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01 Tensor Products

Consider two quantum systems - the first whtdistinguishable (classical) states (associated Hillpats
%), and the second withdistinguishable states (associated Hilbert spélde What is the Hilbert space as-
sociated with the composite system? We can answer thisigunest follows: the number of distinguishable
states of the composite systenkis— since for each distinct choice of basis (classical) Qﬁete)f the first
system and basis stdt¢> of the second system, we have a distinguishable state obtheasite system.
Thus the Hilbert space associated with the composite syistéfi.

The tensor product is a general construction that shows baye from two vector spacés andW of di-
mensiork andl to a vector spac¥ @ W (pronouncedV tensotW”) of dimensionkl. Fix basegvy ), ..., |)
and|wi),...,|w) for V,W respectively. Then a basis fdr@W is given by

{viy®@|wj) 1 1<i<kl<j<I},

so that dinfV @ W) = kl. So a typical element of @ W will be of the formy;; aij(|vi) ® [w;j)). We can
define an inner product oh @ W by

(Jve) ® [wr), [V2) @ [W2)) = (|va), |V2)) - (Iw), [W2)),

which extends uniquely to the whole spateW.

For example, consid&f = 42 ®%2. V is a Hilbert space of dimension 4, ¥o= . So we can writé00)
alternatively as0) ® |0). More generally, fon qubits we havé&s?® - - (ntimes)®--- €2 = ¢?2". A typical
element of this space is of the form

Ox|X).
xe{0,1}"

02 Measurements

Let |(p> € ¢* be the quantum state of a k-state system. Then a measurehtephtis a process that specifies
an orthonormal basi|v; ) } for €%, and associates a real numbgwith each basis vector. In the case that
therj's are distinct, the outcome of the measurement; iwith probability |(v;| [@) |2, and in that case
the new state igv;). If the rj’s are not distinct, then consider the subspace spanned ligtaj's with
associated real numbgr=r, and letP be the projection operator that projects into this subspaben the

_ - . P
measurement outcomerisvith probablllty|P|(p> |2, and in that case the new stat 4 (pi §
[
Another way of describing an orthogonal measurement is byanifian operatoM. Such an operator
has an orthogonal set of eigenspaces, each with a real algenvThese provide the measurement basis
together with the associated real numbers. The Hermitianabgr corresponding to the above orthogonal
measurement is jugt; r;|v;) (v;|.
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03 Quantum Gates

Recall the examples of simple unitary transforms, or “quangates.” These include the single qubit gates
such as the hadamard gade the NOT gateX, the controlled phase gai the rotation byd gateRg, as
well as the two qubit gat€ENOT .

Certain families of quantum gates are universal in the sémseany unitary transformation daqubits
can be closely approximated by a quantum circuit using ongntgum gates from the family. Of course,
the number of quantum gates in the circuit must scale exp@atigrin k. Examples of universal families
of quantum gates include CNOT and all single qubit gatesuédigt any single qubit gate other than the
Hadamard).

0.4 Tensor product of operators

Suppose we have two quantum systemk-state system with associated Hilbert sp&cand al-state
system with associated Hilbert spade Suppose we apply a unitary transformatiémo the first system
andB to the second system. What is the resulting transformatioim® combined system®@W? To figure
this out, let us first see how the combined transformation antbasis states @ W. Consider a basis
state\i} ® {ketj where 0<i <k—1and 0< j <|—1. SinceAis only acting orV andB only onW, this
state is transformed i) ® B|j).

Suppos¢v> and\w> are unentangled states @' and¢™", respectively. The state of the combined systemis
|v> ® |w> on%™. If the unitary operatoA is applied to the first subsystem, aBdio the second subsystem,
the combined state becomas/) @ B|w) .

In general, the two subsystems will be entangled with eabbrpso the combined state is not a tensor-
product state. We can still apph to the first subsystem ariéi to the second subsystem. This gives the
operatorA® B on the combined system, defined on entangled states by ljir@eending its action on
unentangled states.

(For example(A® B)(|0) ©|0)) =A|0) ®B|0). (A®B)(|1) ®|1)) =A|1) @B|1). Therefore, we define
(A®B)(75]00) +5|11)) to be 5 (A®B)[00) + J5(A® B)[11) = 7 (A|0) ® B|0) +A|1) ®B|1)).)
Let|e1),...,|em) be a basis for the first subsystem, and white 31"_; aij|e)(ej| (thei,jth element ofA
is ajj). Let|f1),...,|fa) be abasis for the second subsystem, and Brite;,_, b | fic)( fi|. Then a basis

for the combined system |&) @|f;), fori=1,...,mandj =1,...,n. The operatoA® Bis

(sl o (gmlcl)

— i%a”bk||a><ej|®\fk><fl‘
= _%aijbkl(\a>®|fk>)(<ei‘®<f|‘)'

A®B

Therefore the(i, k), (j,1)th element ofA® B is ajjby. If we order the basise) @ |f;) lexicographically,
then the matrix foA® B is

a]_]_B alzB
ang ang
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in thei, jth subblock, we multiplya;; by the matrix forB.

