Notes for Math. 185:  Derivatives in the Complex z-plane wmay 16, 2008 4:13 am

The Players
Real variables are r, s, u,v, X, vy, R,p;
Complex variables are t:=rns, w:=u-Hv, z:=x+y wherel:=vV(-1).
Real functions are g, h, P, Q, X,Y;
Complex functions are f := gk, p, g, usually.

Differentiable Functions
We suppose that complex f(z) = f(xy>=g(X, y) +1h(X, y) and that g and h are real
continuously differentiable functions of (X, y) in the sense that

dg(x, y) = golx, y)-dx + g(x, y)-dy and dh(x, y) =(x, y)-dx + fy(x, y)-dy
with continuous partial derivatives, X, y) =0g(x, y)0x , ..., (X, y) =oh(x, y)Py . Here
the differentials d... are to be determined by the Chain Rule as follows: Substitute arbitrary
differentiable real functions X(3) and Y([3) of some real variable 3 for x and y respectively;
then every d... can validly be replaced by d.../d3 in the equations above for dg and dh.

Is f adifferentiable function of z ? The answer would already be “Yes” if, instead of
complex variable and functiorg, and f were vectors in 2-dimensional real Euclidean space,
say row-vectorsz = [x, y] and f =[g, h] . Then @=[dg, dh] and =z=[dx, dy] would have

to satisfy ¢f(z) = dz:f'(z) for a 2-by-2Jacobian matrix f'(z) whose elements were the four

partial derivatives of g(x,y) and h(x,y) abov§;= {gm H . But thisf'(z) could not lie in
901 Nog

the same space with and f(z) ; to write “ df(z) =f'(2)-dz” would be wrong because no 2-

by-2 matrix f'(z) can premultiply a row-vectorzd

Multiplication of complex variables isommutative w-z = z-w . If f is to be a complex
function whose multiplication by other complex functions and variables is commutative too, the
matrix f' cannot be an arbitrary matrix. We have already seen that special 2-by-2 matrices

wals . 2l el

are algebraicallyisomorphic with complex variables and functions w = w+ z =X +iy,

f =g +ih, ... respectively in so far as rational algebraic operations are concerned. That these
matrices commute only with their own kind is easy to confirm, so métrikas to be a special
2-by-2 matrix too: = g9 and @1 =—ho. The last two equations are the famous Cauchy-

Riemann Equations, about which we have just deduced ...

If the complex function f(z) of the complex variable z has a complex-valued derivative
f'(z) satisfying df(z) ='fz)-dz for all complex dz, then f(xy's real and imaginary
constituents g(x, y) := Re(f(xiy)) and h(x,y) := Im(f(x ty)) must satisfy the

Cauchy-Riemann Equatianh(x, y)By =0dg(x, y)ox and adg(x, y)loy = -0h(x, y)ox ;
and then '{x +1y) =0g(x, y)0x +10h(x, y)ox = oh(x, y)lby —10g(x, y)y .

Example: The function fz&£Zz has no complex derivative att® because then the real and
imaginary parts of |x 1Iy|2 = (x2 + y2) +1-0 violate the Cauchy-Riemann Equationsz. iZzla
differentiable function ofreal variables x and y since dfjzt zdz + z-dz= 2x-dx + 2y-dy .
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Exercise 1. At every complex#0 the function 1/z =/zf has a complex derivative —2/z

so the real and imaginary parts of 1/(k¥= X/(x? + y°) + 1-(=y/(x? + y?)) must satisfy the
Cauchy-Riemann Equations, and they do; check them out.

Exercise 2: Suppose f(z) is differentiable over an open domain in the z-plane mapped by the
assignment w = f(z) to some region in the w-plane. Show that the imdgesnfl f¢) in

the w-plane of any two smooth curv€s and ¢ in the z-plane have the same angles of
intersection except ifC and ¢ intersect at acritical point z where f(z) =0 . This is why

such a map is called @onformal map. Hint: What do orthogonal 2-by-2 matrices do?

How does a given expression for f(z) get turned into an expressiol(Zpr?f

If f(z) is analgebraic function, the rules for symbolic differentiation turn out to be the same
for complex as for real expressions. The first rule worth knowing is that the derivaiyeisf
the limit, as w- z, ofthe ...

