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Abstract—We propose to leamn generalized additive models These functionsf; are arbitrary and often nonparametric,
for classification which represents the classifier using a su of  thus providing the potential for better fits to data than othe
piecewise linear functions and show that a recently propose aihads. Overfitting can be an issue if the class of these func

fast linear SVM training method (Pegasos) can be adapted to . . . . o
train such models with the same convergence rates. To be ablellons 1s large, without suitable regularization. We modhelse

to learn functions on combination of dimensions, we explor¢he functions f; using piecewise linear functions &f segments.
use of random projection features which learns a classifier o This particular choice has attractive properties whiclovall
data projected using an arbitrary matrix. In our experiments we  for efficient discriminative learning algorithms and isictly
find that : (i) The piecewise linear consistently outperforns linear 416 general than a linear SVM. This classifier is similar to
on various datasets (ii) Random projection features perfom even lassifi hich h di . tadi . |
better and are close to the best results (using RBF kernels)hile a classier W 'C_ ma}ps ea(? imension ' iImensiona
potentially being much faster to train on large datasets. space but with significant differences, which correspomds t
a different regularization. We show that a recently propose
|. INTRODUCTION : :

) ) stochastic gradient descent (pegasos [10]) can be adapted t
Non parametric methods like kernel support vector Mgsain such models, with similar cost per iteration compared

chines (SVMs) are attractive because they can approxXimg{g training a linear SVM on the input data, and convergence
any decision boundary arbitrarily well given enough trafi ates.

data. Though non-linear kernel SVMs are more versatilg; the
do not scale well with training data and take significantl

longer to train on large datasets compared to linear SVMs.ﬁ
addition it has to remember a potentially significant frawti

In our experiments on the Ratsch Dataset [9] the piecewise
near classifier consistently outperforms the linear SV b

id! still not close to the best results using rbf kernel on

p. me datasets. Even though the classifier can learn aybitrar
of the data (support vectors) to represent the classifier. ? g yo

lassification time the k | SVMs h i te the K unctions in each dimension it still remains a additive nlode
classification ime the kerne s have to compute IN€ REMR o 1he initial features and thereby cannot learn funetioh

function between an unseen feature vector and all the stipp erpendent features. To this end we train models on random
vectors which can be very expensive. This makes linear SV iRear projections of the data. Random features have been

e ST . . ?chntly shown to have attractive sparseness propertids an
[ssu]rge of efficient for training linear SVMs including [5], Qb we can leverage on those. Notice that a linear SVM trained on
. . linear random projection essentially has the same rept@sen

One possible way to leverage on these developments, IS - . e
. . . tion power as the original features as the final classifietills s
to construct linear embeddings of the data which represent ™~ . : Co "
) ; : inear in the input features. The piecewise linear classdie
the underlying Reproducing Kernel Hilbert Space (RKHS . . . .
L - . : .the other hand gains representation power with the addition
This is non trivial as for some kernels like radial basis

kernels, the RKHS is infinite dimensional. The work of Rahim(i)f projected features. We experiment with two schemes of

[8] shows that many shift invariant kernelz — y), can generating the random matrix to project the data, and show

. - L ) .. that the piecewise linear functions trained on those perfor
approximated withire by embedding into a hilbert space with L
qetter than one learned on the original features and as well a

D = O(de?log ). For various datasets, they observe th
their method outperforms the state-of-the-art kernel wash The rbf kernel SVMs.
In our work we explore a different approach based on the
generalized additive model (GAM) framework introduced by
Hastie [2]. First notice that the linear SVM is an additivey. Linear and Piecewise Linear
model which predicts the output based on:

Y = By + fiz1 + Poxa + ... + L (1) In this section we introduce our classifier and use it with the
L1 loss (hinge loss) similar to the one used with SVMs. We
first begin with a review of linear support vector machines
for classification. Given labeled training data of the form
{(yi, xi) Y, with y; € {-1,+1}, x; € R", the C-SVM

Y =080+ f(z1) + flz2) + ... + f(zm) (2) formulation [?] finds a hyperplane which best separates the

where, sign(Y) is the class label ang are the features. In
contrast, the GAM replaces the parameter tersps; with
functions f (z;)



