CS—174 Combinatorics & Discrete Probability, Spring 2007

Homework 4 Out: 8 Feb. Due: 20 Feb.

Instructions: Put your solutions in the homework box on Sledal 2 by 5pm ofuesday (note the non-standard
day!). Take time to writelearand conciseanswers; confused and long-winded solutions will be perdli You
are encouraged to form small groups (two to four people) tokvibrough the homework, but yaaust write up all
your solutions on your own. Depending on grading resouregsreserve the right to grade a random subset of the
problems and check off the rest; so you are advised to attathptoblems.

1. Recall the randomized algorithm discussed in class forrimttie median of a s&t of n elements (see MU,
Section 3.4). Explain how to generalize this algorithm s thtakes an additional parameteas input and
finds the element of rankin S (i.e., thekth smallest element of). For convenience, you may assume that
all elements ofS are distinct, and thatn3/4 < k < n — 4n*/*. You may also ignore rounding issues in
your algorithm.

Your answer should bfairly short and you shouldhot repeat unnecesary material from the text. The only
things you need to include are the following:

(i) aspecificationof the algorithm (in similar style to that in class and in tegtbook); follow the same
first step (namely, pickz of sizen?®/4); highlight those points where your algorithm differs frahe
median case;

(i) a very brief outlineof the analysis of the algorithm, following the same pathraslass and in the
textbook; specifically, state the analogs of the evénts,, £1 and&2, and expres®r[&;] andPr[&]]
as probability expressions involving the tail of a suitatieomial r.v. Donotrepeat the explanation of
the algorithm or the details of the calculations (which aseatially the same as in the median case);
the above points are enough.

2. Let X1,..., X, be independent 0-1 valued random variables WithX; = 1] = 1/i. Define the r.v.X to
be their sumX; + ... + X,,.

(a) Write down expressions fdt[X] andVar[X].

(b) Let p be the probability of the evenrX’ > 4Inn. Compare the upper bounds you can obtairpon
using (i) Markov's inequality; (ii) Chebyshev's inequatlitand (iii) Chernoff bounds. [BTES In your
comparison, you should concentrate on the asymptotic imhafithe bounds as — oo. Recall that
the harmonic numbefi,, ~ Inn asn — oo. For (iii) you will need the following form of the Chernoff
bound which is an extension of the bound (4.2) in Theorem #MWand is valid for all§ > 0: with
the notation of that theorenPr[X > (1 + &)u] < e #9°/(2+0) |

3. [MU, Ex. 4.10] A casino is testing a new class of simple slotchiaes. In each game, the player puts
in $1 and the slot machine is supposed to return either $3et@lyer with probabilityt/25, $100 with
probability 1/200, or nothing with the remaining probalyiliEach game is independent of all other games.
The casino has been surprised to find in testing that the mestiave lost $10,000 over the first million
games. Your task is to come up with an upper bound on the pilapaif this event, assuming that their
machines are working as specified.

(a) Let the r.v.X denote thenet lossto the casino over the first million games. By writidg = X; +
... X105, derive an expression fdt[e!X], wheret is an arbitrary real number.

(b) Derive from first principles a Chernoff bound for the pabiity Pr[X > 10, 000]. [HINT: You should
follow the proof of the Chernoff bound in class, by applyingutov’s inequality to the r.ve!X. You
should use the value= 0.0006 in your bound.]

[Turn over for problem 4]



4. A fundamental problem that arises in many applications otmpute the size of thenion of a collection
of sets. The setting is the following. We are givensetsSs, ..., .S,, over a very large univers€. The
operations we can perform on the sets are the following:

e size(S;): returns the number of elementsSiy
o select(5;): returns an element of; chosen u.a.r.;
e lowest(z): for z € U, returns the smallest indéxXor whichz € S;.

Let.S = [J;~, S; be the union of the setS;. In this problem we will develop a very efficient (polynomial
in m) algorithm for estimating the siZé&|.

(a) Let's first see a natural example where such a set sysiegsarSuppose is a boolean formula in
disjunctive normal fornrfDNF), i.e., it is the OR of ANDs of literals. Ldl’ be the set of all possible
assignments to the variables of(i.e., |U| = 2™ wheren is the number of variables), and for each
clausel < i < mletS; be the set of assignments that satisfy clausehen the uniort = U;’;l S; IS
exactly the set of satisfying assignmentsppfind our problem is to count thetrArgue that all of the
above operations can be efficiently implemented for thisgstem.

(b) Now let's consider a naive random sampling algorithmsuxse that we are able to pick an element
of U u.a.r., and that we know the size Gt Consider the algorithm that pickselements ot/ inde-
pendently and u.a.r. (with replacement), and outputs theeval/|, wheregq is the proportion of the
sampled elements that belong4o For the DNF example in part (a), explain as precisely as you ¢
why this is not a good algorithm.

(c) Consider now the following algorithm, which is again éasn random sampling but in a more so-
phisticated way:

e choose a random s&f with probabiliw%
J

o x = select(S;)
e if lowest(z) = i then output 1 else output O

Show that this algorithm outputs 1 with probability exagtly- % [HINT: Show that the effect of
)

the first two lines of the algorithm is to select a random elenoé the set of pairg(z, .S;) : = € S;}.]
(d) Show thap > L.
(e) Now suppose that we run the above algorithtimes and obtain the sequence of outpAits. . . , X;.
We defineX = Zle X;. Use a Chernoff bound to obtain a value fdias a function ofn, 6 ande)

that ensures that
Pr[| X — tp| > etp] <.

[HINT: You will need to use the bound from part (d) here.]

(H The final output for our algorithm will b& = (Zj 1S;]) - % whereX is as defined in part (e). Using
part (e), show that this final algorithm has the followinggedies: it runs in time) (me=21og(6~1))
(assuming that each of the set operations listed above cparf@med in constant time), and outputs
avalue that is in the rangél — €)|S], (1 + €)|S|] with probability at least — §.

INote that deciding if is satisfiable (i.e., has at least one satisfying assignntrivial for a DNF formula, unlike for a CNF
formula where it is NP-complete (see CS170 or CS172). Howewleen it comes t@ountingsatisfying assignments, it turns out
that the problem is NP-hard even for DNF formulas! Thus wenoamope to find a polynomial time algorithm that solves this
problem exactly. Thus the approximation algorithm that weeadop in this question is essentially the best one can hape f