Divided Difference fT({z, w}) := ( f(2) = f(w) Y(z—w) simplified symbolically,
which, as we shall see, simplifies symbolically to ...

a polynomial in z and w if f(z) is a polynomialin z,

a rational function of z and w if f(z) is arational function of z, or

an algebraic function of z and w if f(z) is a continuous algebraic function of z,

after the division by (z—w) has been carried dfter that simplification, fz) = fi({z, z}) .

Note: fi({z, w}) is a function of unorderegpair {z, w}, sothat f{z, w}) = fT¢w, z}) .
There is no standard notation fo?({ﬁ, w}) ; other authors use [z, w]f or f[z, w] &f({z,w}) or ....

Example: For any integer A0 the divided difference of f(z) A zsimplifies to
fldz wh = S1cken 2w,

after which f(z) = fi({z, z}) = N-2V"1, the same for complex as for real z .

“The same for complex as for real” generalizes to arbitrary rational functions f(z) because, as
is easily verified

if f(z) =p(2)xq(z) then f({z, w}) = pT({z, w}) * qT({z, w}) respectively, and

if f(2)=p@2)-a@) then Tf{z, w}) = p'((z, w})-a(@) + pw)-d({z, W) , and

if f(2)=pfa() then f({z, w}) = (p'{z, wh-aw) — pw)-d({z, w}) )/(a(2)-aw)) .

The latter two formulas have alternatives generated by the idean(t{sz, i} = fT({W, z}) .

The second rule worth knowing is the ...
Chain Rule If p(w) and q(z) are complex differentiable functions of complex arguments,

then f(z) :=p(q(z)) has a complex derivativé&z)f= p(q(z))-d(z) .
This follows directly from the Chain Rule for differentiable vector-valued functions of vector

arguments; firsttreat z, q, p and f as 2-vectors, and then convert derivatives from special 2-
by-2 matrices back to their complex form. Another way to go is the Divided Differences’ ...

Chain Rule If f(2) := p(q(z)) then 'fz, w) = P{a(z), aw)})-a'(z, w}) .
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Example: If f(z):= (3z + 1/2), then f(z, w) =((3z+1/z) + (3w+1/w)-(3 - 1/(z-w) , and
then f(z) = 2(3z + 1/z)-(3-1fx, since p(t) :=% has P({s,t}) = s+t.

Analogous to the partial derivativedp(z, t)0z anddp(z, t)bt of a differentiable function

p(z, t) are its partial divided differences'({z,w}, t) := ( p(z,t) — p(w,t) )/(z—w) , simplified
symbolically to eliminate .../(z—w), and similarIyT(p, {w,t}) = ( p(z,w) — p(z,t) )/ (w-t) .

Once again, if p(z,t) is a polynomialin z and t, so are its partial derivatives and divided
differences. Likewise if p is a rational function.

To deal with algebraic functions we must introduo®plicit Divided Differencing
If f(z) is aroot of the equation p(z, f(z)) =0 then

fTdzw)) = -p'zw}, F@)/p'(w, {f@).fFW))) -
This follows by elementary algebra from p(z, f(z)) = p(w, f(w)) and the definitions'af ...
Then it is tempting to assume f is continuous, let f{w)z) as w- z, and deduce that

f'(2) = 9p(z, )Pz / dp(z, )Pt evaluated at t = f(2) .
Algebraic functions f aren’t quite so simple, as we’ll see after we discuss Implicit Functions.

Example: When p(z, t) :2&z, a particular root of p(z, f(z)) =0 is f(z¥Vz= and this
yields F({z, w}) = 1/(¥Vz +Vw) . SinceVz is continuous except as z crosses a slit along the
negative real axis in the z-planevel{dz = f(z) = lim,, _, fT({z, w}) = fT({z, z)) = 1/(2V2)
except on the slit. Continuity is essential here; had we taken f&z)and f(w)=+¥w as

roots of p(z, f(z)) =0 and p(w, f(w)) =0 respectively, we would have obtained a divided
difference ( f(z) — f(w)jz—w) = Y(vz —vw) with o instead of the correct derivative for its
limit. We mustn’t make this mistake when we discuss Implicit Functions.

Just as the derivative is the limit (when it exists) of a divided difference, the divided difference
is an average of the derivative (when it is exists and is continuous) thus:

Hermite’s formulation:  '{{z, w}) := [} f'(w + (z—w))du .
In other words, 7({2, w}) is the uniformly weighted average of pn the line segment

joining z and w. Hermite’s formulation needs no division by (z—w), so it “works” also
for (perhaps vector-valued) functiorféz) of vector argumentg , for which we find ...