0.5 Bell States

The following simple quantum circuit on two qubits outputseof the four Bell basis states as the inputs
range over the two bit strings.

FIGURE of quantum circuit with Hadamard gate followed by CNO
The four Bell basis states are denoted:

@) = 75(/00) +[11))

|®7) = 75(100) —[11))

W*) = 75(102) +[10))

¥7) = 75(/02) - [10))
The statédd—, also called the singlet state, has the special propertyttisanvariant under a unitary change
of basis of the two qubits (same change of basis for both gjubit

| Superdense Coding

Suppose Alice and Bob havegaantum communications channel, over which Alice can send qubiBoio
However, Alice just wants to send a regular classical I§gequence of bits). One way to send her message
is to encode a 0 aﬁ)> andal a5§1>. But can she do better than sending as many qubits as bitg in he
message?

Intuitively, since quantum systems are more complex thassital systems, they can hold information — so
maybe Alice can do better. But quantum information is harddoess; when you measure a quantum state,
it looks classical — so maybe she can't.

In fact, if Alice and Bob share a Bell state, then she can sewdctassical bits of information using only
one qubit.

Say Alice and Bob sharpb*) = \%(|00> +[11)). Depending on the message Alice wants to send, she
applies a gate to her qubit, then sends it to Bob. If Alice wamisend 00, then she does nothing to her qubit,
just sends it to Bob. If Alice wants to send 01, she applieptiase flipZ to her qubit, changing the quantum
state to%(mo} —|11)) = |®~). To send 10, she applies the NOT gate, giv%ﬂl@ +(01)) = |wT).

To send 11, she applies badffOT andZz, giving %(|01> —|10)) = |¥).

After receiving the qubit from Alice, Bob has one of the fouutally orthogonal Bell states. He can
therefore apply a measurement to distinguish between thigmcertainty, and determine Alice’s message.
In practice, the way he’ll make this measurement is by rumpie circuit we saw in Lecture 2 backwards
(i.e., applying(H ® 1) oCNQOT), then measuring in the standard basis.

Note that Alice really did use two qubits total to send the wiassical bits. After all, Alice and Bob
somehow had to start with a shared Bell state. However, tisgfitbit — Bob’s half of the Bell state — could
have been sent well before Alice had decided what messageasited to send. Perhaps only much later
did she decide on her message and send over the second qubit.

One can show that it is not possible to do any better. Two gubie necessary to send two classical bits.
Superdense coding allows half the qubits to be sent beferemmssage has been chosen.
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1.1 Another Example: Quantum Teleportation

The No Cloning Theorem states that no quantum system can copy a qubit; that is, there transform
sending|y) ® |0) — |P) @ |Y). However, if we are willing to destroy the original, we caartsmit a qubit,
even to a remote location.

SupposeA has access to a quantum stage = ap|0) + as1|1), which she wants to transmit to a remote party
B. She can accomplish this by transmitting only classica obitinformation, provided andB share the
entangled two-qubit state

g =
"=

The technique is known agiantum teleportation.

(100) +[11).

The basic idea is thiA controls|() and the first qubit of@). A’s strategy, roughly speaking, is to forcibly
entangle|) with the first qubit|@). A then measures the first qubit (@), resolving it completely, and
hopes this will causéy) to become entangled with treecond qubit of |@). PresumablyB could then
transfer|() to the second qubit dfp).

As a first try, consider the following diagram. The top linenesentsy); the bottom two represent the two
qubits of|@).

T a

That is,A passesy) and the first qubit ofg) through a CNOT gate, and then measures the first qubit of
|@). Now the input into the system as a whole is

wew)= 3 aljo § i)
i=D0, j=0.

After passing through the CNOT gate this becomes
>a
]

Now A measures the middle qubit. Suppose it is measurégtlasnl =i & j. The state is now

S ajalj @l i),

i@, i)

Next, A transmitsl to B. If | = 0, B takes no action, while if = 1, thenB performs a bit flip on his qubit

(the bottom qubit in the diagram.) A bit flip is just the tram;ﬁation( g é > Thus we have
z aj69| | j7 J>
]
Finally, B does a phase flip on his qubit, yielding

;ajU’D-
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This is almost exactly what we want. The only problem is thaw,nthe qubit corresponding tay) is
entangled withB's qubit. The entanglement that was necessary to get theewdrocess started is now a
liability. One way to disentangle them would be farto measure her remaining qubit. But this would
destroyB’s qubit as well.

The ideal solution would be to send the entangle qubits tiitca CNOT gate—bu# controls the first
qubit andB controls the second. This would require quantum commupitdietweerA andB, which is
prohibited.

The correct solution is to go back and modify the originalgdén, inserting a Hadamard gate and an
additional measurement:

Now the algorithm proceeds exactly as before. Howévgapplication of the Hadamard gate now induces
the transformation

Zam j %Za i, j).
Finally A measures and sends the measuremenBtdrl he state is now:
z aj(—=1)"[j).

If i =0 then we are done; if= 1 thenB applies a phase flip. In either case the state is ag®) + a; |1).
SoA has transported the quantum stat®tsimply by sending two classical bits.
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