data by minimizing: Il. PEGASOS

Pegasos [10] is a recently proposed iterative algorithm
T(w,§) = —W w4 — Z& (3) for solving the optimization problem cast by Support Vector
Machines (SVM), which can be method is very efficient
subject toy; (w - x;) +b) > 1 —&; and@- > 0, wherel > 0 for training linear SVMs on large datasets. The algorithm
is the tradeoff between regularization and constraintioh. alternates between a stochastic gradient descent step and a
To learn piecewise linear functions in a dimensionwe projection step. At each iteration a fixed size subset of the
split the range of data in each dimension intouniform points are selected, and the objective is reduced by taking a
intervals and the classifier has to learn the values of fansti step along the subgradient direction. The gradient is ndit we
at each of thet + 1 split pomts Let us denotp7 as thej’"  defined as the hinge loss function is not differentiable. The
split point in dimension andw;, as the value of function at projection step then projects the weight vector into a fixed
that split point, wherg € 1...n andj € 1...k+ 1. Thus size ball of a suitable size which is quaranteed to contain
eachz; can be written as a linear combination of the enthe optimal weight vector. In the paper they show that their
points of the interval it belongs to, i.e. iff < z; < p"“, method achleveQ(logT) regret bounds, because of which
then letz; = apl + (1 —a)p.T'. Consider the transformationthe algorithm converges to anaccurate solution ir0(1/e)
L : RY — RA*+1) which maps each coordinatdo ak + 1 iterations.
vector defined as corresponding to the coefficienty,ofo A modified algorithm can be used to train the piecewise
represent the the linear combination fey. Each feature is linear model. The only change is in the subgradient and the
now transformed into a sparse vectordgf + 1) with utmost projection steps. Algorithm 1 and 2 describes the pegasos
2d non zero terms. The advantage of this transformation is tretjorithm and its modification:
the final classifier can be written as the dot product between
the vector values function at these break poititand the Algorithm 1 Pegasos
transformed feature vectdr. So far the classifier looks very Require: S,7,A > 0 andl > 0
similar to the linear SVM, but there is a difference in the injtialize w; randomly, such thajw: || < A
regularization. This becomes clear when we look what happenfor + = 1 to 7 do
whenk = 1, when the piecewise linear resembles the linear Choose4; c S, where|A;| = k

SVM. in this case, the linear SVM penalizéiso||> which SetA+ = {(x,y) € 4 : y (w,x) <1}
corresponds to the change in the value of the function at the Sets), = L
two end points for uniformly spaced points. Generalizing,th SetWH% = (L—mN)we + 2t Z(X,y)6A+ yx
we would like to add a term for the sum squared changes in _ VA
the function values. Thus the objective function becomes Setw; 1 = min (17 Mw, o0 ) Wits

A\ end for ’

T(W,§) = —W’HW + = Z@ 4)
subject toy; ((W-%;) +b) > 1-¢&; and&- 2 0. HereH is the  Algorithm 2 PWL Pegasos
tridiagonal matrix : Require: S,7,A >0 andl >0
1 -1 0 initialize w, randomly, such tha& Hw; < A
-1 2 -1 for t=1to T do
-1 2 -1 ChooseA; C S, where|A;| =1
H= SetAr — {(,y) € Ay : y (W, %) < 1}
-1 2 -1 Setn = 5
-1 1 SetVAVH_% =W — (AWtH + % Z(x,y)eAj yf()

In our experiments we observe that replackidpy the identity ) 1V
matrix makes the performance worse then linear SVM on Setwiy1 = min (17 W,y Hw ) Wits

original features. The primal problem is a Quadratic Progra end for
and off the shelf QP solvers likevX [1], can be used to solve
it. In svm literature many decomposition methods includin
SMO[7], SVM'“* [4] have been proposed to learn kerneft Correctness and Convergence Rates

classifiers efficiently. For linear kernels however theearen The correctness and convergence rates of the algorithm fol-
faster techniques. Of particular interest is the onlinelsastic low directly from the arguments in [10], using the obsermvati
gradient descent called pegasos[10]. The hinge loss fimctithat parameters of the piecewise linear path follow the same
is non differentiable, however one can use a subgradientpath as a modified problem whefgt! = Al + z,.. Thus
improve on the objective function. In the next section we]*! = hl+3"7_, zF. Then the regularization can be written
briefly introduce pegasos and modify it to train the piecewiss||z||. Its easy to see that the objective functiorhistrongly
linear model. convex in3||-||, and we have the sant@( 10gT) convergence




rates. Thus aboud(1/e), iterations are needed to leclose linear is significant. The performance of as a function of
to the optimal. The projection step can also be seen as the number of projected dimensions is shown in Figure 4.
projection step corresponding to the modified problem. THemprically Rand 2 performs better than Rand 1, but they are
cost per iteration is now the time to compute the subgradieasimilar when the number of projected dimensions are large.
which takesD(dk) dot products as the are sparse. In addition The random features are able to achieve accuracies confgarab
the computation ofv'H andw'Hw’ takesO(kd) time. Thus to the best. However the projected features can be upto 3time
the overall cost per iteration i® ((k +1)d), compared to the original feature dimension.
O(ld) for linear kernel SVM version of pegasos. Figure 3, shows why the random projection features work.
The data is highly non separable and a linear SVM has an error
rate of47% on this dataset, while an rbf kernel SVM has only
Figure 1 compares the running time of the stochastic descent;%. The random projection features with the piecewise
algorithm to one trained using an optimization package likfhear model achieves1.1% error rate. The piecewise linear
CVX[1]. Even the unoptimized version in matlab is atleasgtinctions allow one to model the multimodatily of the data
an order of magnitude faster to train and gives similayhich can be seen from the function learned in the projected
performance to the optimal. The stochastic gradient désc@imension each dimension.
method scales with the feature dimension much better. In the
experiments we fix the number of iteratiofis= 1000 and the IV. CONCLUSION

