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Abstract—We propose to learn generalized additive models
for classification which represents the classifier using a sum of
piecewise linear functions and show that a recently proposed
fast linear SVM training method (Pegasos) can be adapted to
train such models with the same convergence rates. To be able
to learn functions on combination of dimensions, we explorethe
use of random projection features which learns a classifier on
data projected using an arbitrary matrix. In our experiment s we
find that : (i) The piecewise linear consistently outperforms linear
on various datasets (ii) Random projection features perform even
better and are close to the best results (using RBF kernels) while
potentially being much faster to train on large datasets.

I. I NTRODUCTION

Non parametric methods like kernel support vector ma-
chines (SVMs) are attractive because they can approximate
any decision boundary arbitrarily well given enough training
data. Though non-linear kernel SVMs are more versatile, they
do not scale well with training data and take significantly
longer to train on large datasets compared to linear SVMs. In
addition it has to remember a potentially significant fraction
of the data (support vectors) to represent the classifier. At
classification time the kernel SVMs have to compute the kernel
function between an unseen feature vector and all the support
vectors which can be very expensive. This makes linear SVMs
very attractive for classification and there has been a recent
surge of efficient for training linear SVMs including [5], [10],
[3].

One possible way to leverage on these developments is
to construct linear embeddings of the data which represent
the underlying Reproducing Kernel Hilbert Space (RKHS).
This is non trivial as for some kernels like radial basis
kernels, the RKHS is infinite dimensional. The work of Rahimi
[8] shows that many shift invariant kernelsk(x − y), can
approximated withinǫ by embedding into a hilbert space with
D = O(dǫ−2 log 1

ǫ2 ). For various datasets, they observe that
their method outperforms the state-of-the-art kernel methods.

In our work we explore a different approach based on the
generalized additive model (GAM) framework introduced by
Hastie [2]. First notice that the linear SVM is an additive
model which predicts the output based on:

Y = β0 + β1x1 + β2x2 + ... + βmxm (1)

where, sign(Y) is the class label andxi are the features. In
contrast, the GAM replaces the parameter termsβixi with
functionsf(xi)

Y = β0 + f(x1) + f(x2) + ... + f(xm) (2)

These functionsfi are arbitrary and often nonparametric,
thus providing the potential for better fits to data than other
methods. Overfitting can be an issue if the class of these func-
tions is large, without suitable regularization. We model these
functionsfi using piecewise linear functions ofk segments.
This particular choice has attractive properties which allow
for efficient discriminative learning algorithms and is strictly
more general than a linear SVM. This classifier is similar to
a classifier which maps each dimension intok dimensional
space but with significant differences, which corresponds to
a different regularization. We show that a recently proposed
stochastic gradient descent (pegasos [10]) can be adapted to
train such models, with similar cost per iteration comparedto
the training a linear SVM on the input data, and convergence
rates.

In our experiments on the Ratsch Dataset [9] the piecewise
linear classifier consistently outperforms the linear SVM but
is still not close to the best results using rbf kernel on
some datasets. Even though the classifier can learn arbitrary
functions in each dimension it still remains a additive model
over the initial features and thereby cannot learn functions of
dependent features. To this end we train models on random
linear projections of the data. Random features have been
recently shown to have attractive sparseness properties and
we can leverage on those. Notice that a linear SVM trained on
linear random projection essentially has the same representa-
tion power as the original features as the final classifier is still
linear in the input features. The piecewise linear classifier on
the other hand gains representation power with the addition
of projected features. We experiment with two schemes of
generating the random matrix to project the data, and show
that the piecewise linear functions trained on those perform
better than one learned on the original features and as well as
the rbf kernel SVMs.

A. Linear and Piecewise Linear

In this section we introduce our classifier and use it with the
L1 loss (hinge loss) similar to the one used with SVMs. We
first begin with a review of linear support vector machines
for classification. Given labeled training data of the form
{(yi,xi)}

N
i=1, with yi ∈ {−1, +1}, xi ∈ Rn, the C-SVM

formulation [?] finds a hyperplane which best separates the



data by minimizing:

τ(w, ξ) =
λ

2
w

′
w +

1

N

N
∑

i=i

ξi (3)

subject toyi((w · xi) + b) ≥ 1 − ξi andξi ≥ 0, whereλ > 0
is the tradeoff between regularization and constraint violation.

