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CS—174 Combinatorics & Discrete Probability, Spring 2007

Homework 9 Solutions

Note: These solutions are not necessarily model answetheR#hey are designed to be tutorial in nature,
and sometimes contain a little more explanation than anlideltion. Also, bear in mind that there may
be more than one correct solution. The maximum total numbpoints available is 50.
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The stationary distribution i€.2346 0.3048 0.2631 0.1975) (to 4 decimal places), by solving for3pts

P = .

(100 0)P* = (0.4014 0.2300 0.2702 0.0984). Hence, the probability of being in stateafter4 steps 3pts
if the chain begins at stateis 0.0984.

(111 1)P* = 2(0.9221 1.2060 1.0482 0.8237). Hence, the probability of being in staleafter 3pts
4 steps if the chain begins with the uniform distributior8237,/40000 ~ 0.2059. (Note that this is
fairly close to the probability of being in stasden the stationary distribution.)

It follows from the coupon collecting problem that fot a) C,,(G) = ©(nlogn). (We are trying to 2pts
hit all the vertices, and at each step, we hit each vertex agtil probability, except for the minor
detail that we never hit the same vertex twice in successtds.easy to check that this small change
makes no difference to the asymptotics of coupon collegting

The lollipop graph has vertices and)(n?) edges, so by the general bound in MU, Lemma 7.16, tbyats
cover time is bounded above B(|V| - |E|) = O(n?).

We know from the analysis of random walk on the line graigh( page 158) thafl, , = ©(n?), so 5pts
we have the lower bound,(G) = Q(n?). (Note that the existence of the clique is irrelevant ui t
walk reaches for the first time.) For the upper bound, the same observagidsmus that the expected
number of steps to reachfrom b (and thus along the way to visit all the vertices on the “Jai$’
O(n2); to complete the upper bound, we need to show that the walkirgl ata, will visit all vertices

of the clique in expected time at ma8{n»?). Starting at, with probabilityni/2 the walk moves right

onto the tail, in which case the time is still bounded by therall cover timeC(G) = O(n?). With

probability "22/51 the walk moves left onto the clique. At this point, we couldedially use the
©(nlogn) cover time fork, , from part (a), with the following caveat: every time the waiks a,
there is a small chance that it will make an excursion ontaaile However, inO(nlogn) steps on
the clique the expected number of times the walk &its only O(log ), and whenever this happens,
with probabilityni/2 it makes an expecte@d(n?) steps on the tail before returningdoPutting all this

together, we get

n/2—1
n/2

1
Cb(G) < Hb,a + —C(G) +

7 (O(nlogn)+ O(logn) - 5 O(n?)) = O(n?).

HenceCy,(G) = O©(n?), as required.

As in part (c), we consider the two cases for the first stapewalk starting at: 6pts

e Conditioned on the walk moving right at(which occurs with probabilit%), then with proba-

bility at leastl — % the walk will reachz again before reaching This follows from the Gambler’s
Ruin Problem (as discussed in lecture and section; see dlsdSction 7.2.1): this is the prob-
ability that the first player wins in a fair gambling situatidbetween two players whose initial
capitals are; — 1 dollars andl dollar respectively. The walk will then take anothiéy ;, steps to
get tob. Hence, conditioned on moving right @t the expected number of steps to reaadh at

least(1 — 2)H,,.



e Conditioned on the walk moving left at(which occurs with probability’f/—gl), then it will take
an expectedl(n) steps within the clique before returning éo This follows from looking at a
geometric distribution with meag/zl—_l, which is the probability of reaching from any vertex
on the cligue in one step. Hence, conditioned on moving leit the expected number of steps
to reachb is at leastH,, ;, + (n).

Combing the two cases, we obtain

1 2 n/2 -1 4 n/2 -1
Hoyp>—=(1——=)Hop+——(Hap + 9 =H,p— —Hop+ ———
b = n/2( n) bt n/ ( bt (n)> b g2 tieb + n/2

as required. Rearranging the terms yielggHavb > Q(n) and thusH, ;, = Q(n?).

Q(”)?

