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ABSTRACT
We describea new algorithmwe havedevelopedfor mak-

ing partially hollow layeredpartswith thin, densewalls of ap-
proximatelyuniformthickness,for fasterbuild timesandreduced
materialusage.We haveimplementedour algorithmon a fused
depositionmodeling(FDM) machine,usingseparatebuild vol-
umesfor a loosely®lledinterior anda thin, solid,exteriorwall.
Thebuild volumesarederivedassimplebooleancombinations
of slicecontoursandtheiroffsets.Wemakeuseof anef®ciental-
gorithmfor computingtheVoronoidiagramof ageneralpolygon
aspartof theprocessof creatingoffsetcontours.Our algorithm
guaranteesthat thesurfaceof the ®nalpartwill bedensewhile
still allowinganef®cientbuild.

INTRODUCTION
Designerswho want to make prototypesof solid three-

dimensionalpartsdirectly from CAD descriptionsare increas-
ingly turning to a classof technologiescollectively referredto
as layeredmanufacturingor solid freeform fabrication(SFF).
Thesetechnologiesincludestereolithography(SLA), 3-D print-
ing, fuseddepositionmodeling(FDM), selectivelasersintering
(SLS), and laminatedobject manufacturing(LOM)(4). In all
theseprocesses,atriangulatedboundaryrepresentation(b-rep)of
theCAD modelof thepart in STL format(1) is slicedinto hor-
izontal,2.5-D layersof uniform thickness.Eachcrosssectional
layeris successivelydeposited,hardened,fused,or cut, depend-

ing on the particularprocess,andattachedto the layerbeneath
it. (For technologiessuchasSLA andFDM, a sacri®cialsup-
port structuremustalsobe built to supportoverhanginggeom-
etry.) Thestackedlayersform the®nalpart.

With most additive layeredSFF processes,build time is
roughlyproportionalto the solid volumeof the®nalpart. With
FDM, it is proportionalto theamountof materialdeposited(for
thepartandfor supports).With SLSor SLA, it is proportionalto
thescananddwell timeof thelasersolidifyingthebuild material.

Whenmakingamodelof asolidpartwith a low surfacearea
to volumeratio,usingaprocesssuchas(FDM), wecancomplete
thebuildconsiderablyfasterif wedon't ®ll theinteriorof thepart
densely. Fora fairly sturdy®nalpart,wecan®ll theinteriorwith
aloosecross-hatchedpatternfor support,with asolidwall several
layersthick at thesurface.

The QuickSlice6.2 software(19) that currentlyshipswith
theStratasysFDM machineincludesafastbuildoption.Thesoft-
wareidenti®esslicesthatareªhiddenºbyslicesaboveandbelow,
andfor theseit buildsadenseshellconsistingof threeconcentric
ªroadsºinsidetheperimeter, and®llstheinterior(thehiddenpart)
with a looser®ll pattern,asshownin ®gure1.

Thedrawbackof thisstraight-forwardapproachis thatif the
slice intersectsany part surfacesthat approachhorizontal, the
softwarewill justdoasolid®llontheentireslicebecausethecon-
centricouterroadsmightnotentirelyhidetheloose®ll patternin
adjacentlayers.Forlargelayerswhoseinteriorswouldbealmost
entirelyhidden,this is awasteof timeandmaterial.Experienced
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Figure 1. FOR A SIMPLE RECTANGULAR BLOCK, ALL OF THE INTE-

RIOR SLICES ARE ªHIDDENº AND THUS CAN BE BUILT USING THE

FAST BUILD STYLE PICTURED ON THE LEFT. FOR CONTRAST, THE

REGULAR BUILD STYLE USED ON THE TOP AND BOTTOM SLICES

IS PICTURED ON THE RIGHT, WITH DENSELY SPACED PARALLEL

ROADS IN THE INTERIOR. IN AREAS WHERE A PART SURFACE

SHOWS A SHALLOW SLOPE WITH RESPECT TO THE BUILD PLANE,

THE BUILD STYLE ON THE LEFT CANNOT BE USED.

usersof FDM machinesmaymanuallyre-assignsuchlayerstobe
built with thefastbuildoptionandchangethenumberof concen-
tric roads,but if theyaretoo aggressivetheresultis a partsuch
astheonepicturedin ®gure2.

