
CS–174 Combinatorics & Discrete Probability, Spring 2007

Homework 1
Out: 18 Jan. Due: 25 Jan.

Instructions: Put your solutions in the homework box on Sodalevel 2 by 5pm on Thursday. Take time to writeclear
andconciseanswers; confused and long-winded solutions will be penalized. You are encouraged to form small groups
(two to four people) to work through the homework, but youmust write up all your solutions on your own. Depending
on grading resources, we reserve the right to grade a random subset of the problems and check off the rest; so you are
advised to attempt all questions.

1. You are dealt a hand of five cards from a randomly shuffled deck.Compute the probabilities of each of the
following events, explaining your reasoning in each case.

(a) Your hand contains at least one ace.

(b) The highest card in your hand is 10.

(c) Your hand is a flush (i.e., all cards are from the same suit).

(d) Your hand is a full house (i.e., it contains three cards ofone value and two of some other value).

2. Suppose we roll ten unbiased 6-sided dice. What is the probability that the sum of the pips on the dice
is divisible by 3? [HINT: Use the principle of deferred decisions. Justify your answer carefully: avoid
hand-waving!]

3. A fair coin is tossed2n times. What is the probability that we observe a consecutivesequence of at leastn

heads?

4. You are given an urn containing 10 balls, some black and some white. You are told that the number of
white balls in the urn is equally likely to be any number between 0 and 10 inclusive. Thus in particular the
probability that all 10 balls are white is111 .

(a) You pick a ball uniformly at random and it is white. Given this event, what is now the probability that
all 10 balls are white? [HINT: You will need to use Bayes’ rule:Pr[A|B] = Pr[B|A] Pr[A]

Pr[B] .]

(b) You pickk balls at random (with replacement) and all are white. What isnow the probability that all
10 balls are white, as a function ofk?

5. Here are some problems based on the randomized min-cut algorithm discussed in class (MU Section 1.4).

(a) A graph may have more than one minimum cut. Using the analysis of the error probability of the
randomized min-cut algorithm, show that the number of distinct minimum cuts is at mostn(n−1)

2 .

(b) Suppose that the algorithm is modified as follows. Ratherthan picking anedgeuniformly at random
and merging its endpoints, the algorithm picks a pair of vertices (not necessarily adjacent) u.a.r. and
merges them. Give a family of connected graphsGn (whereGn hasn vertices for eachn) such that
when the modified algorithm is run onGn the probability that it finds a minimum cut isexponentially
small inn. [NOTE: By “exponentially small” we mean that the probability is less thanc−n for some
constantc < 1 and all sufficiently largen.]

(c) Show that an exponential number of repeated trials of thealgorithm of part (b) would be needed in
order to reduce the error probability to12 .


