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Abstract

The sequential importance sampling (SIS) algorithm has gaied considerable popularity for
its empirical success. One of its noted applications is to th binary contingency tables problem,
an important problem in statistics, where the goal is to estimate the number of 0=1 matrices
with prescribed row and column sums. We give a family of examiges in which the SIS procedure,
if run for any subexponential number of trials, will underestimate the number of tables by an
exponential factor. This result holds for any of the usual design choices in the SIS algorithm,
namely the ordering of the columns and rows. These are appandly the rst theoretical results on
the e ciency of the SIS algorithm for binary contingency tab les. Finally, we present experimental
evidence that the SIS algorithm is e cient for row and column sums that are regular. Our work

is a rst step in determining the class of inputs for which SIS is e ective.
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1 Introduction

Sequential importance sampling is a widely-used approachof randomly sampling from complex
distributions. It has been applied in a variety of elds, such as protein folding [6], population
genetics [3], and signal processing [5]. Binary contingegdables is an application where the virtues

of sequential importance sampling have been especially Higjghted; see Chen et al. [2]. This is

c=(cyiiiC), let = r.c denote the set ofm n 0/1 tables with row sums r and column sums
c. Our focus is on algorithms for sampling (almost) uniformly at random from , or estimating | j.
Sequential importance sampling (SIS) has several purportd advantages over the more classical

Markov chain Monte Carlo (MCMC) method, such as:

Speed: Chen et al. [2] claim that SIS is faster than MCMC algorithms. However, we present a simple
example where SIS requires exponential (im;m) time. In contrast, a MCMC algorithm was
presented in [4, 1] which is guaranteed to require at most tine polynomial in n;m for every

input.

Convergence Diagnostic:  One of the di culties in MCMC algorithms is determining when the
Markov chain of interest has reached the stationary distribution, in the absence of analytical
bounds on the mixing time. SIS seemingly avoids such complations since its output is guar-
anteed to be an unbiased estimator off j. Unfortunately, it is unclear how many estimates
from SIS are needed before we have a guaranteed close approgtion of j j. In our example
for which SIS requires exponential time, the estimator appars to converge, but it converges to

a quantity that is o from | j by an exponential factor.

Before formally stating our results, we detail the sequental importance sampling approach for con-
tingency tables, following [2]. The general importance sarmpling paradigm involves sampling from an
“easy' distribution over that is, ideally, close to the uniform distribution. A t every round, the

algorithm outputs a table T along with (T ). Since for any whose supportis we have

E[l= (M1=1] I



we take many trials of the algorithm and output the average of1= (T) as our estimate ofj j. More

— lx 1 .
Xy = Tmy (1)

One typically uses a heuristic to determine how many trialst are needed until the estimator has
converged to the desired quantity.

The sequential importance sampling algorithm of Chen et al.[2] constructs the table T in a
column-by-column manner. It is not clear how to order the coumns optimally, but this will not

concern us as our negative results will hold for any orderingf the columns. Suppose the procedure

assignments in the rstj 1 columns.

The procedure of Chen et al. chooses colump from the correct probability distribution con-

o (2)

wheren®= n j +1. If no valid assignment is possible for thej-th column, then the procedure
restarts from the beginning with the rst column (and sets 1= (T;) = 0 in (1) for this trial).
Sampling from the above distribution over assignments for olumn j can be done e ciently by

dynamic programming.

Remark 1. Chen et al. devised a more subtle procedure which guaranteizat there will always
be a suitable assignment of every column. We do not describhig interesting modi cation of the

procedure, as the two procedures are equivalent for the inpinstances which we discuss in this paper.

We now state our negative result. This is a simple family of emamples where the SIS algorithm
will grossly underestimatej j unless the number of trialst is exponentially large. Our examples will

have the form (1;1;:::;1;d;) for row sums and (% 1;:::;1;d.) for column sums, where the number
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of rows ism + 1, the number of columns isn + 1, and we require that m+ d, = n+ d..