Ideally, wewouldlike todividethepartintoathinouterwall
region(for thesolid®ll) andinteriorregion(s)(for theloose®ll).
Thisdivisioncouldbeaccomplishedby ®ndingtheexactinterior
offsetsurfacein 3Dandthenslicingthisoffsetsurfacealongwith
the original part; unfortunately, calculatinga 3D offset is slow,
dif®cultto program,andsubjectto failurescausedby numerical
accuracylimitationsin ¯oating pointcalculations.Sincethewall
neednot beof perfectlyuniform thickness,wecanusea robust,
easier-to-computeapproximationwhile still obtainingfull cover-
ageat thepart'ssurface.

RELATED WORK
Yu et al (22) describeapplyingRossignac's solid offsetal-

gorithmfor 3D constructivesolidgeometry(CSG)solids(16) in
ordertoobtainoffsetsurfacesfor fasterrapidprototyping.Forin-
putdescribedwith ab-rep,theysuggestoffsettingeachslicecon-
tour individually in 2D, anapproachthatis clearlyinadequateat
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Figure 2. A PART BUILT WITH AN OVER-AGGRESSIVE MANUAL EX-

TENSION OF THE QUICKSLICE SOFTWARE'S FAST BUILD REGION.

NOTE THE GAPS IN THE SURFACE ON THE NEAR-HORIZONTAL

FACES.

horizontalandnear-horizontalfaces.Theimplementationof the
CSGsolid offsetalgorithmappliedto SLA is describedin Li et
al (10). In Lametal (8), theyexpanduponthiswork by describ-
ing howto deriveanexplicit representationfor theFDM interior
supportgeometryusinganoctree.

Allen andDutta havestudiedthe relatedproblemof mini-
mizing the needfor supportsin FDM by selectivelythickening
differentwall areas.In (2) theydescribetheiralgorithmfor build-
ing asubsetof thin shellsurfaceswithoutanysupports,andmin-
imizing supportsfor moregeneralsurfacesandsolids.Theorig-
inal implementationwasfor surfacesandsolidsof revolution.In
(3) theydetailanextensionof thealgorithmto generalclosedsur-
faces. This algorithmdiscretizeseachlayer to a grid, reclassi-
®escellsinsideeachoriginal contourto besolidor supportcells
dependingon the propagationof informationfrom neighboring
cells,andthenderivesnewcontoursaroundconnectedgroupsof
solidandsupportcellsfor input to theFDM machine.Thisalgo-
rithm is not designedto producewallsof uniformthickness.

OUR THIN-WALLED ALGORITHM
Our algorithmusesinternal2D offsetcontoursandregular-

izedbooleansetoperationsto approximatethe true internal3D
offsetsurface.Wegeneratethethin-walledregion,onelayerata
time,basedonly on the2D sliceinformationof thecurrentslice
anda few slicesaboveandbelow.

Weuseregularizedbooleansetoperationsto ensurethatour
resultingcontoursareclosedandhavenon-zeroarea.A regular-
izedbooleanoperationis de®nedastheclosureof theinteriorof
theresultof thecorrespondingstandardbooleanoperation(15).

Foreachlayer, attheleastwewantthesolid®llpatternin the
regionbetweentheboundaryof thesliceandits 2D inneroffset.
We will refer to this regionastheªslice offset region.º For the
innerlayersin thepartshownin ®gure3, theonly regionwhere
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weneeda solid®ll is thesliceoffsetregion.Call thissliceoffset
regionRegion1.
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Figure 3. FOR THIS CENTRAL SLICE, THE AREA WE WANT TO FILL

DENSELY WITH THE BUILD MATERIAL (A SOLID FILL) IS SIMPLY THE

SLICE OFFSET REGION (REGION 1). THE INTERIOR REGION OF

THIS LAYER WILL BE FILLED WITH A LOOSER CROSS-HATCHED

PATTERN FOR SUPPORT.

