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1 Expander Graphs
Definition 1. An (n,k, d)-expander graph is abipartitegraph G = (U,V; E) for which
o U[=[V[=n,
o |[E[<kn,
e ¥XCU, IF(X)| > |X] (1+ d|§—|),where IM(X)={v: JueU,(u,v) € E} denotesthe set of neighborsof X and
X denotes the complement of X inU.

Itisnot difficult to demonstratethat (n, O(1), Q(1))-expandersexist by a counting argument (i.e., the probabilistic
method). Our goal today isto give an explicit construction, due to Gabber and Galil [?].

Expanders have awidevariety of usesin theoretica computer science. Most notably, they have been used to create
spectacular pseudorandom generators.

2 TheConstruction

Fix n= n? for anaturd mand let Ay = Zm® Zm Zm being the group of integers modulo m. A, may be thought of a
combinatorial torus. Consider the following 5 bijectionson Ay:

1 oo:(Xy) = (XY),

2. 01:(XY) — (X, X+Y),

3. 02: (XY) = (X, Xx+y+1),
4. 03: (X y) — (X+Y,y), and
5. 04: (X Yy) = (X+y+1,y),

addition modulo m. Now define G, = (Un, Vi; En) asfollows:
o U=V =A,, and
e En={(u,0(u)) : ueUn, o€ {0i}}.

Observe that, as defined, Gy, isa multigraph.
Our goal isto prove the following theorem:

Theorem 1. Gy isan (n,5,dg)-expander for dy = (2—+/3) /4.
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Figure 1. The action of 11 on cyy.

3 TheProof

The proof proceeds as a sequence of reductions. The first reduces Theorem 1 to Assumption 1, below.
Assumption 1. For every X C Ay, S, |0i(X) — X| > 4d0%.
Lemma?2. Assumption 1 implies Theorem 1.

Proof. Observethat for any X C Ap, thereissomei € {1,2,3,4} for which |o;(X) — X| > do%- Considering that
0p istheidentity map, this establishes the theorem. O

The proof, roughly, proceedsin two stages. Thefirst isto reduce the combinatoria statement aboveto a continuous
statement about sets on the 2-torus. Shifting our attention to the continuous problem, we then observe that the maps of
interest (which shall be continuous versions of the g; above) act nicely on the standard Fourier basis functions. This
will alow usto understand their behavior fully enough to prove the theorem.

The 2-torus, T,, may be thought of as [0, 1) x [0, 1). Itstopology is given by the quotient R?/72, where R? is given
its normal topology. This essentially means that you “wrap around” when you get to O or 1 in either dimension. For a
simplediscussion of quotient topology, see [?]. We adopt standard L ebesgue measure, denoted 1, on T, hormalized so
that u(T,) = 1. For adiscussion of Lebesgue measure, including its rather tedious construction, see [?]. No detailed
knowledge of Lebesgue measure is necessary for this proof.

3.1 A ContinuousVersion

Asadvertised, thefirst phase of the proof allows usto shift our attention to a continuousversion of the problem. Define
two bijectionson T, as follows:

1 11:(xy) — (X,x+Y), and
2. T2 (%Y) = (X+Y,Y).
Specifically, we will reduce the combinatorial Assumption 1 to the following continuous assertion:

Assumption 2. For every measurable set X C To, $i—1 2H(X —Ti(X)) > 2dou(X)p(X).

Lemma 3. Assumption 2 implies Assumption 1.

Proof. Fix aset X C An. Defining cxy = [ X, XE1) « [L YLy © T, for each (x,y) € An, set

m’> m m

XI = U nyy.

(x,y)eX



X' isacontinuousana ogue of X. Observethat u(X') = [X| /n. Naturally, wewould liketo seethat thereis asatisfactory
connection between the maps o; on A, and the maps 1; on T,. So consider the action of 11 on cxy. (See Figure 3.1.)
Evidently, the top “triangle” of T1(cxy) liesinside X' exactly when o,(x,y) € X. Similarly, the bottom “triangle” of
T1(cxy) liesin X’ exactly when o1(x,y) € X. Hence

uX —1(X)) = 2_1”—212')(_@()()'.

A similar relationship holdsbetween T, and 03 and 0. Then 3i_1 s (X' — T(X')) = 5= 31 [X — 6i(X)|, and applying
theineguality in Assumption 2 finishes the proof. O

This completes thefirst phase of the proof; we now focus our attention on the continuous problem (Assumption 2).
For purely technical reasons which manifest themselvesin thefinal anaysis, it will be more convenient for us to work
with the maps 172 and 1, 2. With (considerable) foresight, we reduce to the following:

Assumption 3. For every measurable X C To, Si=12H(X — T73(X)) > 4dop(X)u(X).
Lemmad4. Assumption 3 implies Assumption 2.

