
CS271 Randomness & Computation, Fall 2022

Problem Set 1

Out: 6 Sep.; Due: 16 Sep.

Notes: Solutions are due by 5pm on Friday Sep 16. Please submit your solutions on Gradescope by that time;
details for Gradescope submission will be posted on the website. Late solutions will not be accepted. Solutions should
preferably be typeset in LATEX; if this poses a problem then they may be written neatly by hand and scanned. Depending
on grading resources, we reserve the right to grade only a subset of the problems and check off the rest (but since you
don’t know which subset, you’re strongly advised to do all of them!).

Take time to write clear and concise answers. None of the problems require a long solution (often not much longer
than the problem statement itself!); if you find yourself writing a lot, you are either on the wrong track, confused, or
giving too much detail. You are actively encouraged to form small groups (two or three people) to work through the
problems, but you must always write up your solutions on your own. If you use external sources, you should cite
them; and again, you must understand and formulate your solutions yourself.

1. Testing commutativity in groups
Let G be a finite group. In this question we consider the problem of determining whether G is abelian, i.e.,
whether all elements commute (x ◦ y = y ◦ x for all x, y ∈ G). We assume that G is presented to us as a set
of generators, {g1, g2, . . . , gk} (i.e., every element of G can be written as a product of various gi) together
with a black box that returns any desired product gi ◦ gj in unit time. Clearly we can test whether G is
abelian in O(k2) time by simply checking if gi ◦ gj = gj ◦ gi for all i, j. We will now see a randomized
algorithm that runs in O(k) time and is correct with high probability.

The algorithm makes use of a random product h = gb1
1 ◦gb2

2 ◦· · ·◦gbk
k , where the bi ∈ {0, 1} are independent

fair coin flips. (Thus a random product is a product of a random subset of the generators, in fixed order.)
Here is the algorithm:

1. let h, h′ be two independent random products

2. if h ◦ h′ 6= h′ ◦ h then output “G is not abelian” else output “G is probably abelian”

Plainly this algorithm runs in O(k) time, and is always correct when G is abelian. So all that is left is to
prove that the error probability is bounded when G is not abelian.

(a) Suppose H is any proper subgroup of G. For a random product h, show that Pr[h /∈ H] ≥ 1
2 . [HINT:

Be careful to avod a common pitfall: the fact that gi /∈ H does not imply that any product that includes
gi is not in H .]

(b) Deduce from part (a) that, when G is not abelian, the above algorithm reports a correct answer with
probability at least 1

4 . [HINT: Let Z be the set of elements of G that commute with all elements of G.
Then Z is always a subgroup of G (called the center of G). Moreover, for any element a of G, the set
C(a) of elements that commute with a is also a subgroup (called the centralizer of a).]

2. Perfect matchings in non-bipartite graphs
Recall the algorithm discussed in Lecture 2 for testing the existence of a perfect matching in a bipartite
graph. In this problem we consider how to extend this idea to non-bipartite graphs. Let G = (V,E) be a
(not necessarily bipartite) graph with n vertices (n even), and define the Tutte matrix AG = (aij) by

aij =


xij if (i, j) ∈ E and i < j;
−xji if (i, j) ∈ E and i > j;
0 otherwise,

where the xij are distinct indeterminates.



(a) Prove carefully that G contains a perfect matching iff det(AG) 6≡ 0. (Note that this immediately
extends the algorithm from Lecture 2.)

(b) Explain briefly how to extend the parallel algorithm for finding a perfect matching, discussed in Lec-
ture 2, to this more general setting.

3. Identity testing for circuits
An arithmetic circuit is a directed acyclic graph whose sources (nodes with no incoming edges) are labeled
with integers or variables xi and whose other nodes have indegree two and are labeled with arithmetic
operations + and ×. Nodes may have arbitrarily many outgoing edges, including multiple (double) edges
to the same node. There is a single sink node, called the output node. The size of the circuit is the number
of nodes it contains.

An arithmetic circuit C computes, in the obvious way, a polynomial fC(x1, . . . , xn) of its variables. This
question concerns the problem of testing whether two circuits compute the same polynomial. We would like
to solve this problem in time polynomial in the sizes of the circuits.

(a) Prove by induction that, for a circuit C of size s, the degree of the polynomial fC is at most 2s−1.
Show also that this bound is tight, by giving a simple family of circuits of each size s that compute
polynomials of degree 2s−1.

