CS—174 Combinatorics & Discrete Probability, Spring 2007

Homework 2 Solutions

Note: These solutions are not necessarily model answetheR#hey are designed to be tutorial in nature,
and sometimes contain a little more explanation than anlidelution. Also, bear in mind that there may
be more than one correct solution. The maximum total numbpoints available is 35.

1. Fori = 1,2,...,2%0 — 2, let X; be an indicator random variable that assumes the vaifi¢he 3 letters 5pts
beginning at thé'th letter in the text form the sequence “ape”, dnatherwise. ClearlyPr[X; = 1] = 2673,
so E[X;] = 26~3. Now, let the random variabl& be the number of times the sequence “ape” appears in
the text. Then,

X:X1+X2+...+X220_2.

By linearity of expectation, the expected number of timesdbquence “ape” appears in the text is

2. (a)

(b)

(b)

220 — 2
The distribution ofX is given by 2pts
Pr[X =t] = Pr[exactlyk — 1 of the firstt — 1 tosses land heaflsPr[thet'th toss lands headls
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Let Y7 be the number of tosses up to, and including, the first head.; Eo2, ..., k, letY; be the 3pts
number of tosses up to, and including, itie head, starting immediately after thhe- 1'th head. Then
cleary X =Y, + Yo + ... 4+ Y. Each ofYy,..., Y} is a geometric r.v. with meap, so from class
ElYi] = E[Y] = --- = E[Y;] = 1. HenceE[X] = £.

Andrew’s scheme involves repeatedly flipping 1000 caimd exactly 500 heads and 500 tails are ol3pts

tained. The probability of this happeningzis= (‘) srior ~ —==, Using Stirling’s approximation

/5007
as explained below. The number of trials until we succeedysametric r.v. with parameter, so the
expected number of trials %N V5007, giving a total of1000+/5007 ~ 39600 coin flips.

It remains to explain the calculation with Stirling’s fortau Note that, for any:, we have

<2n> _(2n)!  (2n/e)*VAmn 22"

n

~ (n))?2 ~ (nj/e)?n2mn  /mn’

1000) L~ 21000
500 /5007

Betty’s scheme involves tossing coins until either 5@&ds or 500 tails have been obtained, afdts
then padding the sequence to get 1000 tosses with exactih&®ds and 500 tails. This is a bad
scheme because it does not give a uniform distribution. &dtgs, consider for example the sequence
consisting of 500 heads followed by 500 tails. Since theee(%)oo) valid sequences, this particular
one should have probability/ (') ~ /5007271 using Stirling’s approximation as in part (a).
But in Betty’s scheme, this sequence has probal@ity’® (i.e., the chance of getting 500 heads in a

row), which is clearly way too high sincg500m < 2°%°,

Plugging inn = 500 we get(

, Which is exactly what we used in the previous paragraph.



(c) A better scheme involves randomly selecting the passtiof the 500 heads in the sequence of 1080ts
tosses. One way to do this is to repeatedly choose randortignssin the range 1 to 1000 until
500 distinct random positions have been obtained. A random number inathger1 to 1024 can
be picked using 10 coin tosses (sir®d = 1024). So say we're picking ouk!” position, where
1 < k < 500. The probability that a random number in the range 1 to 1024niad been previously

selected and isc 1000 is 1902k > S0 > L. so the expected number of trials (each involving

10 coin tosses) till such a value is found<s 2.05. The expected total number of coin tosses is

then at mosgzozo1 2.05 x 10 = 10250. (Actually, we have been quite pessimistic here in takirg th

worst case ovek. The exact expectation i) x 3°7° 492 = 10240(=k + =L + -+ + 1og) &

10240 1n(3%9) ~ 7100.)

