
CS271 Randomness & Computation Fall 2022

Lecture 5: September 8
Instructor: Alistair Sinclair

Disclaimer: These notes have not been subjected to the usual scrutiny accorded to formal publications. They
may be distributed outside this class only with the permission of the Instructor.

5.1 Some more sophisticated examples

In the previous lecture, we saw several elementary examples of the probabilistic method in which we simply
constructed an object at random (a 2-coloring, a truth assignment etc.) and then argued that it has the
desired property with non-zero probability. In this section we look at some more sophisticated examples in
which the randomized construction is supplemented by a deterministic procedure to ensure that the desired
property exists. This technique is sometimes known as “sample and modify.”

5.1.1 Unbalancing lights

Consider a square n× n array of lights (see Figure 5.1). There is one switch corresponding to each row and
each column (i.e., 2n switches). Throwing a switch changes the state of all the lights in the corresponding
row or column. Our goal is to set the switches so as to maximize the number of lights that are on, starting
from an arbitrary initial on/off configuration of the lights.

Light

Switch

Figure 5.1: A 4× 4 array of lights with switches.

Note first that, if we set all the switches independently and uniformly at random, then each light is on
with probability 1

2 and the states of the lights are pairwise indepedent. (Exercise: check this!) So if the
random variable X denotes the number of lights that are on, the expectation E[X] = n2

2 and the variance
Var[X] = Θ(n2). (Since the lights are pairwise independent, the variance is the same as that of the sum
of n2 independent Bernoulli trials.) Hence the difference |#on −#off| must take on a value Ω(n), so there
exists a setting of the switches that achieves n2

2 + Ω(n) lights on. (Note that we can always ensure that at
least half are on simply by flipping all the row switches if necessary.)

Here is an argument using the probabilistic method that it is always possible to get a much better advantage.
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Claim: For any initial configuration of the lights, there exists a setting of the switches for which the number

of lights that are on is asymptotically at least n2

2 +
√

1
2π · n

3/2 as n →∞.

Proof: We first set the column switches randomly and independently. Define the indicator random variable
Xij as

Xij =
{

1 if light (i,j) is on
−1 if light (i,j) is off

We now look at row i. Let Zi =
∑

j Xij . Note that, as a result of our random flipping of the column switches,
Xi1, Xi2,. . . , Xin are iid uniform on {±1} and hence the random variable Zi is the sum of n independent

Bernoulli trials with outcomes ±1. Therefore, E[|Zi|] ∼
√

2
π ·
√

n.1

Finally, for each row i, we set the row switch to get the majority of lights on. (This is the deterministic
intervention referred to above.) By linearity of expectation,

E[#on−#off] =
∑

i

E[|Zi|] ∼
√

2
π
· n3/2.

Hence there must exist some setting of switches that achieves at least this difference, and hence at least
n2

2 +
√

1
2π · n

3/2 lights on (as n →∞).

Exercise: Use the above result to prove that, given any n× n matrix A all of whose entries are ±1, there

exist n-vectors x, y so that xTAy ≥ n2

2 +
√

1
2π + o(1) · n3/2.

5.1.2 Graphs with large girth and chromatic number

Let G = (V,E) be a graph with vertex set V and edge set E. The girth of G is the length of the shortest
cycle in G. The chromatic number of G is the minimum number of colors to properly color the vertices of
G (i.e., so that no two adjacent vertices receive the same color).

One may expect that a graph with large girth should have a small chromatic number, but it turns out that
this is not the case. A classical result of Erdős shows that there exist graphs for which both the girth and
chromatic number are arbitrarily large, provided the number of vertices is sufficiently large [E59]. The proof
is another application of the probabilistic method that combines a random construction with deterministic
modification.

Theorem 5.1 For any positive integers k, `, there exists a graph with girth ≥ ` and chromatic number ≥ k.

Proof: Pick a random graph G from Gn,p, where n is the number of vertices and each of the
(
n
2

)
possible

edges is included independently with probability p. We will choose the value p = n1/`−1. (Note that the
resulting graphs are rather sparse; the expected number of edges is on the order of n1+1/`.)

Let X be the number of cycles of length < ` in G. First observe that the number of possible cycles of length
i is (

n

i

)
· i!
2i

1This is a standard result about the positive part of the binomial distribution; it is equivalent to saying that the expected

distance traveled from the origin in n steps of a symmetric random walk with reflecting barrier at 0 is
q

2
π
·
√

n.
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since for every subset of size i of the n vertices, there are i!
2i possible cycles (direction and starting position

do not matter). Note that a path is only present if all the corresponding edges are present, which happens
with probability pi for each possible cycle. Thus,

E[X] =
`−1∑
i=3

(
n

i

)
· i!
2i
· pi

≤
`−1∑
i=3

ni/`

2i
(5.1)

= o(n) ,

where (5.1) follows from the fact that
(
n
i

)
· i! ≤ ni and nipi = nini/`−i = ni/`. Thus, by Markov’s inequality,

Pr[X ≥ n/2] = o(1) .