Exercise 3: Deduce from Hermite's formulation that

f@—fw) =z wh-zw), fi{zwh)=f(w2), and f{z)=F@.
Then show that the divided difference of a polynomial function of a vector variable’s elements
is also a polynomial function of the vector's elements, but Hermite’s divided difference of a
rational function of a vector variable’s elements can be a non-rational function of them, alas.

This is why derivatives drove divided differences out of fashiﬁnhas more variables thafi
has, and Hermite’sz can be transcendental whéh is still rational or algebraic. Other

ways to definefJr exist that remain rational or algebraic respectively and satisfy Exercise 3's
equations, but they depend upon the coordinate system in the spaseasfument, and lack
properties that will be revealed in the following digression.
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Digression: Interpolation with Higher-Order Divided Differences

Many Numerical Analysistexts and all texts abouginite Differencesdevote at least a chapter
to divided differences of higher than first order. Here they will be surveyed only enough to
convey a sense of their utility. Proofs will be omitted during this digression.

Alas, no fully satisfactory notation exists for higher-order divided differences, so the literature
does not agree upon one. For n=0,1, 2,3, ... letus V\FPﬂt(e() ffor the ' derivative of
f(x) atargument x, and writeT”f({xo, X1, ..., Xp) for the A" divided difference of f(x)

over argument (n+1)-tuple §xxq, ..., %}. Yes, fO=f0T=f fl=pf and f1T=f".
Here for n >0 is Hermite’s formulation:!-flT”T({xo, X1, ---» Xqp) IS the uniformly weighted
average of [fl(x) as x ranges oversimplex whose n+1 vertices argy, Xq, ..., X, ;

n
19 9 On-
¢ X ) 1= [ [0+ S 60 ~Xj 1)), dagdapda
i=1
The simplexdegenerates(collapses) if the vectors; x X, for j=1, 2, ..., n are linearly

dependent, but the foregoing integral remains valid and, most important, independent of the
order of the Xs. For example, when n =2 the simplex is a triangle and, as you should verify

by manipulating the integraI,TJE‘({x, y, z}) = fTZT({x, y,z}) = fTT({y, z,x}) = f”({y, X, Z}) ,
and so on. And Tf({x, x, x}) = f" (x)/2 justas F'I{x, x, ..., x}) = fM(x)/n! in general.

Divided differences supply remaindersTaylors formula: if z =x+h then f(z)=...

f(x) + £ ()-h +f (x)-12 + fBlx)-p331 + .+ A-He)-H=Y(n-1)! + M¢x, x, ..., x, z})-H’
in which the (n+1)-tuple {x, X, ..., X, z} has x repeated n times followed by z . This
formula is valid for vector arguments x and z provided‘ ™ Is interpreted to mean k
repetitions of the vector h = z—x as the arguments for the k-linear operftomng 7T,
which act linearly on each of k vector arguments thlﬂ‘sl(x)‘-vl-vz-...-vk is a linear function
of each vector jvseparately and, because of the Clairault/Schwartz theorem that says the
order in which multiple differentiations are performed doesn’t matter if derivatives are
continuous, the order of vectors after fk](x) doesn’t matter either.

Divided differences allow Taylor's formula to be generalizetNewton’s Divided Difference
formula, of which the following instance is simplified to dispense with subscripts: f(z) = ...

o) + Fxyn- @) + 2 wxyD)-@)-@-y) + 2 vwxy)-(-w)-zx)-(z-y) +

+ vy, 2})-(z-v)- (2-w)- (2-%)- (=) -
If the last “remainder” term in this formula (and in Taylor's) is small enough, as ity if f
is small enough or if z is close enoughto v, w, x andy, then f may well be approximated by
the polynomial function of its argument consisting of the previous terms; they constitute an
Interpolating polynomial in z which matches the values f(z) takeswhen z=y, z=x,
z=w and z=v. If some of these arguments v, w, X, y coincide, certain of the polynomial’'s
derivatives match f’s at those repeated arguments.

Note: Newton’s and Taylor's formulas work for non-scalar (vector) arguments v, w, X, y, z only with Hermite’s
formulation (Genocchi used it too) of divided differences, and then the polynomial’s degree need not be minimal.
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n! -fT”T({xo, X1, .-, Xop) IS @n average which must take a value inside the convex hull of the
values taken by [’f](x) as x ranges over the convex hull of the poingsxx ... and y, but

that average value need not be a value taken['Byaflywhere. When f and its arguments v,

W, X, Y, Z are restricted to scalars, real or complex, much more can be said. In the real case, if
f[”] is continuous it must take its average value at some glaioside any interval containing

all of xg, Xq, ..., %, and then T/”T({xo, X1y oo Xof) = f[”](E)/n! . This form for the remainder

occurs frequently in the literature. In general, any expression[rfbrth)at yields bounds for its

values over some domain provides a bound for the difference between f and an interpolating
polynomial of degree less than n over that domain .

