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Abstract

Begunin 1986, these course notes concern the solution of onereal equation f(z) =0 for onerea
root z, asocaledarea zero z of function f(x). They supplement, not supplant, textbooks
and deal mathematically with troublesome practical details not discussed in my reprint [1979"]
about a calculator’s [ SOLVE] key, which should be read first; it offers easy-to—read advice
about real root-finding in general to anyone who wishes merely to use aroot—finder to solve an
equation in hand. These course notes are harder to read; intended for the would—be designer of a
root—finder, they exercise what undergraduates may learn about Real Analysis from textslike
Bartle[1976]. Collected here are proofs, mostly short, for mathematical phenomena, somelittle
known, worth knowing during the design of robust and rapid root-finders.

Almost all Numerical Analysis texts cover the solution of onereal equation f(z) =0 for onerea
root z by avariety of iterative algorithms, like x —> U(x) for some function U that has
z=U(2) asafixed-point. Thebest known iterationis Newton's. x —> x - f(X)/f'(x) . Anotheris
Secant iteration: pair {X,y} — {w, x} where w:= x - f(X)(x-y)/( f(x) - f(y) ) . But notext |
know mentions some of the most interesting questions:

Issome simple Combinatorial (Homeomorphically invariant) condition both Necessary and
Sufficient for convergence of x —> U(x) ? (Yes; 85)

Isthat condition relevant to the design of root-finding software? (Yes; 86)
Do other iterations x —> U(X) besides Newton's exist? (Not realy; 83)

Must there be a neighborhood of z within which Newton's iteration convergesif f'(x) and
x - f(x)/f'(x) are both continuous? (Maybe Not; 8§7)

Do useful conditions lessrestrictive than Convexity suffice Globally for the convergence of
Newton's and Secant iteration? (Yes; 88)

Why are these less restrictive conditions not Projective Invariants, asare Convexity and the
convergence of Newton's and Secant iterations? (I don't know; 8A3)

Is slow convergence to a multiple root worth accelerating? (Probably not; 87)

Can slow convergence from afar be accelerated with no risk of overshooting and thus losing the
desired root? (In certain common cases, Yes; §10)

When should iteration be stopped? ( Not for the reasons usually cited; 86)
Which of Newton's and Secant iterations converges faster? (Depends,; 87)

Which of Newton's and Secant iterations converges from awider range of initial guessesat z ?
( Secant, unless z has even multiplicity; 89)

Therefore, Why Use Tangents When Secants Will Do?

Have all theforegoing answersbeen proved ? Yes. Most were proved over twenty years ago
[19797, and influenced the design of the [SOLVE] key on Hewlett-Packard Calculators.)
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81. Overview
Beforeareal root z of an equation f(z) =0 can befound, six questions demand attention:

«1» Which equation?
Infinitely many equations, some far easier to solve than others, have the sameroot z .

«2» What method?
Usually an iterative method must be chosen; there are infinitely many of them too.

«3» Where should the search for aroot begin?
A global theory of the iteration’ s convergence helps compensate for avague guessat z.

«4» How fast can the iteration be expected to converge?
A local theory helps here. Convergence much slower than expected is ominous.

«5» When should iteration be stopped?
Error-analysis helps here. And the possibility that no z exists may have to be faced.

«6» How will the root’ s accuracy be assessed?
Error-analysisisindispensable here, and it can be done in more than one way.

The questions are not entirely independent, nor can they always be answered in order. If question
«2» isanswered by some available software that contains its own root—finder, the method it uses
should influence the answer to question «1». Question «5» may depend upon question «6»,
which may be easier to answer after z hasbeen found. Anyway, these questionsdo not havetidy
answers. Instead, the following notes answer questions that resemble the foregoing six, and the
reader must decide whether available answers pertain well enough to his own questions.

Different contexts may call for different answers. Two contexts are worth distinguishing during
the design of root—finding software: Genera—purpose root—finders have to be designed without
knowing the equations they will be asked to solve; special—purpose root—finders are designed to
solve one equation F(z, p) =0 for aroot z=2z(p) regarded as a function of the parameter(s) p
over some preassigned range. Genera—purpose root—finders must be robust above all; they cope
with very diverse equations and with poor first guesses at roots that need not be unique or, in
other cases, need not exist; speed matters only because aroot—finder that runstoo slowly will be
abandoned by impatient users before it finds aroot. Speed is the reason for a specia—purpose
root—finder’ s existence, and to that end it exploits every advantage that mathematical analysis can
wrest from the given expression F(x, p) . Applicability to many such special cases justifies the
inclusion of much of the theory presented in these notes.

Root—finders are almost aways iterative; they generate a sequence of approximationsintended to
convergeto adesired root. For reasonsoutlinedin 82, 83 givestheinfinite variety of iterative

methods short shrift. Whereas textbooks concentrate mostly upon questions of local convergence
answerable often by appealsto Taylor series, these notes concentrate mostly upon questions of

global convergence. Does “ global ” convergence theory differ from “ local” ? It’sadistinction
with asmall difference: Local theoriestouchedin 83 and 84 describe what happens, and how
fast, in every sufficiently small neighborhood of aroot; thiskind of theory appliesto practically
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all cases. A global convergence theory provides ways to tell whether aroot exists, whether an
iteration will convergeto it from afar, and whether slow convergence from afar can be sped up
without jeopardizing convergenceto the desired root; these questions have usable answersonly in
special cases. The special cases discussed in these notes arise often enough to make their study
generally worthwhile.

Most iterations discussed in these notes have the form X1 := U(x,) , which may seem very

genera but isn't really; thereisasense (see Thesis3.1 below ) inwhich every such scalar

( not vector ) iterationisrealy Newton's iteration in disguise. Textbooksand our 84 treat
iterationswhose U isa Contraction: (|[U'|<1) throughout some domain supposed to contain
the desired root and all but finitely many initial iterates. Finding that domain can be as hard as
finding theroot, and futile too because Contraction ina wide domain surrounding theroot isa
condition merely sufficient, not necessary, for convergence. Thereisaconceptually simpler
combinatorial condition necessary and sufficient for convergence from every starting point in a
wide domain; see Sharkovsky’s No-Swap Theorem 5.1 below. Thistheorem provides an
invaluable “ One-Sided” criterion by which to decide when a program must interveneto force an
iteration to converge. That decision may be necessitated by the intrusion of rounding errors
whose worst effects can be avoided only by using appropriate criteriato stop the iteration. Such
criteriaand other software issues are discussed in 86.

Newton's iteration X1 := X, - f(xp)/f' (X)) and Secant iteration Xpiq := Xp - f(xn)/fT(xn, Xn-1)

aretreated next; here fT isa First Divided Difference whose analogy with thefirst derivative f'
isexplained below in Appendix A1 on Divided Differences. Both iterations have such similar
local convergence properties that they are treated together in Theorems 7.4, 7.5 and 7.6. The
weakest known global conditions sufficient for convergence are named in Theorem 8.2 and
Corollary 8.3; roughly speaking, they requirethat [f'| not vary too much. ( A connection with
the classical theory of Functions of Bounded Variation is coveredin Appendix A2.) Both
iterations have similar global convergence properties because those properties are invariants of
certain plane Projective Maps that are the subject of yet another Appendix A3. Unfortunately,
the aforementioned weakest known global conditions sufficient for convergence are not invariant
under projective maps; to find usable weaker invariant conditions remains an open problem.

The projective invariance of Newton’s and Secant iteration is the source of an astonishing
Theorem 9.2 which says, roughly, thatif f reversessignwherever it vanishesin someinterval,
and if Newton's iteration converges within that interval from every starting point therein, then
Secant iteration converges too from every two starting pointsin that interval. Of course, they
converge then to the unique zero of f intheinterval. Thistheorem has no converse; Secant
iteration can converge but not Newton’s. The discovery of this theorem over twenty years ago
had a profound effect upon the design of root—finders built into Hewlett—Packard calculators.

Slow convergence of Newton’'s and Secant iteration to a multiple root is a problem that has
received more attention in the literature than it deservesin the light of Theorem 7.6, which istoo
little known. Thistheorem provides good reasons to expect computed values of f(x) to drop
below the noise due to roundoff, or else below the underflow threshold, rapidly no matter how
dowly iterates x converge, so iteration cannot be arbitrarily prolonged. Convergence slowly
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from afar to asimpleroot that appears, from afar, to belong to atight cluster of rootsisaproblem
deserving more attention. The problem is not how to accelerate the iteration, but how not to
accelerate it too far beyond the desired root. In cases covered by Theorem 10.1 the problem has
asimple solution that roughly halves the number of Newton iterations when they converge
dowly. A similar solution works for Secant iteration but the details of its proof are not yet
complete.

| havetried to prove every unobvious unattributed assertion in these notes. The proofs are as brief
as| could makethem, and not merely by leaving stepsout. Still, the proofs should be skipped on
first reading; to make doing so easier, each proof isterminated by END OF PROOF. To easethe
location of this document’s sections, theorems, lemmas, corollaries, examples, ..., they will be
numbered consecutively when the notes are complete.

Y et to be transcribed are sections about finding all real zeros of a polynomial, all zerosof area
cubic, error bounds for computed zeros, and running error bounds for computed values of a
polynomial. Meanwhile the author will welcome corrections and suggestions, especially for
shorter and more perspicuous proofs.
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§2. Three Phasesof a Search

Root-finding software invoked to solve f(z) =0 searchesfor aroot z by following a procedure
generaly more complicated than the mere iteration of some formula x := ... until it converges.
Watching such software at work, when it works, we can usually discern three phases:

Phase1l: Flailing
Initial iterates x approximate the desired root z poorly. They may move towards
it, or wander, or jump about asif at random, but they do not converge rapidly.

Phase2: Converging
Differences between successive iterates x dwindle— rapidly, we hope.

Phase 3: Dithering
Indistinguishable from Flailing except that different iterates x differ much less
from aroot and may very nearly repeat. Dithering is due entirely to roundoff.

Dithering is asymptom of an attempt to solve f(z) = 0 more accurately than roundoff will allow.
Ultimately accuracy is limited by what roundoff contributes unavoidably to the computed values
of f(x) . Accuracy much worse than that should be blamed upon an inept implementation of the
iteration formula x := ... or upon some other defect in the software, or else upon intentional
premature termination of the iteration because its accuracy was judged adequate. Judgments like
this posit the existence of atrustworthy error estimate, which isanontrivial requirement. It looks
easy at first; the possession of a Sraddle*,— twoiterates x, and x,, where f(x)f(x,) <0,—

suffices (if f iscontinuous) to locate aroot z between them with an error lessthan [x - X, .

However the purchase of a sufficiently close straddle may cost almost twice as much computation
asasimpleiteration x :=... that convergesfrom oneside, unlesserror anaysis can be brought to
bear. Error analysiswill be discussed at length later; without it, dithering could waste alot of
time.

Converging is what we hope the chosen iteration does quickly, and usually it does; and when it
does, the search for azero can spend relatively littletimein Phase 2. Why then is so much of the
literature about numerical methods concerned with this phase? Perhaps becauseit is the easiest
phaseto analyze. Ultimately superlinear (fast) convergenceisrarely difficult to accomplish, as
we shall see; Newton’s iteration usually converges quadratically. Convergencefaster thanthat is
an interesting topic omitted from these notes because it reduces only the time spent in Phase 2;
higher order convergence is worth its higher cost only if extremely high accuracy is sought.

We shall devote more consideration than usual to Phase 1 becauseit isthe least understood and
potentially most costly. A long time spent flailing is a symptom of mismatch between the given
equation f(z) =0 and the root—finder chosen to solveit.

*Footnote: A Straddle istothe Navy what a Bracket istothe Army;— apair of shotsfired one beyond and the other short of
atarget to intimidate it or to gauge itsrange. “Straddle” and “Bracket” have distinct meanings in these course notes.
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83. Modelsand Methods

Every iterative method for solving f(z) =0 ismotivated by a model ; thisisafamily of easily
solved equations from which is drawn a sequence of ever better approximations to the given
equation over a sequence of ever narrowing intervals around the desired root z. For example,
the given equation may be rewritten as an equivalent equation g(z) = h(z) with the sameroot z
but with h(x) slowly varying ( approximately constant) when x isnear z, and with g(x)
easily inverted. Thelast equation is turned into an iteration by solving g(X,+1) = h(x,) for each

new approximation X,.; to replace the previous approximation x, to z. If h'(x)/g'(x) is
continuous and |n'(2)/g'(z)| < 1, theiteration can easily be proved to convergeto z from any
initial X closeenoughto z. (Look a (Xp+1-2)/(Xp-2) = hT(xn,z)/gT(xnﬂ,z) as X,—> z; here
h' isadivided difference analogousto the derivative h' and explained in Appendix Al.)

For instance take the equation 3¢* = e3z. It canbe “solved” for z=3+ In(z/3) to construct an
iteration Xn4q :=3+1In(x,/3) , orfor z= 3¢ to construct an iteration Xn+1 = 3 eXp(Xy-3) -
Each iteration is attracted to adifferent root z. ( Find them! Why are there no more roots?)

More generally, the given equation f(z) = 0 may be rewritten g,(z) = h,(z) inaway that can
change with every iteration that solves g,(Xn+1) = hy(X,) for Xn+1, and can depend also upon
previousiterates X,.1, Xn.2, -.. . 1hese dependencies are motivated by amodel al the same, but

now reinterpreted as afamily of convenient curves from which is drawn a sequence of ever better
approximations to the graph of the given function f over a sequence of ever narrowing intervals
around the desired root z . The wider the interval over which f resembles a member of that
family, and the closer the resemblance, the faster theiteration derived from the model converges.

A substantial body of theory connects the qualities of amodel to the ultimate speed of the derived
iteration’ s convergence; see Traub [1964] or Ostrowski [1973]. Like most of today’ s texts on
Numerical Analysis, these notesdraw little more from that theory than two items of terminology:
Rate and Order aretwo measures of the ultimate speed with which asequence Xq, Xp, X3, ..., X,

. may convergetoitslimit z as n—¥ . Its Rate:=liminf -In(|x, - z])/n, andits
Order := liminf (-In(|x, - z|))1/n . Linear convergence has Order =1 and apositivefinite Rate,
which means the number of digitsto which x,, and z agree grows ultimately linearly with n;

slower than linear convergence is almost intolerable. For most practical purposes we expect
Superlinear convergencewith Rate = +¥ and Order > 1, which meansthat ultimately every
iteration multiplies the number of agreeing digitsby Order on average.

Here are examples: Newton's iteration X1 := X, - f(X))/f'(X,,) approximates the graph of f by
itstangent T, atapoint (X, f(x,)) that theiteration triesto move closer to (z, 0) by moving the
point of tangency to the point (Xn+1, f(Xn+1)) on the graph above T,'s intersection with the x—

axis. Convergenceistypically Quadratic ( Order =2). Similarly, the Secant iteration

Xn+1 := Xp - f(xn)/fT(xn, Xn-1) = Xp~ FX) XX )/ (F(X) - T(Xn-1)) @pproximates the graph of f by
its secant through two points (X, f(x,)) and (X,.1, f(Xp.1)) » and replaces the latter by the point
(Xn+1, f(Xn+1)) a@bove where the secant cuts the x—axis. Theiteration's Order » 1.618 typically.
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f(x)
tangent
v > X
Newton'’s: Xp+1 -= N(X,,) where N(V) = v - f(V)/f(v).
7
secant
7[] W> X
S(u, w)
Secant: Xnt1 -= S(Xp, Xp-1) Where  S(u, w) = u - f(u)(u-w)/( f(u) - f(w) ) .
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David Muller's method fits a parabola through three points on the graph of f, and replaces one
of them by a point on the graph above the nearer intersection of the parabola with the horizontal
axis. An hyperbolawith vertical and horizontal asymptotes can also be fitted through three points
onthe graph of f, and provides an iteration simpler than Muller’s and better suited to finding a
simplezero z closetoapoleof f. (A pole of f isanargument 6 at which f(6) =¥ .) The
hyperbolais the graph of nx - x,+1)/(x - 8) for constants m 06, X,,+1 chosen by making that
expression interpolate ( match) f(x) at three consecutive iterates X, X,.1, Xn.2 - Both these
iterations converge typicaly at Order » 1.839.

Given two iterates x, and Xx,, that straddle asign-change of f because f(x)f(x,) <0, wemay
well wish to continue theiteration in such away that straddling persists even if preserving it slows
convergence. The simplest way is Binary Chop; this method models f by a step-function that
disregards everything about f but itssign, and in each iteration replaces either x, or x,, by

Xy = (X +X,,)/2 according to sign(f(x,)) so that straddling persists. Regula Falsi differs from
Binary Chop only by determining x,, asthe place where a secant through (x,, f(x.)) and
(X5, T(Xy,)) cutsthe horizontal axis. Both methods usually converge linearly, too slowly. Regula

Falsi can converge arbitrarily slower than Binary Chop when the graph of f ismore nearly
L-shaped than straight, so D. Wheeler's method ( seeprogram F2 in Wilkeset al. [1951] )
speedsup RegulaFalsi by halving whichever of f(x,) or f(x,) hasnot been supplanted after

two iterations. C.J.F. Ridder's method, promoted by W.H. Press et al. [1994], chooses m 3
and xp to makethe expression L(x):= rr(x-xD)eBX interpolate f(x) at X, Xy := (X +X,)/2 and
Xy, , and then retains whichever pair of x., X,, Xp, X, most closely straddles the sign-change of
f. (Oneof thepairisalways xp.) Thismethod is plausible when the graph of f may be very

nearly L-shaped but not necessarily monotonic. Ridder’'s and Wheeler’'s methods usually
converge superlinearly; for the latter see Dahlquist et al. [1974].

Vastly many more models and iterative methods have been published. Do we need al of them?
Perhaps not; most of them converge superlinearly, so they spend similar small numbers of
iterationsin Phase 2. Reducing these small numbers by increasing the Order of convergenceis
relatively straightforward if enough derivativesof f are available. For instance, convergence
(typically ) at Order = 3 isobtained by fitting osculatory hyperbolas instead of tangents to the
graph of f toderive Halley's iteration Xp.q := Xp - 20(%)/(2F' (X;) - " (X )f X )/ (X)) -

Widening the range of initial guesses from which convergence will follow is harder but worth a
try when dawdling in Phase 1 indicates a mismatch between the model and the equation to be
solved. Acquaintance with many models improves our prospects of finding one that matches the
given equation well. Alternatively, when possession of a software package implies the use of its
root—finder, awareness of the model(s) that motivated its root—finder may suggest how to recast
equations so as to match its model (s) better. Because all modelsinclude the straight line graph of
alinear equation asaspecial or limiting case, equations f(z) =0 incur fewer iterationsin Phases
1land 2 according as f ismore nearly linear over awider range around z . This observation
motivates attempts to recast a given equation into an equivalent but more nearly linear form. A
successful attempt will be described below after Theorem 8.2.
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The two motivations, oneto fit amodel as closely to the equation asis practical, the other to
linearize the equation as nearly and widely as possible, may become indistinguishablein thefinal
analysisof area (or complex ) root—finder’s performance. Hereisareason for thinking so:

Thesis3.1: Newton’sIteration isUbiquitous

Supposethat U isdifferentiable throughout some neighborhood W of aroot z of
the given equation f(z) = 0. If theiteration X1 := U(X,) convergesin W to z
from every starting point x5 in W, thenthisiterationis Newton's iteration
applied to some equation g(z) =0 equivalent on W to the given equation; in
other words, U(x) =x - g(X)/g'(x) , and g(x) —> 0 in W onlyas x —> z.

Defense:  g(x) = xexp( odx/(x - U(x)) ) witha “constant” of integration that may jump when x
passes from one side of z to the other, reflecting the fact that U is unchanged when g(x) is
replaced by, say, -3g(x) forall x ononesideof z. (Thereisnoneedfor g'(z) toexistsinceit
need not be computed when g(z) = 0; however the jump in the “constant” of integration can
often be so chosen that g'(x) iscontinuousas x passesthrough z.) Theiteration’sconvergence
in W to z aoneimpliesfirstthat x - U(x) vanishesonly at x =z in W, and thenthat x - U(x)
hasthe samesignas x - z. ( The opposite sign would compel the iteration to flee from z.)
Thereforetheintegral decreases monotonically as x approaches z from either side. To complete
the defense we shall infer from the differentiability of U that theintegral descendsto -¥ ,
implying that g(x) — 0 as x —> z asclaimed.

For the sake of simpler arithmetic, shift the origintomake z=0 and write W for what remains
of W when 0 isremoved fromit. Thismakes U(x)/x<1 atal x in W . Since U'(0) exists,

there also must exist some constant 1- 1/C<U(x)/x <1 foral x in W, whenceit follows that
theintegral d@x/(x - U(x)) < (another constant) + Calx/x —> -¥ as x —> 0 in W from one side
or the other. END OF DEFENSE.

(Whatif U weremerely continuousinstead of differentiable? Then g could be discontinuous at
z like g(x) := (if x3 Othen (1 + (x)?elsex?) . Ingenera then, must g(z+)-g(z-) =0?)

Don’t read too much significance into Thesis3.1 . It does suggests that an iteration, derived
from afamily of curvesthat osculate ( match tangent and curvature of ) the graph of f more
closely than tangents do, could equivalently have been derived as Newton’s iteration applied to a
function g whose graph is more nearly linear than the graph of f around the zero z that g and
f havein common. For instance, Halley’'s third order iteration aboveis Newton's applied to
g(x) := f(x)/Af'(x)| . But Thesis3.1 does not say which derivation will be the more convenient.

