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CS—174 Combinatorics & Discrete Probability, Spring 2007
Homework 6 Solutions

Note: These solutions are not necessarily model answerar iBenind that there may be more than one
correct solution. The maximum total number of points avddds 40.

(a) Clearly, we may write the ra\X for the number of balls in bih as the sum of independen®-1r.v.'s 2pts
(one for each ball). They[X] =n- % = 1. Applying the Chernoff bound with = £ — 1 andu = 1,

we getp < exp(— (kk_+11)2) = 2=9(k),

(b) Fix a subset of balls. The probability that alt balls fall into bin1 is (%)’f. Taking a union bound 2pts
over all subsets ot balls, we may deduce that the probability that there exisisbset oft balls all
of which fall into bin1 is at most(?) (1)*. Hencep < (7)(1)F < 25 (L) = L < (e/k)*.

(c) Under the Poisson approximation, the probability thatlbgets exactlyj balls isPr[Z = j] whereZ 2pts
is a Poisson r.v. with parametér Hence p may be approximated bz;";k Pr[Z =j] = % Z;";k %
The event “first bin gets at leastballs” is monotonically increasing, so applying the indgudrom
Q2 of HW5 yieldsp < 2- £ >°%2; %.

(d) The values are:
— Forp = n—leglogn — g—lognloglogn: (g) yieldsk = Q(lognloglogn) and (b) yieldsk = 2pts

Q(logn).
— Forp = n%(g: (a) yieldsk = Q(log n) and (b) yieldsk = Q(log’ign). 2pts
— Forp = 270001 (q@) yieldsk = Q(n) and (b) yieldsk = U ogn)- 2pts

Note that the values for (b) are systematically smaller toala).

(a) Fix any subsef of 5 vertices. The probabilitys is a clique inG is p'° since S contains10 edges. 4pts
There are(g‘) possible choices faf, so by linearity of expectation, the expected numbes-ofiques
in Gis (2)p'°. Solving for (3)p'® = 1 yieldsp'® = ©(1/n), sop = ©(1/y/n).

(b) Fix any unordered pair of disjoint subsets3ofertices; there aré (%) ("5*) choices. The probability 4pts
that this induces & 3 is p°(1 — p)®. Hence, the expected numbers§ 3 is £ (3) ("3%)p”(1 — p)°.
Setting this quantity td yieldsp”(1 — p)® = ©(1/n5), which solves tg = ©(1/n%/3).

(c) Fix an ordered sequence ofvertices; there aré(n — 1)! choices (because we may always assumpts
that the first vertex is fixed, and each order is equivalertisteeversal). The probability this induces a

Hamiltonian cycle i®™. Hence, the expected number of Hamiltonian cycl&}(hs— 1)!I'- p". Setting
this quantity tol yieldsp = ©(1/n), using the boundén/e)” < n! < n".

(&) The expected number of edge%jm(n —1)=8(n—1). 1pt

(b) Clearly, we may write the r.vX for the number of edges & as the sum O%n(n — 1) independent 2pts
0-1 r.v.'s (one for each edge). Applying the Chernoff bound witk- 8(n — 1) andd = %, we obtain
Pr[X > 10(n — 1)] < e~ (1/4?8(=1)/3 — 2-2(n) HencePr[X < 10(n — 1)] > 1 — 2= and the
required inequality follows.

(c) Letr be the number of red vertices in the coloring. Then the nunolbgrairs of vertices of the 3pts
same color i) + (","). LetY be the r.v. for the number of violated edgestin Then, E[Y] =
p((5) + ("37)) > 2p("}%) = 4(n — 2) (assuming thak is even to avoid messy rounding details).
Again, Y can be written as a sum of of independént r.v.s Applying the Chernoff bound with
= 4(n —2) ands = 3, we obtainPr[y’ < n — 2] < e~ (/974(=21/2 — =9(n=2)/8 The required
result now follows.



(d)

(e)

(f)

(9)

There ar@™ different ways to color the graph. By part (c) and a union lgbower colorings, we have2pts

Pr¢[3 an assignment of colors 6 with < n — 2 violated edges< 2" - ¢~5("=2) <

ENT,

When an assignment has— 1 violated edges, then removing any- 2 edges still leaves at least one
violated edge. Since with probability % every assignment has n — 1 violated edges, we see that if
we remove any: — 2 edges of there is still no valid 2-coloring.

Fix a sequence df distinct verticesvq, ..., v, in G. The probability (ovel&) that (vq,...,v;) isa 3pts
cycle inG is p*. There are at most* sequences of distinct vertices, and for each such sequence, we
may assign an indicator variable that tells us whether itesponds to &-cycle inG. By linearity of
expectation, the expected numberetycles inG is at most* - p* = 16*.

1
5 logn

The expected number of cycles of length at mbkig n is bounded by 7" 16* < 165 logntl —
16+/7.

By Markov’s inequality, with probability at least/4 (over G), G has at mos64,/n cycles of length 2pts
at most% logn. We may delete an edge from each of these cycles, therebyimgnat most64/n
edges.

Taking a union bound, we know that for all sufficientlygar, with probability at Ieasl/2—2‘9(”) > 3pts
0 over G from G, 16/, G satisfies the properties in parts (b), (d) and (f) simultasgo This means
that by deleting at most4/n edges fronz, we obtain a grapli=’ with the following properties:

— the induced subgraph on any subseg adg n vertices ofG’ is 2-colorable (by part (f));

— G’ has at most0(n — 1) edges (by part (b));

— @ is not 2-colorable even if we delete any— 2 — 64,/n edges (by part (d); note that we may
have already deleteglt/n edges front7 itself in part (f)).

Finally, note that for sufficiently large we have (very crudelyy — 2 — 64\/n > %(n — 1), so the
number of edges we can delete is at least a 0.05 fraction @&dbes of7 (and thus also of:’). Thus
G’ is the required graphy,,, and we have verified the existence@fby the probabilistic method.