Hence the probability that G contains n/2 cycles of length ` or more goes to zero.

Turning now to the chromatic number, note that the number of colors needed to properly color a graph can
be lower bounded as

# colors ≥ # vertices
max. independent set size

since the set of vertices that receive any given color must form an independent set.

Let Y be the size of a maximum independent set in G. Then by a union bound,

Pr[Y ≥ y] ≤
(

n

y

)
· (1− p)(

y
2)

≤
(
n · e−p(y−1)/2

)y

, (5.2)

= o(1) if we set y =
3
p

lnn

where (5.2) follows from
(
n
y

)
≤ ny and the inequality 1 + x ≤ ex.

Putting the above two calculations together, by taking n large enough we can ensure that the probabilities
Pr[X ≥ n/2] and Pr[Y ≥ 3

p lnn] are both less than 1
2 , so by a union bound there must exist a graph G with

the following properties:

1. G has ≤ n
2 cycles of length < `;

2. G has maximum independent set size < 3
p lnn.

Finally, we can remove from G one vertex from every cycle of length `, resulting in a graph G′ with the
following properties:

1. G′ has girth ≥ `;

2. G′ has ≥ n
2 vertices;

3. G′ has maximum independent set size < 3
p lnn.

(Note that removing vertices from G can only decrease the size of the maximum independent set.) Hence,
G′ has chromatic number ≥ n/2

3
p ln n

= n1/`

6 ln n →∞ as n →∞. So again by taking n large enough we can make

this at least k, as desired.
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5.2 Monotone circuits for the majority function

Our final example of the basic probabilistic method is an illustration of the power of a simple randomized
construction with a very clever analysis.

A Boolean circuit computes a function f : {0, 1}n → {0, 1}. It has n inputs {x1, . . . , xn} and one output.
All gates have two inputs, but may have arbitrary fan-out. Each gate can compute any of the 16 two-input
functions. The size of the circuit is the number of gates, and the depth is the length of a longest path from
an input to the output.

Claim 5.2 Almost all n-input Boolean functions require circuits of size at least 2n/2n.

Proof: (sketch) Let N(S) be the number of circuits of size S. To bound N(S), note that each gate has two
possible inputs and 16 functions, so there are 16S2 choices for a single gate, and the number of circuits is
N(S) ≤ (16S2)S . There are 22n

different functions with n inputs. A straightforward calculation (exercise!)
shows that if S < 2n/2n, then N(S)/22n → 0 as n →∞.

In this section we are interested in designing small size/small depth circuits for the majority function, defined
(for n odd, to avoid fencepost issues) as

Maj(x1, · · · , xn) =
{

1 if |{i : xi = 1}| > n
2

0 otherwise

It is straightforward to construct a boolean circuit for majority that has O(n) gates and depth O(log n) (by
summing the n input values and comparing the result with n

2 ). However, we are interested in a restricted
type of circuits known as monotone circuits, whose gates compute only monotone functions (such as AND
and OR, but not NOT). A function f : {0, 1}n → {0, 1} is said to be monotone if:

f(x1, · · · , xn) = 1 and ∀i yi ≥ xi ⇒ f(y1, · · · , yn) = 1

In words, flipping an input bit from 0 to 1 cannot make the function value decrease. Note that the majority
function is monotone. Obviously, monotone circuits can compute only monotone functions.

Why are people interested in monotone circuits? Lower bounds on circuit complexity have been the focus of
a major research effort in the attempt to prove the separation of important complexity classes. In particular,
showing that some function in NP requires circuits of super-polynomial size would imply P 6= NP. However,
so far no super-linear lower bound on circuit complexity for any function in NP has been obtained! By
restricting the circuits to be monotone, however, an exponential lower bound for the CLIQUE function was
proved in a breakthrough by Razborov [R86]. (The CLIQUE function is NP-hard and monotone.) Despite
the initial promise offered by this and related results for restricted classes of circuits, it has unfortunately
been impossible so far to extend such lower bounds to general circuits.

Our goal here is to use the probabilistic method to prove the following theorem of Valiant [V84].

Theorem 5.3 There exists a monotone circuit for the majority function of size poly(n) and depth O(log n).