Thesis 3.1 impliesthat most of these notes will never generalize to the iterative solution of

systems of equations nor to multi—point iterations. U(x) = x - g'(X) 1g(x) generally cannot be
solved for avector—valued function g of avector x . Iterations Xn+q := U(Xp, Xp1s -+ Xnok)

generally do not behave like Newton's if k3 1, so Theorem 9.2 will come as a surprise.
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84. “Global” Convergence Theory from Textbooks
The behavior of iterations X1 := U(X,)) , alsocalled Discrete Dynamical Systems, has become

much better understood over the past half century. Iterations Xp+1 := U(Xp, Xn-15 Xp-2s o Xpek)
fall under the same rubric when rewritten as vector iterations X1 := U(X,) inwhich the vector
Xn = (Xpy X1 Xn2s - Xpoi) - Largevalues of k offer little advantage, although they do promise
ultimately faster convergence, because “ ultimately ” need not arrive much sooner than the
achievement of adequate accuracy by simpler means. Anyway, so much lessis known about the

global behavior of iterationswith k3 1 that we shall keep k =0 except when discussing the
Secant iteration, whose k=1. And amost all variables will be kept real.

Presumably the roots z of the given equation f(z) =0 are also roots of the equation z = U(2)
so the desired roots lie among the fixed—points of U if any exist. The existence of fixed—points,
some of which may be spurious because they are not roots, isanontrivial issue. For example, the
fixed—points of Newton's iteration, for which U(x) :=x - f(x)/f'(x) , include the polesof ' as
well asthose zeros z of f at which f'(z)* 0, plusthose zerosof both f and f' at whicha
justifiable redefinition of U sets U(z) :=z. (Justification will be tendered later.) Fortunately
poles are repulsive and zeros are usualy attractive fixed—pointsof Newton's iteration; in
generd ...

» Afixed—point z=U(z) iscalled “Attractive” if it belongsto some non—degenerateinterval W
from whose every other point X theiteration X,+1 := U(X,,) convergesto z, though

iterates may stray outside W while converging.

* A fixed—point z=U(z) iscaled “Repulsive’ if it belongsto some non—degenerate interval W
throughout which |U(U(X)) - z| > [x-z| when x* z; then, if W containsonly every
other iterate X,4q := U(X,) , consecutiveiteratesin W still move away from z .

A fixed—point can be both attractive ( from oneside) and repulsive ( from the other ), asareall

the nonzero fixed—pointsof U(x) =x si nz(ljx) ; itsfixed—point z=0 isneither attractive nor
repulsive.

Global convergence theory is concerned with the existence of attractive fixed—points. Ingeneral,
the best known conditions sufficient for at least one fixed—point to exist figure in the following ...

Lemma4.1l: If U mapsaclosedinterval W continuously into itself, then W
contains at least one fixed—point z=U(2) .

Proof: If neither endpoint of W isafixed—point of U then U must map both endpoints strictly
inside W, inwhich casethey constitute a Straddle for the equation U(z)-z=0. END OF PROOF.

( W must include its two endpoints | est the fixed point lie not in W but on itsboundary. If W is
infinite it must include its endpoint(s) at +¥ and/or -¥ , and the continuity of U there must be
understood in an appropriate sense: U isdeemed continuousat +¥ if either of U(1/w) and

L/U(Lw) approaches afinitelimitas w —> 0+ . Similarly for -¥ . And W must have distinct
endpoints; the lemmamay be rendered inapplicableif +¥ and -¥ aredeclared equal, thereby

Work in Progress:. NOT READY FOR DISTRIBUTION Page 11/63



Math. 128A/B L ecture Notes on Real Root-Finding June 30, 2009 6:37 am

turning W topologically into acircle O that can be mapped continuously to itself by arotation
without a fixed—point. Lemma4.1 isaspecial case of the Brouwer/Schauder theorem valid for
compact convex regions W in spaces of arbitrarily high, even infinite, dimension.)

Do not misconstrue the interval W as something introduced merely for the sake of additional
inessential generality. Such a misapprehension could arise from the observation that U may be
extended continuously to thewholereal axis, and without introducing any new finite fixed—point,
by declaring U' :=1 or else U :=0 ineachinterval outside W. However, generality isnot the
motive for not thus dispatching W. It isessential to the following theory because U will be
assumed to satisfy convergence conditions that need not be satisfied everywhere in general, yet
they must be satisfied in an interval W wide enough to support useful inferences.

The foregoing lemmais easier to prove than apply because, given U and W, the confirmation
that U(W) iscontained in W istantamount to an assertion about the extremaof U in W; why
should such an assertion cost much less computation than the location of afixed point? Besides,
the mere existence of fixed points cannot ensure that the iteration X..; := U(x) will convergeto
any of them. For example, in -1£xX£ 1, U(x) :=sin(px) hasthree fixed—points z=0 and
z =+0.736484448... , dl repulsive; U(U(x)) hasseventherein, al repulsive; iteration cannot
converge to any of them except by an unlikely accident. In general, if we desired no morethanto
find a fixed—point whose existence is guaranteed by the lemma s hypotheses, we should proceed
from those hypotheses to the construction of afixed—point by Binary Chop guided in accordance
with the following now obvious ...
Corollary 4.2: If U mapsaclosed interval W continuously into itself, andif x
in W isnot afixed—point of U, thenthereisat least onefixed—point z=U(z) in
W onthesamesideof x as U(X) .
It makes Binary Chop foolproof. But such isnot our purpose now. Our purposeisto investigate
whether and how theiteration X,.; := U(X,) converges. ( Faster than Binary Chop, we hope.)

The best known conditions sufficient for thisiteration to convergerequire U tobea...

Contraction:  |U(X) - U(y)|<|x-y| foralldistinct x and y insomeinterva W.
Contraction U must be continuous, if not differentiablewith |U'| <1 amost everywherein W,
and itsinterval W can contain at most one fixed—point z=U(z) . ( Can you see why?)

Lemma4.3: If U contracts W into itself then the iteration X441 := U(Xy)
convergesin W to the fixed—point z=U(z) from every initial guess x5 in W.

Proof outlined: Iterating contraction U decreases [x,-z| monotonically, so theiterates have one
or two points of accumulation v and w which, if different, would have to be swapped by U,
thereby satisfying 0 < [v-w| = [U(w)-U(V)| < |w-v| paradoxically; instead, v=w =2z . END OF
PROOF.

But a contraction need contract no interval into itself; In(x) for x 3 1 isan example. Under what

conditions can we ascertain that an interval W is contracted into itself? Conditionstypical of the
kind that appear in textbooks appear in the following lemmas:
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Lemma4.4: Suppose -1<U' £0 throughout aninterval W that includes both
Xg and X1 :=U(Xg) ; thentheiteration X,.q := U(X,) convergesin W to the one

fixed—point z=U(z) therein. Convergenceisalternating. ( Proof isleft to the
reader.)

Lemma4.5: Suppose O£ U' £ m< 1 for apositive constant m throughout an
interval W that includes both xq and (x; - mxg)/(1-m) , where X, := U(Xg) ; then

theiteration X,+q := U(X,) converges monotonically to the unique fixed—point
z=U(2) in W. (Proof isleft to the reader.)

Lemma4.6; Suppose -1<U' £ m< 1 for apositive constant m throughout an
interval W that includes both xg and (X4 - MXg)/(1-n) , where x; := U(Xg) ; then
theiteration x,41 := U(X,) convergeswith decreasing [, - z| to the unique fixed—
point z=U(z) in W.

Proof: Since U isacontractionon W, thefixed—point z=U(z) isuniqueif it existsin W.
That z doesexistin W between xq and X := (Xq - mXg)/(1-m) followsfrom the observation that

(X1 - UX))/(Xp - X) = (U(Xg) - UX))/(Xp - X) £ munless x; = Xg=2z; consequently

(X - U(X)) (Xg- U(Xg)) £0 and therefore x - U(X) changessign at some X =z between X and
Xg. Infact z liesbetween X and (Xg+ X1)/2 since (X1-2)/(Xg-2) = (U(Xg) - U(2))/(Xg-2) > -1;
consequently (z - (Xg+ X1)/2)(z - Xg) >0, which impliesthat z- (Xg+ X;)/2 hasthe same sign
as z-Xg, whichhasthesamesignas X - Xg. To complete the proof we shall show that U
contracts asubinterval of W including Xxq intoitself, and theninvoke Lemma4.3.

To simplify the argument suppose that Xy < X;; otherwisereversethesignsof x and U. Now
we have Xg< (Xg+ X)/2<zE£ X = (X1 - mg)/(1-n) . Set w:=2z+ (1-m)(X-2)/(1+m) and
V:=2z- (I-m(X-2)/(1+m) = Xg + (22 - Xg- X7)/(1+n) ; evidently xg<v<z<w<X. Now we
shall confirm that U(x) contractsthe subinterval xg £ x £ w into itself. First we obtain upper
boundsfor U(Xx) :

When xg£ X £V, U(X) £ U(Xg) + mMX-Xg) £ X1+ MV-Xg) =W ;

when VEXE£z, UX)£U(2)-(X-2) =2z-XE£2z-v=w ;

when z<x£w, UX)EU(@2) +nmXx-2)<z+(X-2)Ew .
Next we obtain lower bounds for U(x) :

When xg£x<z, U(X)>X3 Xq ;

when z<x£w, UX)>U(2) - (x-2) =2z-x3% 22-w=V>X .
Evidently xo<U(x) £w too, asclaimed. END OF PROOF.

The foregoing lemmais nearly the most general of itskind, and yet often too difficult to apply.
Difficulty arises from the possibility that m and the minimum width [x; - Xgl/(1-m) of W may

chase after each other. For example, given xg and x4 :=U(Xg) and U'(Xg) <1, wehaveto
make aguessat W at least aswide as X1 - Xgl/(1-U'(Xg)) ; then somehow we must estimate the
range of U'(W) hoping it will be narrow enough to satisfy alemma s requirements. But if that

Work in Progress:. NOT READY FOR DISTRIBUTION Page 13/63



Math. 128A/B L ecture Notes on Real Root-Finding June 30, 2009 6:37 am

estimated rangeistoo wide, say if m3 U'(W) issobigthat (x; - mxg)/(1-m) liesbeyond W, we
must widen W to include this point, thereby perhapsincreasing m and forcing W to be widened
again, and so on. Thiscan go on forever for exampleslike U(x) := Q1 + x2) -U@z+ Q1+ 22))
when 0 < xy<2z-1 athoughitsiteration always converges. The chase need never end because the
lemmas’ requirementsthat -1 <U £ m<1 in W merely suffice for convergence; they are not
necessary. For example, iteration convergesfromevery xqo to z=0 for U(x) :=-arctan(x) with

U'(2) =-1, andfor U(x) :=x - tanh3(x) with U'(z) =1, though both examples converge
sublinearly ( extremely slowly ): [x,-z| = O(L/n) .

The foregoing three lemmas are really local convergence theorems posing as global. They are
applicable only in a sufficiently small neighborhood W of afixed—point z=U(z) at which
U'(2)| <1, inwhichcase |x,-z| ultimately decreases with every iteration, converging to zero

linearly like |U'(2)|" or superlinearly if U'(z) =0. However, finding aneighborhood to which a
lemma above is applicable can be almost ahard asfinding z. Besides, convergence can occur

without ultimate monotonic declinein |x,-z|, aswhen U(x) := €*-1; for this example the
iteration convergesto z =0 alternatingly, sublinearly and invariably, aswe shall see.

Apparently the “global” theory of iterations’ convergence presented in most textbooks answers
guestions that the designers of root—finding software are unlikely to ask. More likely, designers
will ask ...
What pattern of behavior distinguishes convergent iterations from the others?
How can my software exploit this pattern?
When should iteration cease?
These questions are addressed in the next two sections of these notes.

Answersto these questions augment, not supplant, what hasto be known by awould-be designer
of software to solve efficiently some narrowly specified class of equationsfor their real roots. For
instance polynomial equations have properties, surveyed succinctly in texts like Householder’s
[1970], that should be taken into account by a computer program that needs good initial guesses
to start an iteration towards a desired root. After iteration is under way the foregoing questions
answers come to the fore.
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85. Global Convergence Theory

What pattern of behavior distinguishes convergent iterations from the others?
This question matters to software designers because, by mimicking this pattern in our root—
finding software, we hope to enhance its prospects for success. The pattern is slightly more
complicated than amonotonic declinein |x,-z| as n increases. To suppress superfluous

complexity we shall try to describe only the pattern’ s essentials. What isessential? It iswhatever
persists after inessential changes of variables, i.e. after homeomorphisms.

Consider any changefrom x toanew variable X = X(x) whichiscontinuousand invertible, and
therefore monotonic, onthedomain W of x; weshall let x =x(X) denote the inverse change
of variable, also continuous and monotonic on itsdomain X(W) . Usually both changes of
variable shall be differentiable too, inwhich case X'(x) and x'(X) = /X' (x(X)) must keep the
same constant nonzero sign inside their domains. U(x) changesinto H(X) := X(U(x(X))) . If the
iteration X,.q := U(X,) convergesfrom xqo to z=U(z) , weexpect X1 :=H(X,) toconverge
too from Xg:=X(Xg) to Z:=X(z) =H(Z), though divergenceeither to +¥ orto -¥ may have
to beredefined as “ convergenceto infinity ” incase z isan infinite endpoint of W, or Z an
infinite endpoint of X(W) .

Besides fixed—points and convergence, what qualities must each of U and H inherit from the
other independently of X ?

 Continuity

 Separation: X liesbetween U(x) and U(U(x)) if and only if

X :=X(x) liesbetween H(X) and H(H(X)) .

 Differentiability:  H'(X) = X"(U(X(X))) U'(x(X)) x'(X) if al derivatives are finite.
When they exist, both derivatives H'(X) and U (x(X)) havethe same sign but they usually have
different values except at Stationary Points ( where they both vanish)) and at fixed—points;
whenever z=U(z) and consequently Z :=X(z) = H(Z) thenaso H'(Z) =U'(z) . Then, if both
fixed—points z and Z arefiniteand if therespectiveiterations Xp.+1 := U(X,) and X1 := H(X},)
convergeto them, both converge at the same Rate :=liminf,,_, v In(|X,- z|'””) =-InU'(2)|3 0.
Sublinear convergence has Rate zero; linear convergence has a positive Rate. And when this
Rate isinfinite then both iterations may be shown to converge with the same superlinear
Order :=liminf,_ y (-Injx, - z|)]Jn3 1; higher Order impliesfaster convergence.

Like the foregoing qualities, conditions for convergence should ideally be inheritable by each of
U and H from the other. By thiscriterion typical textbook conditions, like the uninheritable
boundsupon U' inlemmas 4.4t04.6 above, arenotideal. Ideal conditionsfollow.

Theorem 5.1: Sharkovsky’s No-Swap Theorem

Suppose U maps aclosed interval W continuously into itself; then theiteration
Xp+1 -= U(X,) converges to some fixed—point z=U(z) fromevery Xqg in W if
and only if these four conditions, each of which impliesall the others, hold
throughout W:

No-Swap Condition: U exchanges no two distinct pointsof W; in other words,
if U(U(X))=x in W then U(x) =x too.
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No Separation Condition: No x in W can lie strictly between U(x) and
U(U(x)) ; inother words, if (x-U(X))(x - U(U(x))) £0 then U(X) =x.

No Crossover Condition: If U(X) £y £x £ U(y) in W then
U(x) =y =x=U(y).
One-Sided Condition: If x;:=U(Xg) * Xg in W then all subsequent iterates

Xn+1 = U(X,) alsodiffer from xg and lie on the same side of it asdoes x; .
( Compare Corollary 4.2 above.)

These conditions have been rediscovered several times since they were first established by A.N.
Sharkovsky [1964, 1965]. The proof that each implies all othersistoo long to reproduce fully
here but elementary enough to leave to the diligent reader helped by the following suggestions:

Think of WkW as a square whose lower— eft—to—upper—right diagonal is touched or crossed at
every fixed—point by the graph of U, which enters the square through its left side and exits
through itsright. That graph and its reflection in the diagonal touch or cross nowhere else when
the No-Swap condition holds. When the No Separation condition isviolated, all attemptsto
draw both graphs must violate the No—Swap condition too. Similarly for the No Crossover
condition; therefore these three are equivalent conditions. The One-Sided condition obviously
implies No Separation; and aviolation of One-Sidedness can be shown soon to violate No
Crossover too. Thusall four named conditions are equivalent to each other though not yet proved
equivalent to convergence from every starting point in W; that proof follows the next lemma.

Besides pertaining to an iterating function U, the One-Sided condition is satisfied by any
sequence { Xg, X1, Xo, X3, ... } , regardlessof its provenance, whose every member x,, liesonthe

same side of all subsequent members X,y , M>0. Inother words, that sequenceis One-

Sided just when, first, if any two membersare equal so are all members between and after them,
and secondly, for every integer n3 0, no members of the sequence of differences { Xp+1-Xp,

Xn+2-Xns Xn+3-Xns -} haveopposite (non-zero) signs. Note that every subsequence of a One-
Sided sequenceis One-Sided too. Some One-Sided sequencesare Ultimately Monotonic in
the sense that all but finitely many differences x,.1 - X, have the same sign; such sequences

obviously converge, perhapsto infinity. Other One-Sided sequences are the subject of the next
lemma:

Lemmab5.2: The No-Man's-Land Lemma
If the One-Sided sequence { Xg, X1, X2, X3, ... } 1S not ultimately monotonic

then it can be partitioned into two digoint infinite subsequences, one of which
ascends strictly monotonically to alimit no larger than the limit to which the other
descends strictly monotonically; if these limits differ, the gap betweenthemisa
no—man’s-land containing no member of this sequence.

Proof outlined: The ascending subsequence consists of those X, < X,+1 , and the descending
subsequence consists of those x, > X1 . For instance, if xy, isalocal maximumand x; the
subsequent local minimum in the sequence, whereupon
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e Xmel <Xm > Xma1 > o > X > X <Xjyg - (M<]),
then xn,.1 and x; are consecutive members of the ascending subsequence ( note that One-—
Sidedness implies Xy.1 <X;) while X, X1, .., Xj.1 are consecutive members of the
descending subsequence. It soon follows that each subsequence is strictly monotonic and
bounded by the other. END OF PROOF.

Return to the proof of Sharkovsky’s No-Swap theorem; suppose U satisfies the four named
conditions of histheoremon W. Then theiteration X, := U(X,) generatesa One-Sided

sequence. If it did not convergethen, according to the no-man’s-and lemma, it would have two
points of accumulation with no iterate between them; and then because U iscontinuousit would
swap them, contrary to the No-Swap condition. Therefore the iteration does converge.

| am indebted to the late Prof. Rufus Bowen for pointing out Sharkovsky’s work. It answers
easily many convergence questions that would be awkward without it. Here are two examples:

Example5.3: Suppose U(x) :=€*- 1 and W isthewholereal axis; theiteration X1 := U(X;)
convergesto z =0 from every starting point because U' <0 (so U hasjust one fixed—point )
and U cannot swap two pointsin W. No-Swap follows from the fact that the graphsof U and
itsinverseintersect just once, which followsfrom the fact that €* - 1 + In(1+x) cannot vanish if
-1<x1 0, which follows after differentiation from & > 1+x . Convergenceisalternating
because U'(0) =-1<0, and x,=O(Q6/n)) because U(U(X)) =X - x3/6 + ... ENDEX.53.

Example 5.4: Suppose f isarationa function with simple real interlacing zeros and poles, one
of themapoleat ¥ . Aninstanceis f(x) := p(x)/p'(x) where p(x) isapolynomial all of whose
zerosarereal. Another instanceis f(x) := det(xl - A)/det(xI - A) = O; (x - z)/O (x - §) inwhich

A isan hermitian matrix, A isobtained from it by striking off its last row and column, and the
| 's areidentity matrices; thezeros z lieamong the eigenvaluesof A, andthepoles §; arethe

distinct eigenvaluesof A that are not also eigenvaluesof A . That they interlace, i.e.,
Zo<61<21<62<22<...<6K<ZK ,

is awell-known theorem attributed to Cauchy. We do not know the zeros z; but, like Y. Saad

[1974], proposeto compute them by running Newton's iteration Xp.1 := X, - f(X))/f' (X)) . Does

it converge? If so, towhat? These are thorny questions, considering how spiky is the graph of
f, andyet Newton's iteration can be proved to converge to some zero z; from every real starting

value except a countable nowhere—dense set of starting values from which the iteration must
converge accidentally ( after finitely many steps) to apole §; . The proof outlined below is

extracted from one first presented in my report [19791.