Butnotall of oursliceswill bethroughverticalfaces.At hor-
izontalfaces,wewantasolid®ll patternnotonly in thesliceoff-
setregionbutalsoin thewholehorizontalregion,sinceit will be
visible from theexteriorof thepart,asshownin ®gure4. At an-
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Figure 4. WE USE A SOLID FILL IN THE SLICES DIRECTLY ABOVE

OR BELOW HORIZONTAL FACES (REGION 2).

gled faces,we want a solid ®ll patternin the regionof the cur-
rent slice that is not coveredby the two adjacentslices,since
this will alsobevisible from the exteriorof the part, asshown
in ®gure5. For near-vertical faces,this regionwill bea subset
of Region1, but we will needto explicitly calculateit for near-
horizontalfaces.Both thesecases± horizontalfacesandangled,
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Figure 5. WE ALSO USE A SOLID FILL AT ANGLED FACES ANY-

WHERE THE CURRENT SLICE IS NOT COVERED BY THE SLICE

ABOVE OR BELOW (REGION 2).

near-horizontalfaces± aretakencareof by doinga solid ®ll (in
additionto insideRegion1) insideanypartof the currentslice
thatdoesn't appearin theslicebelowor aboveit. Wesubtractthe
sliceaboveandtheslicebelowfrom thecurrentsliceto ®ndthis
region.Call thisRegion2.

Thiswill giveusasolid®ll at thevisiblesurfaceof thepart,
butwewon't havea very goodapproximationof a thin wall yet.
Wherehorizontalor nearhorizontalfacesmeetverticalfaces,for
example,we'll getªgapsºin theinteriorboundaryof thewall as
shownin ®gure6.
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Figure 6. HERE WE ARE LOOKING AT A CROSS-SECTION OF THE

PART. ALL OF THE REGIONS THAT ARE IN THE SLICE OFFSET RE-

GIONS ARE LABELED WITH REGION 1 SHADING. THE REGIONS

THAT WERE IN REGION 2 BUT NOT REGION 1 ARE LABELED WITH

REGION 2 SHADING. THE ªGAPSº IN THE THIN WALL ARE CIRCLED.

To avoidsuchgaps,we alsodo a solid ®ll anywherein the
currentslice that also appearedin the slice offset of the slice
aboveor below(this is equivalentto the intersectionof thecur-
rent slicewith bothof the two adjacentsliceoffsets). Call this
Region3.
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Solid®lling thesethreeregions,wecangeta goodapproxi-
mationof a one-slicethick offset(see®gure7).
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Figure 7. LOOKING AT THE SAME CROSS SECTION, WE SEE THE

ADDITIONAL AREAS THAT ARE SOLID FILLED WHEN WE ADD RE-

GION 3.

Wecanexpressthecombinationmathematicallyasfollows:
Call theregionof thenth sliceSn, andcall its sliceoffset(there-
gionbetweenits boundaryandits inneroffset)Of fset � Sn �

.
Region1 is Of fset � Sn �

.
Region2 is � Sn �	�

Sn
 1 ���
�

� Sn �	�

Sn� 1 �

.
Region3 is Sn �

�

� Of fset � Sn
 1 ���
�

Of fset � Sn� 1 ���

.

Takingtheunionof thesethreeregions,theformula for the
entireregionthatwill getsolid®ll at thenth layeris:

Of fset � Sn ���

�

� Sn �

�

Sn
 1 ���

�

� Sn �

�

Sn� 1 ���

�

� Sn
�

�

� Of fset � Sn
 1 ���
�

Of fset � Sn� 1 �����

.

Typically thewall shouldbethickerthanonly a singlelayer
toobtainasturdypart.ForRegion1,wesimplychangetheoffset
distancebasedon ourdesiredwall thickness.ForRegions2 and
3,wecanmodifyourpreviousformulasto takeslicesfurtherthan
onelayerawayinto consideration,to geta thickerwall.