number of piecewise linear segmerts= 10. We introduced a generalization of linear SVMs and showed
that an exiting online stochastic gradient method can be

) adapted to train such models. The generalization outpagor
We use the benchmark datasets of Ratsch [9], which repqfz.ar svMs in many benchmark datasets. We also explored

the classification accuracy of various methods on it. RBRe use of random projection features which leads to per-
kernel SVMs usually are close to best performance on all the:nance similar to the state of the art on these datasets
datasets and we use this as a baseline comparison. A linggfained by kernel-machines. In addition it is significantl
SVM baseline is obtained by optimizing theparameter using faster to classify a new test point as it avoids the complexit
cross validation. We Iearn_ piecewise linear classﬁ_ler gisinye computing the kernel function between the data and all the
k = 10 segments per coordinate and run the stochastic gradigihnort vectors. Essentially it is as fast as the linearsiflas
descent algorithm fof' = 1000 |terat|_ons. The perform_anc_e °findependent ofk as the mapped features are sparse. The
all the three methods averaged usitigfold cross validation harameter: allows us to tradeoff the training testing speed

are shown in Figure 2. The performance of the piecewisefineg, 4 the representation power of the classifier.
is with the variance or better than the linear kernel SVM.

However of some datasets the piecewise linear is still much ACKNOWLEDGMENT
worse than the rbf kernel SVM. The piecewise linear function This paper is part of ongoing research with Alex Berg.

still cannot learn arbitrary combinations of the featuracp See our paper [6] in which we show that SVM classifiers

(e.g. xor data) as it is still an additive model. We can overeo based on sum kernels can be approximated using piecewise

some of this limitations using randomly projected featuref,q,r functions in each dimension which allows very effitie
which we discuss in the next section. classification

B. Comparison to CVX

IIl. EXPERIMENTAL RESULTS

A. Random Projection Features

The idea behind this is to augment the feature space b
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dataset number| 1 2 3 4 5 6 7 8 9 10 11 12 13
dimension 2 9 8 9 20 13 18 20 60 5 3 20 21
train time(cvx) || 5.63 | 13.99| 6.21 | 125.08| 174.72| 11.62| 45.07| 15.21| 493.54| 2.88| 6.14 | 15.75| 17.07
train time(subg)|| 1.12| 1.09 | 1.34| 1.51 1.78 | 1.14 | 239 | 155| 295 | 1.00|092| 157 | 1.58
test error(cvx) || 0.31] 0.29 | 0.25| 0.32 0.24 | 0.17 | 0.10 | 0.04 | 0.07 | 0.08| 0.23| 0.03 | 0.12
test error(subg)|| 0.30| 0.28 | 0.25| 0.32 0.24 | 0.17 | 0.08 | 0.04 | 0.08 | 0.08| 0.23| 0.03 | 0.12

Fig. 1.

numbers are summed over 5 different splits of the test anmcirigasets. Dimension denotes the dimension of the origiealure space.
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Fig. 2. Left:Performance of linear SVM , rbf SVM and piecewise-linearsslfier on various Ratsch Datasets[Bjght: Performance of random features on
4 datasets where the difference between the piecewiser lavehrbf SVM is significant(The number in brackets is the index of dataset in the left plot).
Random projection features when used with piecewise4lictssification scheme performs close to the rbf SVM.
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Fig. 3. Left: The banana dataset (green dots are positive and red dotsegagive). Right: Piecewise linear function learned & random projection

directions(shown in dotted lines). Linear SVM performs ppavith an error rate ofi7% as the data is not linearly separable. The piecewise linegegiions
in 6 random directions performs similar to the rbf kernels with1% error rate learns the multimodal distribution in the vetidirection. In the horizontal
directions the learned function is essentially flat as thenmeo difference between the positive and the negative .class
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Fig. 4. Accuracy of projection features as a function of thunber of dimensions. The solid and the dotted black curvesamdl and rand2 projection
features respectively. The blue, red and green curves arpdatformance of linear, piecewise-linear and rbf kerneMShéspectively on the input features.
Note that on banana dataset randl is same as rand2 as thdeapue is 2 dimensional.
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