For the proof’s sake express f intheforms f(x) = x - 8- &; wj/(x-6;) = 14, vi/(x-z) inwhich
the coefficients B, w; and v; are determined assums, products and quotients of differences
among the zeros z; and poles §; by matching the behavior of f(x) as x approaches each pole or
zero. By counting negative differenceswefind every w; >0 and every v; >0, and by matching
behavior at ¥ wefind &;v;=1. Newton's iterating function now takes the forms
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N(x) x - f(x)/f'(x) exceptatpoles § of f,

(B+ & (2x-0)wil(x-6;) )/( 1+ &; wi/(x-0)?) ifno 6 =x,

= (&; zvil(x-z)? )& vil(x-z)? ifno z=x .
From these we infer easily that N maps the whole real axis continuously into an interval whose
endpoints are the outermost zeros zy and zy ; and every zero z isastrongly attractive fixed—
pointof N because N'(z) =0, and every pole G isastrongly repulsive fixed—point because
N'(6) =2; and N hasno more fixed—points. To conclude that the iteration always converges
(amost alwaysto azero z;) wehaveto confirmthat N cannot swap two points. If N did swap

x and y! x, theequations y = N(x) and x =N(y) could beturnedinto &; vi(y-zi)/(x-zi)2 =0
and &;v; (x-zi)/(y-zi)2 =0 which, when subtracted and divided by y-x, would simplify to
0= &;Vj( (x-z)2+ (x-z)Xy-z)1 + (y-z)?) >0, whichisimpossible. END EX. 5.4.

The foregoing exampleis an instance of a general algebraic decision procedure based upon
Sharkovsky’s No—-Swap theorem:
Suppose aninterval W and a rational function U are given. Then the question
“Doestheiteration Xp4q := U(X,) convergein W from every initial x5 in W?’
can be decided by performing finitely many rational operations without solving
any nonlinear polynomial equation.
U satisfiesthe No—Swap condition if and only if the ssimplified form of the rational function
1+ (U(U(X)) - Ux) )I(U(X) - x)
hasno zerosin W which are not also zerosof U(x) - x . Thiscan be tested by removing common
divisors from certain polynomials and then counting their sign—changesin W by computing
Sturm sequences. Whether U maps W continuously into itself can also be determined from
certain polynomias sign—changesin W counted by computing Sturm sequences. The details
were worked out by R.J. Fateman [1977] in aprogram written to run on the computerized
algebra system MACSYMA. The procedure is practical only on afairly big computer because
some of the polynomials in question can have large degrees, aslarge as the square of the degree
of the numerator or denominator of U .

Sharkovsky’ sNo—Swap theorem isthe simplest of afamily of relationships he discovered for the
properties of the fixed-points z, = U[k](zk) of acontinuous iterating function U and of its
compounds

Ulk(x) := UU(U(...U(x)...))) Kk times.
For instance, if UL® has afixed-point that is not afixed-point of U, thenfor every integer k> 1

there are fixed points of UK that are not fixed-points of ulm for any divisor m of k. Foran
elementary treatment of Sharkovsky’s relationships see Huang [1992]. For abrief discussion
of these and related results and other proofs, see Misiurewicz [1997].
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86. A One-Sided Contribution to Softwar e Strategy
Suppose an iterating function U has been chosen because its fixed—point(s) z=U(z) coincide(s)
with the root(s) of a given equation to be solved, and because theiteration X1 := U(X,) is
expected to converge to aroot quickly. When should this iteration be stopped or amended?

« When it appears to have converged well enough, or about as well asit ever will.

* When it will converge too slowly.

* When it will not converge.

How can non-convergence be predicted? A portent, at least when U iscontinuous, isaviolation
of the One-Sided conditionin Sharkovsky’s No-Swap theorem. That condition isthe only one
of the theorem’ s conditions that software can check; until One-Sidedness fails, or until so many
iterations have been executed as must arouse suspicions that convergence will be too slow, the
software has no better option than to persist in the chosen iteration X471 := U(X,) . How can

software detect slow convergence or afailure of One-Sidedness? The answer to thisquestion, at
least for continuous iterating functions U , is Brackets.

A Bracket isan ordered pair {x,, X,,} of arguments, normally both iterates, between which all
subsequent iterates must lieif they are to constitute a One-Sided sequence. A bracket isusualy
astraddle but thisis not obligatory; U(x)-x need not take opposite signs at the ends of a bracket.
Initialy, x, and x,, are set to the endpoints, possibly infinite, of theinterval W inwhich a

fixed—point of U isbeing sought. Subsequently, assuggested by the no—man’s-Hand lemma, X,
Isthe most recent of any iterates x,, that satisfied x, < U(x,), and x,, isthe most recent x,, that
satisfied U(X,) <X, if any. Consequently, once abracket becomesastraddleit staysastraddle.

Normally every iteration narrows the bracket by moving one end closer to the other. Normally at
least one end of the bracket converges monotonically to the sought fixed—point of U .

Software must cope with whatever abnormal behavior a bracket exposes. For instance, bracket
{Xw X} neednot beastraddle; U(x,) - X, and U(x,,) - X, may have the same sign at first
because U doesnot map W intoitself, and later perhaps because W contains no fixed—point of
U or morethanone. A new iterate U(x,)) may stray outside the current bracket perhaps because

X, 1Stoo closeto astrongly repulsive fixed—point, or perhaps because U violatesthe No—Swap

condition, or because U does not map W intoitself. Normal behavior, consistent with the no—
man’ s-land lemma, may require software intervention too if the width of the bracket does not
shrink fast enough, as may happen because convergence is alternating but very slow, or because
both ends of the brachet are converging to different limits swapped by U, or because one end
stopped moving after the iteration’ s convergence became monotonic.

Tactics can be chosen to cope with aberrations only after they have been diagnosed. For instance,
splitting the difference (asin Binary Chop) copeswell with alternating slow (non)convergence;
abetter expedient is Steffenson’s, which is tantamount to one step of Secant Iteration to solve
U(z) - z=0. Occasiona difference extension ( extrapolation) helpsto accelerate monotonic
but slow behavior; away todoitis Aitken's D? Process, which takes U(x) » z+ (x-zIm to be an
approximate model for unknown constants z and m determined from three consecutive iterates:

Z» 2= Xpye - (X1 - Xn)(Xpaq - 2% + Xp1) - Such expedients afford software the possibility
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of extracting tolerable rates of convergence from iterations that would otherwise converge too
dowly or not at all. The programmer’s options and the occasions that call for them would
bewilder but for diagnostic information furnished by brackets and by Sharkovsky’s theorem, at
least when U is continuous.

Diagnosisis complicated when U may be discontinuous. Then a straddle may enclose ajump or
pole instead of aroot or fixed—point. Reasons to doubt whether a pole can always be distinguished
from aroot by solely numerical means will be presented later.

Diagnosisisinteresting also when U(x) may be undefined for some arguments x . What should
software do if an attempt to compute U(x,,) producesinstead an error—indicationlike “INVALID
OPERATION” ? Inthe past that has served as an excuse to abandon computation, but nowadays
the temptation to quit should beresisted. Unlessitistrapped, an “Invalid” operation like 0/0 or
O3 on most computers to-day will produce a NaN , and subsequent arithmetic operations upon
it will almost al propagateit. It can be detected because the predicate “ NaN =NaN” is Falsg
this ostensible paradox merely confirmsthat NaN is Not a Number. Consequently, when U(x;,)

turns out to be NaN instead of a number the appropriate inferenceisthat x,, hasfallen outside
U’s domain. The appropriate response isto supplant X, by something else closer to x,.; and
therefore, presumably, inside U ’s domain. Then computation can be resumed.

A policy of continued computation past an invalid operation may seem reckless, and sometimesit
is. However the opposite policy, that abandons computation after any “Invalid” operation, is
tantamount to abandoning the search for an equation’s root merely because the computer signaled
“Look elsewhere for what you seek.”
That policy of abandonment frustrates software users who wish to solve an equation without first
ascertaining the boundary of its domain. Why should its domain be much more obvious than the
equation’sroot? Except for examples contrived for classroom purposes, an equation’sdomainis
generally found by an exploration that resembles the search for aroot. Combining both searches
by forgiving “Invalid” operations makes more sense than abandonment does.

Searching continued past “Invalid” operationsisnow thepolicy builtintothe [ SOLVE] keyson
Hewlett-Packard calculators starting with the hp-18C Business Consultant and the hp-28C ; see
McClellan [1987]. Consequently they can be used with far less fuss than other unforgiving
software requires to solve difficult equations. Hereis my favorite example:

We wish to decide whether the equation ( tan(z) - arcsin(z) )/z* = 0 hasa positive root z or not.
Unforgiving software will fail to find it despite repeated attempts each of which starts, say,
Newton's iteration X,+1 := N(X,) , whose iterating function is

N(x) := x + L/ 4/x - ( 1+ tan®(x) - VE(1-x)(1+x)) )/( tan(X) - arcsin(x) ) ) ,
from small positiveinitial guesseslike x5 =0.1. For the sake of realism we must pretend not to

know that the equation’sdomainistheinterval 0 <x £ 1. Whatever itsdomain, theiteration
behaves as if doomed to move through it from left to right and escape. ( N(x) > 1 whenever

0.46137 < x <0.99964 .) A few such escapesfollowed by “Invalid” operations suggest fairly
persuasively that no positiveroot z exists, butinfact z=0.9999060... . From random initial
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guesses xq scattered uniformly between O and 1, Newton's iteration ismorethan 1000 times
more likely to encounter an “Invalid” operation than to convergeto this z . Despite these odds,
the hp-28C solvesthis equation quickly ( by means of amodified Secant iteration) from any
initial guess(es) between 0 and 1, thereby vindicating a policy of continued computation past
forgiven “Invalid’” operations.

Sharkovsky’s No-Swap theorem contributes more than a convergence criterion to the strategy
and theory of iteration. It changes our attitudes. Rather than focus exclusively upon conditions
sufficient for convergence, we aso make use of criteriathat tell us when an iteration may not
converge unless we do something more than merely iterate. Aswe pursuethisline of thought, we
come to understand why successful root-finding software need not always find aroot, especialy
if none exists. Satisfactory software should almost always find aroot if any are to be found, and
usually find it fast, and come to a conclusion soon if aroot is not going to be found. Deemed
unsatisfactory are indecisive iterations that meander interminably. Our foray into iteration theory
isasearch for conditions under which an iteration won't meander. We'll find some later.

What if the object sought is nowhere to be found? Root—finding software can cope with this
possibility by finding something other than aroot, provided the substitution is made manifest to
the user of the software. An obvious candidate to supplant azero of f that cannot befoundisa
local minimum of |f|. However this substitution poses two challenges, one for the designer of
the software and one for its user. The designer must devise an algorithm whose efficiency is not
too much degraded by the necessity to switch, sometimes repeatedly, between two tasks:
seeking a nonzero minimum, and
seeking a zero.
After the software has found one, the user may be unable to decide which of the two has been
found in some cases.

For example,

f(x) :=(x-(7-(x-(7-X))) )2 and f'(x)=6(x-(7-(x-(7-X)))) (DON'T REMOVE PARENTHESES!)
will be calculated exactly ( unblemished by roundoff ) on every computer or calculator built in
the Western world for all x close enoughto 14/3 =4.666... , and therefore neither calculated
value can vanish when computed in floating—point arithmetic since 14/3 is not a floating—point
number on any of those machines. Consequently, if ae:=1.000...001- 1 isasmall positive
number like roundoff in numbersnear 1, no way existsto distinguish f and its derivative from

f + & and its derivative using only their values computed in floating—point arithmetic. In other
words, software that finds a positive local minimum of |[f| instead of a double zero deserves no
opprobrium if it cannot tell which it has found from numerical values alone.

Discriminating between a pole and a zero across which afunction changes sign can be difficult
too in certain very rare cases. The numerical valuesof f(x) :=1/(x - (7 - (x- (7-x))) ) and of

F(x) := 1/( (X-(7-(x-(7-X)) +a&(x - (7 - (x- (7)) ) ) arethesame although f hasapole
and F azeroat x =14/3.
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Despite afew ambiguous cases, root—finding software can describe itsfind to its user sufficiently
well to make the attempt worthwhile. The software can deliver itslatest bracket {x., x,} and,

to help the user interpret it, anindicator that points to one of the following cases:

*A zero z =X, = X,, has been found because the computed f(z) =0.

*A sign—eversal has been found; x, and x,, differ only intheir last significant digits and
f(x)f(X,,) < 0. Three sub—cases have to be distinguished:
*Probably a zero since [f(x)| growsas (X-X.)(X-X,,) increasesfrom O.
*Probably apolesince [f(x)| dropsas (x-X.)(X-X,,) increasesfrom O.
*Otherwise probably ajump discontinuity.

A local minimum of [f(x)| hasbeen found. Three sub—cases have to be distinguished:
*Probably a double zero since |f(x)| growsrapidly as (x-X.)(X-X,,) increasesfrom O.

sApparently f(x) isanonzero constant when X isnear or between x, and X, .
*Otherwise probably a nonzero local minimum of [f(x)| at some x near x.and X, .

Good root—finding software, able to present al those possibilitiesto its users without violating
Albert Einstein’s maxim
“ Everything should be made as ssimple as possible, but not smpler”
has to be more complicated to use than any single user might like, and harder to design than most
programmers will like. Well-designed software is parsimonious, uncluttered by extraneous
inputs and outputs. The necessary outputs, aswe have seen, are now obvious:
* Thelatest bracket {x., X,} foundinlieuof azeroand, to helpinterpret it,

* Aninteger indicator for use in an indexed branch or Case statement.

The inputs needed by good root—finding software are unobvious because the equations to be
solved are so diverse. Equationsarelike canapés, oneleadsto another. Often the equation to be
solved hastheform f(z, p) =0 with aparameter p that will take several valuesfor each of which
aroot z(p) hasto be computed. For some equations the derivative ff(x, p)/fx iseasy to
compute, for othersdifficult. Often the equation has more than oneroot; some users seek all the
roots; other userswish to avoid all but oneroot. Sometimes high accuracy isdesired; often not.
Only a cluttered menu can cater to all tastes. To promote parsimony | offer here my suggested list
of inputs to good root—finding software:

» The name of the program that computes either f(x, p) or else f(x, p) / Tf(x, p)/TX .
* One or two initial guesses X, X; to start the search for aroot z of f(z,p)=0.

* Aninitial bracket {x., x,} toconstrainthat search. (It canbe {-¥, +¥} )

» A placefor (optional ) parameter(s) p to be passed to the named program f(...) .

Initial guesses are essential inputs even if brackets are supplied because, for example, when a
root z(p) is plotted asafunction of aslowly changing parameter p theold value of z(p) isoften
agood first guess at the new z(p) . The program that provides initial guesses should be able to
find arecord (in SAVEd or static variables) of theold p and z(p) for use when the new p
is not too different; z/Mip = -(Tf/1Ip)/(Tf/9X)|x = , usualy helps too.
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In programming languages that allow argument lists of variable lengths, the parameter(s) p can
be the root—finder’ s last argument(s) and then can be passed verbatim to the named program
f(...) asitslast argument(s), thereby avoiding unnecessary prejudice against parameters of mixed
types (arrays, lists, pointers, procedures, strings, integers, floating—point, ... ). The
conveyance of optional parameter(s) p hasto befast, not encumbered by excessive de-
referencing overheads, because the root—finder invokes f(...) many timesfor each computation
of z(p) . Thiskind of computation, either theinversion of agiven function f(z) =p or the
conversion of an implicit definition f(z, p) = 0 to an ostensibly explicit reference to the solution
z(p) , isthe root—finder’s most frequent application, and deserves software engineers attention.

Conspicuous omissions from my list deserve explanation. The list includes no upper limit upon
the number of iterations. There are three reasons to omit it. First, such alimitisdifficult to
choose; might the search have succeeded had it been allowed two more iterations? Second,
abandoning a search prematurely may be justified after the expiry of some preassigned quantum
of time worth more than the root being sought; but f(...) can takelonger to compute for some
argumentsthan for others, so astopping criterion should count clock—ticks, not iterations. Third,
by using brackets, good software need never get stuck in an interminable sequence of iterations;
besides, aswe shall seein the course of developing the theory below, well-designed software
can practically awaysensurethat f(...) becomes negligible after amoderate number of iterations
no matter how slowly they converge. By stopping after f(...) becomesnegligible, or else after
the clock runs out, we can can omit iteration counts from our stopping criteria.

Also conspicuously absent from my list of inputs are two tolerances to serve in stopping criteria,
one for the negligibility of f(...) and asecond for the negligibility of the difference between
consecutiveiterates. Such toleranceswill be chosen cavalierly if they must be constants chosenin
advance. Chosen properly, they generally depend upon the same argumentsas f(...) depends
upon; therefore these tolerances should be computed inside the program that computes f(...) .

For example consider

f(X) = ((((((((x-12)x+66)x-220)x +495) X~ 792) X +924) X - 792) X +495) X-220) X +66) X - 12) X +1
and pretend not to notice that thisis an unfortunate way to compute (x—1)12 . Error analysisrevealsthat the
difference, due to roundoff, between f(x) and its computed value must be smaller than roughly

Df(x) := 12 |x|(jx| + 1)** & but not often enormously smaller. Here ae:=1.000...001 - 1 isthe roundoff threshold

for the computer’ s floating—point arithmetic; typically ae= /252 = 2.22/10'6 for 8-byte floating—point. For
arguments x near thezero z=1 of f, itserror bound Df » 5.5/10% isnot enormously bigger than observed errors
almost as big as 2/10%2 in computed values of f. How can someone be expected to guess either constant 5.5/1012
or 2/108 in advance?

Computing ( or guessing ) atolerance Df(...) forthe negligibility of f(...) withinthe program
that computes f(...) lets Df(...) serveinasimpleway to stop the search for a zero as soon as
f(...) becomesnegligible:

Whenever the computed f would be no bigger than Df , return O inplaceof f.
Thisimmediately stops the root—finder at what it thinksisazero. Techniquesfor computing Df
include Running Error—Analysis and Interval Arithmetic, both described in atext by Higham
[2002] with ample referencesto the literature. These techniques can add considerably to thetime
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needed to compute f alone, so they should not be employed indiscriminately. The subprogram
canrecord (in SAVEd or static variables) thelast few argumentsat which f was computed,
and compute Df only at new arguments close enough to an old one that stopping isaplausible
possibility. Inany event, iterations prolonged much beyond the timewhen |f| £ Df will waste
time dithering, so computing Df too often may waste less time than not computing Df at all.

My list of inputs also omits atolerance Dx for the difference between consecutiveiterates, or the
width [x,-x .| of abracket or straddle, becausethe use of Dx to stop iteration lendsitself too

easily to misinterpretation. The clear intention isto stop when the iteration has come within +Dx
of the desired zero z, and that iswhat happens when convergenceis so fast (asit usualy is)
that |Xn+1 - Xn| iSrather bigger than [x,+1 - z|; but then little is gained by stopping the iteration
before [f| £ Df . Only when convergenceis slow can Dx be used to stop iteration in timeto save
much time, but then this stopping criterion becomestreacherous. If convergenceisslow because
z isamultiple zero (see 810 on Accelerated Convergence to Clustered Zeros below ) then
Xn+1 - Xl can stay arbitrarily smaller than |x,,+1 - z| eventhough [f(X,+1)| usually plunges below
any practical threshold Df fairly soon (see Theorem 7.6); then not much isgained by stopping
sooner, say when [X,+1- Xl £ Dx, beyond theillusion that |X,.1 - z| £ Dx too. If roundoff

interferes severely with convergence, not even astraddle {x,, x,} can be trusted to contain z,
not even approximately.

For example, recall f(x) :=(...)x + 1= (x-1)12 above. Theuncertainty +DFf in f propagatesinto an uncertainty

i(Df)” 2 inthe computed zero z» 1; for 8-byte floating—point arithmetic carrying the equivalent of about 15 sig.
dec., the computed z isuncertain in its second decimal after the point. Infact, root—finders frequently stop with a
straddle {x,, X} whose ends differ only intheir 13th decimal or beyond but which both differ from 1 by more

than 0.07. How could atolerance Dx be chosen meaningfully in a case like this?

Generally, an appraisal of uncertainty in acomputed zero z of f beginswith an estimate of
uncertainty Df inthe computed value of f. After that, uncertainty in z iseither trivial or very
difficult to ascertain; see Higham [2002]. Including atolerance Dx among the root—finder’s
inputs to stop iteration sooner deceives users occasionally while contributing little to speed and
lessto error—analysis, in my experience, so | have omitted it from my root—finding software.
Other programmers think otherwise. Rather than argue longer here about where ( outside the
root—finder ) error—analysis should play itsrole, | prefer to develop root—finding iterations that
find roots fast enough to render early termination ( before [f| £ Df ) of the iteration uninteresting.

Still, if aniteration’s convergence is normally superlinear and never worse than linear, hereisa
strategy that may save an iteration or two if monotonic convergence shrinks brackets too slowly:

Suppose Difference Quotients (Xy41 — X )/ (X —Xi_1) ® 0 as k® ¥ . Provided (while roundoff isinsignificant)
these quotients will constitute a decreasing sequence as x, ® z, after L := (Xyq — X/ (X —X,g) < 1 we can soon
deduce that the error |z —Xc41] £ [Xk+1 — X|-L/(1-L) . Therefore iteration can be stopped after at least two or three

consecutive difference quotients, all lessthan 1, have strictly decreased to alatest difference quotient L small
enough that [x,.1 —X|-L/(1-L) < Dx . If thisever happens, X+, can be delivered with areasonable expectation that

[Xk+1 —2| < Dx, and without having to compute f(x,.q) though checking that it is negligible would be prudent.
Don't omit thedivisor (1-L) lest iteration be stopped far too soon when convergenceis slowly slowing.
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87. Local Behavior of Newton’s and Secant Iterations
The two best—known iterations for solving a given equation f(z) =0 come from approximations
tothegraph of f by linear graphs, one atangent and the other asecant. They have the following
iterating functions:

N(x) :=x - f(x)/f'(x) for Newton's iteration X, := N(X,), and

SX,y) i =x- f(x)/fT(x, y) = Sy, x) for Secant iteration X,.+1 := S(Xp, Xp-1) -
Seethe Appendix on Divided Differences for an explanation of the first Divided Difference

T y) = (f)-fy) M(x-y) if ytx,

= f'(x) if y=x.