When f is a complex analytic function of a complex scalar variable, though f may be real if

its argument is real, T?T can be bounded without computin@‘] fprovided |f| can be
bounded over a suitable closed contour C in the complex plane. C must enclose no singularity

of f and yet enclose all the pointg, x;, ... and x. Let B(z) :q]o" (z—%) ; thenitturns

out that 2t anT({XO, X1, «oor X} = Jo f(2)dZR(z) . The contour integral implies that, if every
|z—%| >p while z runson C whereon [f(z)| <M, then

21| ({X g, Xq, -, X1)| < M-length( C ™.
We prefer that this bound be small in order that an interpolating polynomial of degree less than
n approximate f well, but the bound cannot be made arbitrarily small because M-length( C)

generally grows ultimately rather faster thafi*! as p increases, so some skill is needed to
choose C well enough to produce a bound about as small as possible.

The contour integral produces an explicit formula foPT fvalid even if f is not analytic; in
the simple case that all the pointg, %, ... and x are distinct, the formula is simply

FI{X 0, Xq, o %)) = 3 FOQIR (%)) in which R(x)) is the product of all n differences

(X — %) with k#]j. Inother words, '"({x¢, Xy, ..., X;}) can be computed from the values

f takes at distinct scalar arguments without any recourse to derivatives. However, the

foregoing sum is rarely a satisfactory way to compqut'éJr Humerically. Usually better is
FM 0 xa - %) = (F 0 X, o X0e) = £ XL X, - 1) W O60—X))

especially when pointsgxxy, ... and ¥ are in monotonic order, exploiting the observation

that high-order divided differences are divided differences of lower-order divided differences.

That recurrence generalizes to produdganfluentDivided Difference T“T({x 0 X1b s %)

when some of its arguments coincide; see Commun. Assoc. Comp.aM&863) pp. 164-5.

Exercise 4: This example shows why Newton’s formula, used often to interpolate functions of scalar arguments,
is almost never used with vector arguments. In the (x, y)-plane let rectangle R be given with diagonally opposite
vertices at (0, 0) and (X, Y). What is the expected degree of the polynomial that Newton’s formula would
produce to interpolate f(x,y) atthe four vertices of R ? The same interpolation is accomplishefilnyetue
polynomial p(x, y) := f(0, 0) + x/f{0,X}, 0) + y-£1(0, {0,Y}) + x-y-fT1({0,X}, {0,Y}) . If (x,y) liesin R inside

which f has continuous second derivatives, show that f(x, y) — p(X, y) = xoB&d8? + y-(y—Y)d2f/dy? for
derivatives each evaluated somewhere in R.
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Implicit Functions

It is not obvious that every nontrivial polynomial equation p(z, t) = 0 must have roots t, much
less that they can be chosen in a way that makes them continuous functions of z . The existence
of as many roots t(z) as the degreein t of p(z, t) is a famous theorem of C.F. Gauss that we
shall prove easily later. Their continuity is a theorem infamous for proofs that hide the difficulty

of identifying correctly each of a number of single-valued functions t(z) whose values may
coalesce at critical points z where the equation has multiple roots.

For example, what are the roots t df-z =0 if z20 ? ThePrincipal Cube Root often

written simply “ 273" isthe root t with 73 < arg(t)<13; if z= r-& with r=0 and

< @< then this ¥3=3r.d93_ Itis discontinuous across the z-plane’s negative real
axis (@ =tm) whereon it takes non-real values different from Hear-Real Cube Ropthest
denoted by ®vz”, which is the root t with —¥8 < Im(t)/Re(t)< 1~3. On all of the real

axis this 3/x is real and continuous with sigi) = sign(x) . Elsewherévz is discontinuous

only across the imaginary axis. The two definitions of cube root disagree in the left half-plane;
there 3Vz = —(—2)1/3. Which definition is better? Neither. Consider the next example ...

What are the roots t of + 3z.t—2z=0 if 0? A widely used book tenders the formula

“t= Z2AB.( (1 +VI+23+ (1 —vI+)Y3) " without mentioning that its three cube roots must
be chosen in a correlated way. Principal Cube Roots for all three are never correct choices; ...