Theorem 2. Let > 0; 2 (0;1) be constants satisfying 6 and consider the input instances
r=(;%:::;5;bmc),c=(1;1;:::;1,bmc) with m+ 1 rows. Fix any order of columns (or rows,
if sequential importance sampling constructs tables rowybrow) and let X; be the random variable
representing the estimate of the SIS procedure after trials of the algorithm. There exist constants
s1 2 (0;1) and sp > 1 such that for every su ciently large m and for anyt sJ',

j |’;Cj

m
S

Pr X

3sT:

In contrast, note that there are MCMC algorithms which provably run in time polynomial in n
and m for any row/column sums. In particular, the algorithm of Jerrum, Si nclair, and Vigoda [4]
for the permanent of a non-negative matrix yields as a coroliry a polynomial time algorithm for any
row/column sums. More recently, Beakow, Bhatnagar and Vigoda [1] have presented a related sim-
ulated annealing algorithm that works directly with binary contingency tables and has an improved
polynomial running time. We note that, in addition to being f ormally asymptotically faster than
any exponential time algorithm, a polynomial time algorith m has additional theoretical signi cance
in that it (and its analysis) implies non-trivial insight in to the the structure of the problem.

Some caveats are in order here. Firstly, the above results iply only that MCMC outperforms SIS
asymptotically in the worst case for many inputs, SIS may well be much more e cient. Secondly
the rigorous worst case upper bounds on the running time of te above MCMC algorithms are still
far from practical. Chen et al. [2] showed several examples kere SIS outperforms MCMC methods.
We present a more systematic experimental study of the perfonance of SIS, focusing on examples
where all the row and column sums are identical as well as on #\bad" examples from Theorem 2.
Our experiments suggest that SIS is extremely fast on the banced examples, while its performance
on the bad examples con rms our theoretical analysis.

We begin in Section 2 by presenting a few basic lemmas that aresed in the analysis of our
negative example. In Section 3 we present our main example vene SIS is 0 by an exponential
factor, thus proving Theorem 2. Finally, in Section 4 we pregnt some experimental results for SIS

that support our theoretical analysis.



2 Preliminaries

We will continue to let (T) denote the probability that a table T 2 .. is generated by sequential
importance sampling algorithm. We let (T) denote the uniform distribution over , which is the
desired distribution.

Before beginning our main proofs we present two straightfoward technical lemmas which are
used at the end of the proof of the main theorem. The rst lemmaclaims that if a large set of binary
contingency tables gets a very small probability under SISthen SIS is likely to output an estimate

which is not much bigger than the size of the complement of thé set, and hence very small. Let

Lemma 3. Letp 1=2andletA r-c be such that (A) p. Then forany a> 1, and anyt, we
have

Proof. The probability that all t SIS trials are not in A is at least
(1 p'>exp( 2pt) 1 2pt;

where the rst inequality follows from In(1  x) > 2x, valid for 0 < x 1=2, and the second

inequality is the standard exp( x) 1 xforx O.

Ti 2 A for all i. Notice that for a table T constructed by SIS fromA, we have

1 . — J—
E —JT2A =]A]
(T)J 1A

Let F denote the eventthat T; 2 Aforalli,1 i t; hence,
E(XtjF)=jAj:

We can use Markov's inequality to estimate the probability that SIS returns an answer which is

more than a factor of a worse than the expected value, conditioned on the fact that o SIS trial is
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from A:

— 1
Pr X>ajAjjF —:
a
Finally, removing the conditioning we get:

Pr(X  ajAj) Pr X ajAjjF Pr (F)
1
1~ @ 2

1
1 2pt -
P a

O

The second technical lemma shows that if in a row with large sm (linear in m) there exists
a large number of columns (again linear inm) for which the SIS probability of placing a 1 at the
corresponding position di ers signi cantly from the corre ct probability, then in any subexponential

number of trials the SIS estimator will very likely exponentially underestimate the correct answer.

Lemma 4. Let < be positive constants. Consider a class of instances of thénary contingency

tables problem, parameterized byn, with m + 1 row sums, the last of which isbom c. Let A; denote

and a setl of cardinality bm c such that one of the following statements is true:

(i) forevery i 21 and anyA 2 A; 1,
(Am+1;i =1 jA) f<g (Am+1i =1 ] A);
(i) forevery i 21 and anyA 2A; 1,
(Am+1;i =1 jA) f<g (Am+1i =1 ] A):
Then there exists a constantb, 2 (0;1) such that for any constantl < b, < 1=k and any su ciently
large m, for any t 1,

J ri
B

6
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In words, in B} trials of sequential importance sampling, with probability at least 1~ 3(b;lp)™
the output is a number which is at most ab,™ fraction of the total number of corresponding binary

contingency tables.

Proof. We will analyze case (i); the other case follows from analoges arguments. Consider indicator
random variables U; representing the event that the uniform distribution places 1 in the last row of
the i-th column. Similarly, let V; be the corresponding indicator variable for the SIS. The ramlom
variable U; is dependent onU; for j <i andV; is dependent onV; for j <i . However, eachU

is stochastically dominated by Ui0 which has value 1 with probability f, and eachV, stochastically
dominates the random variable V. which takes value 1 with probability g. Moreover, the UP and V,°
are respectively i.i.d.