Programmers can handle 0/0 in these formulas by stopping both iterations as soon as f(x,,) =0,
and otherwise by perturbing x,, slightly whenever x, =X,.1 during Secant iteration. For a

mathematician the limiting value S(x, x) = N(x) isthe obvious expedient. Not so obviousishow
toredefine N(z) when f'(z) =f(z) =0 becausethen N(x) might oscillate too wildly to approach

alimitas x approaches z, ashappensfor the example f(x) := Q,thinz(llt) dt. Nonetheless,
redefining N(z) :=z whenever f(z) =0 can bejustified by the next lemma:

Lemma 7.1: Suppose f' isfinite throughout some neighborhood of azero z of
f, and N(x) approachesalimitas x —> z. Then N(x) —> z, sodefining
N(z) := z conservesthe continuity of N near z whenever possible.

Proof: If necessary, shrink the neighborhood around z to exclude any other point at which N is
undefined or infinite; then this neighborhood excludes every zero of ' except perhaps z, and
by Rolle’'s theorem excludes also every zero of f other than z. Consequently the derivative
(In[f(X)])" = f'(x)/f(x) = 1/(x-N(x)) must be finite throughout this neighborhood exceptat x =z.
Therefore Inlf| iseligible for an application of the Mean Value Theorem of the Differential
Calculus toitsfirst divided difference: for any distinct v and w on the same sideof z inthis
neighborhood, some x between v and w must satisfy

In(f(v)/f(wW))/(v-w) = (In[f(V)] - In[f(W)/(v - w) = F'(X)/f(X) = L/(x-N(x)) .
Now suppose for the sake of argument that N(x) — L z as x —> z; weshall infer a
contradiction: For all distinct v and w close enoughto z ( and much closer to z than L is),
but not separated by z, wewould find In(f(v)/f(w))/(v-w) = 1/(x - N(x)) » 1/(z-L) at some x
between v and w. Thelast approximation could be kept as close as we please by keeping v
and w closeenoughto z. Butthen, by fixingoneof v and w and letting the other tendto z,
we would infer that In|f(z)| isfinite, so z could not beazeroof f. Butitis, therefore L =z.
END OF PROOF.

Now that N(x) and S(x,y) are defined properly, and practically always continuous around the
zero z, weturn to their local convergence properties. Their convergenceto asimple zero z is

typified by their behavior when f(x) = (x-2)/(x-6) * 1; for thisexample N(x) = z + (x-2)%/(6-2)
and S(x,y) =z + (x-2)(y-2)/(6-z) . Simple computations confirm first that Newton’s iteration
(Xn+1-2)/(6-2) = ((xn-z)/((“)-z))2 converges quadratically to z from every xg closer to z than the
pole 0 is, and second that Secant iteration (X,+1-2)/(6-2) = ((X,-2)/(6-2)) ((Xp.1-2)/(6-2))
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converges at order (1+C6)/2 to z from awider range of starting iterates x, and x; satisfying

|x0-z|3‘ds-|x1-z|(75'1 < ((‘)-z)2 . Orders of convergence different from these are uncommon for the
functions f typically encountered in practice, aswe shall see.

Typical or not, theseiterations' local convergenceto azero z depends upon how f behavesin
the neighborhood of z. What kind of behavior guarantees convergence? The graph of f hasto
resemble its tangents or secants closely enough in the sense that fluctuations in the derivative f'
have to stay sufficiently small compared with f' . How small is “ sufficiently small ” ? It’s not
obvious yet. Thefirst hypotheses that come to mind do not suffice:

Non—-Theorem 7.2: Suppose f'(x) and N(x) :=x - f(x)/f'(x) are continuous at
every X insome open neighborhood W of azero z of f. Thenit seemsat least
plausible that Newton's iteration X,+1 := N(X,) should convergeto z from

every initial X5 in W closeenoughto z; butitain't necessarily soif f'(z) =0.

Counter—Example: A function f(x) will be contrived with these properties: f'(x) and N(x) are
continuous everywhere, f'(x) >0 forall x* 0, and z=1(z) =f'(2) =N(2) =0. However,
around z every open neighborhood W, no matter how small, containsinfinitely many closed
subintervals all of positive width from each of which Newton's iteration tendsto two-cycle,
jumping back and forth across z forever instead of convergingto z.

The construction of this perverse f begins with an integer-valued step—function

k(x) := IntegerNearest( -In(|x|)/In(2) ) ,
and a quartic polynomial

q(x) := 1+x + (13 +9CR)(x-1) + (1 + 3/CB)(x-1)*
monotone increasingover (R E£x £ (. This q meetsthe following specifications: )

g =2,qg@)=1,9'(1)=0, q@) =15/B-1=4qVQR), (@) =12+ XB=2q (V).

Notethat 1/C2 £ 2®ix| £CER; notetoothat k(x) isambiguouswhen x isahalf-integer, but
then either choice k = x + 1/2 isacceptable. Finaly define f(0) :=f'(0) :=0 and

f(x) := sign(x) q( 2®x| )/4®)  for x1 0.
The continuity of f(x) andof f'(x)=q'( 2k(x)|x| )/2"(X) are easily confirmed along with the
identities f(x) = -f(-x) = f( 2X®x| )/4*®) and f(x) = f'(-x) = f'( 2®x| )/2*¥) >0 for x1 0.
The ranges of values taken by [f(X)|[/x? and by f'(x)/|x| over all x1 O arethe same respectively
astheranges of q(x)/x? and g (x)/x over YCREXECR, soas x—> 0 wefind [f(x)| £ 3x?
and f'(x) £ 12|x|, confirming continuity at x=0. And N(x) = x - f(x)/f’'(x) = N( 2K®)|x| )/2kX)
is continuous there too because [N(x)| £ 2|x| similarly.

Thedesign of f(x) ensuresthat N(x) =-x and N'(x) =0 whenever x =+2K for every integer
k ; moreover 2€.0.9935 < [N(x)| < 2K-1.0064 whenever 2€.0.9935 < |x| < 2.1.0064 , so from
any X, inthoseintervals Newton's iteration tends rapidly to a two—cycle +2¢«— -2¢ | as

claimed. Numerical experiments suggest that such a two—cycle, though with alarge negative k,
is the likeliest outcome of iteration from arandomly chosen Xo. END OF COUNTER-EXAMPLE.
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In general, the convergence of Newton's and Secant iterations cannot be taken for granted.
Their local convergence depends upon whether, as x —> z and y —> z, thelimiting values of
certain first divided differenceslike

NT(x,z) = (N(X) - N(2))/(x-2) = (N(X) - 2)/(x-2) —> N'(z) and

S'{x.zby) = (S(xy) - SEY)(x-2) = (SKxy) - 2(x-2) —> TSX, V)X | x=y=7
exist and are small enough. In particular, convergenceis superlinear if these derivatives vanish,
because then [x,+1 - Z|/|X, - zZ| —> O astheiterations converge; also the Order of convergence

depends then upon whether limiting values exist for certain second divided differences
NT(x,z2) = (NT(x,2) - N'@)/(x-2) = (N(X) - 2)/(x-2)?> and
s"({x2 {y,3) = (S'{xA ) - S (x.2 2)(y-2) = (S(xY) - 2/((x-2)(y-2)
from which bounds for quotients [X+1 - zl/[X - z|2 and |Xp+1 - ZV|(Xp - 2)(X-1 - 2)| respectively
can be obtained. Such bounds will be obtained from first and second derivatives and divided
differencesof f by invoking recondite identitieslike ...

Identities 7.3:  f(S(u, w)) = (S(u, w) - u) (S(u, w) - w) FIT(S(u, w), u, w) . This
includes the limiting case  f(N(v)) = (N(v) - v)2fTT(N(v), v, v) . Taking f(z) =0
into account yields the identity (S(x,y) - 2)/((x-2)(y-2)) = fTT(x,y,2)/fT(x,y) and
itslimiting case  (N(X) - 2)/(x-2)2 = f1T(x,x,2)/f" (X) .

The identities’ proofs are entirely mechanical and |eft to readers who have reviewed the notation
and formulasin the first two pages of the Appendix on Divided Differences.

Conditions sufficient locally for convergence have been found in two ancient theorems of which at
least one appliesin almost all practical situations. Thefirst theoremisasold as Taylor series:

Theorem 7.4: Suppose f' iscontinuous throughout some neighborhood W of a
zero z of f atwhich f'(z)* 0. Then N'(z) =0; therefore Newton's iteration
converges superlinearly to z fromevery initial xg closeenoughto z. Similarly

Secant iteration converges superlinearly to z from every initial Xy and x; close

enoughto z. If f* existsand isbounded throughout W then N" (2) =f" (2)/f'(2)
and the convergence of Newton's iterationisat least quadratic (Order =2), and
the convergence of Secant iteration has Order at least (1 +CB)/2=1.618... .

Proof: As u—> z and w —> z independently the continuity of f' carries f*(u, w) —> f'(2) .
Consequently (N(x) - 2)/(x-z) = (f'(x) - fT(x, 2)f'(X) — 0/f'(2)=0 asx—>z andso N'(2) =0
asclaimed, whence Newton's iteration converges superlinearly. Similar reasoning shows that
(S(x,y) - 2)/(x-2) = (FT(x,y) - F(x,2)/fT(xy) — 0 as x—>z and y —> z, SO Secant iteration
converges superlinearly too.
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When " existsand isbounded, some constant C > |%f" (x)/f'(2)| throughout W. Therefore
(N(X) - 2)/(x-2)2 = fTT(x,x,2)/f'(x) liesbetween +C for all x closeenoughto z and therefore
|(Xp41 - 2)/ (X - z)2| <C if xq iscloseenoughto z; convergenceisat least quadratic as claimed.

And (S(x,y) - 2)/((x-2)(y-2)) = fTT(x,y,2)/fT(x,y) alsoliesbetween +C forall x and y close
enoughto z, SO |(Xp+1- 2/((Xn- 2)(Xn-1-2))| < C if xg and x, arecloseenoughto z,
thereby vindicating the claimed Order of convergence; hereisan outline of how that works ( cf.
Ostrowski [1966] or Dahlquist et al. [1974] ):

For that constant C > |%f" (X)/f'(2)| throughout W let D, :=-In|C (X, - 2)|; thenthe Secant
iteration’s |(Xn+1 - 2)/((Xn - 2)(Xn.1- 2))| < C meansthat D4 > D, +D,1>0 if Xg and x; are
closeenoughto z. Next, D, > F,D1 + F.1Dg by induction where the Fibonacci numbers
Fr= Fog + Fro = (G- (-Q)™H/(C + 1/C) for another constant G := (1 + CB)/2=1+ 1/C .
Thus D,, approaches +¥ at least asfast as some multipleof C". END OF PROOF.

( Continuity of f' in Theorem 7.4 cannot be replaced by mere existenceof f' and its consequent
Darboux Continuity lest N oscillate violently for exampleslike f(x) := Q,Xsinz(]Jt)dt whose

f(0) =0 and f'(0) =1/2. Ingenera afunction, perhapstoo wildly oscillatory to be continuous,
iscaled “Darboux Continuous’ if among the values it takes on every closed subinterval of its
domain lie all values between those taken at that subinterval’sends. Every derivative has that
property. For more about Darboux Continuity see Bruckner and Ceder [1965].)

The ultimate speeds of convergence of Newton's and Secant iteration should not be compared
by considering only their orders of convergence. As many atextbook points out nowadays, the
two iterations yield correct decimal digits ultimately at about the same rate if the computation of
the derivative ' too adds about 44% to the time taken to compute f aone. If f' costs much
more than that, Secant iteration goesfaster in thelikeliest cases. But Theorem 7.4 says nothing
about the iterations’ speedswhen f'(z) =0, in which case a different approach is needed.

Theorem 7.5: Suppose [f'(x)| increases as x movesaway from z through some
neighborhood W ononesideof azero z of f. Then 0<(N(X) - 2)/(x-z) <1 and
so Newton'’s iteration converges monotonically to z fromevery initia X in W.
Similarly 0< (S(x,y) - 2)/(x-2) <1 foral x and y in W and so Secant iteration
converges monotonically to z from every initial Xg and x; in W.

In other words, thistheorem’s hypothesisisthat the graph of f(x) isconvex towardsthe x—axis
asisthecase, for example, when f*f >0 inside W. Theorems like this appear in many texts,
for instance Ostrowski [1960 et seg.] ch. 9 and 10, and Dahlquist et al. [1974] p. 225. Texts
written in France attribute theoremslikethisto Dandelin and/or Fourier, asif it had not been
geometrically obvious before them. Let the reader compare the limpidity of his own proof—by—
pictures with the turgidity that follows.
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Proof: Regardless of whether f'(z) =0, thegrowth of [f'(x)|] as X movesaway from z implies
that f'(x) can'treversesign, andtherefore 0 < (f'(x) - f'(y))/f'(x) <1 atthat y strictly between
z and x where f'(y) :fT(x,z). Therefore 0< (N(X) - 2)/(x-2) = (f'(x)-fT(x, 2))f'(x) <1 for
every X' z in W. Thisimpliesthat theiteration X,.+1 := N(X,) converges monotonically to a
limit between z and Xg inclusive from every initial X5 in W. Whereisthat limit? Since
fFX)/F' (X)) = X - Xpep — 0 and [f'(x)| £ |f'(Xg)| , so does f(x,) — O, whence x,— z as
claimed. Similarly (S(x,y) - 2)/((x-2)(y-2)) = fT(x,y,2)/f (x,y) foral x and y in W from one
of Identities 7.3; what we do with this depends upon whichof x and y liescloserto z. If x
lies strictly between y and z then (S(x,y) - 2)/(x-2) = (F1(y.x) - f(x,2))/fT(y,x) ; if y lies
strictly between x and z then (S(x,y) - 2)/(x-2) = ((y-2)/(x-2)) (FT(x.y) - fT(y,2)/fT(x,y) . Either
way the quotient in question lies strictly between 0 and 1, sothe Secant iteration’s

Xn+1 -= S(Xn, Xp.1) converges monotonically to some limit between z and the closer of any two
starting iterates x, and x; in W. Whereisthat limit? Since f(X,)/f (X, Xp.1) = Xp - Xpep —> O
and [fT(x,, X1)| £ If (Xo)| , S0 does f(x,;) —> 0, whence x,,—> z asclaimed. END OF PROOF.

For practical purposes Theorems 7.4 and 7.5 tell usto expect Newton's and Secant iteration
to converge ultimately superlinearly or monotonically or both if started close enoughto z. Alas,
the speed of convergence isnot mentioned in Theorem 7.5, and for good reason; its convexity

hypothesisis compatible with arbitrarily slow convergence. For example, when f(x) = [x|™ for
any constant m> 1, Newton's iterationyields x,, = (1 - /m)"x, convergent arbitrarily slowly
for m big enough; however f(x,)/f(xg) =(1- /m)™ <™ tendsto O quickly. When m isa
negative constant tiny enough, f(x,)/f(xg) tendsto O arbitrarily slowly although Xx,, divergesto
z=¥ quickly. Both x, and f(x,,) converge arbitrarily Slowly if m exceeds 1/2 by little

enough, but then the convexity hypothesisisviolated. What light do these examples shed upon
the general case? Thecase m> 1 turnsout to be typical of what happens when the graph of
f(x) isconvex towardsthe x-axis and x,, convergesto afinitezero z of both f and f':

Theorem 7.6: Under the convexity hypothesisof Theorem 7.5, theiterates xp,
may convergeto z arbitrarily slowly, though monotonicaly; but f(x,) tends

monotonically to O at least sofastthat &, (2"f(x)? £ f(xo)? (Xo-2)/(Xg- Xq) -

(The “2” in “ 2"f(x,) " cannot be replaced by abigger constant since f(x,.1)/f(xp) —> 2

when Secant iteration is applied to the example f(x) := x exp(-I/x) with Xg>Xx;>0. An
example f(x) appropriate for Newton's iteration istoo complicated to reproduce here.)

Proof: For definiteness restrict attention to nonnegative functions f(x) and f'(x) increasing over
aninterval z£ X £ Xg>z, andfor Secant iteration supposetoo that x; liesinsidethat interval.

Theorem 7.5 implies z < X411 <Xp, 0=1(2) <f(Xp+1) <f(xy) and O£ (2) <f'(Xp+1) <F'(Xp)
without constraining the rapidity with which x,—> z. Given any such sequence x,, convergent
monotonically downwardsto z, no matter how slowly convergent, do convex functions f(x)
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exist fromwhich Newton's or Secant iteration would have generated that sequence of iterates?
To answer this question, asequence of values f, and f',; will be derived from x,,, and thena

continuously once differentiable convex function f(x) satisfying f(x,) =f, and f'(x,) =f',, will
be constructed out of parabolic arcs; thisisafunction fromwhich Newton’s or Secant iteration
generates the given sequence of iterates X, .

Consider Secant iteration first becauseit iseasier. Thevalues f,, will have to satisfy
Xp+1 = Xn = Xn = Xpe)f/ (Fry - Trp) » which fixes = f0 (X - Xpe)/(Xn-1 - Xpep) recursively for
n=1,2 3, .. starting from any arbitrarily chosen f;>0. Since Xg>X;>Xo> ... > Xy > Xpiq
dso fg>f;>f,>...>f,>f,,1,>0, andlessobviously

0< (fn - fn+1)/(xn - Xn+1) = ((Xn - Xn+1)/(xn - Xn+2))((fn-l - fn)/(xn-l - Xn)) < (fn-l - fn)/(xn-l - Xn) .
Therefore leeway exists to choose a positive descending sequence of values f',, satisfying
(Fr - Fre)/(Xn - Xpe1) <F'p < (Fog - )/ (Xpe1 - %) <f'hq for n=1,2, 3, ... After choicesfor all
vaues f,, and f', have been assigned, f(x) isdefined in each subinterval x, £ x £ x,,.; asthe
function whose graph isaconvex parabolic arc subject to the constraints f(xp,) = f,, <f(Xp.1) = fi.-1
and f'(x,) =f', < f'(X,.1) =f' 1. Theexistence of thisparabola ( itsaxisneed not be vertical )
isthegist of LemmaA4.1 in Appendix A4: Parabolas. Thetriangle QRS inthat lemmahas Q
a (Xp f)» R a (X1, fre1) » and sides QS and RS with slopes ', and f',,.; respectively.
Thearcliesinside the triangle and joins Q to R. Taken together, all such arcs make up the
graph of afunction f(x) over theinterval z<x £ Xy . This f(x) isconvex and continuously once

(but not likely twice) differentiable. What remains to be proved is that this f(x) — 0 as
X —> z; it will be proved later.

A different f(x) isneeded for Newton's iteration, whose descending iterates x,, determine all
quotients f/f', = X, - Xp+1 > 0 but leavethevalues f,, and f',, partialy arbitrary. Let uschoose
any positive fp and any positive f, <f,.1(Xp - Xn+1)/(Xn-1 - Xn+1) recursively for n=1,2,3, ...,
thereby determining also f'[, :=f/(X,,- X,+1) - Obviously 0<f,<f,.1; lessobviously
0<(fn- fred)/(Xn-Xned) = (L -fraaff) Fy
<f'n = f/Xn-Xns1)
< (frg-f)/(Xn1-Xn) -
Next define f(x) in each subinterval x, £ x £ X,,.; to be the function whose graph is a convex
parabolic arc subject to the constraints f(xy,) = f,, < f(X,.1) =fnh.1 and (X)) = <f'(Xn.0) =f'na
as before. Once again, all such arcs make up the graph of a convex and continuously once ( but
not likely twice) differentiable function f(x) over theinterval z<x £ Xy . What remains to be
proved isthat this f(x) — 0 as x —> z.

What remainsto be proved, not just for the functions f constructed above but for every f that
satisfies the theorem'’ s convexity hypothesis, isthat the values f(x,,) tendto f(z) = O faster than

the terms of a geometric progression with common ratio 1/2 . Attention is still restricted to
nonnegative functions f(x) and f'(x) increasing over thefiniteinterval z£ x £ xy>z; and for
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Secant iteration X, liesinside that interval. Now the abbreviations f, = f(x,) and '\, =f'(x)
stand for values computed during the iteration and, because z < X, < X,.1, they satisfy both
O0<f,<fhq, and O<f'<(fq1- T ) (Xp1- X)) <f'rp, thelatter because f' isincreasing.

Consider Secant iteration Xpiq = Xp - (Xn - Xp-1)fn/(fr - f-1) first becauseitiseasier. It has

2 [ = 2/(1 +(Xn1 - X)) (Xn - Xie1)) £ QX - Xpe1) (X1 - X)) . Newton's iteration

Xn+1 = Xp - F/f'y has f/(Xn - Xpe1) = ' < (Fre1 - F)/(Xn-1 - Xp) - from which follows again

2f M1 < 2/(1 +(Xr1 - X0) (X - Xpe1)) £ QX - Xre1)/ (X1 - X)) - For both iterations, repeated
multiplication implies (2" fn/fo)2 £ (X - Xn+D)/(Xg- X1) ; NOW sum over n. END OF PROOF.

