CS174 (SPRING 2007) SECTION APR 25

1. Consider a Markov chain on the line with sta{@s1,...,n}, with Pp; = Pio = -+ = Py_1,, =
Plg=Pyy=-=Pupn1=Pog=Pon=73.

(a) Show that the process is irreducible and aperiodic. Wéae stationary distribution?

(b) Consider a random walk that starts at staté/NVhat is the probability that it reach@&sbefore
reachingn? 2
(HINT: Relate this problem to the gambler’s ruin problem.)

2. A cat and a mouse each independently take a random walk onreected undirected non-bipartite
graphG with n vertices andn edges. They start at the same time on different nodes, ahdweaices
one transition at each time step. The cat eats the mousegyiiteeever at the same node at some time
step. Show that the expected time before the cat eats theens@¢m?n).3

(HINT: Consider a Markov chain whose states are the ordered (paiis wherea is the position of
the cat and is the position of the mouse. You would need to recall somilfasts on hitting times.)

You should be able to verify that the uniform distributioreothen + 1 states is indeed a stationary distribution.

2The answer i — % (as expected, the answer is closd Yo This is the same as the probability that the first playersviina
fair gambling situation between two players with- 1 dollars andl dollar respectively (MU Section 7.2.1).

3The Markov chain in the hint is a random walk on a connectedraatéd non-bipartite grapt’ with n? vertices andn?
edges. Suppose the initial positions of the cat and the manese, andb, respectively. Sincé& is non-bipartite, there exists a
path inG of even length connecting, andb,. Moreover, the path has length at mast This yields a path of at most in G’
connecting(ao, bo) and (ao, ao). By an analysis similar to the proof of MU Lemma 7.186, thislggean upper bound dfm?n
(with a contribution oR2m? from each edge on the path) on the expected number of stepadh(rio, ao) from (ao, bo) (i.€., the
hitting time between those two vertices).