Exercise 5: Explain why.

Near-Real Cube Roots for all three choices are better but imperfect; if the book’s formula read
“t(z) = Wz (31 +V1i+2) + (1 —vI+2) ) " it would be wrong when —Im(z/2k Re(z) <0,

i.e. between the imaginary axis and a parabola in the left half of the z-plane. This formula’s
three cube roots are chosen correctly only when the one chosen for z is the negative of the

other two’s product; otherwise this formula’s t(z) dissatisfies the equé”t'remzt-t -2z=0.

Exercise 6: Explain why. Show for£2) that a correct formula (and perhaps the simplest) is
t(z) =q—2z/q for each choice q of one of the three cube roots off 1#z4)-z .
Show that replacing/1+z by -/1+z merely permutes the three roots t(z) .
As z . o one of the three roots t(z) approaches a finite limit; what is it?

But no choice of cube root for g makes this root t(z) continuous over the whole z-plane. If g
is the Principal Cube Root, t is discontinuous as z crosses either the line segment -1 <z <0
or an approximately hyperbolic curve in the left half-plane on which a2y gatisfies the

equation (3%—y9)2=-8x(X +Vy?) . If q isthe Near-Real Cube Root, t is discontinuous
across another approximately hyperbolic curve in the right half-plane; this curve’s equation is

(Y(y? = 3%))% = x(y* — ) .

In short, no formula for a root t(z) of the equati3n+ B8z:t— 2z =0 can be continuous on all

the z-plane; every formula jumps as z crosses some curve joining the point O to at least one
of —1 ande . These three points are the equation’s critical points where it has multiple roots,
triple at z=0, double at z=-1 amd. As z moves around a critical point the formula for a
root would have to become multi-valued if it stayed continuous. To see why, ...
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Exercise 7: Use the formula in Exercise 6 to trace the behavior of all three roots t(z) as z
traverses a tiny circle around a critical point, and watch two or three of the roots
swap places as if playinilusical Chairs

And yet, wherever a root t(z) of the equatiorBisnple (i.e. non-multiple) it can be obtained

from a formula that is continuous in some open region (perhaps small) in the z-plane. This is
a harbinger of what happens generally to roots t(z) of an analytic equation p(z,t)=0. The
simple roots’ local continuity is a consequence of a general ...

Implicit Function Theorem|If p(z,, t;) =0, and if p(z, t) is continuously differentiable in a
neighborhood of z=zand t=¢, and if dp(z, t)lotz0 at t=¢§ (so { is a simple root of
the equation pt,) = 0), then throughout some (maybe smaller) neighborhood of, 2=z
continuously differentiable function f(z) exists satisfying p(z, f(z)) =0 ang 5{z, and
the derivative of f is'{z) = -0p(z, t)Pz/ dp(z, t)bt evaluated at t = f(z) .

Proof: You may have seen a theorem like this already for vector-valued functions of vector

arguments, though then the place ofdp(z, )bt was taken by dp(z, t)/ot) ... for a
nonsingular instead of nonzero derivative. The following proof for complex variables is similar.

The easy part of the proof is the formula foz), which will follow from ...

Implicit Differentiation: 0 = dp(z, f(z))/dz 8p(z, f(z))bz +dp(z, t)6t|t=f(z)-f'(z) ,
which will follow in turn from the formula for Implicit Divided Differencing above. The hard
part is proving that a continuous f(z) exists in some neighborhood of, .z Fazsimplify the

proof's notation, let q(t) := p(z, t) for some fixed z so closejtdhat |q(t)| is very tiny for
all t close enough to, t= f(z,) ; later we shall choose “so close” and “close enough” to
ensure that the equation ¢(t) = 0 has just one root t = f(z) that closg)o Fii® needed

closeness depends upon how wildl\t)g= dp(z, t)0t varies, since it must be prevented from
varying too much compared with'(§) , which must be nonzero if z is close enoughgo z

because then'(@,) is very near the given nonzedp(z,, t)/0t at t=f . These requirements
come together in an important ...

Lemmal: If a positive constanft can be found to satisfy > |q('5)/qT({t ot} whenever
[t=t,| < 1 then at least one rodt of the equation ¢(= 0 also satisfiest—,| <p . No more

than one such roat exists if d({w, t}) #0 too whenever both |tH<p and |w—=f| <p .