For Region2 (the horizontaland near-horizontal region),
we want to extendthis regiondownor up, dependinguponthe
orientationof the face,throughasmanylayersaswe want our
wall to be thick, asshownin ®gure8. Of course,we only want
to ®ll this extensionif it falls insideour currentslice. Call the
numberof layers neededto achieveour desiredthicknessT.
ThentheextendedRegion2/2+for layern is:

Sn �

�

�

T
�

i � 1
�

��� Sn
 i � 1 �

�

Sn
 i ���

�

� Sn� i 
 1 �

�

Sn� i �����

.

Similarly for Region 3 (the extensionof the neighbor's
offsetslice),weextendtheregionupanddownT layers,aslong
asit falls insidetheseslices,asshownin ®gures9 and10. The
extendedRegion3/3+for layern is:
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Figure 8. FOR A WALL THAT WE WANT TO BE TWO LAYERS THICK,

WE MUST EXTEND REGION 2 UP AN ADDITIONAL LAYER ABOVE

DOWN FACES AND DOWN AN ADDITIONAL LAYER BELOW UP

FACES.
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Figure 9. THE CROSS SECTION OF THE FULL 2-LAYER THICK

WALL, SHOWING THE ADDITION OF THE EXTENDED REGION 3.
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Figure 10. AN EXAMPLE WHERE IT IS NECESSARY TO CLIP THE

EXTENDED REGION 3 AGAINST THE BOUNDARY OF THE CURRENT

SLICE.

Sn �

�

�

T
�

i � 1
�

� Of fset � Sn
 i ���

�

Of fset � Sn� i �����

.

Combiningthesethreeextendedregions,the ®nalformula
for theregionthatwill besolid®lledat thenth layeris:

Of fset � Sn ���

�
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� Sn �

�

���

T
�

i � 1
�

��� Sn
 i � 1 �

�

Sn
 i � �

�

� Sn� i 
 1 �

�

Sn� i �����

�

� Of fset � Sn
 i � �

�

Of fset � Sn� i ���������

.

This yields a very closeapproximationto a wall T layers
thick.

THIN WALL IMPLEMENTATION
Ouralgorithmtakesatessellatedb-repasinput,eitherin STL

(1) or in SIF, ourSolid InterchangeFormat(14;12). We useour
slicing softwaredescribedin (13) to slice the input, exploiting
geometricandtopologicalinter-slicecoherenceto outputclean
sliceswith explicit nestingof contours.We outputtheslicesin
ourneutrallayerformat,L-SIF (LayeredSolid InterchangeFor-
mat) (21). TheL-SIF formatdescribeseachlayer asa boolean
combinationof closed,orientedcontours,sowecanalsoexpress
thebooleancombinationof the layersandtheir offsets,derived
usingthe formulaabove,in L-SIF. The2D offsettingalgorithm
is describedin detailin thesectionbelow. Formoreef®cientcal-
culations,westoretheintermediateresults(theoffsets,thediffer-
encesbetweenadjacentslices,andsubsetsof thesummationsof
unions)for reusein neighboringslicecalculations.

To go from L-SIF to theFDM machine,we havewritten a
programthat resolvesthese2D booleansandoutputsoriented,
nestedcontoursin theSSLsliceformatusedby QuickSlice(19).
We thenrely onQuickSliceto calculatewhereexternalsupports
for overhangsareneededandto computetheactualroads,using
theloose-®lledandsolid-®lledbuildstylesasspeci®edin ourSSL
®le.

A bug in theQuickSlice6.2 softwaremanifestsitself when
we useidentical contoursto describethe outer contourof the
loosely-®lledinnerregionandtheholecontourfor thesolid-®lled
outerwall region.Unfortunately, if wedescribethemwith identi-
cal coincidentcontours,thefact that thetwo regionstheybound
havedifferentbuild characteristicsconfusesthesoftwareandit
overwritestheloosely-®lledbuildstylewith thesolid-®lledbuild
styleon alternateslices.As a work-around,we assignthebuild
characteristicsof the loosely-®lledbuild style to bothcopiesof
thecontour, eventhoughonecopyboundstheinsideof thesolid-
®lledregion,andthenQuickSliceproducesthe resultwe want
whenit generatesroads.