To learn piecewise linear functions in a dimensioni , we
split the range of data in each dimension intok uniform
intervals and the classifier has to learn the values of functions
at each of thek + 1 split points. Let us denotepj

i as thejth

split point in dimensioni andwj
i , as the value of function at

that split point, wherei ∈ 1 . . . n and j ∈ 1 . . . k + 1. Thus
eachxi can be written as a linear combination of the end
points of the interval it belongs to, i.e. ifpr

i ≤ xi ≤ pr+1
i ,

then letxi = αpr
i + (1−α)pr+1

i . Consider the transformation
L : Rd → Rd(k+1), which maps each coordinatei to a k + 1
vector defined as corresponding to the coefficients ofpi to
represent the the linear combination forxi. Each feature is
now transformed into a sparse vector ofd(k +1) with utmost
2d non zero terms. The advantage of this transformation is that
the final classifier can be written as the dot product between
the vector values function at these break pointsŵ and the
transformed feature vector̂x. So far the classifier looks very
similar to the linear SVM, but there is a difference in the
regularization. This becomes clear when we look what happens
when k = 1, when the piecewise linear resembles the linear
SVM. in this case, the linear SVM penalizes||w||2 which
corresponds to the change in the value of the function at the
two end points for uniformly spaced points. Generalizing this,
we would like to add a term for the sum squared changes in
the function values. Thus the objective function becomes

τ(ŵ, ξ) =
λ

2
ŵ′Hŵ +

1

N

N
∑

i=i

ξi (4)

subject toyi((ŵ · x̂i)+ b) ≥ 1− ξi andξi ≥ 0. HereH is the
tridiagonal matrix :
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In our experiments we observe that replacingH by the identity
matrix makes the performance worse then linear SVM on
original features. The primal problem is a Quadratic Program
and off the shelf QP solvers likeCVX [1], can be used to solve
it. In svm literature many decomposition methods including
SMO[7], SVMlight [4] have been proposed to learn kernel
classifiers efficiently. For linear kernels however there are even
faster techniques. Of particular interest is the online stochastic
gradient descent called pegasos[10]. The hinge loss function
is non differentiable, however one can use a subgradient to
improve on the objective function. In the next section we
briefly introduce pegasos and modify it to train the piecewise
linear model.

II. PEGASOS

Pegasos [10] is a recently proposed iterative algorithm
for solving the optimization problem cast by Support Vector
Machines (SVM), which can be method is very efficient
for training linear SVMs on large datasets. The algorithm
alternates between a stochastic gradient descent step and a
projection step. At each iteration a fixed size subset of the
points are selected, and the objective is reduced by taking a
step along the subgradient direction. The gradient is not well
defined as the hinge loss function is not differentiable. The
projection step then projects the weight vector into a fixed
size ball of a suitable size which is quaranteed to contain
the optimal weight vector. In the paper they show that their
method achievesO( log T

T ) regret bounds, because of which
the algorithm converges to anǫ accurate solution inO(1/ǫ)
iterations.

A modified algorithm can be used to train the piecewise
linear model. The only change is in the subgradient and the
projection steps. Algorithm 1 and 2 describes the pegasos
algorithm and its modification:

Algorithm 1 Pegasos
Require: S, T, λ > 0 and l > 0

initialize w1 randomly, such that||w1|| ≤ λ
for t = 1 to T do

ChooseAt ⊂ S, where|At| = k
SetAt+ = {(x, y) ∈ At : y 〈w,x〉 < 1}
Setηt = 1

λt
Setwt+ 1

2
= (1 − ηtλ)wt + ηt

l

∑

(x,y)∈A+

t

yx

Setwt+1 = min

(
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√

λ
||w

t+1
2

||

)

wt+ 1
2

end for

Algorithm 2 PWL Pegasos
Require: S, T, λ > 0 and l > 0

initialize ŵ1 randomly, such that̂w′
1Hŵ1 ≤ λ

for t = 1 to T do
ChooseAt ⊂ S, where|At| = l
SetA+

t = {(x̂, y) ∈ At : y 〈ŵ, x̂〉 < 1}
Setηt = 1

λt

Set ŵt+ 1
2

= ŵt − ηt
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λ
w
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2
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2

)
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2

end for

A. Correctness and Convergence Rates

The correctness and convergence rates of the algorithm fol-
low directly from the arguments in [10], using the observation
that parameters of the piecewise linear path follow the same
path as a modified problem wherehr+1

i = hr
i + zr. Thus

hr+1
i = h1

i +
∑r

k=1 zk
i . Then the regularization can be written

as||z||. Its easy to see that the objective function isλ strongly
convex in 1

2 || · ||, and we have the sameO( log T
T ) convergence



rates. Thus aboutO(1/ǫ), iterations are needed to beǫ close
to the optimal. The projection step can also be seen as the
projection step corresponding to the modified problem. The
cost per iteration is now the time to compute the subgradient,
which takesO(dk) dot products as thex are sparse. In addition
the computation of̂w′

H andŵ
′
Hŵ

′ takesO(kd) time. Thus
the overall cost per iteration isO ((k + l)d), compared to
O(ld) for linear kernel SVM version of pegasos.

B. Comparison to CVX

Figure 1 compares the running time of the stochastic descent
algorithm to one trained using an optimization package like
CVX[1]. Even the unoptimized version in matlab is atleast
an order of magnitude faster to train and gives similar
performance to the optimal. The stochastic gradient descent
method scales with the feature dimension much better. In the
experiments we fix the number of iterationsT = 1000 and the
number of piecewise linear segmentsk = 10.