Proof: When two such roots exist, say) g(q(w) =0 but wtt, then (ﬁ({w, t}) =0, which
contradicts the second hypothesis. Therefore the lemma’s nontrivial part is the inference from

the first hypothesis that at least one roog¢xists. To this end define Q(t) :=t— ijﬁ{to,t}) )
Since the divisor cannot vanish, Q(t) is continuous throughout the closed digk gt—tAnd
Q)= —q(g)/q*({to,t}) , SO |Q(t)—¢4| <p throughout the disk; in other words, Q is a

continuous map of the closed disk into itself. By Brouwdiised-Point TheoremQ must
have a fixed-pointt = Q¢) in that disk; this is the rodt we seek. End of Lemma 1's proof.
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Readers who are still uncomfortable with the divided differenEe:aun resort to a very similar
lemma stated exclusively in terms of the derivativeingtead, though its proof is longer:

Lemma2: If a positive constanft can be found to satisfy > |q(t)/q'(t)] whenever t lies in
the disk |td| <p then at least one rodt of the equation ¢(= 0 also lies inside that disk.
No more than one such root exists if also |1(8/q'(t;)] <1 whenever t is inside that disk.

Proof: We shall construct aajectory t=T(s) by solving annitial value problem
TO)=t, and dT/ds=-q(T)/l) for 0<s<S.
This differential equation must have at least one complex/vector solution T(s) for all real s in
some interval of sufficiently small positive width S because —{{))/¢s a continuous
function so long as t stays inside the disk wheré{t) #0 ; seePeano’s Existence Theorem
in a textbook abourdinary Differential Equations And so long as T(S) is inside the disk,
S can grow a little. How big can the width S grow and still have the trajectory (graph of) T
strictly inside the disk |Tgft<p ? We are about to find that S can grow arbitrarily big.

First let S be any positive value for which the trajectory T(s) stays inside the disk throughout
0<s<S. Along the trajectory we find dq(T(s))/ds' &¢s))-T(s) = —q(T(s)), whence

follows that q(T(s)) =€-q(t) . Then the length of the trajectory from s =0 to s=3S must be
Jo>1dT(s)/ds|-ds $,° [a(T(s))/A(T(s))|-ds Fo° [a(t)/af (T())]-€>ds <[> p-e>ds <y .
Evidently T(S) lies strictly inside the disk for every positive S. Let $o to find
Jo™ 1dT(s)/ds|-ds £ |a(t)/d (T(s))|-€%ds <[," p-e>ds =p..
Therefore T(#0) lies strictly inside the disk too. And q(®¢} = 0. In other words, the
trajectory t=T(S) ends strictly inside the disk at a roet T(+) of the equation ¢(=0.

Now we know the disk contains at least one root; can it contain two if also' (fl/g-(&)] < 1
whenever t is inside that disk? No; in fact now q(t) can take no value, zero or not, more
than once inside that disk. Otherwise we could find T inside that disk too with q(T) = q(t)
but T#t, in which case we would also find

1=11-4dT, ) /a )] = 1fo" (1 - d(t + (T-9s)d (tp))ds < o' |1 - d(t + (T-)s)q (to)lds < L.
This contradiction ends the proof of Lemma 2.

Lemmas 1 and 2 provide ways to confirm that a toaf g¢) = 0 lies within a distanc@ of
t,, but no way to find ot nor p. One way to seeki, given q andt, isto choose an M

somewhat bigger than [gty’(to)| and find an overestimate of max_p<m [(l)/d'(t)| or of
MaX_pj<m |q(t0)/qT({t ot}|, hoping that thisu <M . But it need not be so. ...

Exercise 8: For q(t) 2t 1 and d:=4 show that nqu can be found to work in Lemma 2,
but Lemma 1l worksif 3g<4. For q(t) :=expf) + 1 and §:= 313 show thatu = 2rt
in Lemma 2 establishes the existence of a tosétisfying t+t,| <p, but not its uniqueness.

Show that the second hypothesis of Lemma 2 implies the second of Lemma 1; and if q(t) isa
real function of a real argument t, and{fis real and the “disk” is an interval in which a

real roott may lie, then show the first hypothesis of Lemma 2 implies the first of Lemma 1.
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Back to the proof of the Implicit Function Theorem. Given that, fi{¢= 0, and for any

given sufficiently tiny tolerancer > 0, we seek a tolerance 3 so small that, for every z in
the disk |z -4 <3, the equation p(,= 0 has just one rodt in the disk t|— ;| <p . Just

one such root’s existence is guaranteed by the lemmas provided (q(t) := p(z, t) satisfies either
(L1):  la@lla'{tot)l <p and d(t w}) #0 whenever both [git<p and |w-f <p,

or
(L2): la)/a' (@) <p and |1-'§)/q(t)| <1 whenever [Gft<p.