GENERATING OFFSET CONTOURS
Oneof thestepsin our algorithmfor thecreationof a thin-

walledpartfor SFFis thecreationof 2D offsetcontoursfor each
of the2D slicesthroughthe3D inputpolyhedron.Therearetwo
typesof algorithmsfor creating2D offset contours:algorithms
thatoffsetall edgesandverticesof acontourseparatelyandthen
trim theresultingoffsetsegments,or algorithmsthatusethecom-

binedVoronoidiagramof all the input contours.We presentan
algorithmthatcomputesthecombinedVoronoidiagramof a set
of orientedinputcontoursandusesthisVoronoidiagramtocreate
theoffsetcontours.

Offsetting
Algorithmsthatoffseteachsiteof a contourseparatelygen-

erateoffset segmentsthatself intersecteachother. Thesetech-
niquesthenrelyonbooleanintersectionsto trim awayexcessoff-
setgeometry. It is necessaryto compareandpossiblycompute
theintersectionof everypairingof offsetsegments,sotheworst
caserunningtime is O � n2

�

. Thebooleanoperationsarealsosus-
ceptibleto numericdrift becausesomeroundoff erroris incurred
duringthecreationof eachintersectionpoint.

Offsetting algorithmsthat use the combinedVoronoi dia-
gram(VD) of all the input contourscanbe fasterandmorero-
bustnumericallythanalgorithmsthat offset eachsite indepen-
dently. The Voronoidiagramof a setof contourspartitionsÂ 2

into a meshof Voronoifaces(VF's). EachVFi is associatedwith
a singleinput site si . The input sitesaretheverticesandedges
thatarepartof the input contours.Theedgescanin generalbe
straightline segments,circulararcs,or anyfreeform curve.For
thepurposesof thisdiscussionof Voronoidiagrams,wewill limit
our contoursto beconstructedout of straightline segmentsand
circulararcswith Q � p. EachVFi containsthesetof pointsin
Â 2 thatarecloserto si thananyotherinput site. VF's arecon-
tinuous.VFi will havean in®niteareaif si is theclosestsite to
pointsat in®nityin somesetof directions.VF'sareboundedand
connectedby Voronoi edges(VE's). VE's arethe setof points
whichareequidistantfrom two inputsites.VE'saresegmentsof
straightlines,parabolas,hyperbolas,or ellipses.If we limit our
setof input sitesfurtherto only verticesandstraightline edges,
thentheVE'swill besegmentsof straightlinesorparabolas.VE's
areboundedandconnectedby Voronoivertices(VV's). VV'sare
pointsin Â 2 thatareequidistantto at leastthreeinputsites.The
Voronoidiagramis themeshconsistingof all theVF's,VE's,and
VV's. For a moredetaileddescriptionof Voronoidiagrams,con-
sultHeld (11).

TheVD is usefulin thecreationof contouroffsets.TheVD
encodesthedistancefunctiontotheclosestinputsitefor Â 2. This
distancefunctioncanbeviewedin 3D astheVoronoimountain
(20). TheVoronoimountainisgeneratedbylifting eachpointpof
Â 2 in zby its signeddistanceto thenearestinputsite.Thesigned
distanceis positiveif p is insidethegeneralpolygonde®nedby
theorientedinput contours,andit is negativeif p is outsidethis
polygon. Applying this lifting maptransformsthe 2D Voronoi
meshinto a 3D mountainoussurfaceasshownin ®gure12. The
VF of a line segmentsiteturnsinto a pieceof a 45� tilted plane.
TheVF of a vertexor circulararcsegmentsiteturnsinto a piece
of a 45� anglecone.TheVE'sbecometheintersectioncurvesof
theseplanesandcones.TheVD providesglobalnearestneigh-
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Figure 11. INPUT CONTOUR (THICK BLACK), VORONOI DIAGRAM

