CS—174 Combinatorics & Discrete Probability, Spring 2007
Homework 3 Solutions

Note: These solutions are not necessarily model answetheR#hey are designed to be tutorial in nature,
and sometimes contain a little more explanation than anlidelution. Also, bear in mind that there may
be more than one correct solution. The maximum total numbpoints available is 35.

1. First, note that 5pts
EX|T] = E[X;+-- +XT!T]
= FE[X1] T] -+ E[X7 | T] by linearity of expectation
= FE[Xi]+ -+ E[Xyp| because th&,’s are independent &f
= uT.

Now, E[X]| = E[E[X | T]] = E[uT] = pE[T], which completes the proof. Note the use of independence
in the third line above, which allows us to get rid of the cdiudiing.

2. (a) Foreach = 1,2,...,n, letY; denote the indicator r.v. that equdlsf 7 lies in a cycle of lengtt2, 3pts
and0 otherwise. Thenf[Y] = Pr[Y; = 1] = Pr[r(i) # i An(n(i)) = i] = =1 . L. = 1 Next,
observe thatX = %(Yl +Y,+---4+Y,). This is because every cycle of leng@ttontributes a total
of 2 to the sumY; + Y + - - - + Y;,. It follows by linearity of expectation thaf[X] =1 -n -1 = 1.

(b) To computeE[X?], we write X in terms of theY; as in part (a) and expand out the square to gts

xX?2=1 (Z Y2+ Dot Y-Y-) To take the expectation of the diagonal ter¥}s note thaty; is a

0-1 random variable, s&;> = Y; and thusE[Y;?] = E[Y;] = 1. For the cross termg;Y; with i # j,
there are two ways in Wthl’f Y;=1.
e i,j are in the samé-cycle. This probability of this i®r[x(i) = j A 7(j) = i| = Pr[n(i) =
J-Pri() =il a(i) =4 = L 7y = ol
e i, j are in disjoint2-cycles. There arén — 2)(n — 3) ways to picki’, j/ such that, j, ', j' are
distinct. Then,

N N1
Prfe(i) =7 Anli) =il = Sy and
Pr(n(j) =5 An(i") = | n(i) = i' Am(il) = i] = m
Therefore, this case also occurs with probability— 2)(n — 3) - n(nl 1) " 2)1(n B n(n1 i

Putting the two cases together, we ggt;Y;] = Pr[Y; = 1AY; = 1] =
the diagonal terms gives

m Combining this with

:%(n-%—i—n(n—l)'ﬁ):%

Finally, from part (a) we hav&[X]* = 1, soVar[X] = E[X? — E[X]*> = 2 —

E[X?]

Note: Many people missed Q2(b). Please read the above esilmulcarefully and make sure that you
understand it! If not, please ask.



3.

4.

Define the r.v.Y = XitX2ttXn " Then by linearity of expectation we hav&{X] = p. Also, since the 5pts
X;'s are independent, we havér[X] = # Sy VarlX;] = % Finally, by Chebyshev’s inequality, for

anye > 0,
2

Pr(|X — | > € < 2 =0
ne

asn — oo. This completes the proof.

(a) Foreack € E, let X, be the indicator random variable that assumes the vallueis in the cut, and 3pts
otherwise. TherX = Y .5 X.. In addition, E[X.] = Pr[endpoints ot have different colofis= 3.

By linearity of expectation, we havg[X] = 3|E| > 22T, since clearlyorT < |E].

Note: Many people did not understand the relationship betw&| and opT (both in this part and in
the rest of this problem). The important points to remembier &) opPT < |E| (because clearly no
cut can contain more edges than the total number of edgegigriph!); and (ii) we do not know the
value ofOPT, so we cannot use it in our algorithm (though of course we dmkthe value of E|).
Bear these points in mind when you read the solution to thablpm.

(b) LetY = |E| — X, which is a non-negative random variable. Note thgt'| = |E| — E[X] = 3|E|. 4pts

Now, Pr[X < 0.49|E|] = Pr[Y > 0.51|E|], so we can apply Markov’s inequality 16 to see that this
probability is at mostZ[Y]/0.51|E| = $|E|/0.51|E| = 22. Hence Pr[X > 0.49|E[] > ;. Again,
sinceoPT < |E|, we get thap = Pr[X > 0.490PT] > 2.

Some variations on the above argument are also valid. Fongheawe could instead use Markov’s
inequality to boundr[Y > |E| — 0.490PT], which is at mosPr[Y" > 0.510pPT]. (However, note that
we cannotuse Markov to boundr[Y" > 0.510PT] becausé).510PT may be smaller tha®[Y] =
|E|/2). Another variation is to defing/ = oPT — X, and note thatZ is a non-negative r.v. and
E[Z] < 0.50PT. We may then apply Markov’s inequality to bouird[Z > 0.510PT]

A rather different argument does not use Markov’s inequadlitectly, but instead uses the same idea as
in the proof of Markov’s inequality. It goes as follows. Note th&fX] < p-oPT+ (1 — p) - 0.490PT.
(This follows as in the proof of Markov’s inequality; the fiterm bounds the contribution tB]X]
from all values ofX larger thar0.490pPT, and the second term bounds the contribution from the values
less than or equal @©490PT.) SinceE[X] > oPT/2, we can cancebPT through the inequality to get
p>1/51.

(c) Asin 2(b) above, we expand the square to compijt&?]. For the diagonal terms, we ha¥dX?] = 3pts
E[X.] = 3. To handle the cross ternis{X. X./] for distinct edges:, ¢’, observe that?[X. X./] =
Pr[X. = X =1] = %. This is true both for the case wheree’ share an endpoint (fix the common
endpoint, then the other two endpoints must both have thesifgpcolor, which occurs with probability
%), and for the case wheke ¢’ do not share an endpoint (het¥,, X, are independent). It follows
that E[X?] = 3", E[Xc] + Y. E[Xc Xo] = §|E|+ 1|E|(|E| - 1) = $|E|* + {|E|. Hence, using
part (a),Var[X] = E[X?] — E[X]? = 1|E|.

(d) By Chebyshev’s inequality, 2pts

Pr[X < 0.49|E|] Pr[|X — £|E|| > 0.01|E|]

1lE1/(0.01]E))* = O(1/| E])

IN A

Hencep > 1 — O(1/|E|) as required.



(e) We keep running the above algorithm until the size of thiei€ at least0.49|E|. By the bound in 3pts
part (b) and the expectation of a geometric r.v., the expettenber of repetitions we need is at most
51, so the expected running time is still linear. Correctnedws from the fact that.49|E| >
0.490PT. We stress that the termination condition must compareiteecs the cut with0.49| E| and
not with 0.490PT because we do not know the valuearT!
The bound in part (e) yields a better upper bound on the eggecinning time; namely, it tells us
that the expected number of repetitions is in fact onlyl — O(|E|~!)) = 1 + O(|E|~1), which
approaches 1 d#/| — oo (i.e., for large graphs).