Now we may use the Cherno bound. Letk = bm c. Then

!
Pr ul  kf =Sk <exp( (g f )2k=8)
i21

and I

X g f

Pr kg V® S5k <exp( (g f)%=8):

i21
Let S be the set of all tables which have less thakf +(g f)k=2=kg (g f)k=2 ones in the last
row of the columns inl. Let by :=exp( (g f)?=16)2 (0;1). Thenexp( (g f)%k=8) b for
m 1= . Thus, by the rst inequality, under uniform distribution o ver all binary contingency tables
the probability of the set S is at least 1 W'. However, by the second inequality, SIS constructs a
table from the set S with probability at most b".

We are ready to use Lemma 3 withA = S and p = B'. Since under uniform distribution the
probability of S is at least 1 B', we have that jA] (1 B")j r.j. Let by 2 (1;1=h) be any
constant and considert B SIS trials. Let a=(bibp) ™. Then, by Lemma 3, with probability at
least1 2pt 1=a 1 3(byb)™ the SIS procedure outputs a value which is at most arab" = b,™

fraction of j |.cj. O



3 Proof of Main Theorem

In this section we prove Theorem 2. Before we analyze the ingdunstances from Theorem 2, we rst

consider the following simpler class of inputs.

The row sums are (1:::;1;d) and the number of rows ism+1. The column sums are (3:::;1) and
the number of columns isn = m + d. We assume that sequential importance sampling constructs
the tables column-by-column. Note that if SIS constructed the tables row-by-row, starting with the
row with sum d, then it would in fact output the correct number of tables exactly. However, in
the next subsection we will use this simpli ed case as a tooln our analysis of the input instances
(Q;:::;L,dr), (1;:::;1;de), for which SIS must necessarily fail regardless of whetheit works row-by-

row or column-by-column, and regardless of the order it choses.

Lemma 5. Let > 0, and consider an input of the form (1;:::;1;bmc);(1;:::;1) with m+ 1
rows. Then there exist constantss; 2 (0;1) and s, > 1, such that for any su ciently large m, with
probability at least 1  3sy", column-wise sequential importance sampling witrs}' trials outputs an
estimate which is at most as,™ fraction of the total number of corresponding binary contirgency
tables. Formally, for anyt sJ',

j I’;Cj

m
S,

Pr X

3sT:

The idea for the proof of the lemma is straightforward. By the symmetry of the column sums,
for large m and d and 2 (0;1) a uniform random table will have about d ones in the rst n
cells of the last row, with high probability. We will show that for some 2 (0;1) andd= m,
sequential importance sampling is very unlikely to put this many ones in the rst n columns of the
last row. Therefore, since with high probability sequentid importance sampling will not construct
any table from a set that is a large fraction of all legal tables, it will likely drastically underestimate
the number of tables.

Before we prove the lemma, let us rst compare the column distibutions arising from the uniform



distribution over all binary contingency tables with the SIS distributions. We refer to the column
distributions induced by the uniform distribution over all tables as thetrue distributions. The true
probability of 1 in the rst column and last row can be computed as the number of tables with 1 at
this position divided by the total number of tables. For this particular sequence, the total number
m+d
d

of tables isZ(m;d) = 3 m! = m!, since a table is uniquely specied by the positions of

ones in the last row and the permutation matrix in the remaining rows and corresponding columns.

Therefore,
Zm:d 1) ™9 tm! d
(Am+1;1=1)= = = :
’ Z(m;d) mdm m+d

On the other hand, by the de nition of sequential importance sampling, Pr(Ai.1 =1) / ri=(n r;),

wherer; is the row sum in the i-th row. Therefore,

d

=4 dm+d 1)
— — nd —

(Am+1;1—1)— L+mi_ d(m+d 1)+m2.

Observe thatif d m for some constant > 0, then for su ciently large m we have

(Am+1:2=1) > (Am+11=1):

As we will see, this will be true for a linear number of columns which turns out to be enough
to prove that in polynomial time sequential importance sampling exponentially underestimates the

total number of binary contingency tables with high probability.

Proof of Lemma 5. We will nd a constant  such that for every columni < m we will be able
to derive an upper bound on the true probability and a lower baund on the SIS probability of 1
appearing at the (m + 1;i) position.