(THIN GRAY), AND OFFSET CONTOUR (THICK GRAY).
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Figure 12. INPUT CONTOUR IN z � 0 (THICK BLACK), VORONOI

MOUNTAIN (THIN GRAY), AND OFFSET CONTOUR IN z � d (THICK

GRAY).

bor informationof theinputsitesby theVF adjacenciesencoded
in theVE's. TheoffsetcontourmaystepdirectlybetweenVF'sof
inputsitesthatwerenotconsecutivesitesin theinputcontour. An
exampleis illustratedin thelower right cornerof theoffsetcon-
tour in ®gure11. This nearestneighborinformationeliminates
theextraneouspairwisecomparisonsof sitesfound in thebrute
forcebooleanapproachto offsetting.

ThelowerboundoncreatingtheVoronoidiagramof thein-
putcontoursis O � nlogn

�

. This is truebecausethecreationof the
VD canbe reducedto sorting. AlgorithmsthatusetheVoronoi
diagramto createoffset contourscanrun in O � n

�

time, so total
runningtime includingthecreationof theVoronoidiagramhasa
lowerboundof O � nlogn

�

. It is alsoeasierto createnumerically
stablealgorithmsfor creatingVoronoidiagramsthanit is for per-
formingbooleanoperations.

Kim (6) describesanO � n
�

algorithmfor constructinganoff-
setcontourof a simpleinputpolygonusingtheVoronoidiagram
of thepolygonandtwo stacksto managethecreationof disjoint

contourloopsin theoffset contour. Thealgorithmproceedsby
walkingaroundtheinputcontour, creatingoffsetsegmentswhen
theyexist,andjumpsto createnewcontourloopswhendisconti-
nuitiesareencountered.Thisonlyworksfor asinglesimpleinput
contour.

A moregeneralapproachto creatingtheoffsetcontoursis to
slicetheVoronoimountainby aplanez � d whered is thesigned
offsetdistance:d � 0 offsetsthepolygoninward,d � 0 is theset
of input contours,andd � 0 offsetsthe polygonoutward. The
offsetcontoursatadistanced areequivalentto theslicecontours
createdby slicingtheVoronoimountainwith theplanez � d and
thenprojectingbackinto thez � 0 plane.

Voronoi Diagrams
Many algorithmsexist for the creationof the Voronoi dia-

gramof acontour. A majorclassof thesealgorithmsis thedivide
andconqueralgorithms.Thesealgorithmswerederivedfrom the
divide andconqueralgorithmusedby ShamosandHoey(17) to
createtheVoronoidiagramof a setof verticesin Â 2. Thealgo-
rithmdividestheinputverticesinto two half setsVL andVR based
ontheirgeometricposition,recursivelycreatestheVDL andVDR
of thosetwo setsrespectively, andthenmergesVDL andVDR to
createtheVD of the whole set. The key operationin the algo-
rithmis theO � n

�

mergestep.Themergebuildsthebisectorpoly-
line thatseparatesthesitesof VL andVR, andit prunesawaythe
defunctgeometryfrom theVDL andVDR. Thekey insightin the
mergestepis thatall portionsof VDL thatlie to therightof thebi-
sectorpolylinewill notbein the®nalVD, andviceversa.Others
((9) and(5)) describealgorithmsthatdo thesamework in creat-
ing theDelaunaytriangulationof asetof vertices.TheDelaunay
triangulationis theplanardualof theVoronoidiagram.