(e) Clearly,C(Ly) > H,;, = Q(n®) (using part (d)). Combined with the upper bound from part by 1pt

(f)

@

givesC(L,) = ©(n?).

False. For a counterexample, taketo be the lollipop graph, an@’ to be the complete graph on 2pts
vertices. The®(nlogn) = C(G') < C(G) = O(n?).

False. Take? to be the line graph on vertices, and>’ to be the lollipop graph. The®(n?) = 2pts
C(G") > C(GQ) = O(n?).

(a) To see that the process is irreducible, note that fromcangiguration we can reach a configuratio8pts

(b)

()

(@)

(b)

()

in which all thek particles sit consecutively on the cycle (by successivadying particles clockwise
until they hit the next particle around the cycle). By a synmnimal argument, we can then reach any
other configuration from this configuration.

The process is aperiodic because some of the configusakiave self-loops (i.e., have a non-zepts
probability of not changing in one step). These are any cardigons in which two or more particles
sit consecutively on the cycle.

We claim that the stationary distribution (which by gafa) and (b) and the Fundamental Theorefipts
(MU, Theorem 7.7) must be unique) is the uniform distribataver all (}) configurations. To verify
this, fix any configuratiorr. Let g be the number of (maximal) consecutive groups of particies. i
Then the number of (non-self-loop) transitions out-a$ exactlyg (one for each group, corresponding
to the “head” particle of the group moving clockwise one ste@imilarly, the number of (non-self-
loop) transitionsinto ¢ is alsog (corresponding to the “tail” particle of each group havingvad
clockwise one step to its present position). Since all themesitions have the same probabili%y
(and since self-loops contribute the same transition goidibainto and out ofo), it follows that the
sum of transition probabilities inte is equal to the sum of transition probabilities outogfwhich is
exactly 1. This means that the Markov chain is “doubly ststibg so as we saw in class its stationary
distribution must be uniform.

Fix X;,Y;. Suppose the positions of catdh X; andY; are;j andj’ respectively. Then only the cardSpts
in positionsi, 7, ;' may be affected by the move. jf= 5/, then clearlyd; remains unchanged. If

j # 7', then the move creates a new matched card (namelycardosition:). At the same time, we
may lose at most one existing match (from the cards that gresition: before the move). Henceé;

never increases with

d; decreases (by at least 1) precisely when there is no matas#iom: andthe carde is not already 3pts
matched up. The probability that we pick a positiomhose cards differ idk; andY; is %. Similarly,

this is also the probability that we pick a carthat is unmatched. Since these events are independent,
the probability thatl; decreases i6% )2

If the distance isi;, then by part (b) the time untd; decreases is a geometric r.v. with parametgpts
(4)2, so its expectation i67-). Hence, the expected number of stépsintil X, = Y7 is at most

2
St (@) <P = Tt



(d) Applying Markov’s inequality to the statement from péd}, we deduce that for any choice of initiaBpts
statesXy, Yy, the probability that starting fronX, Yy we take more than‘ifg—2 steps untilX; = Yr is

at moste; i.e., forT = @ we havePr[ X # Yr| Xy, Yp] < e. Hence, by the Coupling Lemma (MU,
Lemma 11.2), the mixing time is bounded bf) < <.

5. [Optional: not graded] My strategy is simply to perform exactly the same procedsrgaau, except that | Opts
start with some arbitrary card (say, the first card). The Keseovation is that if our two cards should ever
coincide, then our two processes will remain identical btugilire times, and thus | will identify your card
correctly. Now each time | finish a count and look at the neasth@lom) card, there is a positive probability
that its value will bed, the remainder of your current count. Thus if we were to cumdithis process
indefinitely (with an infinite deck), coupling would occur fimite time with probability 1. In the finite
setting, with 52 cards and ten choices for the first cardymswut that there is a pretty good chance (around
70%) that coupling will have occurred before the end of thekde reached. This can be a fun trick to try on
friends; the fact that you sometimes lose gives them an tiveeto keep trying to win. The precise success
probability for this trick is still an open problem; thoségrested in reading the state of the art on it may refer
to “The Kruskal Count,” by J. Lagarias, E. Rains and R.J. \éihdi, http://arxiv.org/abs/math/0110143.