Proof. Observe that both maps t; and 1, are measure preserving bijections. Specifically, for any measurable set X,
H(X) = pu(ti(X)). Observe, then, that for both T € {14, T2}, H(T(X) — X) = u(X —1=1(X)). Now, for any three sets A,
B, and C, onehas A— B C (A—C) U (C— B) so that for each T € {11, 12},

X=172(X) C (X=171(X) U (TH(X) —172(X))
and
MX = T2(X)) < p(X—T71(X)) + P2 (X) — T72(X)).
From the comment above, u(X — 171(X)) = u(t=1(X) — t72(X)), S0 W(X — T72(X)) < 2u(X = 171(X)) = 2u(T(X) —
X). Thislast inequdity, combined with Assumption 3, implies Assumption 2, as desired. O

We pause now to review some material from Fourier anaysis.

3.2 Fourier Analysisof Square Summable Functionson the Torus

Our primary focus shall be the C-vector space of functions
Lo(Ty) = {f T, —C: fmeasurable,/ |f|2dp<oo},
T2

Thereisanatural inner product onthisspace: for f,g€ Lo(T2), (f,9) = J5, fg* du, wherex denotes complex conjuga-
tion. Thisinner product naturally givesriseto anormgivenby ||f||? = (f, f) = JrIf |? du. With respect to this norm,

the space L,(T,) isametric space. Thisis, infact, a Hilbert space, and hence enjoys al of the propertiesoutlined in
thelast lecture:

o Ly(T) iscomplete with respect to the metric d(f, g) = || f — g||. (This means that for any sequence of functions
fn satisfying
Ve > 0,3ng, YN, m> ng, d( fn, fm) < €,

thereisactually afunction f € L(T,) so that limn—~d(fn, f) = 0.

e Thereisacountable dense set in Ly(T). (This means that thereis a countable set F C Ly(T,) so that for any
f € Ly(T,) and any € > O, thereisan f’ € F for whichd(f, f') < €.) Thisconditionis caled separability.

We shall beinterested inthe basisfor L,(T,) consisting of all functionsXmn : (X,Y) — exp(21i(mx+ny)). Itisessy
to check that
_J1 if(mn)=(m,n)
<Xm,naer(,n’> - {O |f(m, n) ;& (m’n/) ’



proving that they are indeed orthonormal. Though it is not obvious, these functions do span L»(T) in the sense that
forany f € Ly(T2), thereisaseries § i, n fmnXmn Which convergesto f in the metric given above. Since the functions

Xmn are orthogonal, the coefficients fAm,n are unique and may be expressed in terms of the inner product

fAm,n = < f ) Xm,n>~

The Fourier transformof afunction f € Ly(T,) is precisely thisfamily of coefficients fmn. By expressing a function

f interms of its Fourier coefficients, it is easy to show the Plancherel equality: || f[|* = 3 mn| fAmyn|2.
It will be convenient for us now to define another Hilbert space, the space of al square summable functionson a

set SC Z x Z. Formally,
EZ(S):{f:S—>© : Z|f|z<oo}.

Inner products on (>(S) are given by (f,g9) = S5 f(s)g(s)*. The reason for introducing the above space is that the
Plancherel equality (for functions f & L»(T,)) shows us that thefunction f : (m,n) — fi, isan element of £5(Z x Z).
With thisnew language, we may consider the Fourier transform as a function

F: Lz(Tz) — Ez(Z X Z)

which is, infact, linear. To conserve brackets, we write §f for the Fourier transform of a function f. The Planchere
equality showsthat even moreistrue: we have||§f|| = |||, so that thislinear map is an isometry.
For a beautifully written introduction to Fourier analysis, see [?].

3.3 TheTransformed Problem

We are now in a position to complete the proof of Theorem 1. In preparation for applying the machinery of the last
section, we begin by recasting the problemin terms of linear operatorson Ly(Ty). For afunction f € Ly(T,), letTi(f) =
f oti_l. Observethat T : Ly(T2) — Lo(T2) isalinear operator (itisin fact an isometry).

Assumption 4. Let f € Lo(T,) satisfy Jr, fdu=0. Then 3i_1, | T2(f) — f||* > 8do||f| .
Lemma5. Assumption 4 implies Assumption 3.
Proof. Fix ameasurable set X C T, and define @x = Xx — 1(X) so that

C[1-ux) ifpeX
Mp)_{_p(X) ifpeX.

Observethat [7, ¢xdy = Oand ||cpx|| = u(X)u(X), so that we may apply Assumption 4 to thisfunction. The rest of
the proof is computation. Notethat for any Y C To, Ti(Xy) = Xqv)- HenceT; 2(@x) = Xe2(x) = XX and

- ‘ 1 ifpe (t3(X) = X)U(X—=T2(X)),
(0 ~ |0 otherwise.