Held (11) and Kim et al (7) describealgorithmsthat cre-
ate theVD of an input polygonwith straightlines andcircular
arcsasedges.Thesealgorithmsarebothgeneralizationsof the
Voronoidiagramfor pointsets.Insteadof dividing theinputsites
by geometricposition,thesealgorithmsdivide the contourinto
two halvesbasedon the topologicalcounterclockwiseordering
aroundthe input contour. Both algorithmslimit themselvesto
creatingtheVDof theinsideof thecontouronly. Bothalgorithms
createthebisectorpolylineduringthemergestepby creatingrep-
resentationsof theVE's betweentheVF's andthenintersecting
theVE's. Themajordifferencebetweenthetwo approachesis the
representationof thefunctionsfor theVE's. Heldusesanimplicit
form parameterizedby thedistanceto theinputcontour. Kim et
al userationalquadraticBÂeziersegmentsto representthe conic
curvesfor theVE's. Held's approachgivesa parameterization
that is very intuitive, but it doesnot alwayshaveuniquepoints
for a parametervalue.Kim etal createVE's with monotonicpa-
rameterizations,sowhenoffsettingtheparameterizationyieldsat
mostoneuniquepoint. Kim et al areableto simplify codingto
a singleoperation,theintersectionof a rationalBÂezierwith ara-
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tionalBÂezier, but thismaycomeat theexpenseof somenumeri-
calaccuracy. Held'salgorithmhasmanymoreintersectioncases,
but it is possiblefor it to generatehighernumericaccuracy. Held
speci®callymentionsthehandlingof a singlegeneraloutercon-
tour with convexinnercontours. It is not clearwhetherthe al-
gorithmcanbe extendedto handleislandcontoursof arbitrary
shapes.Thesedivide andconqueralgorithmsareworstcaseop-
timal with O � nlogn

�

.

Our Offset Implementation
Whencreatingpolygonoffsetsfor SFF, it isnecessarytohan-

dlecontoursmadeupof arbitrarystraightline segmentswith ar-
bitrary islandcontours.The2D contoursarecreatedby slicing
3D polyhedralapproximationsof free form shapes.The primi-
tivesarealwayslinear, butthecon®gurationscanbeverygeneral
andmaybehigherin complexitythanexamplesnormallyexpe-
riencedin NC pocketmachining.Our approachis to createthe
Voronoidiagramof thesecontours,andthencreatetheoffsetcon-
toursby conceptuallyslicing theVoronoimountain.

We constructthe Voronoi diagramusinga divide andcon-
quermethodthat builds the Voronoi diagramon the insideand
on the outsideof eachinput contour. By computingthe inside
andoutsideVoronoidiagram,it makesit possibleto handlear-
bitraryislandcontoursasshownin ®gure13. A majorconcernin
thisalgorithmis numericaccuracy, sowearecarefulto makeall
calculationsbasedon theoriginal inputdatawithoutcreatingin-
termediatebisectorrepresentations.In thefuture,weplanon in-
corporatingtheexactarithmeticmethodspresentedbyShewchuk
(18)whencalculatingtheVV's. TheindividualcontourVD'scan
becombinedusingthe samemerge operationto form the com-
binedVD of all theinputcontours.Detailsfor merging theVD's
of islandcontoursarediscussedby Held (11).
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Figure 13. INPUT CONTOUR (THICK BLACK) AND VORONOI DIA-

GRAM (THIN GRAY).

OncetheVD is created,we computetheoffsetcontoursby

walking the edgesof theVD asshownin ®gure14. The algo-
rithm startsby markingall of theVE's asunprocessed.It then
picksthe®rstunprocessedVE. If it doesnothaveanintersection
pointwith theoffsetplaneit is ignoredandmarkedasprocessed.
If it doesintersectthe offsetplane,thenit becomesthe starting
VE in acrawlof theVD to recoverasingleoffsetcontouraround
a singlepeakof the Voronoimountain. The crawl proceedsby
walkingtheinteriorsidesof theedgesof theVF in clockwiseor-
deruntil the nextVE intersectedby the offsetplaneis encoun-
tered.A contoursegmentis createdbetweenthepreviouspoint
andthenewpoint. Thenwe stepover thenewly intersectedVE
into theadjacentVF. We continueto traceout theoffsetcontour
in counterclockwiseorderaroundthe peakuntil thestartingVE
is encounteredagain.All edgesthataretouchedin thiswalk are
markedasprocessed.Thealgorithmrepeatsuntil all edgeshave
beenprocessed.Thisoffsettingalgorithmworksfor arbitrarysets
of input contoursandcanoffset inwardsor outwardsasshown
in ®gure14. Therunningtimeof theoffsettingalgorithmonly is
O � n