Now, as z- z, and w- t, and t- t,, we find

M) d'@w)=pz {tw}) - op(z, )AL %0,

(i) At (z-2)-d'(toth) = P {z.20h tlP'(@ {tte}) — 0P(zo, 1)/02I0P(zo, )0,

(i) (o) (z2)-d (V) = p'{z.20}. to)Op(z, IOt — OP(Z0, 1.)/0Z10P(zo, L)/, and

(iv)  1-]1-¢)/d(ty)] = 1—]1-9p(z, Y)ot/op(z,, t)/ot] - 1.
Choose any positive constant Kop(z,, t,)/02/0p(z,, t,)/0t| . By continuity, tiny positive
tolerances {3 13, 3, 13, M1, Mo, M3, Mg Must exist such that

M o't w)=p' {tw}) £0 if |z-2| <R & |t <hy & [W-fI<Hy,

(i) lat)(z2)-a (ot <K if 27| <R & |t-t| <z,

(i) la(to)/(z-2)-d(®) <K if |z—z| <R & [t—t|<pg, and

(V)  11-d®/d(to)l = |11 -0p(z, DBUOP(Zy, t)/Ot] <1 if |z—g| <Ry & [t—Tfl< 4.
Given any positivep < min {1}, keeping |z—g < 8 := min{ min{R;}, WK} ensures thay
satisfies both lemmas’ requirements, thus guaranteeing that just orteerists in tH-t | <p .
End of proof of Implicit Function Theorem.

This theorem’s proof works for arbitrary analytic functions p(z, t) of two complex variables,

not just polynomials, but it is not the best theorem. It establishes the differentiability of simple
roots of analytic equations without revealing what happens when roots coalesce. In fact, roots
remain continuous, if not differentiable, where they coalesce; we shall prove this when we
come to Rouché’s theorem. For now we are content with the Implicit Function Theorem’s
assurance that every algebraic expression has a continuous divided difference and a derivative,
both also algebraic expressions, exce@nch Points(where roots coalesce) and across
somewhat arbitranSlits introduced to make the expression single-valued. Like rational
expressions, algebraic expressions can HRoles where they take infinite values; but poles

need not detract from continuity and differentiability if the expressions are construed as maps
from the Riemann Spheréo itself. (For this sphere see the notes on Mdbius Transformations.)

Elementary Transcendental Functions

Non-algebraic analytic functions are called “Transcendental”. Hleenentary Transcendental
functions arise out of algebraic operations upon exp(z) and In(z) . The latter's multiplicity of
values, each differing from others by integer multiples mf, 2s suppressed by a notation that
assigns onePrincipal Value to “In(z) ” in some contexts and, if done conscientiously, uses
another notation like “Ln(z) " for the multi-valued version. One t&amplex Variables and
Applications6th. ed. (1996) by Brown & Churchill (McGraw-Hill), does just the opposite.
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Formulas Defining Principal Values of Inverse Elementary Functions
Complex z =x+y has z=x-1y forreal Re(z):=x and Im(z) =y ?=—
X Hy| = V(x?+Vy?) ; inother words |z| :¥z2=0.
arg(x Hy) := 2 arctan(y/(x + |x ty|)) if yZ0 or x>0, so r<arg(xty) <Trt,
= sign(y)-(1 —sign(x)j¥2 otherwise, where sign(...) # always.

exp(x Hy) := €“-(cos(y) +-sin(y)) .
In(z) := In(|z]) +arg(z) . This principal value hast<Im(In(z))< .

Y = exp(w-In(z)) except®z=1 forall z, and ¥:=0 if Re(w)>0.
vz = 2’2 This principal value has R&=0 .

arctanh(z) = (In(1+z) —In(1-2) )/2 = —arctanh(-z) .
arctan(z) := arctanij/ = —arctan(-z) .
arcsinh(z) = In(z4/(1 + 22)) = —arcsinh(-z) .
arcsin(z) := arcsintz)/ = —arcsin(-z) .

arccosh(z) = 2:In(((z+1)/2) +V((z-1)/2)) .

arccos(z) := 2:In(((1+2)/2) +IW((1-2)/2) )i = T2 — arcsin(z) .