Theorems 7.4, 7.5 and 7.6 are best regarded as contributions to local convergence theory since
they say too little about convergence from afar. Monotonic convergence is what disqualifies the
global pretensions of the latter two although their convexity hypothesis might hold in awide
neighborhood W. More often thefirst few (if not all ) iterates of a convergent iteration
approach z non—monotonically, inwhich casesthe convexity hypothesis can hold in at most a
bounded domain. Therefore theorems 7.5 and 7.6, unable to discriminate between non—
monotonic convergence and interminable meandering, are too often applicable only locally.

For example, if f isacubic polynomia monotonic over anon—finite (including +¥ or -¥ , or
both) interval W but not convex thereon, the iterations cannot meander in W but will either
escape from it or convergeto azero of f therein; thisfollowsfrom Theorem 8.2 below, not
fromtheorems 7.5 and 7.6 above. Ontheother hand, if f isaquintic polynomia monotonic
over anon-finite interval W but not convex thereon, Newton's iteration can meander in W

forever; f(x):= 5x° - 18x3 + 45x isan instance with all thereal axisfor W and with f' 3 15.84 ,
but aternate iterates x,, approach +1 and -1 if ever 1£ |x,| < 1.076570927 .

What distinguishes monotonic cubics from other monotonic polynomials? The distinction will
become clear later when we deduce Theorem 8.2 from hypotheses that are the weakest and thus
most widely applicable conditions now known to suffice for convergence.
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88. Sum-Topped Functions
A function Sum-Topped on aninterval W is by definition afunction g(x) that lies between 0
and g(u) + g(w) inclusive throughout every closed subinterval u£ x £w of W. Theterm
“Sum-Topped” has been born out of desperation for lack of a better term. Also lacking is a neat
characterization of sum—topped functions. Some of their properties are obvious; for instance,
functions sum—topped on aninterval W are also sum—topped on every subinterval of W, but not
viceversa. If g issum—topped on W sois ng for every real constant m, positive or negative.
Monotonic functions that do not reverse sign are sum—topped, but nor—monotonic sum-topped
functions exist too. Here are some examples ( plot them! ) to illustrate their diversity:

Any quadratic g on an interval none of which falls between two simple zerosof q;

3+ cos(€) onthewholereal x-axis ;

X - sin(x)] onthewholerea x-axis ;

U(1+x% ontheinterval --UwE£x£w forany w>0 ; and

2cos(x) + X - m on the positivereal x-axis for any constant m£ 2 + 2p/3 - 208 = 0.63... .

Some properties of sum—topped functions are almost obvious:

Lemma8.1: A function g sum—topped on W cannot reverse sign ( by taking
both positive and negative values) therein; andif q(z) =0 at some z in W then
lg(x)| isanon—decreasing function of |x-z| while x isin W.

Proof: If g(u) g(w) £0 for some u and w in W then, since (q(u) + q(w) - q(x)) q(x) 2 O for
al x between u and w inclusive, setting x =w impliesthat q(u) g(w) =0. Andif q(z) =0
at some z in W then, because q(y) must lie between 0 and q(z) + q(x) =q(x) foral y
between z and x, weinferthat O£ q(y)/q(x) £1 if q(x)* O; therefore g(x) may vanish
throughout some closed subinterval of W but must then become nonzero and monotonic as x
departs from that subinterval. END OF PROOF.

In the light of thislemma, the unobviously sum—topped functions g on W are the non—
monotonic ones that retain the same nonzero sign throughout; suppose q> 0 to simplify the
following exposition. Whether a continuous non—monotonic q is sum-topped is determined
solely by the valuesit achieves at itslocal extrema ( maximaand minima) in W. Supposeal its
local minimaare g :=q(vj)) >0 and al itslocal maximastrictly inside W are Q; := q(m;) for
Vog<mg<vi<my<..<mg<vg dlin W. Then q issum-topped if and only if every

Qi £ minj; g + min;s ; g; . Thisdecision procedure can beinconvenient, asitisfor large K,
and getsworse when g hasinfinitely many extrema or is discontinuous. Among sum—topped
functions the easiest to recognize are those of Restrained Variation, which are explained below
inappendix A2. Before digressing to that explanation, let us see how sum—topped functions
figurein Newton's and Secant iteration:

Theorem 8.2: A Sum-Topped Derivative

Suppose f' iscontinuous and sum—topped throughout aclosed interval W. Then
Newton's iteration X,.1 := Xp, - f(xp)/f' (X)) , Started fromany xg in W, either
convergesin W tothezero z of f or leaves W; theiteration cannot meander in
W endlessly.
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Proof: At the cost perhapsof replacing f by -f, wemay assumethat f' 2 O throughout W since
Lemma8.1 prevents f' fromreversing sign. Newton's iterating function N(X) :=x - f(X)/f'(x)

istherefore continuous except possibly where f'(x) vanishes. Thispossibility must be dispatched
first; later we shall deal with casesin which f' never vanishesin W.

The theorem’ s hypotheses allow f and/or f' to vanish at most oncein W. To seewhy, observe
first that f' must vanish between any two distinct zerosof f. Next suppose f'(u) =0. Then
Lemma8.1 impliesthat there must be some closed subinterval U£ x £ G of W throughout
which f'(xX)=0 and f(u) =f(x) =f(d) while UEX£0; but

f'(x) ispositive and decreasing, and f(x) <f(u), while x<u in W; and

f'(x) ispositiveand increasing, and f(x) >f(0), while x>0 in W.
Only in the subinterval (it may beasinglepoint u) need N be redefined:

" Wherever f'(z) =0=1(z) define N(z) :=z.

o' Wherever f'(u)=01 f(u) define N(u) :=-sign(f(u)) ¥ asif f'(uy=+0.
At most one of these two cases can arise. Inthefirst case (+°), Theorem 7.5 guaranteesthe
convergence of Newton's iteration to an endpoint of the subinterval of W wherein f(z) =0.
The same theorem dispatches the second case (¢') too because, solong as f(x,,) hasthe same

nonzero sign as f(u) , iteration must move monotonically in the direction that decreases |f| until
one of the following three eventualities occurs:

i) Aniterate escapesfrom W, perhapsby jumpingto +¥ , or else

i) Iteratesstay in W and “converge” monotonically to +¢ or -¥ in W, orelse

iii) An f(x,) reversessign and subsequent iterates reverse course and convergeto z.

Only eventuality (iii) deliversafiniteroot z of f(z)=0 in W, and f'(z)* O there. Whether
eventuality (ii) deliversaroot depends upon whether the limit to which [f(x)| declines, as x
approaches that infinite endpoint of W at which f' vanishes, is zero.

Eventuality (i) must arise also when neither f nor f' vanishesin W since then too the iteration
must move monotonically in adirection that decreases |[f| .

Now only one caseisleft to consider: Suppose henceforth that ' >0 throughout W and
f(z)=0<f'(z) aasome z in W. Now N must be continuousin W and its sole fixed—point
thereinis z=N(z) . If finitely many iterateslie on oneside of z and infinitely many on the other
sidein W, thentheiteration must converge ultimately monotonically because, except for finitely
many initial iterates, every subsequent iteration with x,* z maintains 0 £ (X471 - 2)/(X,-2) <1
and O£ f(Xn+)/f(xy) <1, asiseasly confirmed; of coursetheiteration convergesto z. But if

the iteration neither escaped from W nor converged to z, aswe shall assume henceforth for the
sake of argument, infinitely many iterates would have to fall on both sidesof z, which would
haveto liestrictly inside W. We shall complete the proof of theorem 8.2 by demonstrating that
its hypotheses are not consistent with the last assumption.

By virtue of Theorem 7.4, theiterates could not come arbitrarily closeto z; they would all have
to stay at least some positive distance away from z. Let u and w be the iteration’s points of
accumulation nearest z on both sides; say u<z<w . Then every open neighborhood of u
would contain infinitely many iterates, aswould every open neighborhood of w, but any closed
interval strictly between u and w could contain at most finitely many iterates. Since N(u)
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would be another point of accumulation and N(u) >u, wewould find N(u) 2 w too. Similarly
for N(w) £ u. Let’'sscrutinize the last two inequalities; they would imply respectively that
0 < (w-u)f'(u) £-f(u) and 0O< (w-u)f'(w) £ f(w) .
Adding them would produce
(w-u)(f'(u) +f'(w)) £ f(w)-f(u) = " f(x)dx
which simplifiesto
03 QY (f(u)+f(w)-f(x))dx .
But the theorem’ s hypotheses force the integrand to be nonnegative and continuous, so it would

have to vanish at every x between u and w inclusive, which would force f'(u) =f'(w) =0
contrary to the supposition f' >0 made when this case began to be considered. END OF PROOF.

In showing that N cannot swap distinct points u and w of W, the foregoing proof resembles
an application of Sharkovsky’s No-Swap Theorem, but the resemblance is superficial for two
reasons. First, thetheorem’shypotheses merely sufficefor itsconclusion; they are not necessary.
Second, N wasnot required to map W to itself; determining whether such arequirement has
been fulfilled can be harder than solving the given equation f(z) = 0. An easier expedient isto
incorporate whatever may be known about f and W into a bracketing procedure that decides
whether an excursion out of W should stop the iteration or be returned to W. After that the only
hazard to prevent isthe possibility that, left aone, theiteration may meander in W forever. This
hazard is precluded if f' issum-topped but, aswe have seen just before Theorem 8.2, deciding
whether f' issum—topped can be inconvenient. Fortunately, some oft—-encountered sum—topped
configurations are easy to recognize:

Corollary 8.3: A Weak Convexity Condition

Suppose f =g-h isadifferentiable difference between two convex functions, one
non—decreasing and the other non-increasing, throughout a closed interval W.
Then Newton's iteration X1 := Xy, - f(Xp)/f' (X)) , started fromany X in W,
either convergesin W tothezero z of f or leaves W; theiteration cannot
meander in W endlesdly.

Proof: See Corollary A2.3 in Appendix A2: Functionsof Restricted Variation ; apparently f' is
one of those, and therefore continuous and sum—topped over W. Therefore Theorem 8.2
applies. END OF PROOF.

Since f determines neither W nor the splitting g-h =f uniquely, arbitraryness can complicate
the application of Corollary 8.3. Takethe ( admittedly contrived ) example f(x) := arctan(x) ,
for which Newton'’s iteration convergesto z=0 fromany Xq strictly between the points
+1.3917452 swapped by N, but divergesotherwise. These points cannot serve as endpointsfor
W in Corollary 8.3; indeed, no W that includes both points +1 initsinterior can sustain a
splitting g-h =f satisfying the theorem’ s requirements because f'(0) istoo bigfor f' to satisfy
the sum—topped condition

“0E£ f'(V)/(f'(u) +f'(w)) £1 whenever v liesbetween u and w bothin W ”
that every splittable f must satisfy. On the other hand, for every L >0 theinterval
W:=[-L, /L] sustains such asplitting thus:
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gx) =  arctan(x) - x/(1+L3? for -LEXEOQ,
= x/(1+ ]JLZ) for OEX£1/L; and
h(x) := g(x) - arctan(x) .

But then N maps W toitself only when 0.86033359 £ L £ 1.1623398 . Otherwisethe iteration
may escape from W; and after that it may come back and converge, or else diverge, according
to whether it started between +1.3917452 or not.

In general, theweak conditionsin Theorem 8.2 and Corollary 8.3 are not necessary for
convergence but are at best sufficient. Their virtue istheir ease of application compared with
attemptsto apply Sharkovsky’s No-Swap theoremto N.

Example 8.4: Corollary 8.3 was discovered first, before Theorem 8.2, in 1976 whilel was
helping Dr. D.W. Harms and R.E. Martin to design afinancial calculator ( see Martin [1977]).
The equation f(z) = 0 to be solved for a positive root

z=1+ (interestrate) or z=1- (discount rate)
was put into the theorem’ s partitioned form f = g-h thus:

f(X) = (CrX™+ ... + Cx3 + Cx?+ Cix ) - (Co+ Cy/X + ColX® + gk + ... + ¢ /XN)
with nonnegative coefficients C_ and c_ representing cash flows, perhaps investments and
returns, or borrowings and repayments. W was the positive real axis and was mapped to itself by
Newton’s iterating function N for this f . However, because m and k could be huge ( many
thousands), acomplicated initial guess xy had to be contrived to prevent instances of intolerably

deferred convergence. The complexity of X cast ashadow over the design’s integrity.

R. Carone and | got rid of that complexity when we worked on the hp-12C financial calculator
introduced in 1982 (and still selling twenty yearslater ). It solves adifferent but equivalent
equation f(z) =0 foritsrea root

z=In(1+ (interestrate)) or z=In(1- (discount rate)) .
The partitioned form f = g-h required for Theorem 8.2 is obtained thus:

f(X) = IN( Cr@™ + ... + Cae¥ + Cex? + C1°) - In(Cg + & + e + e + ... + ¢ ek¥)
with the same coefficients asbefore. The convexity of g and h islessobviousthan before. W is
all thereal axis. Becausethis f(x) isso nearly linear when |x| isbig, theiteration’s dependence
upon theinitial guess Xy has become so mild that a crude guess provably suffices. END EX. 8.4.

The hypotheses of Theorem 8.2 and Corollary 8.3 are the weakest global conditions known to
be sufficient to prevent Newton's iteration from meandering forever. Their hypotheses suffice
also to prevent Secant iteration from meandering, aswe shall see.
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89. The Projective Connection between Newton’s and Secant Iterations

Before proving that Theorem 8.2 and Corollary 8.3 above apply aswell to Secant asto

Newton's iteration, we explore a connection that the reader may have anticipated: roughly, ...
If Newton's iteration convergesto asimple zero of f, sodoes Secant iteration.

This connection grows out of the straight lines, the tangents and secants, that figurein both

iterations. The straightness of both kinds of linesis preserved by afamily of Projective Maps of

the planetoitself; consequently bothiterations convergenceisinvariant under these maps, asis

the convexity hypothesisin Theorems7.5and 7.6 above. See Appendix A3: Projective Images,

and especialy LemmaA3.2, for details of which very few will figure directly in what follows.

Lemma9.1l: AnIntermediate Value

If S(u,w) :=u-f(u)(u-w)/(f(u) - f(w)) doesnot liebetween u and w, i.e if
f(u)f(w) >0, andif f'(x) isfinitethroughout u£ x £w, thenat some v strictly
between u and w either N(v) :=v - f(v)/f'(v) = S(u, w) or f(v) =f'(v) =0.

/

secant
tangent

X
u Y, W

S(u, w)

Proof: Thereisatrivia casewhen u=v=w and S(u, w) :=N(v) . A different special case can
arisewith f(u)=f(w)* 0; inthiscase S(u, w) =¥ =N(v) at some v strictly between u and w
where Rolle's theorem implies f'(v) =0. Thelemma generalizesthis special case. For finite
s:=S(u, w) the proof is constructed from a projective map that preserves u and w but pushes s
off to ¥ . Then, like scaffolding under a newly built bridge, the projective map isremoved to
leave only aslender proof standing.

Let B(x) :=f(X)/(sx) . Since s doesnot liebetween u and w>u, @(x) and &'(x) arefinite
throughout u£ x £w . And @(u) = @(w) because of how s wasdefined, so Rolle's theorem
implies @'(v) =0 at some v strictly between u and w. @' (v) = f'(V)/(s-v) + f(V)/(sv)?> =0
impliesthat this v iswhereeither N(v) =s or f(v) =f'(v) =0. END OF PROOF.
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Digression: Where between u and w may thelemma’s v fal? Ingenera v need not be
unique. However, inthe special casethat sign(f" (x)) staysconstant throughout u<x <w, the
aforementioned projective map can be used to show that the equation N(v) = S(u, w) hasjust one
root v between u and w ; andthenthe smaller thevariation of log|f" (x)|, the more closely can
v belocated. Itslocation is obtained from the first of Identities 7.3:

f(S(uw)) = (S(uw) - u) (S(uw) - w) FTT(Suw), u,w) and F(N(V)) = (N(V) - V)2 FTT(N(), v,v) .
When T » /2 is nearly constant, sothat f isnearly aquadratic polynomial, combining these
identities with the equation N(v) = S(u, w) of Lemma9.1 impliesthat its root

v = S(u,w) + Q( (u- Su, w)) (W - S(u, w)) FTT(S(u, w), u, wyfTT(N(WV), v, v)) sign(u - S(u, w))

» S(u, w) + q (u-S(u, w)) (W - S(u, w)) ) sign(u - S(u, w)) . END OF DIGRESSION.

Lemma9.1 joins Newton’s iterating function N and the Secant’s S by a bridge that breaks
only over azero of f acrosswhich f doesnot reversesign; otherwise the bridge bears abig load:

Theorem 9.2: Suppose f' and N are continuous throughout a closed finite
interval W strictly inside which f does not vanish without reversing sign there
too. If Newton's iteration convergesin W from every initial x5 in W, thenit

convergesto thesolezero z of f in W, and Secant iteration also convergesin
W to z from every two starting points Xy and X; in W.

That Newton's iteration always converges within W is an essential assumption independent of
the others;, see Non-Theorem 7.2 above. Unless z isan endpoint of W, the assumption that f
reverses sign acrossits zero z isessential; otherwise two consecutive Secant iterates astride z
could send athirdto ¥ . Theassumptionthat N iscontinuousisessentia too; otherwise, as
Example A3.3 shows, thetheorem’'s “ converges” would have to be replaced by a complicated
assertion about convergent subsequences of iterates like the onein my report [19797. This
theorem was discovered in 1977 in time to affect decisions made during the design of the root—
finder behind the [ SOLVE] key on Hewlett-Packard hand-held cal cul ators beginning with the
hp-34C described in my reprint [1979"]. The proof islong but, because it cannot now be found
elsewhere, it is presented here despite its length.

Proof of Theorem: Because N maps W continuoudly into itself ( otherwise Newton's iteration
could escape from W) it must contain at least one fixed—point z=N(z) , which hasto be azero
of f. Thiszero z cannot be asubinterval of W because f reversessignat z. Another zerois
ruled out by Rolle's theorem, which would imply a point between them where f' would vanish
and N would jump out of W to ¥ . Infact, f' cannot vanishin W except perhapsat z;
elsewhere f isstrictly monotonicin W. At the possible cost of replacing f by -f, wemay
assumethat f isstrictly increasing throughout W. Finally, N satisfiesall four conditionsthat U
satisfiesin Sharkovsky’s No—-Swap Theorem 5.1 above. These conditions will figure at severa
placesin the rest of the proof, which is presented below as a sequence of shorter propositions.

*Proposition 9.3: All Secant iterates Xpiq := S(Xp, Xp.1) Stay in W.
Thisfollowsfrom Intermediate Value Lemma9.1 above and the assumptionthat N staysin W.
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*Proposition 9.4: For n3 1 we might aswell assumethat every Xn.1* Xt z.
Otherwise nothing would be |eft to prove, because Xn.q1 := S(Xn, Xp.1) = X, if and only if
f(x,) =0 and hence X,+1 =X, =2z . Thepossibility that x; =Xy and X, = N(x;) isharmless.

*Proposition 9.5: If a subsequence of differences x,.+1 - X, —> O then, for every integer k3 0
fixed in advance, the corresponding subsequence X, —> Z.

Since divided difference f' lies between the minimum and maximum values taken by derivative
f' on W, the corresponding subsequence (X)) = (Xn+1 - Xp) fT(xn, Xn.1) — 0, and therefore
Xn—> Z since f isstrictly increasing, and then X,,.;1 —> z too. For each n in the subsegquence,
Intermediate Value Lemma9.1 impliesthat some vy,, exists between x,, and X4, satisfying
ether Xn+2 =Yn OF Xp+2 = N(Yyy) ; ether way, the subsequence X+, —> z too because N is
continuous. Repeat as often as necessary to infer that X, —> z . ( Doesthe continuity of N
then imply by itself that all X —> z too no matter how k varieswith n?)

Definitions:

*A Variance isan iterate v, := S(X,.1, Xp.2) for which f(x,.1)/f(v,) <0, andthen both z and
Xn+1 := (Vi Xpp) Must lie strictly between v, and X1 -

*A Permanence isaniterate py:= S(Xp.1, Xn.2) for which f(x,.1)/f(p,) > 1, and then both z
and Xn41 := S(Pp, Xp.1) Must lie strictly on the side of p,, opposite from X1 -

*The Wraith of Permanence p,, isitsnearest solution w,, of N(w,) =X, Strictly between
pn and X,.;; theexistenceof w,, isassured by Intermediate Value Lemma9.1.

*Proposition 9.6: For n3 2 every iterate X, := S(X,.1, Xn.2) iSa Permanence or a Variance.
The possibility that 0 < f(x,.1)/f(X,)) <1 isruled out by the strictly increasing nature of f as
follows: For the sake of argument suppose 0 < f(x,.1) < f(x,) . Thissupposition would imply
Z<Xp1<Xp, since f isincreasing, and then (X1, Xn.0) = F(Xp.1)/ (X1 - X)) <O, Whichis
contradictory. The other impossibility 0> f(x,.1) > f(x,) isdispatched similarly. Therefore
every iterate x,, can berenamed either p, or v, .