Observe that these two sets are disjoint so that ||T7(gx) — q)x||2 = W(TA(X) = X) + u(X = 12(X)) = 2u(X — t2(X)).
Furthermore,

KX = T2(X)) = 1(X) — (XN TE(X)) = RTE(X)) — RXATR(X) = RX = T 2(X))

so that ||T%(¢x) — ox|| - 2u(X —172(X)). Substituting thisinto the inequality of Assumption 4 completes the proof.
[l



Analyzing thelinear maps f — Tiz( f) — f inthestandard basis (where we express afunction by describing itsvaue
on every e ement of T,) is made complicated by the “wrap-around” of thetopology in T,. This phenomenon disappears
if we consider these linear maps in the Fourier basis. Specifically, note that

T%(Xm,n) :Xm—Zn,n

T%(Xm,n) =Xmn—2m

and hence

—

T1((p><)m,n :&m+2n,n

—

TZ(CF)X)m,n =®mn+2m

In light of the above, we consider Assumption 4 in the Fourier basis. Observe that
[ -t = st -0 = s -5t

thefirst equality by the Plancherel equality, and the second by linearity of §. Defining oy, ) | Z x Z — 7, x 7 0 that
wy : (M,n) — (M n+2m) and wy, : (M, n) — (M+ 2n,n), we write

IG5 == 3 @) -3 (7)
(Recall that 3 € (5(7 x Z).)
The above reduces Assumption 4 to the following:

Assumption 5. Let f € £5(Z x Z) with f(0,0) = 0 and wy as above. Then

Z Ifow — fI > (4—2V3) ||f|*.
i=T2

Lemma6. Assumption 5implies Assumption 4.

Proof. Observe that the condition Jr, f dp = Oisidentical to §f(0,0) = 0. Appropriately substituting the equality of
equation 7 and theequality || f|| = ||3 f || into Assumption 5 yieldsAssumption 4 (withdp = (2—/3) /4, asdesired). O

The remainder of the proof isarather unenlightening brute-force demonstration of Assumption 5.

Let S=Z xZ—{(0,0)}. Thetwo mapswy and vy, arepermutationsof S. DefineS = {(mn) € S : gcd(m,n) =t},
where gcd(0, a) = |a|. Observe that the sets § are invariant under the maps wy and that S may be written as a digjoint
union S= UtS. Itisnot hard to show that we may restrict our attentionto real-valued functionsin £»(S;). Specificdly,
we reduce to the following:

Assumption 6. Let f € £5(S;) berea-valued. Then

> lIfow—fll> (4—2V3)If||.

i=T,2
Lemma7. Assumption 6 implies Assumption 5.
Proof. Let f € £5(S). Assumption 5 follows by applying Assumption 6 to the real functions
(m,n) — Of(tm,tn) (m,n) — Of (tm,tn)

defined on §; for every t > 1. (Ozand Oz denote the real and imaginary parts of z, respectively.) O



Recalling the definition of ||-||, we have

[fow—f2=(foun—f, foon—f)=|f[%=2(f, fouwy)+|fowmn|?.

Of coursg, || f|| = || f o wy||, so that
Ifow—f2=4|f[2~2 Y (f, fow)
2 2

and it isenough to establish the following:
Assumption 7. Let f € £5(S;) bered valued. Then 231 o(f, fowy) < 2v/3]|f]|.

Proof of Assumption 7. Observe that for a,b € R and A > 0, (av/A — b/+/A)2 > 0 so that 2ab < a®\ + b?/\. So let
A S x S — R beapositivefunction for which A(p, q) = [A(q, p)]_l. Then, for apermutationc : S, — S,

2f(x)f(0(x) <Ax0(¥) (X2 +A(0(x), ¥ f(0(x)? = Ax,6(x) f (x)?+A(0(x),07*(0(x))) f (0(x)?

and evidently
2i;2<f, fooy) < %XE AMx 0(x)) f(x)? = XE% Le A G(X))f(X)Z] : (8

where = = { ooy, oy L, 0p, 0051}
For (m n) € S, let ||(m,n)|| = max(Jm|, [n|). A routine case analysis shows that

o if ||X|| =1, then ||o(x)|| = ||X|| for two 0 € X and ||o(X)|| > ||x|| fortwo o € X.

X)
e if |x|| > 1, then||o(x)|| < [|x|| for one o € Z and ||o(x)|| > ||X|| for three o € X.
Sdect A : S x S — R to bethe function

1/V3 it [X] < Iyl
Axy) =41 (X = Iyl

V3 it X > vl

Observe that for al x,y € S, A(x,y) = [A(y,x)]~2, so that we may apply inequality 8 above. Now, for any x € S,
S oes A%, 0(x)) < max(2+2/v/3,v/3+3/V/3) = 2/3. Combining this last inequality with inequality 8 above, we

have
23 (hlews 5 3 Mxok)T(9° <231

as desired. O

4 Comments

Surprisingly, the constant do = (2—+/3) /4 isoptimal (for these graphs). This proof was improved in 1987 by Jimbo
and Maruoka [?]. Their proof bounds all of the eigenvalues of a related graph and does not rely on a passage to the
continuous version of the problem.