(b) Describe and analyze a randomized algorithm that, given two circuits C,C ′, determines whether the
polynomials fC , fC′ are identical. Your algorithm should run in time polynomial in the sizes of C,C ′,
and should have one-sided error probability of at most 1

2 . [HINT: Be sure to specify how the necessary
computations are performed, and to carefully quantify the sizes of the numbers that appear in your
algorithm!]

4. A certificate for primality
Let PRIMES denote the set of integers that are prime, and COMPOSITES its complement. The Miller-Rabin
algorithm discussed in class gives a certificate for COMPOSITES, i.e., a polynomial time computable witness
test for n such that any a ∈ Z∗

n passing the test proves that n is composite, and every composite n has at
least one witness. (In fact it goes much further by proving that at least half of the possible a’s are witnesses.)
In this question we develop an analogous certificate for PRIMES. [NOTE: For the purposes of this question,
you should not assume the existence of polynomial time deterministic primality tests: of course, the fact
that PRIMES ∈ P trivially implies the existence of certificates for both PRIMES and COMPOSITES, but these
are not very useful in practice.]

(a) Prove the following “almost converse” of Fermat’s Little Theorem:

Let n− 1 =
∏

i p
αi
i be the prime factorization of n− 1, and suppose there exists an integer 1 < a < n

such that the following two conditions hold:

(i) an−1 = 1 mod n;
(ii) a(n−1)/pi 6= 1 mod n for all i.

Then n is prime.

(b) Use part (a) to construct a certificate for PRIMES. [HINT: Recall that, as stated above, you should not
assume that the prime factorization of n−1 can be checked in polynomial time. You may want to apply
part (a) recursively. Be sure to bound the number of log n-bit numbers appearing in your certificate.]

(c) Why does part (b) not immediately lead to an efficient randomized algorithm for PRIMES, with one-
sided error only on primes (in contrast to Miller-Rabin, which errs only on composites)?

[continued overleaf...]



5. Generating random factored integers
In cryptographic applications we often need to generate a random integer r ∈ {1, . . . , n} together with
the factorization of r. Note that the obvious method of just generating r uniformly at random and then
factoring r is not useful because we do not know how to factor integers (even with the aid of randomization)
in polynomial time. Here is a mysterious and remarkably simple algorithm for this problem:

1. generate a sequence of integers n ≥ s1 ≥ s2 ≥ · · · ≥ s` = 1 by choosing
s1 ∈ {1, . . . , n} u.a.r. and si−1 ∈ {1, . . . , si} u.a.r. until 1 is reached

2. let r be the product of the si that are prime

3. if r ≤ n then output r with probability r/n else fail

(a) In preparation for analyzing the algorithm, consider the following scheme for generating a random r ∈
{1, . . . , n} using coins c1, c2, . . . , cn, where Pr[ci comes up Heads] = 1/i. Flip coins cn, cn−1, cn−2, . . .
in sequence until the first Heads appears; if this happens on coin ci then output r = i. Show that this
scheme generates r ∈ {1, . . . , n} u.a.r.

(b) Now suppose we represent the sequence (si) generated by the algorithm as a vector (m1, . . . ,mn),
where mj is the number of times the number j occurs in the sequence. (For example, if n = 10 and
the sequence is s1 = 8, s2 = 5, s3 = 5, s4 = 1 then the vector would be (1, 0, 0, 0, 2, 0, 0, 1, 0, 0).)
Show that the probability of generating the sequence (si) is given by

n∏
j=2

(
1
j

)mj
(

1− 1
j

)
.

[HINT: Use part (a)!]

(c) Deduce from part (b) that the algorithm outputs each r ∈ {1, . . . , n} with equal probability αn/n,
where αn =

∏
p(1 − 1/p) and the product is over all primes p ≤ n. [NOTE: Avoid handwaving

arguments and heavy calculations! Think carefully about part (b).]

(d) A standard theorem from number theory says that α−1
n ∼ 1.8 ln n. Suppose we repeat the algorithm

until it outputs some r. What is the expected number of trials needed?

(e) The running time of each trial of the algorithm is dominated by the time to test the sequence (si) for
primality. Show that the expected number of primality tests performed in one trial is the harmonic
number Hn = 1 + 1/2 + . . . + 1/n ∼ lnn + Θ(1).

(f) Deduce from parts (d) and (e) that the expected number of primality tests performed before an output
is obtained is O(log2 n). [NOTE: Be sure to justify any manipulations you perform on expectations:
you might find Wald’s equation helpful.]