*Proposition 9.7: If two consecutive iterates vy, := S(Xp.1, Xp-0) and Vg := (v, Xp.1) are both
Variances, then v, liesstrictly between v, and X,.;, and then both X,.»
and z liesdtrictly between v,,.1 and v, andaso (Vj- Xp.1)/(Xn+2- Ve >4 .

Vi Xn+2 L R Xn-1
<—— 7 ———>
Only thelast inequality requires unobvious confirmation. Thedefinition of Variance impliesthat
f(Xp)/f(vy) <0 and f(v)/f(Vae1) <0, so sign(f(vpeq)) = sign(f(x,.1)) andthen, since f is
monotonic, f(X,.1)/f(Vy+1) > 1 because v, iscloserto z than x,_; is. Consequently
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(Vn - Xn-l)/(xn+2 - Vn+1) = ( '(Vn+1 - Vn)(f(Vn) - f(xn-l))/f(vn) )/( 'f(Vn+1)/fT(Vn+1a Vn) )
= (F(vn) - f(xn-D)(F(Viea) - TV (F(VR)E(Vied) )
= 1- (V1) - FO-DF (V) + F(n.D)/f(Vie)
3 1+ 200 f(XnD)f(Vper) ) + F(Xp)/f(Ve1) > 4 asclaimed.

*Proposition 9.8: If, among the Secant iterates x,,, at most finitely many are Variances, or if
at most finitely many are Permanences, then the iteration convergesto z .

If all but thefirst finitely many iteratesare Permanences they must converge monotonically in W

to something, and it must be z by Proposition 9.5. If al but the first finitely many iterates are

Variances then the subsequences {x,,} and {X,,+1} must ultimately converge monotonically in

opposite directionswith [X,, - Xons1| —> O at least asfast as 1/4", thanksto Proposition 9.7, so

theiteration convergesto z asclaimed.

Henceforth only those sequences {x,} containing infinitely many Permanences and infinitely

many Variances need be considered. Think of Permanences as punctuation marks separating
strings of consecutive Variances. What matters most about such a string is whether itslength is
even or odd. Evenlengths (including 0) will be treated first.

*Proposition 9.9: If a Permanence p,, isfollowed by an even number 2k3 O of consecutive

Variances Vpi1, Vpio, ---» Vniok bDeforethenext Permanence ppiok+1 . thenthe
numbers
Xp-10 Wn-s Pre Vne2r Vs -0 Vinaoke W2kl Pre2k+s 20 Vne2k-10 -0 Vnt3r Vel

are exhibited herein strictly monotonic order ( perhapsreversed).
If 2k =0 then Xn.1, Wy, P Wnep and ppeqlieonthesamesideof z. If 2k =2 only vp.q lies
onthesideof z opposite the other four iterates and two Wraiths. For 2k3 2 this proposition
followsfrom Proposition 9.7.

*Proposition 9.10: If at most finitely many strings of Variances have odd lengths, the iterates
X,, convergeto z.

Discard as many of the earliest iterates as necessary, and renumber therest, to obtain a sequence
of iterates X1 := S(Xp, Xp.1) 1N Which no string of Variances has odd length. Proposition 9.9

impliesthat the Permanences and their immediately antecedent iterates constitute a monotonic
subsequence bounded by z. In other words, if the successive Permanences are py, Pnz Pnas

... then X1, Pao Xn2-1 Pre Xna-1» Pnss ---» 2 areexhibited here in monotonic order, but
perhaps not strictly so. This subsequence of iterates must converge and, by Proposition 9.5, it
must convergeto z. Recall now the Permanences Wraiths; for j =1, 2,3, ... each Wraith
Wy, liesbetween X1 and p,; and satisfies N(wy;) = X417 . Evidently the Wraiths convergeto
z and, since N iscontinuous, so must the subsequence of iterates Xpiiq, Xpo+1, Xna1, -+ -

Among theselieall theinitial Variances in strings of consecutive Variances, each string having
nonzero even length. With the aid of Proposition 9.9 again we conclude that the Variances
convergeto z too.

(Were N not continuous, the Variances might not all convergeto z; see Example A3.3)
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Only the possibility that infinitely many strings of Variances have odd lengths remains to be
addressed to complete the proof of Theorem 9.2. For this purpose we introduce three more ...

Definitions:
*A Scout s, isa Permanence followed by astring of Variances of odd length.
*A Guard g, isthefirst Variance following (inthe sequence of iterates) a Scout s, .

*A Convoy isthe set of Wraiths belonging to the Permanences that come after (inthe
sequence of iterates) a Guard but not after its subsequent Scout.

For instance, if Scout s, isfollowed by 2k+1 Variances gn+1, Vn+2s ---» Vrok+1 fOllowed by
Permanence pphiok+2 . then the numbers

Xn-1 Wny Sny Vs - Ve 25 Pns2k+2r Wne2k+2r Vnt2k+l -0 V3 On+l
appear here in monotonic order, according to the definitions of Permanences, Variances and
Wraiths. (If 2k+1=1 then Vi, ..., Varok do not appear here.) Only the desired zero z and

the Wraiths w,, and w,,,; arenotiterates. That last Permanence p,,+ox+> Might bea Scout too

or it might not. We have to confirm next that every Wraith belongsto a Convoy escorted by a
Scout ranging ahead of it and a Guard bringing up the rear, and that alternate Convoys
approach z from opposite sides.

*Proposition 9.11: In the sequence of iterates, suppose s, and s,, are consecutive Scouts with
m>n. Then m3 n+2 and the numbers X, .1, Wn, Om+1: Z+ St Wi Onel
appear here in monotonic order; and the Convoy of Wraiths w; for
n<j£m lienumerically between Guard g,;; andthenext Scout s, on
the other side of which liefirst z and then g,,+1 andthen w,.

In the sequence of iterates, Scout s, isfollowed by some odd number 2k+1 of Variances gp+1,

V2, -+ Vnaok+1 TOllowed by Permanence p,.ok+o followed perhaps by more strings of

Variances of even lengths separated by Permanences up to the Permanence-and—Scout s,

followed by an odd number of Variances g+1, ... - How are all these numbers ordered
numerically? It iseasy to verify that
Xn-1r Wny S V2 -0 Viezke 25 Sy Wy Pre2k+2r Wne2k+2r Vnek+1s -0 Onel

appear here in monotonic order except that if m = n+2k+2 then ppiose aNd Wpioio are

redundant and should be dropped. If m > n+2k+2 then every string of Variances between (iin
the sequence of iterates) pnok+2 and s, hasevenlength, so Proposition 9.9 ensuresthat every

Permanence after (inthe sequence of iterates) g+, but not after s,, hasits Wraith strictly
between the Guard g,,+; andthe Scout s,, of this Convoy of Wraiths all onthesideof s,
opposite z. Moreover wy, isthis Convoy’'sWraith nearest z. The Guard g+ following
Scout s, fallssomewhere on the other sideof z; where? Here Intermediate Value Lemma9.1
combineswith Sharkovsky’s No—Swap Theorem 5.1 to explain why thisnew Guard g¢,4+; must
come between z and the previous Convoy’sWraith w,, nearest z. If that werenot so, if gy41
fell on the side of w,, opposite z, then the numbers

Work in Progress:. NOT READY FOR DISTRIBUTION Page 40/63



Math. 128A/B L ecture Notes on Real Root-Finding June 30, 2009 6:37 am

Om+1 = N(Wpy), Wp, Z, Wy, Gnag = N(Wy)
would appear here in monotonic order and violate the No Crossover Condition that N must
satisfy if Newton's iteration isto convergeto z fromevery xg in W.

Thus has every claim in Proposition 9.11 been vindicated, and without saying which of gy4+1
and s, liesbetween theother and z; itisimpossibleto say, and doesnot matter. What matters

isthat alternate Convoys of Wraiths proceed monotonically towards z from opposite sides; on
each sideevery Convoy isseparated by its Guard from the preceding Convoy on the same side.

*Proposition 9.12: If the sequence of Secant iterates containsinfinitely many Guards then the
Secant iteration converges to the desired zero z.
Let g.£ z betheleast upper bound for those Convoys and their Guards lessthan z; they

constitute a subsequence of iterates and Wraiths converging monotonically upwardto g .
Similarly for greatest lower bound g,,2 z. For every guard g,> g, thereisa Wraith w, < g,
for which g, =N(w,) ; asthe subsequence w,—> g.- the corresponding subsequence

On = N(w,)) — g,,+ and so, because N iscontinuous, g, =N(g,) . Similarly N(g,) = g.. Now
the No Swap Condition satisfied by N impliesthat g, =g,=2z. Thenall the Wraiths must

convergeto z, pushing their Permanences (including the Scouts) ahead of them to converge
to z aso. Then Permanences and Guards sgueeze the rest of the Variances to converge too.

Propositions 9.8, 9.10 and 9.12 |eave no alternative but convergence for the Secant iteration and
hence prove Theorem 9.2. END OF PROOF.

Note that Theorem 9.2 just proved has no converse; in many situations Secant iteration

converges from all starting pointsbut Newton’s doesnot. f(x) := 5x° - 18x3 + 45x isastrongly
monotonic (f' > 15.84) examplefor which Secant iteration always converges but Newton's
iteration getstrapped when 1 £ |x,| < 1.076570927, aswe have already seen after Theorem 7.6.

Proposition 9.7 prevents Secant iteration from meandering in this example.

Another exampleis f(x) := arctan(x) discussed after Corollary 8.3, where we saw that

Newton’'s iteration convergesif started between +1.3917452 but divergesotherwise. Apparently
Secant iteration convergesif started anywhere in awider interval between about +2.25, but can
cycle on four points Xgp, = 4.75048222, X4n+q = 1.12143673, Xgnio = -Xan aNd Xgn+3 = Xan+1 s

and certainly diverges from starting points both greater than about 2.5.

Theorem 9.2 shows how dlightly an ability to solve f(z) = 0 depends upon the computability of
the derivative f'(x) . Thisisnot to say that Secant iteration obsoletes Newton's. Instead the
theorem simplifies the choice between them. Secant iterationis preferableto Newton’s when ...
«Computing the derivative f' adds more than about 44% to the cost of computing f, and
*The desired zero z isoneacrosswhich f reversessign, and
*The desired accuracy requires at least severa iterations, and
*The contribution of roundoff to f isnot so bad that its effect has to be minimized.
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The last consideration arises out of Secant iteration’s greater susceptibility than Newton's to
roundoff, especialy if its contribution has been seriously underestimated. |f roundoff has been
assessed reasonably well, and if iteration can be stopped as soon as the computed value of [f|
drops below or near its uncertainty due to roundoff, that last consideration becomes unimportant.
Anyway, the global convergence properties of the two iterations rarely provide a strong reason to
prefer one over the other.

Finally, Theorem 9.2 also contributesto Theorem 8.2 another corollary that is easy to prove:

Corollary 9.13: Suppose f' is continuous and sum-topped throughout a closed
interval W; or suppose f = g-h isadifferentiable difference between two convex
functions, one non—decreasing and the other non-increasing, throughout a closed
interval W. Then Secant iteration Xq.q1 := xn-f(xn)/fT(xn, Xp.1) ,» Started from
any Xo and x; in W, either convergesin W to thezero z of f or leaves W,
the iteration cannot meander in W endlesdly.
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810. Accelerated Convergenceto Clustered Zeros

Where do multiple zeros come from? They would be extremely rare if the equations we solve
were chosen at random; multiple zeros z imply an unlikely coincidence f'(z) =f(z) = 0. Since
they are not so rare, their sources must be systematic. One such sourceis optimization. Suppose
we wish to minimize the largest root z(p) of an equation F(p, z) =0 containing a parameter p .
Vaues p at which dz/dp =0 arecandidates, but they need not yield the desired minimum. It

may occur when the two largest roots coincide, asisthe casefor F(p, z) = Z2- (ptlUp)z+1; its
optimal p=1. For near—optimal valuesof p thetwo largest roots nearly coincide.

Where else may clustered zeros come from? Consider an analytic function f(x) with several real
and complex zeros zy, 2, ..., Zy, inaregion ¢ inthe complex plane, and supposethat ¢ lies
deep inside afar larger region C that contains no other zeros nor singularitiesof f. Let the
average of those zeroshe m:=a jZ/m; then f(x) and its derivative must closely resemble

another analytic function f(x)(x-rr)mléj (x-z) anditsderivativeat al x in C far enough from

¢. Foral such x their respective Newton's iterating functions N(x) := x - 1/(f'(x)/f(x)) and
X - V(' (X)/F(x) - &; (mz)?(x-m> + O(x-m)™*)

must resemble each other closely too. In other words, to Newton's iterating function, any

collection of several zeros may appear, from far enough away, like clustered zeros practically

indistinguishable from amultiple zero at that distance. We have seen already, before and during

Theorem 7.6, that convergence to amultiple zero can be slow. Consequently we should expect
convergence to a cluster from afar to be retarded too. Usually it is, but not always.

Take f(x) =3¢ - 3x for example. All its zeros are simple. Two of them, z=0.17856 and

Z =3, arerea and infinitely many are complex faling not far from 2 + In(2kp) + (2k + 1/2)p1
for positiveintegers k. Fromany Xg<1, Newton'siteration X,.1 = X, - f(x))/f' (X)) converges
to z almost immediately because z - 0.003 < X, <z no matter how huge ( and negative) Xg is.
Fromany big xg>2Z, Newton's iteration convergesto Z sowly at first, taking about Xg
iterationsto get between Z and Z + 0.001 because Xp+1 » X, - 1 for awhile. Thus, from far

away on the positive ( but not the negative ) real axis, z and Z look to Newton's iteration like
roots of infinite multiplicity towards which it must move very slowly. A simple way to cure this
lethargy isto replace f(x) by x-3-In(x/3), which hasthe samereal zeros but none complex.

In general lethargic convergence hasno simple cure. And, when found, acurerarely saves much
time. No matter how slowly Newton’sor Secant iterates x,, converge, usualy 2"f(x,) — 0
because of Theorem 7.6. Then f(x,,) — 0 so fast that it must soon fall below the threshold of

rounding error noisein f, or else below the computer’s Underflow threshold. Since the amount
of time that can be saved isusually limited, no cure for lethargic convergence is worthwhileif it

adds much to the cost of Newton's or Secant iteration; neither isacure satisfactory if it spawns
disagreeabl e consequences like convergence to an undesired zero.
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When the multiplicity m>1 of adesired zero z of f isknown, superlinear convergence can be
achieved by applying Newton'sor Secant iterationto [f|Y™ sign(f) instead of f; then Newton's
iteration takes the form X41 = X, - mf(x,)/f' (X)) . However z isusualy computable more

accurately as asimple zero of the derivative f™1 | if this can be computed. ( Could m be

known but not ™M1 2 Perhapsthat’swhy an m > 1 isusually unknown.) An unknown m
known to exceed 1 isprobably 2 sincelarger multiplicities are extremely unlikely.

An unknown multiplicity can be estimated. For instance, if z isazeroof f with multiplicity m
then L/(L/(Injf(x)])') —> m as x —> z . This appears to require the computation of " but that
can be circumvented by introducing a multiplicity estimate m,, into an accelerated version of

Newton's iteration thus:

m, = Max{ 1, Integer Nearest (X, - Xp-1)/( FX ) (X)) - FXpe)F' (Xpe1) ) }

Xper = Xn - M )/ (xp)
When x,, convergesto azero z of ananalytic function f(x) it converges at least quadratically
and m, convergesto thezero’smultiplicity, which must beaninteger. Thisconvergenceisfaster

than if Secant iteration had been applied to f(x)/f'(x) of which z isasimple zero. From far
enough away, however, acluster of zeros ( complex aswell asreal ) of f can appear so much
likeamultiplezeroto Newton'’s iteration that m,, may actually approximate the number of zeros

inthe cluster. Only if and when iterates approach z can its own lower multiplicity m become
manifest. Alas, thefirst few accelerated iteration steps can overshoot the zero nearest the starting
point too easily, after which subsequent iterates may diverge or converge to a zero other than the
one desired, especially if an extremal real zero was desired.

Take f(x) =3¢ - e3x for example again. Starting from Xo>5, theforegoing acceleration
scheme practically always skips over the larger zero Z =3 and converges to the smaller zero
z=0.17856. Ingenera noway isknown to moderate the growth of m,, so asto prevent thiskind
of undesired overshoot in al cases.

Thereisaspecia but common case that can be accel erated modestly without overshoot. Define
N(x) ;= x-f(x)/f'(x) (Newton's iteration function) and
W(x) = x-2f(xX)/f'(x) (Doubled-Newton’s iteration function) .

This W(x) can beiterated with no harm from overshoot in the following circumstances:

Theorem 10.1: Supposethat f'(y) =03 f(y) at theleft-hand end of afinite
interval y £ X £ xg throughout which f" isa positive nondecreasing function,

aso assume f(xg) >0. Then, inthat interval, ...

1) Theequation f(z) =0 hasjustoneroot z3 y, and W(x) <N(x) when x> z..
2) N(x)3 z fordl x>y, andthen W(x) >y unless W(X) =y =z.
3) If x>z then N(W(x)) £ N(x), with equality only when "' ° 0.
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Starting from x> z this theorem justifies the following procedure:

Iterate x, =W(X,.1) , thereby descending faster than Newton’s iteration would, until x,<z

( detected when f(x,) and f(x,.1) have oppositesigns), and thenrevertto X,.; =N(X,) .

Doing so locates the largest real zero of a polynomia whose other zeros, rea and complex, all
have lesser real parts, and locatesthe largest real zero (Z =3) of exampleslike f(x) = 3e - €3x
discussed above, usually faster than would Newton’s iteration all theway. Thetheorem’sclause
(3) assuresusthat the last iterate x, = W(X,.1) , beforereversionto x,+1 = N(X,) , cannot jump
past z sofar, and henceso closeto y, that thefirst Newton iterate x,.; would jump way back
beyond Xx,,.; ; onthecontrary, X,.; comescloserto z than N(x,.;) would come.

| first proved thistheorem in the early 1960’s, but rather differently, for the special case of a
polynomia p(x) whose ( at leasttwo) zerosareall real, thelargest being z; oneof f=p or
f = -p can easily be shown to satisfy the hypotheses of thistheorem. A proof for this polynomial
case can befoundin Stoer & Bulirsch [1980]; for thiscase, parts 1) and 2) of the theorem had
been quoted by Jim Wilkinson [1965], who had |earned them from HansMaehly aswell asme.
Soon afterwards Werner Greub liberated the theorem from polynomials by suggesting that the
crucia hypothesiswas merely f"'(x) 2 0, from which the following proof evolved.

Proof of Theorem 10.1:

1) As x -y increasesthrough positive values, so does f'(x) because f* >0. Therefore at most
one root z3 y canexistinthegiveninterval; f(x) increasesthrough O to apositive value
f(xg) as x increasesfrom y to Xg, SO z3 y doesexistintheinterval. And then obviously

N(x) - W(X) = f(x)/f'(x) > 0 for al x>z therein.

2) N'(x) =f(x)f" (x)/f'(x)2 hasthe samesignas x-z if x>y ; therefore the minimum value
taken by N(x) is N(z) =z. A nondecreasing derivative is acontinuous and therefore integrable
derivative, and f" (x) isnondecreasing as x increasesbeyond y, so

Of Q,X Q,“ (f"(u)-f"(v))dvdu = (x-y)f'(x) - 2f(x) + 2f(y) .
Thisimplies W(x) 3 y-2f(y)/f'(x) 3 y too with strict inequality unless y =z, in which special
case Theorem 7.5 aboveimplies N(x) —> z+ and W(X) —> z+ as X —> z+. Inthefurther
special case of aquadratic f (constant f* >0) with adouble zero y =z wefind W(x)=z.

3) When z £ W(x) <x theinequality N(W(x)) £ N(x) isobvious,; but proving it ishard when
y <W(x) <z<x. Theproof might be easier if N(x) - N(W(x)) = f(x)/f'(x) + f(W(X))/f'(W(X))
increased monotonically, but it needn’t; for example, try f(x) = x2 + (x/2)%*- 1- 1/2**. Worse,
N(x) - N(W(x)) vanisheslike O(x-z)3, sothree differentiations ( or integrations) would be
needed to infer the desired inequality from an hypothesislike f'" 3 0. We shall ssimplify the
work alittle by proving that ( N(x) - N(W(x)) ) f'(W(x)) = f'(W(X))f(x)/f'(x) + f(W(x)) 3 O.

To exploit the symmetry of W(x) and x about N(X), let usabbreviate Q := f(x)/f'(x) ,
n:=N(x) =x-Q, and w:=W(x) =n-Q; then f*(n+q)-f"(n-q) 3 0 when O£ q£ Q because
f" isnondecreasing. Integrate: O£ qu(f" (n+p) - " (n-p))dp = f'(x) - f'(n+q) - f'(n-q) + f'(w) .
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Integrate again from 0 to Q toinfer that (f'(x) + f'(w))Q 2 f(x) - f(w) , which smplifiesto the
last inequality of the previous paragraph. These inequalities become equalities just when f is
quadratic ( constant f* >0). END of PROOF.

The theorem just proved provides a guarantee that the doubled iteration x,,.; = W(X,) cannot

overshoot the desired zero z so far aswould lose more than one iteration—step after reversion to
Newton’s. Except for the one step that overshoots z, theiteratesof W approach z faster than
correspondingly numbered iteratesof N would because N'(x) >0 for x >z ( seethe proof of
(2) above), sooncetheiteratesof W get closer to z thantheiteratesof N they stay closer.