For a partially lled table with columns 1 ;:::;i 1 assigned, letd; be the remaining sum in
the last row and let m; be the number of other rows with remaining row sum 1. Then the tue
probability of 1 in the i-th column and last row can be bounded as

d d

m+d med T dmi)

Am+1i =L JAm+) ()=



while the probability under SIS can be bounded as

di(mi+d 1) d Dm+d i 1
di(mi + di 1)+ m? dm+d 1)+ m2

(Am+1i =1 JAm+y ()= = g(d; m;i):
Observe that for xed m;d, the function f is increasing and the functiong is decreasing ini, for
i<d.
Recall that we are considering a family of input instances paameterized by m with d = dm e,
fora xed > 0. We will consideri< m for some 2 (0; ). Let
1. — i . -
f (’ )'_ I'Hm f(dimim)_

1+ , 3)

Lo oo | - _( )(1+ ).
g ( 1 ) = I'Llﬂ.] g(dl m, m ) - (l + )+ 1 ! (4)
1 1 2
and recall that for xed , f! is increasing in and g* is decreasing in , for < . Let

< besuchthatg' (; ) f1(; )= 4 =2. Suchan exists by continuity and the fact that
gt (; )<fr()

By the above, for any > 0 and su ciently large m, and for any i < m , the true probability is
upper-bounded byf?! (; )+ and the SIS probability is lower-bounded byg! (; ) . For our
purposes it is enough to x = 4 =8. Now we can use Lemma 4 with and de ned as above,
f=f1(; )+ andg=g*(; ) (notice that all these constants depend only on ), and

| = f1;:::;bm cg. This nishes the proof of the lemma with s; = by, and s; = by. O

Remark 6. Notice that every contingency table with row sumg1;1;:::;1;d) and column sums
(1;1;:::;1) is binary. Thus, this instance proves that the column-base®IS procedure for general
(non-binary) contingency tables has the same aw as the bingt SIS procedure. We expect that the
negative example used for Theorem 2 also extends to generale(, non-binary) contingency tables,

but the analysis becomes more cumbersome.
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3.2 Proof of Theorem 2

Recall that we are working with row sums (1;1;:::;1;d;), where the number of rows ism + 1, and
column sums (1 1;:::;1;,dc), where the number of columnsisn+1 = m+1+ d d.. We will
eventually x d; = bm c and d. = bm ¢, but to simplify our expressions we work with d; and d; for
now.

The theorem claims that the SIS procedure fails for an arbitary order of columns with high
probability. We rst analyze the case when the SIS procedurestarts with columns of sum 1; we shall
address the issue of arbitrary column order later. As beforeunder the assumption that the rst
column has sum 1, we compute the probabilities of 1 being in th last row for uniform random tables
and for SIS respectively. For the true probability, the total number of tables can be computed as

g g (m dt+ (™ 4", (m  dc+1), since a table is uniquely determined by the positions
of ones in thed; column and d, row and a permutation matrix on the remaining rows and columns.
Thus we have
B g im d)+ M f S (m de+ 1)

n

(A(m+1);1) = dcm n gqc
& dr (m do)'+ d 1 d 1 (M de+1)!

d(n d+1)+ dedr(dr 1) _.

= N 4 + D+ nded, : fa(midy; de);
o d(n 1)
— n r - r —- . . .
(A(m+1) q) = nd'dr " mnll G Drmn &) g2(m; d;; de):

Letd, = bm candd; = bm cfor some constants > 0; 2 (0;1) (notice that this choice guarantees

that n dr and m dc, as required). Then, asm tends to in nity, f, approaches

1. -
f2 ( ’ ) - 1+ ]
and g, approaches
1. y.— (1+ )
Notice that f1 (; )= g (; )ifandonly if = . Supposethatfi (; ) <gi (; ) (the

opposite case follows analogous arguments and uses the setgart of Lemma 4). As in the proof
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of Lemma 5, we can de ne such that if the importance sampling does not choose the colmn with

sum d; in its rst m choices, then in any subexponential number of trials it will exponentially
underestimate the total number of tables with high probability. Formally, we derive an upper bound
on the true probability of 1 being in the last row of the i-th column, and a lower bound on the SIS
probability of the same event (both conditioned on the fact that the d; column is not among the
rst i columns assigned). Letdp) be the current residual sum in the last row, m; be the number of
rows with sum 1, and n; the remaining number of columns with sum 1. Notice thatn; = i+1,

m mi m i+1,and d; dp) d i+1. Then

d(mi d’ +1)+ dedt(d” 1)
(i d + 1)+ nided”
dr(n  dy +1)+ ded?