�

becauseit toucheseachof theedgesof theVoronoidiagram
a constantnumberof times.
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Figure 14. INPUT CONTOUR (THICK BLACK), VORONOI DIAGRAM

(THIN GRAY), AND ONE INNER AND TWO OUTER OFFSET CON-

TOURS (THICK GRAY).

RESULTS
We havemanufacturedthe simple test part shownin ®g-

ure15,averyshortasymmetricalpyramidwith anearhorizontal
faceon theright. Usingour algorithmanda desiredwall thick-
nessof T � 3, thebuild time for this partwas110 minutesand
it used203inches(5.2m) of material.TheQuickSlicesoftware
didn't ®ndanyslicesto manufacturewith thefastbuild stylefor
this part. Using the regularbuild style, the build time was131
minutesandit used252 inches(6.4 m) of material,taking19%
longerandusing24%morematerialthanwith ouralgorithm,and
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producinga partwhich looks identicalon theoutside,asshown
in ®gure16.
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Figure 15. A SIMPLE TEST PART WITH A SOLID THIN EXTERIOR

WALL AND LOOSE FILLED INTERIOR BUILT USING OUR ALGO-

RITHM.
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Figure 16. THE SAME PART BUILT USING THE FDM'S MACHINE'S

QUICKSLICE SOFTWARE. THE PART LOOKS IDENTICAL ON THE EX-

TERIOR.

In thissimpletestpart,thevolumeto surfaceratiowasquite
small. For a partwith a highervolumeto surfaceratio, suchas
thescrewpartshownin ®gure17, thedifferencesin build times
canbemoredramatic.Forthispart,thegentleslopeof thescrew
threadspreventsthe QuickSlicesoftwarefrom applyingits fast
build algorithm(®gure18), but our algorithmstill buildsa thin-
walledpart (®gure19). Usingour algorithmanda desiredwall
thicknessof T � 5, the build time for this part was 232 min-
utes(3:52) and it used301 inches(7.6 m) of material. Using
theQuickSlicesoftwaredirectly, thebuild timewas504minutes
(8:24) andit used872 inches(22.1m) of material,taking 2.17
timesaslongandusing2.9timesasmuchmaterial.
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Figure 17. THE SCREW PART MANUFACTURED USING OUR ALGO-

RITHM. USING THE QUICKSLICE SOFTWARE DIRECTLY, THE BUILD

TOOK OVER TWICE AS LONG TO COMPLETE.
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Figure 18. A SAMPLE SLICE THROUGH THE SCREW PART, USING

THE QUICKSLICE SOFTWARE'S FAST BUILD OPTION. ALL OF THE

ROADS ARE DENSELY SPACED.

CONCLUSION

In thispaper, wehavedescribedaconceptuallysimplealgo-
rithm for makingpartially hollow layeredpartswith thin, dense
wallsof approximatelyuniformthickness.Wehaveimplemented
thisalgorithmfor anFDM machineto producelighterpartsusing
lessmaterialandin lesstimethanwith thecommercialsoftware.

The techniquesdescribedin this paper, with small modi-
®cations,shouldalsospeedup manufacturingwith othercalli-
graphic(random-scan)SFFtechnologies,suchasSLA andSLS.
With thosetechnologies,however, modi®cationsto thealgorithm
would be neededto obtain the samematerialsavings,sinceit
wouldbenecessaryto eliminatethetrappedvolumesof material
in thepartinteriors.
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Figure 19. THE SAME SLICE USING OUR ALGORITHM. THE INTE-

RIOR ROADS ARE LOOSELY FILLED FOR A FASTER BUILD.
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