How much faster do iteratesof W descend than iteratesof N would? Because W(x) £ N(N(x))
if x iscloseenoughto z* y andusually for al x>z intheinterval, W usually descends at
least twice asfast as N until z isoverstepped. But not always. f(x) = x/(1-x) intheinterva
z=0<x<Xy<1 isacounterexamplewith W(x) < N(N(x)) for x <2/(1+ Cb) = 0.618 but not

otherwise. Another example f(x) = €* for -¥ =y =z <x <Xy <+¥ has W(x) = N(N(x)) = x-2.
A more nearly typical exampleis f(x) = 3¢X - e3x for which iterates descend from Xg =8 thus:

Tablel: For f(x)=3e*-e3x

Iterates of N Iterates of W

Xg 8 8

X1 7.015757 6.031524
X5 6.052129 4.,195981
X3 5.132988 2.912537
Xq 4.302929 3.006191
X5 3.631900 3.000029
Xg 3.198687 3

X7 3.025447

Xg 3.000476

Xg 3.000000

Whileit converges faster than Newton's iteration, the doubled iteration X1 = W(X,,) can still
converge arbitrarily slowly to amultiple zero; but itsvalues f(x,,) tend to zero usually more than
twice asfast as Newton’s would, and always at least twice asfast as Theorem 7.6 describes:

Corollary 10.2: Assume the hypotheses of Theorem 10.1 again, and suppose
also that the procedure described just after it isfollowed. Then either the iteration
ultimately revertsto Newton’s and converges quadratically, or else the doubled
iteration X, = W(X,.1) converges, slower but monotonically, and f(x,) tends

monotonically to 0 at least so fast that &,,4" [f(xy)| £ [f(Xo)| (Xg-2)/(Xg - X1) -
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Proof: Either y* z or y=z. If y* z then f'(z) * 0 and ultimately x,,=W(x,.;) falsupon z
and stopsor fallsbetween z and y . Inthelatter event theiteration revertsto Newton's iteration
which, after stepping backward onceto N(x,) between z and N(x,.;), converges
monotonically according to Theorem 7.5, and quadratically according to Theorem 7.4.

If y=2z then f'(z) =f(z) = 0 and the doubled iteration x,,+; = W(X,) converges monotonically
towards z. Thisiteration isthe sameas Newton's applied to solve the equation () =0.Is
& convex? Tofind out consider the Riemann—Stieltjes integral of df* , which exists since f"
isnondecreasing. If x>z then 0£ 20X f(t) df" () = 2f" (X)f(x) - (F'(x))? = 4 (X)) (G (x))" .

Therefore Cf satisfies the convexity hypothesis f satisfied in Theorem 7.6, whence followsits
conclusion for & , whichisthis Corollary’s inequality. END OF PROOF.

The doubled Newton iteration X,.; = W(X,) works so well in the circumstances for which it
was intended that it encourages usto double Secant iteration too. There are two ways to double
the Secant iterating function
S(x, X) := X - f)T(x, X) = x - FOOX-X)/(F(X) - F(X)) .
Oneisthe obvious way:
$(x, X) := x - 2f()/FT(x, X) .
The unobvious way applies Secant iteration to the equation Cf =0 to get an iterating function
R(X, X) := x - (X-x)/( AF(X)f(x)) - 1) .
Both doubled iterationswork. The latter isfaster because, if z<x <X andso 0<f(x) <f(X),
then R(x, X) < $(x, X) < S(x, X), asiseasy to verify. Therefore we concentrate upon R(...) .

The hypotheses of Theorem 10.1 are presumed to be still in force:
f'(y) =03 f(y) attheleft-hand end of afiniteinterval y £ x £ Xy throughout which

f* isapositive nondecreasing function; also assume f(xg) >0, so the equation
f(z) =0 hasjustoneroot z2 y inthat interval.
The procedure that follows that theorem is now supplanted by this:
Starting from xp>Xx; >z, ..., iterate X, = R(Xp.1, X.2) » thereby descending faster
than Secant iteration would, until x,<z ( detected when f(x,.1)/f(x,) <0), and
thenrevert to  Xp+1 = S(Xp, Xp1) -
Once again, asin Theorem 10.1 part 3), we seek reassurance that the last doubled—iterate x,
cannot overshoot z so far as might set subsequent Secant iterates back behind S(X,.1 , Xp.2) -

Conjecture 10.3: Assume the hypotheses of Theorem 10.1 again, and also the
definitionsof S and R; then S(S(R(u, w), u), R(u, w)) £ S(u, w) if z<u<w.

Discussion: Intermediate Value Lemma9.1 letsusdefine v(u, w) to lie strictly between u and
w and satisfy N(v(u, w)) = S(u, w) >z whenever either yEw<u<z or z<u<w. This
v(...) isdefined uniquely because N(x) ismonotone decreasingwhen y £ X £ z, increasing
when z£ X .

THERE ARE NUMEROUSDETAILSSTILL TO BE SUPPLIED HERE.
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Corollaries:
Convergence of f(x,) to O isfasterthan 1/3" for $ or 1/4" for R.

Example:

Table2: For f(x)=3¢e"-e3x

Iteratesof S Iterates of R

Xg 9 9

X1 8 8

X5 7.427732 6.479176
X3 6.706504 5.205631
Xq 6.057988 4.250802
X5 5.407616 3.166181
Xg 4.800048 2.812781
X7 4.243171 2.976582
Xg 3.766543 3.003603
Xg 3.396594 2.999936
X10 3.154697 3.000000
X11 3.037465 3
X12 3.004024

X13 3.000111

X14 3.000000

Work still to be rewritten out:

811. All Real Zeros of aRea Polynomial. Finding only real zeros of area polynomial of high
degreeis applicableto Tarsky resolution of rational (in)equalities, geometrical computation,
construction of numerical ODE formulas. Sturm Sequences ( Turnbull [1952]) are costly to
compute or vulnerable to roundoff or both. A better way using Rolle's Theorem and running
error—bounds is attractive when the real zeros are far fewer than the polynomial’s degree, asis
usually the case.

812. Zerosof aReal Cubic. How to find the zeros of areal cubic quickly and accurately using
Newton’'s iteration from an artfully chosen starting guess.

§13. Error Bounds for Computed Roots using 8A5: Running Error Bounds
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8¢ee. Conclusion:

These notes were written at the behest of two mathematicians who inhabit my body. The pure
mathematician savors surprises. The applied mathematician triesto avoid them by predicting how
computational procedures will behave. Both mathematicians rejoice when they prove a
procedure to be surprisingly predictable. But the latter’ sjoy must be short-lived for two reasons.
First, compared with the procedures they explain, our proofs aretoo long; they augur ill for our
understanding of more complicated procedures. Second, more complicated procedureswill arise
inevitably from attempts to circumvent limitations in the simple procedures we have come to
understand at last. Thus, these notes contain the seeds of their own obsolescence.

Wesay “mature” when we wish to avoid the pejorative “obsolescent”. The materia in these
notes will soon be matureif itisn’'t already. The corresponding material in most textbooksis too
mature. Bringing textbooks up to date is aformidable challenge compounded by limitations upon
space and time, both the author’s and the readers’. Until a brave author risesto this challenge,
the burden of these notes will continue to be added to my students’ load. They and | pray that
their load will be lightened soon.

Surely Sharkovsky’s Theorem 5.1 deserves to appear in texts. So does Corollary 8.3 and an
example of its application, if not also Theorem 8.2, because they suggest how to reformulate
equations to make them easier to solve by Newton’s and Secant iteration. Theorem 9.2
deserves at least afootnote, moreif someone finds a shorter proof, because it justifiesthe use of
Secant iteration instead of Newton's. Error analysis, dull but necessary, deserves more spacein
textstoo; without it, who can tell when to quit iterating or how much the result is worth?
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8A1l. Appendix: Divided DifferencesBriefly
Thistopicisdiscussed at lengthin Numerical Analysis textslike Conte & de Boor [1980], but
usually in the context of Interpolation and always in adifferent notation. For an ancient subject
the persistence of diverse notations suggests that none are satisfactory and licenses usto introduce
another notation more nearly analogous to awidely used notation for derivatives. Inspired by
formulas attributed to Hermite, we define for any sufficiently smoothly differentiable function
f(x) its First Divided Difference
fT(u, w) := @1 (u+ (w-ut ) dt

and its Second Divided Difference

U, v, w) = ! £ (u+ (v-u)t + (w-v)s) dsdt .
For positive integers k generdly, the k! divided differenceisthe uniformly weighted average

of the k" derivative over asimplex, the convex hull of k+1 arguments, then divided by k! .
However k> 2 will not be needed in these notes. In general the argument x of f(x) could bea
vector but in these notesit will almost alwaysbe areal scalar. Then that smplex, the convex hull

of the k+1 real arguments, degeneratesinto an interval of thereal x—axis over which the kth
divided difference becomes a positively ( not necessarily uniformly ) weighted average of the
k" derivative divided by k!'. Forinstance, if u<v<w thenit follows that

fTT(u, v,w) = (@Y (t-u)f" (t)dt/(v-u) + Q" (w-t)f"(t) dt/(w-v) )/(w-U) .
Becauseitisan average, the k! divided difference lies between the largest and |least valuestaken

inthat interval by the k! derivative divided by k!. This MeanValue property figuresin nearly
all applications of divided differencesin these lecture notes. Divided differences turn up
elsewhere as coefficientsin Newton's Interpolating Polynomials, which see below, or during
root—finding or optimization, or when differential equations are solved using finite differences.

Because the argument x of f(x) isascalar, theforegoing integralscan awaysbe “ simplified”
into expressions with no integral signs. For instance,
fT(u, w) = (f(u) - f(w) )/(u-w) if wtu,
= f'(u) if w=u,
= ffw,u)  (arguments order doesn’t matter )
= f'(v) atsome v strictly between u and w if they are unequal.
Thefirst two equations above constitute an alternative definition of T insofar asthey describeit
independently of whether f' exists strictly between u and w ; and then the last equation turns
out to bevalid so long as f'(x) doesexist at every x strictly between u and w, and f(x) is
continuousat u and w, evenif f' isnotintegrable. Similarly the next two lines describe or
alternatively define f'T independently of whether ' exists:
fTuvw) = (fTuy) - fivw) )i(u-w) if wtu,
T uVv)u = (Fu)-fTuv))(u-v) if w=utv
f(u)/((u-v)(u-w)) + f(V)/((v-w)(v-u)) + f(w)/((w-u)(w-v)) if utvtw?u
fMvwu) = fTuwy) = .. (arguments order doesn’'t matter )

%f" (y) atsome y between min{u,v,w} and max{u,v,w} if f* exists....

( Don't confuse f1T(u, v,w) with fT(u, w) = (F (u) - ' (W))/(u-w) = £, u, w) + (U, w,w) )
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Strictly speaking, we should write fT({ u, w}) instead of fT(u, w) becauseit isbest construed as
afunction of an unordered pair {u, w} that replacesthe single argument x of f(x). Similarly

we should write fTT({u, v, w}) instead of f'T(u, v, w). Theextrabraces {...} aresuperfluousin
divided differences of functions of one argument, but a necessary nuisance in partial divided
differences of functions of more than one argument. For instance, given any function g(x,y) of
two scalar arguments, we must distinguish gT({ uw},y) = (g(uy) - g(w,y) )(u-w) from
gT(x, {uw}) = (g(x,u) - g(x,w) )/(u-w) by our placement of the bracesto show which argument
was splitinto apair; Tg(x.y)/fx = g'({x.x}, y) and To(x.y)My = g'(x, {y.y}) are distinguished
by the same imperative. Similarly the mixed partial divided difference
g tup, fvaw}) = (g(tv) - guv) - gltw) + g(uw) J((t-u)(v-w))

has to be distinguished from

g"(t, {uv.w}) = g(tu)/((u-v)(u-w)) + gltv)/((v-w)(v-)) + gtw)/((w-u)(w-v))
much aswe distinguish  T2g/xTy = g"T({x.x}, {y.y}) from TPgiMy?=2g9"T(x, {y.y.y}). (The
factor 2 will be vindicated in amoment; and if discontinuity invalidates 12g/xTy = T2g/Tyx it
may render g”({ XX}, {y,y}) ambiguously dependent upon the order of limiting processes.)

Return to functions f(x) of one argument. A composed function f(x) = h(p(x)) hasaderivative
f'(x) = h'(p(x)) p'(x) derived from a Chain Rule that works analogously for divided difference

fT({ uw}) = hT({ p(u), p(w)}) pT({ uw}) . And, just asderivatives compound to form higher order
derivativeslike " (x) = (f'(x))' , divided difference operations compound to form higher order

divided differences. For instance, the alternative definition of ' above amountsto
T v, wh) = T {uvt, wh) = f7qu, {vwd}) = (v, {uw}}) ;
in other words, every second divided differenceis afirst divided difference of afirst divided
difference in as many as three ways. Since derivatives are limiting values of divided differences,
T Quw})/qu = FT{uu wh) = T uuw}) and T uw})w = T {uww})
provided the derivativesin question exist. Setting u=v =w vindicatesthefactor 2 in

f* (v) = dfif{v,viav = I {vvp ) + T v v} =2TT(vvg)

Like differentiation, divided differencing maps certain families of functionsinto themselves.
Divided differences of polynomials are polynomials, abeit with more arguments. Divided
differences of rational functions of scalar arguments arerational. Likewise algebraic. Irrational
algebraic functions are handled by implicit divided differencing just like implicit differentiation,
and derived in the same way from the Chain Rule. With the aid of that rule, any algorithm that
computes an algebraic function f(x) can be expanded mechanically into asimilar algorithm that
computes divided difference fT(u, w) = (f(u) - f(w))/(u-w) at almost the same cost as computing
f(u) and f(w) but without ever dividingby u-w. A simple exampleis &'(u, w) = 1/(¢u + 6w) .
Ideally such expansions should be performed on request by computerized al gebra software like
Derive, Macsyma, Maple and Mathematica, which ought to manipulate divided differences as
well asderivatives, but they don’t. Consequently the computing public remainslargely unableto
exploit avaluable but little known application of divided differences, namely the suppression of
numerical instability attributable to systematic cancellation.
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Many anumerical computation turns out to be the computation of adivided differencein disguise.

Attempts to compute fT(u, w) naively from the obvious formula (f(u) - f(w))/(u-w) can be
thwarted by roundoff and then cancellation when u istoo near w . If nonzero, thedivisor u-w
is no problem because its cancellation occurs without error. But the computed value of f(u) is

generally rounded to, say, f(u) +Df(u), and therefore the value computed naively for fT(u, w)
when f(u) - f(w) would mostly cancel turns out to be fT(u, w) + (Df(u) - Df(w))/(u-w) instead,
overwhelmed by the last quotient if u-w barely exceeds roundoff. For example consider the
solution of a quadratic equation AZ2-2Bz+C=0. Itssolutions z are (B + QB?%- AC))/A .
The solution of smaller magnitude, z := Csign(B) C")T(BZ, B2- AC), isvulnerable to roundoff
and cancellation when |AC| << B? unless the divided difference ¢ is “ expanded” aswas
mentioned above toyield z=C/(B + sign(B) ("182 - AC)), which staysaccurateif |[AC|<< B?.

Sometimes the accuracy of transcendental expressions can be insulated from cancellation with the
aid of ancient formulas motivated by divided differences. For example, (tan(u) - tan(w))/(u-w) is

best computed from the formula tan*(u, w) = (1 + tan(u) tan(w)) tanT(u-w, 0) when u nearly
equals w . Sometimes an inverse divided difference can render cancellation harmless. For
instance, because In'(v, 1) = In(v)/(v-1) does not suffer from cancellation when v nearly equals
1, the computation of expT(u, 0) = (exp(u) - 1)/u can be protected from cancellation in the
numerator by the use of the formula expT(u, 0) =l nT(exp(u), 1) instead. These transcendental

exampleswork because they exploit the few occasions when transcendental functions take simple
rational values at rational arguments.

In general, transcendental functions afflict divided differences but not derivativesin two ways.

First, many transcendental functions have ssmple ( perhaps algebraic ) derivatives but no simple
“ expanded ” divided differences undefiled by cancellation. For example, d?In(v)/dv® = -1/v?;

but no known simple finite formula for InTT(u, VvV, W) stays accurate no matter how u, v and w
approach each other. Secondly, the divided difference of anon—polynomial rational function of a
vector argument generally involves logarithms and/or arctangents. For example, let column

vectors X ;= M and u:= M , and let f(x) :=y/z; thenitsderivative f'(x) = [Uz -y/z?] isa
W

z
rational row vector but Hermite's formulafor itsfirst divided difference yields a transcendental
T(x, u) = [ InT(zw), 2 (y-v)( n'T(z,zw) - In"Tzww)) - Lyl ]
Newton'’s Interpolating Polynomials approximate functions of scalar or vector arguments:
f(x) := f(u) +fTux)(x-u) ,
f(u) + (fT(uv) + £ uvx)(x-v) )(x-u) ,
f(u) + (FTuv) + (FTTuv,w) + v wx) (x-w) )(x-v) )(x-u) , ... etc.
The polynomial in x obtained by substituting 0 for ™11 interpolates ( matches) f(x) at x =,
x=v and x=w ; elsewhereit differsfrom f(x) by a remainder term f"'(y)(x-w)(x-v)(x-u)/6
inwhich y falls somewhereinside the convex hull of { u, v,w, x} . Interpolationis osculatory
if two of u, v, w coincide. This polynomial’s degree is minimal only for a scalar argument x .
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8A2. Appendix: Functions of Restrained Variation
Thisdigression concernsaway to sum an undulating function’ sfluctuations. The TotalVariation
of areal function Q(x) over aclosed finiteinterval u£ x £ w isdefined to be

Vi"' Q = @ 1dQX) = " Q' (x)ldx
though the last equation isvalid only if |Q'(x)| existsand isintegrable. In general, afunction
whose Total Variation over someinterval isfiniteiscalled “ afunction of Bounded Variation”
thereon. Such functionsfigurein Measure Theory, Stieltjes integrals, and Fourier series. They
can have none but jump discontinuities, and at most countably many of these ( Bartle [1976] ).
In particular, aderivative of bounded variation must be a continuous derivative.

Obviously V" Q3 |Q(w) - Q(u)|, with equality just when Q ismonotonic. Where Q(x) is

continuous, sois V,*Q. Wherever Q(x) jumps, sodo V,*Q and V,Q, and by the same
amount, but the former always increases and the latter always decreases as X increases. Hence
Total Variation is Additive over abutting sub-intervals: if UEx £w then V,*+V,"V =V,". It

isa Semi—Norm because it satisfiesthe Triangle Inequality 0£ VY (P+Q) £ V" P+V " Q.

If V,"Q<¥ and u£x£w then Q(x) admitsinfinitely many Splittings into adifference
Q=P-M between two non-decreasing functions P(x) := 2(R(X) + Q(x) + V*Q- 2V Q)

and M(x):= 2(R(X) - Q) - V, Q+ 2V, Q) inwhich R canbe any non-decreasing
function. Conversely, any non—decreasing P and M determine both Q := P-M of bounded
variation and thefunction R(x) := %( P(X) + M(x) - VX (P-M) ) + %( P(x) + M(x) + V.Y (P-M))
that appearsin Q’s splitting; this R isnon—decreasing because P+M variesfaster than P-M .

If Q and R arecontinuous, soare P and M, and vice-versa. If Q and R haveintegrable
derivatives, sodo P and M, and vice-versa. But when Q' isso violently oscillatory that

V¥ Q=+¥ then Q isunsplittable, asare exampleslike Q(x) = x?cos(1/x?) around 0.

Among functions Q of bounded variation, the onesthat will interest us have asplitting Q = P-M
that is special because all threeof Q, P and -M have the same sign and keep it throughout the
interval UE X £w . Weshall cal such afunction Q “ afunction of Restrained Variation.”

LemmaA2.1: A Function of Restrained Variation
Q can be split into adifference Q = P-M between two non—decreasing functions
P and M, one non—negative and the other non—positive, throughout the closed

finiteinterval u£ x £w if and only if VY Q £ |Q(u) + Q(w)] .
Proof: If necessary, replace Q by -Q toget Q3 0. If r:=Q(u) + Q(w) - V,Y Q3 0 then

choose any non—decreasing R3 0 and P(u)3 0 and M(w) £ 0 subject only to the constraint
2P(u) - 2M(w) + R(w) - R(u) =r, and construct functions

Work in Progress:. NOT READY FOR DISTRIBUTION Page 53/63



Math. 128A/B L ecture Notes on Real Root-Finding June 30, 2009 6:37 am

P() = P(U) + Z(VJ*Q +Q() - Qu) + RX)-R(W)) * 0, and

M) := MW) - 3(V," Q +Q(x) - Qw) + R(W) - R(X) ) £0;
evidently they are non—decreasing and satisfy P(x) - M(X) = Q(x) too asdesired. If r=0 this
splitting is determined uniquely with P(u) = M(w) = R(X) - R(u) = R(w) - R(x) =0. On the other
hand, if asplitting Q =P-M already exists with non—decreasing P and M and P3 03 M,
then this splitting also determines the non—decreasing R(x) := P(x) + M(X) - 2V*Q + 2V, Q

as explained before the lemma; therefore 0 £ R(w) - R(u) = P(w) + M(w) - P(u) - M(u) - V,¥ Q
whence V" Q£ Q(w) +2M(w) - 2P(u) + Q(u) £ Q(u) + Q(w) asclaimed. END OF PROOF.