(Am+1:i JAm+) ( 1) =

(n D(n i d)+(n i)de(d i) =: fa(m;dy;de;i);
- _ dn 1)
Al By w) = dVmi 1+ min;  d)
(dr |)(n |) - gg(m;dr;dc;i);

dn+m(n d)

As before, notice that if we x m;d;;d; > 0 satisfyingd: <m and d; < n, then f3 is an increasing
function and gz is a decreasing function ini, for i< minfn d;;d;g. Recallthatn d = m d..
Suppose thati m < minfm d¢;drg for some which we specify shortly. Thus, the upper
bound onf3 in this range of i is f3(m;d;;dc; m ) and the lower bound ongz is gs(m; d;;dc; m ). If

dr = bm cand d; = bm ¢, then the upper bound onf 3 converges to

1/.. — i . . . —
f3 (' 1 )'_ I"!’!m f3(m1dl'ldC1m)_ (1+ )( )
and the lower bound ongs converges to
1., vy | A - _ )+ )
GG )= rum g3(m;dy;de; m ) = 1+ )+ 1
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Let
4. =gk ;) 2@ )= ) f2( )>0

Weset tosatisfygi (;; ) fi(;; ) 4 . =2and < minfl ; g Now we can conclude
this part of the proof identically to the last paragraph of th e proof of Lemma 5.

It remains to deal with the case when sequential importance ampling picks the d; column within
the rst bm c columns. Supposed. appears as thek-th column. In this case we focus on the

subtable consisting of the lastn+1  k columns with sum 1, mOrows with sum 1, and one row with

of Lemma 5.

First we expressd®as a function of m® We have the bounds (1 )m m°® mandd m
d® dwhered=bmc m 1. Letd’= Mm% Thus, 1=m % =@ ).

Now we nd Csuch that for any i M we will be able to derive an upper bound on the true
probability and a lower bound on the SIS probability of 1 appearing at position (m°+ 1:i) of the
(n+1 k) mYsubtable, no matter how the rst k columns were assigned. In order to do this, we
might need to decrease { recall that we are free to do so as long as is a constant independent
of m. By the derivation in the proof of Lemma 5 (see expressions (3and (4)), as m°(and thus also

m) tends to in nity, the upper bound on the true probability ap proaches

0

1,00 0 | ; T - T —fl..
O O LI U T e R o= fa i )
and the lower bound on the SIS probability approaches
0 0 1 1+ 1
¢ (%9 = jm (0 79y n N m )
mil WU+ 9+1 mil — @1+ —)+1
_ da+ 9 ( 9+ dogt (i 9,
- 1 1 - g4 (l ] ]
—@+ —)+1 —(—* 1)t T
where the last inequality holds as long as < 1. Notice that for xed ; satisfying < minfl; g,
the function f; is increasing andg; is decreasing in © for 9< . Similarly, for xed ¢
satisfying %< , the function f} is increasing andg; is decreasing in , for < minfZ; Y.
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Therefore, if we take = %< minf1; =2g, we will have the bounds

fa(sy) faGs ) and g (xiy) @G ) foranyxy

Recall that 4 = gt (0; ) f1(; )= gt (0;;0)0 f}(0;;0) > 0. If we choose so that
g (;: ) fi(;; ) 4 =2, then in similar fashion to the last paragraph of the proof d
Lemma 5, we may conclude that the SIS procedure likely failsMore precisely, let := 4 =8 and let
f=f2(;; )+ andg:=¢g}(;; ) be the upper bound (for su ciently large m) on the
true probability and the lower bound on the SIS probability of 1 appearing at the position (m+1;i)
fori 21 :=fk+1;:::;k+ b In%g Therefore Lemma 4 with parameters (1 ), , | of size
ili=bdM% b (1 )mc, f, and g implies the statement of the theorem.

Finally, if the SIS procedure constructs the tables row-byrow instead of column-by-column,

symmetrical arguments hold. This completes the proof of Therem 2.

4 Experiments

We performed several experimental tests which show sequeat importance sampling to be a promis-
ing approach for certain classes of input instances.

We ran sequential importance sampling algorithm for binary contingency tables, using the fol-
lowing stopping heuristic. Let N = n+ m. For some ;k > 0 we stopped if the lastkN estimates
were all within a (1 + ) factor of the current estimate. We set =0:01 andk = 5.