Proof: We will think of the random circuits we are going to construct as built exclusively of Maj3 gates,
that is, gates with fan-in three and unbounded fan-out, which compute the majority function on their three
inputs. Because each of these gates can be constructed from four binary AND, OR gates (exercise!), this
simplification does not affect the asymptotic size and depth of the circuit. The circuit we construct consists
of a full ternary tree of depth D = k log n, the nodes of which are all Maj3 gates, for some constant k that
will be specified later. Each leaf of the tree is connected to three inputs. The randomness appears in the way
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level 1

level D!1

level D

level 0

Figure 5.2: Random circuit C.

inputs and leaves are connected: each leaf gate independently picks three inputs independently and u.a.r.
(with replacement) from among all n inputs to the circuit. This completes the description of our random
circuit C (see Figure 5.2). Notice that C always has size poly(n) and depth O(log n).

Now fix an input x = (x1, · · · , xn). For our goal, it is sufficient to prove that the probability that circuit C
does not compute the majority function on x is at most 2−(n+1). By the union bound, this then implies that
with probability at least 1

2 , C computes the majority function on all inputs x, and hence is a valid circuit
for majority.

Notice now that, by the symmetry of our construction, all the gates at any given level t must have an
identical probability distribution on their outputs, so that we can define:

pt := Pr[gate at level t outputs 1].

Moreover, a given gate outputs 1 iff at least two of its three inputs are 1, leading to the following recurrence
for all t ≥ 0:

pt+1 = f(pt) = 3p2
t (1− pt) + p3

t .

The gates at level 0 are the input gates, whose destinations are chosen u.a.r., so we have the base cases:

Maj(x1, · · · , xn) = 1 ⇒ p0 ≥
n + 1
2n

=
1
2

+
1
2n

;

Maj(x1, · · · , xn) = 0 ⇒ p0 ≤
n− 1
2n

=
1
2
− 1

2n
.

The above recurrence is plotted in Figure 5.3 against the line pt+1 = pt. It is clear that there are three fixed
points: 0,1 and 1

2 . The fixed point 1
2 is unstable, while for any p0 < 1

2 the recurrence converges to 0, and for
any p0 > 1

2 it converges to 1 (see the “trajectories” shown on the figure). This means that the output bias
of the gates is amplified at each level of the tree. Our goal is to show that the initial small bias (of only 1

2n )
gets amplified to 1

2 − 2−(n+1) in only O(log n) levels.

It is sufficient to establish the following claim:

Claim 5.4 For some large enough constant k and t = k log n:

Maj(x1, · · · , xn) = 1 ⇒ pt ≥ 1− 2−(n+1);
Maj(x1, · · · , xn) = 0 ⇒ pt ≤ 2−(n+1).
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Figure 5.3: Convergence of the recurrence relation.

We will prove the first part of the claim only; the second part follows by the symmetry of the recurrence
about p = 1

2 . So assume p0 ≥ 1
2 + 1

2n .

First, we rewrite the recurrence in the form

pt+1 − pt = 3p2
t − 2p3

t − pt = pt(1− pt)(2pt − 1).

We will prove the first part of the claim in two phases. In the first phase, we will upper-bound the circuit
height t0 such that pt0 ≥ 3

4 . In the second phase, we will upper-bound the circuit height t1 + t0 such that
pt1+t0 ≥ 1− 2−(n+1).

Phase 1: 1
2 + 1

2n ≤ pt ≤ 3
4 . Define εt = pt − 1

2 to obtain:

εt+1 − εt = (
1
2

+ εt)(
1
2
− εt)2εt = εt

(
1
2
− 2ε2t

)
But εt ≤ 1

4 , so that εt+1 − εt ≥ 3
8εt, which implies:

εt+1 ≥
11
8

εt.

This, together with ε0 ≥ 1
2n , ensures that εt0 ≥ 1

4 for t0 = c log n, for some constant c. In words, the
difference between pt and 1

2 increases by (at least) a fixed constant factor at every level of the recursion, so
that after O(log n) steps pt reaches 3

4 .

Phase 2: pt ≥ 3
4 . Define δt = 1− pt to obtain:

δt − δt+1 = (1− δt)δt(1− 2δt) = δt(1− 3δt + 2δ2
t ),

or equivalently

δt+1 = 3δ2
t − 2δ3

t ≤ 3δ2
t ≤ (3δt)2.

Together with δt0 ≤ 1
4 , this implies:

δt+t0 ≤ (3δt0)
2t

≤
(

3
4

)2t
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which, for a large enough constant c′ and t = t1 = c′ log n, is at most 2−(n+1). Hence:

pt1+t0 = p(c+c′) log n ≤ 2−(n+1)

as required for the claim, with k = c′ + c.
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[E59] P. Erdős, “Graph Theory and Probability,” Canad. J. Math 11 (1959), pp. 34–38.

[R86] A.A. Razborov, “Lower bounds on the monotone complexity of Boolean functions,” Proceed-
ings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley, CA, 1986), pp. 1478–
1487.

[V84] L.G. Valiant, “Short monotone formulae for the majority function,” Journal of Algorithms 5
(1984), pp. 363–366.


