsenrations(5 black,
5 white) in the noise-freecase(top) and noisy case(bottom).
Solid line indicatesexact value; '+' s are valuescomputedby 5
samplingrunsatintervals of 100,000samples.

tion overthenumberof ballsis Poisson(6)Unlike thepre-
viousexperiment.eachball is blackwith probability 0.3.

We ran ve independentrials of 100,000sampleson the
deterministicand noisy obsenation models. Fig. 9 shovs
theestimatesromall vetrialsapproachinghetrueproba-
bility asthe numberof samplesncreasesNotethatagain,
the approximationgor the noisy obsenration model con-
verge morequickly. The noise-freecasestayswithin 0.01
of thetrueprobabilityafter70,000sampleswhile thenoisy
casecorvergeswithin 10,000samples.Thus,we perform
inferenceover a modelwith an unboundechumberof ob-
jectsandgetreasonabl@pproximationsn nite time.

7 Relatedwork

Thereareanumberof formalismsfor representingontext-

speci ¢ independencéCSI) in BNs. Boutilier et al. [1]

use decisiontrees, just as we do in CBNs. Pooleand
Zhang[12] usea setof parent contets (partial instantia-
tions of the parents)for eachnode; suchmodelscan be
represented@s PBMs, althoughnot necessarilyas CBNs.
Neitherpaperdiscusse nite or cyclic models.Theidea
of labelingedgeswith the conditionsunderwhich they are
active may have originatedin [3] (a working paperthatis

nolongeravailable);it wasrecentlyrevivedin [5].
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Bayesianmultinets[4] can representmodelsthat would

be cyclic if they weredravn asordinary BNs. A multi-

net is a mixture of BNs: to samplean outcomefrom a

multinet,one rst samplesa valuefor the hypothesisari-

able H, andthen samplesthe remainingvariablesusing
a hypothesis-speci dBN. We could extend this approach
to CBNs, representing structurallywell-de ned CBN as
a (possiblyin nite) mixture of agyclic, nite-ancestorset
BNs. However, the numberof hypothesis-speci BNs re-

quiredwould often be exponentialin the numberof vari-

ablesthat govern the dependeng structure. On the other
hand,to representa given multinetasa CBN, we simply

includeanedgeV ! X with thelabelH = h wheneer

thatedgeis presenin the hypothesis-speci BN for h.

Therehasalsobeensomework on handlingin nite ances-
tor setsin BNs without representingCSl. Jager[6] states
thatanin nite BN de nesa uniquedistribution if thereis
a well-foundedtopologicalorderingon its variables;that
conditionis more completethan oursin that it allows a
nodeto have in nitely mary active parentsput lesscom-
pletein thatit requiresa single orderingfor all contexts.
Pfeffer andKoller [11] point outthata network containing
anin nite recedingpathX; A X, A X3 A ¢¢¢ may
still de ne auniquedistribution if the CPDsalongthepath
form aMarkov chainwith a uniquestationarydistribution.

8 Conclusion

We have presentectontingentBayesiannetworks, a for-
malism for de ning probability distributions over possi-
bly in nite setsof randomvariablesin a way that makes
contet-speci ¢ independencexplicit. We gave structural
conditionsunderwhich a CBN is guaranteedo de ne a
uniquedistribution—evenif it containscycles,or if some
variableshave in nite ancestossets. We presentech sam-
pling algorithmthatis guaranteedo completeeachsam-
pling stepin nite time andcorvemeto the correctposte-
rior distribution. We have alsodiscussedhow CBNs t into
themoregeneraframework of partition-basednodels.

Ourlik elihoodweightingalgorithm,while completelygen-
eral, is not efcient enoughfor most real-world prob-
lems. Our future work includesdeveloping an ef cient

Metropolis-Hastingsamplerthatallows for userspeci ed
proposaldistributions;theresultsof [10] suggesthatsuch
asystencanhandleargeinferenceproblemssatishctorily.

Furtherwork atthetheoreticalevel includeshandlingcon-
tinuousvariables,and derving more completeconditions
underwhich CBNsareguaranteedio bewell-de ned.
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