Figure 1(a) shows the evolution of the SIS estimate as a funabn of the number of trials on the
input with all row and column sums r; = ¢ =5, and 50 50 matrices. In our simulations we used
the more delicate sampling mentioned in Remark 1, which guaantees that the assignment in every
column is valid, i. e., such an assignment can always be exteled to a valid table (or, equivalently,
that the random variable X is always strictly positive). Five independent runs are depcted, together
with the correct number of tables  1:038 10?81, which we computed exactly. To make the gure

legible, the y-axis is scaled by a factor of 1&° and it only shows the range from 10 to 107. Note
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that the algorithm appears to converge to the correct estimde, and our stopping heuristic appears
to capture this behavior.

In contrast, Figure 1(b) depicts the SIS evolution on the negtive example from Theorem 2 with
m=300; =0:6and =0:8,i.e., theinputis (1;:::;1;179);(1;:::;1;240) on a 301 240 matrix.

In this case the correct number of tables is

300 239 300 239

I+ I o 05,
Sao 1og (300 240+ Sl 70 (300 239) 9:684 107

We ran the SIS algorithm under three di erent settings: rst , we constructed the tables column-by-
column where the columns were ordered from the largest sum,sasuggested in the paper by Chen et
al. [2] (the red curves correspond to three independent runwith this setting); second, we ordered the
columns from the smallest sum (the green curves); and thirdwe constructed the tables row-by-row
where the rows were ordered from the largest sum (the blue cwes). The y-axis is on alogarithmic
scale (base 10) and one unit on thex-axis corresponds to 1000 SIS trials. We ran the SIS estimage
for twice the number of trials determined by our stopping heuristic to indicate that the unfavorable
performance of the SIS estimator on this example is not the reult of a poor choice of stopping
heuristic. Notice that even the best estimator di ers from t he true value by about a factor of 40,
while the blue curves are o by more than a factor of 1000.

Figure 2 represents the number of trials required by the SIS pocedure (computed by our stopping
heuristic) on several examples fon n matrices. The four curves correspond to 5, 10b5lognc and
bn=2c-regular row and column sums. Thex-axis representsn, the number of rows and columns, and
the y-axis captures the required number of SIS trials. For eacln and each of these row and column
sums, we took 20 independent runs and we plotted the median maber of trials. For comparison, in
Figure 3 we plotted the estimated running time for our bad example from Theorem 2 (recall that
this is likely the running time needed to converge to a wrong walue!) for n + m ranging from 20 to
140 and various settings of ; : 0:1;0:5 (red), 0:5;0:5 (blue), 0:2;0:8 (green), and 06; 0:8 (black).
In this case it is clear that the convergence time is considebly slower compared with the examples

in Figure 2.
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Figure 1. The estimate produced by sequential importance sapling as a function of the number
of trials on two di erent instances. In both gures, the hori zontal line shows the correct number
of corresponding binary contingency tables. (a) The left irstance is a 50 50 matrix where all
ri = ¢ =5. The x-axis is the number of SIS trials, and they-axis corresponds to the estimate
scaled down by a factor of 18%°. Five independent runs of sequential importance sampling &
depicted. Notice that the y-axis ranges from 10 to 107, a relatively small interval, thus it appears
SIS converges to the correct estimate. (b) The input instane is from Theorem 2 with m = 300,

=0:6 and =0:7. The estimate (y-axis) is plotted on a logarithmic scale (base 10) and one umi
on the x-axis corresponds to 1000 SIS trials. Note that in this instace SIS appears to converge to an
incorrect estimate. Nine independent runs of the SIS algothm are shown: the red curves construct
tables column-by-column with columns sorted by decreasingum, the blue curves construct row-by-
row with rows sorted by decreasing sum, and the green curvesoostruct column-by-column with
columns sorted increasingly.
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Figure 2: The number of SIS trials before the algorithm conveges, as a function of the input size.
The curves correspond to 5 (red), 10 (blue),b5lognc (green), and bn=2c (black) regular row and
column sums.

17



17500
15000
12500
10000
7500
5000

2500

40 60 80 100 120 140

Figure 3: The number of SIS trials until the algorithm converges as a function ofm + n. The
inputs are of the type described in Theorem 2, with = 0:1;, =0:5 (red), = = 0:5 (blue),

=0:2;, =0:8(green), and =0:6; = 0:8 (black). The right plot shows the same four curves
with the number of SIS trials plotted on a logarithmic scale. Note that the algorithm appears to be
converging in sub-exponential time. Recall from Figure 1 that it is converging to the wrong estimate.
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