An even better method is the following (but we did not necelysaxpect anybody to come up with
this!). Suppose our first random coin toss is H. Then for out tess, we should use a biased coin with
heads probabilityt99/999. (Why? Think about the conditional probabilities.) By ttarse argument,

if the firsts flips haveh; heads (and — h; tails), then at the next step we should flip a coin with the
probability of heads bein¢s00 — h;)/(1000 — i), and so on. But how do we simulate these biased
coins with our fair coin? We claim thany biasp can be realized using an expected number of only
two fair coin flips!!l To see this, writewv = 0.p1p2 ... In binary. Now generate a random number
r =riry... between 0 and 1 by successively choosing each binary:digi&ing an independent fair
coin flip. We can stop when we know that> p or thatr < p (corresponding to an outcome of H
or T respectively for our biased coin). And when do we know?hit is when we reach the firsfor
which r; # p;. But the expected number of tosses for this event to happesti?. (Why?) Putting

all this together, the expected number of coin flips needagbterate the entire random sequence of
1000 flips is only 2000.

(@) Fixanyr € {1,2...,n}. The algorithm outputs if and only if ¢, ..., ¢.4+1 land tails, and:, lands 2pts
heads. This happens with probability
1ﬁ11_1n—1n—2 roo 1
T i) r n n-1 r+1 n’
Hence, the scheme generates {1,2,...,n} u.ar.

(b) Following the hint, suppose we pick eaghusing the method of part (a). (This thought experiment3pts
OK because we know from part (a) that this is a valid way of gatireg an integer u.a.r.) Following
through the whole process of generating thewe see that it is equivalent to flipping each cojn
j =n,n—1,...,1 until it lands tails, and then moving on to the next coin. Tladuem; is the
number of times:; lands heads before it lands tails. The probability #atands heads exacthy: ;

times before landing tails |é%)my (1 — %) Hence, the probability we generate the sequérgeis

() (-3)

(Note thatj = 1 is missed out because; = 1 always.)

(c) Writer € {1,...,n} in factored form ag |, p’». Observe that 3pts
Pr[m — 3, for all primes <n}—H 1 ” T )
p = Pp p D S| = » o) =

p

and thus the algorithm outputswith probability - - <= = <=,



(d) The probability that the algorithm does not fail ¥S;"_, Pr[algorithm outputs:] = n - %2 = «,. 2pts
Hence, the expected number of trialg¥s' ~ 1.81nn.

(e) LetX denote the number of primality tests performed by one tfihe algorithm. We can write this2pts
asX = X1 + ... + X,, whereX; is the indicator r.v. of the event thats tested for primality. Note
that this happens iffn; > 1, so by our analysis in part (b) we ha¥g X ;] = Pr[j is testedl = %
HenceE[X] = > 7_, E[X;] = Hy, as required.

(N Let the r.v.Z denote the total number of primality tests performed. Thes Zy + Z, + --- + Zp, 3pts
where Z; denotes the number of tests performed indthetrial and7T is the number of trials. (Note
that the number of terms in this summatioriZiswhich is a random variable!) Clearly[Z;] = H,
for all ¢ from part (e), and from part (d) we hav&/T] = o, *. Now it is tempting to say that, since
Z is the sum off" r.v.'s each with the same expectaiéiiZ;], thenE[Z] = E[T|E[Z1| = Hy/om;
this turns out to be the correct answer (see below), but we teedo some work to justify it. If the
Z; were independent df, we would have a very simple argument (see Q1 of HW3). In thiecwe
don't have independence and we need to do a bit more Work.

So, let us yet again use the trick of indicator r.v.’s andevfit= 3 /=, >°"_, Y; ;, whereY; ; takes on
the value 1 ifj is tested for primality on theth trial, and O otherwise. Writingl; for the event that we
perform¢ or more trials, we have

EY:;] = Pr[jistested in triak]
= Pr[A4] - Pr[jistested in triak | A]

1
== 1l -« t_l’—,.
(1—an) ;

Therefore, by linearity of expectation,

E[Z) = Y ) EY.

I
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7
=
:
I
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SinceH,, anda;,! are bothd(log n), we get thatF[Z] = ©(log® n), as required.

1A much more general argument can be obtained using the neghif martingales(see MU, Chap. 12). We will discuss
martingales later in the class if there is time.