III. E XPERIMENTAL RESULTS

We use the benchmark datasets of Ratsch [9], which reports
the classification accuracy of various methods on it. RBF
kernel SVMs usually are close to best performance on all the
datasets and we use this as a baseline comparison. A linear
SVM baseline is obtained by optimizing theλ parameter using
cross validation. We learn piecewise linear classifier using
k = 10 segments per coordinate and run the stochastic gradient
descent algorithm forT = 1000 iterations. The performance of
all the three methods averaged using10 fold cross validation
are shown in Figure 2. The performance of the piecewise linear
is with the variance or better than the linear kernel SVM.
However of some datasets the piecewise linear is still much
worse than the rbf kernel SVM. The piecewise linear function
still cannot learn arbitrary combinations of the feature space
(e.g. xor data) as it is still an additive model. We can overcome
some of this limitations using randomly projected features,
which we discuss in the next section.

A. Random Projection Features

The idea behind this is to augment the feature space by
using features based on arbitrary random projections. Ideally
we would like to add features based on all possible feature
combinations, but this makes the problem much bigger. The
idea is behind random projection is that we may be able
to get a sample of these combination features if the set of
’good’ directions are large. We explore two different schemes
of generating the random matrix which we are as follows:

1) Rand 1 : generates a random matrixRd×k to project the
input dataRd → Rk, where each entry is drawn i.i.d.
uniformly from [−1, 1]. Each row of the matrix is then
L2 normalized. Usuallyk > d.

2) Rand 2 : Each row is generated by randomly picking
two dimensions and generating a random 2 dimensional
vector to project the data.

Figure 2 shows the performance of the random features on
4 datasets where the difference between the rbf and piecewise

linear is significant. The performance of as a function of
the number of projected dimensions is shown in Figure 4.
Emprically Rand 2 performs better than Rand 1, but they are
similar when the number of projected dimensions are large.
The random features are able to achieve accuracies comparable
to the best. However the projected features can be upto 3 times
the original feature dimension.

Figure 3, shows why the random projection features work.
The data is highly non separable and a linear SVM has an error
rate of47% on this dataset, while an rbf kernel SVM has only
11.5%. The random projection features with the piecewise
linear model achieves11.1% error rate. The piecewise linear
functions allow one to model the multimodatily of the data
which can be seen from the function learned in the projected
dimension each dimension.

IV. CONCLUSION

We introduced a generalization of linear SVMs and showed
that an exiting online stochastic gradient method can be
adapted to train such models. The generalization outperforms
linear SVMs in many benchmark datasets. We also explored
the use of random projection features which leads to per-
formance similar to the state of the art on these datasets
obtained by kernel-machines. In addition it is significantly
faster to classify a new test point as it avoids the complexity
of computing the kernel function between the data and all the
support vectors. Essentially it is as fast as the linear classifier
independent ofk as the mapped features are sparse. The
parameterk allows us to tradeoff the training testing speed
and the representation power of the classifier.
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dataset number 1 2 3 4 5 6 7 8 9 10 11 12 13
dimension 2 9 8 9 20 13 18 20 60 5 3 20 21

train time(cvx) 5.63 13.99 6.21 125.08 174.72 11.62 45.07 15.21 493.54 2.88 6.14 15.75 17.07
train time(subg) 1.12 1.09 1.34 1.51 1.78 1.14 2.39 1.55 2.95 1.00 0.92 1.57 1.58

test error(cvx) 0.31 0.29 0.25 0.32 0.24 0.17 0.10 0.04 0.07 0.08 0.23 0.03 0.12
test error(subg) 0.30 0.28 0.25 0.32 0.24 0.17 0.08 0.04 0.08 0.08 0.23 0.03 0.12

Fig. 1. Training times and error rates of the directly optimized(cvx) and the stochastic gradient descent algorithm(subg) on various datasets. The numbers
numbers are summed over 5 different splits of the test and training sets. Dimension denotes the dimension of the originalfeature space.
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Fig. 2. Left:Performance of linear SVM , rbf SVM and piecewise-linear classifier on various Ratsch Datasets[9].Right:Performance of random features on
4 datasets where the difference between the piecewise linear and rbf SVM is significant.(The number in brackets is the index of dataset in the left plot).
Random projection features when used with piecewise-linear classification scheme performs close to the rbf SVM.
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Fig. 3. Left: The banana dataset (green dots are positive and red dots are negative). Right: Piecewise linear function learned in6 random projection
directions(shown in dotted lines). Linear SVM performs poorly with an error rate of47% as the data is not linearly separable. The piecewise linear projections
in 6 random directions performs similar to the rbf kernels with11.1% error rate learns the multimodal distribution in the vertical direction. In the horizontal
directions the learned function is essentially flat as thereis no difference between the positive and the negative class.
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