What are here called “ functions of restrained variation” arealso called “ tame” by Aharoni et
al. [1992], who characterized them by means of a discretized version of the foregoing lemma,
which now shortens the proof of their characterization:

LemmaA2.2: TameFunctions ( Aharoni et al. [1992] )
Q(x) isanonnegative function of restrained variation over theinterval u£ x £ w

if and only if Q(xg) - Q(xg) + Qo) - ... - QXak.1) + QX 3 O for every
integer k3 0 whenever UEXgE X1 EXo £ ... EXo 1 EXo EW.

Proof: If Q=P-M for some non—decreasing P2 0 and M £ 0, then every alternating sum
Q(xp) + &= ™ (-1)Qx)) = P(xo) + &j=g (Pxg)-Plxgy-0)) + &)= (M(Xgj41)-M (X3)) - M(X)
is nonnegative term—by-term, which confirmsthelemma’s “ only if ” part. Except for setting
k=0 toprove Q3 0, the “if” partisharder to prove. Itsproof iseasier when Q(x) takesits
locally extreme values at only finitely many pointsin theinterval uf£ x £ w, including its
endpoints among them. Thenweassign Xg:=U, Xy :=w, andfor 0<j £k weset al other
Xp; to beall consecutive points where Qo 1= Q(Xy) islocally minimal, and x.q to beall
consecutive pointswhere Qy;_q 1= Q(Xy.1) islocaly maximal; these pointsinterlace, including
possibly x; =u if Qp=Q(u) islocaly maxima and/or X1 =W if Qg =Q(w) islocally
maximal. Because the lemma’ s alternating sums are all nonnegative, we soon find that

Qu) + QW) * (Q1-Qp) + (Q1-Q2) + (Qz-Q) + ... + (Qax-1-Qax-2) + (Quk-1-Qa) = V" Q.
Applying LemmaAZ2.1 completesthe proof for the casewhen Q hasjust finitely many extrema.
When Q hasinfinitely many extremathe last equation isinvalid but salvaged by taking its left—
hand side’ s supremum over al partitions u=Xg £ X1 £ X5 £ ... £ Xo.1 £ Xp =W . END OF PROOF.

Restrained variation has only one consequence significant for Newton’s or Secant iterations; it
isthe following corollary, whose now nearly obvious proof is|eft to the reader:

Corollary A2.3: A function Q of restrained variation over aninterval W isalso
of restrained variation over every subinterval of W, and is sum—topped thereon.
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“ Sum—topped ” iscase k=1 of LemmaA2.2. Thiscorollary’sconverseisfalse: A function
can be of restrained variation over two abutting intervals and yet not over their union. A function
can be sum—topped but not of restrained variation; Q(x) := 3 + cos(X) isan example over any
interval wider than 2p . But a sum—topped unimodal function is of restrained variation. ( A
function unimodal over an interval W has at most one extremum, maximum or minimum,
strictly inside W.)

Our interest in functions of restrained variation is now mainly historical. Over about two decades
ago they were the first non—monotonic functions to be recognized as sum—topped, and in practice
they are still easier to recognize as such from their splittings than are most other sum—topped
functions. Their relevanceto Newton’s and Secant iteration is apparent in Corollary 8.3.
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8A3. Appendix: Projectivelmages
The redefinition S(x, x) := N(x) connects Newton's iteration Xp+1 := N(Xq) = Xp - F(Xp)/f' (Xp)
to Secant iteration X,4+1 := S(Xp, Xp-1) = Xp - f(xn)/fT(xn, Xn.1) » but not so tightly asthey are
connected by a shared family of invariants under certain Projective transformations. In general,
plane projective transformations are those that map straight linesto straight lines. Thus they map
tangentsto tangents and secantsto secants, which iswhy some of them are pertinent to Newton’'s
and Secant iteration. The pertinent ones constitute a four—parameter family of projective maps
each of which takesapair {x, f(x)} toapar {X, F(X)} insuchaway that both Projective
Images f(x) and F(X) arelinear functions of their respective arguments, or else neither are.
Each of these mapsis determined by the values of four constants 3, m b and m chosen almost
arbitrarily subject to two inequality constraints:

Constraint I: ¢:=Bm+bm? 0, and

Constraint 11: b/m doesnot lie strictly inside the interval W

inwhichwe seek azero z of f.

After these constants have been chosen, the projective map {x, f(x)} = {X, F(X)} andits
inverse {x, f(x)} <={X, F(X)} are defined thus:

X =X(x) := (mx + B)/(b - mx), F(X) = f(x(X))/(b - mx(X)) = f(x(X))(m+ mX)/¢,

X =X(X) := (bX - R)/(m+ mX) f(x) = F(X(X))(b - mx) = F(X(x))¢/(m+ mX(X)) .

In the last two lines the last equation is derived from the first, whichisa Mdbius ( Bilinear—
Rational ) transformation, with the aid of avaluable identity

(b-mx)(m+mX) = ¢t 0.
Itand Constraint Il prevent b - mx fromreversing sign while x runsthrough W, and prevent
m+ mX from reversing sign while X runsthrough theinterval X(W) . Whether this M6bius
map preserves or reverses order in those intervals depends upon the sign of ¢ in Constraint |
because the same sign turnsup in

dX/dx = X'(X) = ¢/(b-mx)2 and  dx/dX = x'(X) = ¢/(m+ mX)? .

What do projectiveimages F and f havein common? F hasasmany zerosstrictly inside X(W)
as f hasstrictly inside W. (A zero at an end of aninterval can evaporate if that end is mapped to
¥ ; for example consider f(x):=x and X(x) :=-1/x for x2 0, whence F(X)=-1 for X £0.)
Similarly, F and f have the same number of poles strictly inside their intervals. Therein F also
has as many Inflexion—points (where F' =0) and Notches (where F' =¥ ) as f hassince

F' (X) = f* (x(X))¢/(m+ mX)3 . Other properties F and f share are less obvious.

Under composition, the projective transformations form a non-Abelian ( non—commutative )
Group isomorphic to the multiplicative group of nonsingular 2-by-2 matrices. In other words,
suppose Xj(x) = (n}x + Bﬁ)/(bj - mjx) for j =1, 2,3 arethe Mobius parts of three projective
transformations of which the third is composed from the first and second:  X3(x) = Xo(X1(X)) ;

then {b\? _mﬂ = {bZ _mﬂ {bl _mlw and G5 = det( {b\? _mﬂ )=¢,¢; 1 0. Inthisisomorphism
by m b, m| |b; m by my
the projective map associated with the constants {3, m b, m, ¢ = bm+ 3m} has an inverse that
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must be associated with constants respectively {-[¥¢, bic, nig, -m/¢, 1/¢} . Every projective map
can be decomposed into a sequence of at most five maps each selected from a subgroup listed in
the following table:

Table 3: Subgroupsof Projective Maps {x, f} <= {X, F}

Subgroup Name | X(X) | x(X) F(X) ) m b m| ¢

Scaing | x X fXyb | 0] b |b20]| 0|2

Dilation | mx Xim f(X/m 0| mtoO 1 0O m

Trandation | x+0B | X-B f(X-R3) ) 1 1 0|1

Reciproca” | Ux | UX | XfWUX) | 1| 0 o | 114

(* The Reciprocal subgroup hastwo elementsincluding an Identity that changes nothing.)

Often the easiest way to prove an assertion true for all projective mapsisto proveit for each
subgroup separately and then infer it for their compositions. Often the assertion is unobvious only
for the Reciprocal subgroup. Such isthe case for the next two assertions:

LemmaA3.1: A&f:= ((f3))2/(f° ()3 = Bf f +f )2/ (f)3) is
invariant for projective maps {x, f(x)} <= {X, F(X)} of nonlinear functions; in
other words, nonlinear projectiveimages f(x) and F(X) satisfy Af(x) = AF(X)
after substitution of the projective map’s Mdbius part, say X = X(X) .

Lemma A3.2: Newton’s iterating function Nf(x) :=x - f(x)/f'(x) and Secant
iterating function Sf(x, y) := x - f(X)(x-y)/(f(x) - f(y)) are constructed from f by
operators N and S that commute with projective maps {x, f(xX)} <= {X, F(X)} ;
in other words, NF(X(x)) = X(Nf(x)) and SF(X(x), X(y)) = X(Sf(x, y)) wherein
X = X(x) isthe projective map’s Mobius part.

The tedious but easy proof of both lemmasis|eft to the reader. For example, a Negative—
Reciprocal projective map {x, f(x)} <= {X, F(X)} definedby X :=-1/x and F(X) := Xf(-1/X)
has NF(X) = X - F(X)/F (X) = X - Xf(-1/X)/( f(-1/X) + f'(-1/X)/X ) = -1/Nf(x) asclaimedin
LemmaA3.2. It impliesthat whether the iterations converge or meander is another invariant of
proj ective maps and motivates us to learn more about them.

The Mdbius part of a projective map is determined by what it doesto any three distinct values u,
v,w of x. It must mapthem to somethreedistinct values U, V, W respectively of X, and vice
versa. It can be constructed from these triples by solving abilinear Cross Ratio equation like
(X - u)(v-w)(X-W)(V - U) = (X-U)(V - W)(X-w)(V-u)
for either X =X(x) or x =x(X), thereby determining the constants 3, m b and m except for a
common factor. ( One member of thetriple {u, v, w} canbe ¥ if the cross—ratio equationis
replaced by an appropriate limit; similarly for {U, V, W} .) Thesignof ¢= m+ bm, which
determines whether the Mdbius transformation preserves or reverses order, isthe same asthe
sign of
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(U-)(v-w) (W-U)/ ((U-V)(V-W)(W-U)) = ((b- mu)(b - mv)(b - mw))?/c>
if both triples {u, v,w} and {U,V, W} areentirely finite. Moreover Constraint I, “ b/m does
not lie strictly inside theinterval W”, which ensuresthat X(W) beaninterval too, requires both
triples {u, v,w} and {U,V, W} to haveeither the same or the opposite linear order whenever u,
v and w liein W or, equivaently, whenever U, V and W liein X(W) .

Many atheoretical problem issimplified by a projective map that transforms afinite interval W
into asemi—infinite X(W) . One exampleisthe proof of the Intermediate Value Lemma9.1.
Here is another example designed to show why the continuity of Newton’s iterating function N
is an hypothesis necessary for the conclusion of Theorem 9.2.

*Example A3.3: Twicedifferentiablefunction f will strictly increase throughout afinite interval
W. From any starting point in W Newton’s iteration X,.; := N(x,) will alwaysconvergein W
toazero z of f. Ontheother hand, Secant iteration won't converge from some starting points
in W. Thisostensible violation of Theorem 9.2 merely violates one of its hypotheses; this
example's N isdiscontinuousat z. Thisexample f(x) isthe projectiveimage of asimpler F(X)
constructed over the semi—infinite interval ¥ £ X £ X := VIn(2) = 1.442695 thus:

For n=0,1,2,3,... inturnlet X3, :=UIn(n+2) , X3p+1:= Xzn+ X3n+3)/2, Xgpeo =¥ .
EVldentIy Xo 3 X3n > X3n+1 > X3n+3 >0 and X3n - 2X3I’l+3 + X3n+6 > 0. Next define

F(X) = X exp(/X) if X<0,
=0 if X=0,
= (X3n - X3nea)/2 if Xgne1 £X £ X3y, and
= Pt 00 T((2X - X3n+1 - X3n43) (Xzne1- X3n+a))  If Xanez £ X E Xgneg
where
P = (F(Xgned) + F(X3n+a) )2 = (X3 - X3ne6)/4 >0,
Oy = (F(X3n+1) - F(X3043) )2 = (X34 - 2X30+3 + X3nt6)/4 >0, and
T(t) := tanh(tan(pt/2)) if -1<t<1,
= dign(t) otherwise.

T isinfinitely differentiablewith T'(t) >0 for -1<t<1 and T' =0 otherwise; T(x1) =%1.
Consequently the graph of F(X) over 0< X £ X looks like arising staircase with rounded

corners and risers and treads that shrink to zero as X —> 0+ . Between subintervalsover which F
is constant are subintervals Xzp.3 < X < Xzp41 0ver which F(X) >0 and F(X) increases

monotonically from F(X3n+3) = (X3n+3 - Xan+6)/2 10 F(X3n41) = F(X3n) = (X3n - X3n43)/2 &S
X increases. Inthe middle of each such subinterval the derivative F' risesto itslocal maximum
(P/2)(X3p - 2X 3043+ X3n+6)/(X3n - X3n+3) » Which approaches O roughly like 1/n as n—> +¥ .
Consequently F(X) —> 0+ and F(X) —> 0+ roughly like exp(-1/X) or faster as X —> O+ . It
soon followsthat F(X) istwice differentiable wherever it isdefined, namely -¥ £ X £ X .

The completed definition of Newton's iterating function NF(X) := X - F(X)/F (X) , including

NF(0) :=0, NF(-¥) :=-1, and NF(X) :=-¥ when X3,.1 £ X £ X3,,, remainsdiscontinuous at
0+ because NF(X) runsfrom -¥ uptoasmall positive valueand back to ¥ as X runs
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through each subinterval X33 £ X £ X3,. Nonetheless, Newton's iteration converges to

Z =0 ultimately monotonically and usualy slowly from every starting iterate in the domain of
F. But Secant iteration need not converge.

The completed definition of the Secant iterating function SF(X,Y) =X - F(X)/FT(X, Y) hasto
include the limiting values SF(X, X) := NF(X), SF(X, -¥) =X - F(X), and SF(X,Y) :=-¥
when F(X)-F(Y) =01 X-Y . Then X1 =S(Xp, X.1) for n=1,2, 3, ... bydesign. Starting
from Xgo and X4, every third Secant iterate Xg,.o =-¥ ; thus Secant iteration does not
converge although the subsequence of finite Secant iterates convergesslowlyto Z=0.

To transform the semi—infinite interval -¥ £ X £ X into afiniteinterval -1£ x £ 2.5887 set

X =X(X) := X/(2-X) , or X =X(x) =2x/(1+x), and f(x) := (1+x)F(X(x)) . Thisprojective map
turns F into atwice differentiable strictly increasing function f while preserving the iterations

(non)convergence; Newton's iteration convergesto z=0 from every starting iterate between -1
and Xq:=X(Xp) but, starting from xg and Xx; :=x(X4), every third Secant iterate

X3n+2 = X(X3n+2) =-1. Thus Secant iteration need not converge, though I have proved [19797]
that a subsequence of its iterates always imitates Newton's by convergingto z. END EX.A3.3.

Inverse to the problem of constructing a projective map is the problem of detecting one. Given
f(x) and F(X), what test reveals whether they are projective images of each other? An easy test
worksif they have at least three ( but not too many ) of the following special points:

zeros, poles, inflexion—points, notches.
For instance, supposethetriple {u, v, w} includesone zero and two inflexion—pointsof f, and
{U, V, W} doeslikewise respectively for F; then solving the cross—atio equation above
determines a prospective Mobius transformation X = X(x) that passesthetest if f(X)/F(X(x)) is
alinear function, namely (b-mx) . If this X(x) fallsthetest, all other matching triples of
consecutive special points have to betried and fail too before f and F can be deemed not to be
projective images, thisiswhy we hope f and F have not too many special points.

Another test can be fashioned out of LemmaA3.1's projective differential invariant

A= (3 )2/((F)3F) .
After the substitution X = X(x) of their M&bius transformation, nonlinear projective images
f(x) and F(X) must satisfy Af(x) = AF(X) . Conversaly, if the equation Af(x) = A£F(X) is
satisfiable by a Mébius transformation X = X(x) for which £(x)3 f" (x)/( F(X(x))2 F" (X(x)) )
simplifiesto apositive constant (gz) and f(x)/F(X(x)) simplifiestoalinear function (b-mx),
then f(x) and F(X) are projectiveimages. For example Af(x) =12 - 41In(x) - 9/In(x) and
AEF(X) =12 + 4In(X) + 9/n(X) when f(x) =In(x) and F(X) =X In(X), sotheequation
AEf(X) = AF(X) hastwo solutions X = X(x) of which only oneisa Mdbius transformation
X(x) = Ux; next ¢2=F(x)3 " )/ FX(X))2F' (X(X))) =1 and (b - mx) = f(X)/F(X(X)) = -X,
whence m=b=0 and B=-m=¢=-1 intheprojective map {x, f(x)} <= {X, F(X)} . For
another example, the projective map {X, (x-1)/x)} <=> { X, X/(1-X)} can have either of two
Mobius parts, either X(x) = (x- 1)/(-1) and ¢=-1, or X(x)=1/(1-x) and ¢=1.
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Thistest is complicated slightly by the possibility that infinitely many Moébius transformations
may be compatible with agiven pair of of projectiveimages. For instance, Af = AF =16 when
f(X) =exp(x) and F(X) = X exp(-L/X) , and then the equation Af(x) = AF(X) issatisfied by all
Mébius transformations X = X(x) ; but ¢ =f(x)3 " (x)/( F(X)3 F" (X)) = exp(4x + 4/X) isa
constant only if x +1/X =06 isaconstant, so the only compatible M6bius transformations are
X(X) = 1/(6 - X) , whereupon (b - mx) = f(x)/F(X(x)) = €°(6-x) , whence RB=m=€, m=0,
b=6e" and ¢c= e® in projective maps {X, f(X)} <= {X, F(X)} wherein 6 isaparameter.
Another one—parameter family of projective maps with Mobius part X(x) = constant/x * 0 has
projectiveimages f(x) =xX and F(X) = XK and A&f = &F = 16/(1-1/(2k-1)?) for any constant
k . 1 know no other one—parameter family, nor other projective images with constant ZAf .

Wehaveseenthat Af, and the convergenceof Newton's and Secant iterations applied to solve
f(z) =0, areinvariants of projective maps. Arethey related? Isthere some condition that A
can satisfy in an interval W to prevent the iterations from meandering in W forever? Because

f3f" =¢?F3F" , another invariantisthesign of ff* if itisconstant; it figuresin Theorem 7.5.
Otherwise monotonicity is not a projective invariant, so neither are Theorem 8.2 nor Corollary
8.3; doinvariant versions of them exist?
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8A4. Appendix: Parabolas
This Appendix is provided for students who have taken acourse on Cartesian Geometry in
High School but not yet in College.

Lemma A4.1: Let any nondegenerate triangle’ sverticesbe {Q, R, S} ; then one
parabola C passesthrough Q and R and istangent thereto sides QS and RS.

Proof: In Cartesian (X, y)—coordinates let the triangle’ s sides have equations ax + by + c=0
for QS, Ax+By+C=0 for RS, and ex+fy+g=0 for QR. Then define

Ho{X,y) := (ax+by +c)(Ax + By + C) - m(ex +fy + g)?.
For every choice of the constant m, the equation H{ X, y) =0 isthe equation of a Conic
Section G, (an ellipse, parabola, hyperbola, or pair of straight lines) that passesthrough Q
and R. Theset of all such conics G, iscalleda Pencil of conics. Every G, passesthrough Q
because (ax + by +c)=(ex+fy+g) =0 at Q; similarly C,,, passesthrough R . Thereforeno
Cn, degenerates into a single point nor the empty set. The differential

dH{X,y) = (ax + by + c)(Adx + Bdy) + (Ax + By + C)(adx + bdy) - 2m(ex + fy + g)(edx + f dy)

must vanish along C,,,; thismeansthat if (x,y) lieson C,, because H,{ X,y) =0, then

(dx, dy) pointsalong thetangentto C,, at (x,y) when dH.{(x,y) =0 too. At Q,
dH(x,y)= 0+ (Ax+By +C)(adx + bdy)-0 = 0 but (Ax+By+C)! 0,

so adx + bdy =0, which meansthat thetangentto G, at Q isparalel to QS; therefore QS

istangentto G, at Q. Similarly RS istangentto C,, a R.

The next step isto select the lemma’s parabola C = C,,, from the pencil of conics by choosing the
appropriate value for m. For this purpose Hy{X, y) must be expanded:

Ho{X, y) = (aA - me?)x? + (aB + bA - 2nef)xy + (bB - nf?)y? + (termslinearin x and y).
Its Discriminant

(aB + bA - 2n¥f)? - 4(aA - ned)(bB - nf2) = (aB-bA)? + 4An(be- af)(Be - Af)
vanishes just when m takes the finite nonzero value
m:= -(aB - bA)?/(4(be - af)(Be - Af)) .
It isfinite and nonzero because no two sides of the triangle QRS are parallel, so no factor of m
can vanish. With this choice for m the vanished discriminant implies that
H{X, y) = *( other termslinear in x and y)?+ (termslinearin x and y),

so Hy{ X, y) =0 istheequation of either apair of parallel straight lines or aparabola. The pair is
ruled out by the intersection of itstangents QS and RS, so C,, must be aparabola. END OF
PROOF.

The parabolais a convex curve because it lies entirely on one side of its every tangent, as can be
verified easily. Thetriangleisaconvex figuretoo; anditsside QR liesinside the parabola.
Therefore an arc of the lemma’ s parabola C staysinside QRS asthearcrunsfrom Q to R.
This parabola figuresin the proof of Theorem 7.6 .
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