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| deal |y cal culations with rounded arithnetic and uncertain data
shoul d” be augnment ed by auxiliary cal cul ati ons desi gned to account
for errors due to rounding and uncertainty inherited fromdata by
final results. The sinplest schenmes use “Interval Arithnetic, an
i dea based upon the allocation to every variable of an interval
known to contain the variable' s value.” Then arithnetic operations
upon variables are replaced by the sanme operations upon intervals
( actually, onIY endpoints of intervals need be manipul ated ),
whence results stated as intervals assuredly enclose the desired
results. Used naively, Interval Arithnmetic can deliver awmfully
essimstic ( excessively wide ) final intervals; to obtain
etter ( narrower but still enconpassing %, Intervals requires
considerable skill. Alas, that is all entirely academ c for the
resent because hardly an North American conputer systems offer
The idea is far nore
te
0

N—r

heir users access to Interval Arithnetic. ( [
opular in Germany than in the USA despi havi ng been devi sed
ere in the early "1960s. |[It's a famliar story; St. Mtthew

14: 57 ends sone parables with the quotation " A prophet is not

wi t hout honor, save in his own country, and in his own house."

S note describes for four sinple conmputations, how to nanage
r a fashion without Interval Arithnetic. Uncertainties in
al results are conputed by tracking errors and uncertainties
ough a conputation, operation by operation, in a SIﬂE|e but
ious way. Let © denote a typical operation + , -, * [ .

First an estimate of the arithnetic’s rounding error threshold ¢

i s needed; we assune every assignment x := y®z actually stores

aresult x = (yEZ?/(l- o). where o is unknown but € > |a| is

known. On correctly roundln% machi nes, (over-)estimate & thus:
e =] ﬁ$ 4.0/3.0 rounded) - 1.0)*3.0 - 1. .

Can you see why this should work? Try it with a calculator first.

Second, we assune that uncertainties in data are known. If we
wish to compute X := Y& but we knowonly y and z and error-
bounds eY > |Y-y|/e and eZ > |Z-z|/e , "then we shall derive
another error-bound eX > |X-x|/e from x, y, z, eY, eZ and ¢ .
Wen © is + then x = (y+z)/(1l-a) and eX := eY+eZ+|X|

But eX nust be nore conplicated when © is * or [ .

Consider first a sum S~ := 2% B for which we have approxinate
data b; and error-bounds eB > |B-bj|/e . W would conpute

So := 0 and s~ := S~n1 +bn but get s~ = (S~a +bn)/(1- an
fromwhich we infer Sv - Sn = Sna - Sva + Bau- bao- Tansn,  and
then |Sw-sSn/&8< €eSnw:=€eSwi1 + eBu+ |Sn . W add this |ast
a55|%nnEnt to the programthat conputes s~ to conpute eS~ too,

which is our Running Error-Bound. Roundoff in eSw~ is ignored
because it cannot nma erla!I% affect a sumof positive terns unless
N is huge, conparable w't 1/¢ . Here is the conplete program
So:=0; €So:=0; |
for N=1, 2, 3, ... inturn, do

SN I = Sn1 + bnog
eSn = eSnv1 + eBn + |SN|
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In other words, we augnent the recurrence programed for Sw,

but actually carried out upon s~, Wth a recurrence carried out
sinmul taneously upon eS~ to get a Running Error Bound eSwe for
the absolute error |S~-snN , ignoring roundoff in eSw.
The next exanple conmputation is a scalar product S~ := 3% B G
for which the data givenis by , ¢ , eB > |B - bi|/e and
eG > LCJ -Cci|le, "and we seek o conpute an approxi mate sum Sw
and a bound eSsw e for its absolute error. Here is what to do:
So :=0; €S :=0; _
for N=1, 2, 3, ... inturn, do
[T NI oF Null o INTS SN 1= Sn1 t+ P
eSn = eSnva1t+|pn +|sn + |cn*eBn + (| bn + 3€*eBn) *eCn .
Now eSw > [Sn-sn/€, including the effects of roundoff in
pn = Cn b (1 + B and
N = (SN-1 + pN) (1 - CXN) , wher e
. | BN < € and an| < €, .
but ignoring roundoff in the conputation of eSx itself. Note
t hat Subscripted variables ( arrays ) would not normally be used
for pn, s~ and eS~ in practice.
The next exanple is a pol ynom al
PZFX) = AoXN + AaX1 o+ 0+ AvaX + An

conputed from a recurrence ) _

) Puv = Av+ XPnoa starting wwth Po := Ao .

Wth the same notational conventions as before, the augnented
recurrence for p~ and eP~ becones

Po::ao, ePo = eAo ;.

or N=1, 2, 3, ... inturn, do

t 1= X*prea pn = an + t

ePn i= eAn + eX*pnea]| + | t] + [ pn + ([ X] + €*eX)*ePna .

At the end, p~ approximates P~ and ePn > |Pn- pn/€e . Later
another sinpler way will be presented, together with a recurrence
and error-bound for the polynomal’s derivative, all applied to

t he problem of finding zeros of a polynom al.

The final exanple is a continued fraction
Fo := Ao + Bo/ (A1 + Bi/ (A2 + B2/ (As + ... + BMFwa1 ...))) .
The augnented recurrence is valid only if no denom nator fwnex S
ever smaller than its uncertainty eFnage . O herwise an entirely
di fferent schene t oo _co_nP!|cat ed to describe here, nust be uséd
to account for the possibility that Fn = o but Fna1 is finite.
For N = M1, ..., 3, 2,1, O inturn, do
q_.= N fN::aN+q;
eFn 1= eAn + |Fq| + |le
+ (| bn] *eFrnea + €BN | fnea] )/ (] Fnea| ¥ (| fea| - €Fnea€) ).

At the end, eFo > |Fo - fo|/€ .