Exercise 9: Locate the locus in the complex z-plane of each formula’s discontinuities, if any.

These formulas’ discontinuities, thesfits, are located in the most commonly expected places.

Also in accord with consensus are the values taken on the slits; acquiescence to the convention

sign(0) := +1 is tantamount to attaching each slit to its side reached by going counter-clockwise

around its one finite end. But thiSounter-Clockwise Continuitys too simple a rule to work

for a function whose slit is a finite line segment. Consequently some of the usual definitions of
arcsec(z) .= arccos(1/z), arccsc(z) ;= arcsin(1/z), arccot(z) = arctan(1/z) ,
arcsech(z) := arccosh(1/z) , arccsch(z) := arcsinh(1/z) and arccoth(z) := arctanh(1/z)

may change one day as arccot did; it used to be arccot{?) <=arctan(z) until about 1967,

but now its slit is a finite line segment joining logarithmic branch-points at1zand poked at

z = 0. The usual definition of arcsech(z) violates counter-clockwise continuity around z=0.

These and many other annoying anomalies, #Ke'z)# 1MWz and arg(g# —arg(z) just when

z <0, go away when a signed zero is introduced, though it brings a new anomaly many people
find more annoying, namely that —40+= —4 —0 but 2=vV(-4 +10) # V(-4 —10) = -2 .

This is treated, along with other perplexing examples and numerically stable algorithms for the
formulas above, in my paper “Branch Cuts for Complex Elementary Functions, or Much Ado
About Nothing’s Sign Bit”, pp. 165-211 ifthe State of the Art in Numerical Analy§i987)

ed. by A.lIserles & M.J.D. Powell for the Clarendon (Oxford Univ.) Press.

Divided differences of transcendental functions cannot be simplified to eliminate the division
.../[(z—=w) without incurring an integral, see Hermite’s formulation above. Names have been

given to some instances like ét({pz, —-z}) =sinh(z)/z and IH{1+Z, 1-z}) = arctanh(z)/z ;
and formulas like tait{z, w}) = (1 + tan(w)-tan(Jytan(z-wj(z—w) often attenuate roundoff.

Exercise 10: Verify from the definitions of exp and In above that they are complex analytic

functions because their real and imaginary parts satisfy the Cauchy-Riemann equations. Find a
short algebraic (not transcendental) expression for the derivative of In and of each arc... .
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Harmonic Conjugates
A complex function f(z) of a complex argument z is calledlytic when it is complex
differentiable on an open domain in the z-plane. We have seen that such an f(z) decomposes
into real and imaginary parts that must satisfy the Cauchy-Riemann equations on its domain:

fOx+1y) = 9(x, y) + 1h(x, y) , 99(x, y)lox = oh(x, y)ldy , 0g(x, y)dy = -0h(x, y)lox .
In other words, the Cauchy-Riemann equationsne@aessaryfor analyticity. They are
sufficient too because, whenever they are satisfied by given functions g and h, these define a
complex function f :=g th whose 2-vector interpretation’s derivatife is one of the
special 2-by-2 matrices isomorphic with complex numbers; then the complex derivative is

f' =0glox +10h/ox = oh/oy —10g/dy .

What if g is given but not h ? Can we determine whether g is the real part of an analytic
function f and, if so, thenrecover f =d+rom g ? Yes, and yes, to a degree.

Wherever g and h satisfy the Cauchy-Riemann equations in some open domain they are
both Harmonic Functions therein because each must satisfplace’s Equation

0%g/ox? + 0%gloy? = 0 and 9%h/ox? + 0%h/oy?> = 0 .
These equations follow from the Cauchy-Riemann equations and the observation that the order
of differentiation can be reversed(dg/ox)/dy = d(dg/dy)/ox , provided the derivatives are all
continuous. This proviso will be assumed here even though it could have been deduced instead.
Consequently, only harmonic functions are eligible to be the real parts (or the imaginary parts)
of complex analytic functions.

The imaginary part h of a complex analytic function f =ilg s called aHarmonic

Conjugate (not complex conjugate) of the real part g . Both of them are harmonic in some
open domain wherein they satisfy the Cauchy-Riemann equations. Then g is a harmonic
conjugate of —h, not h. Either g or h determines the other minus an arbitrary real constant;
either determines f minus an arbitrary real or imaginary constant, as we shall see next.

Books exhibit several ways to recover an analytic Ifx= g(x, y) +ih(x, y) from a given
harmonic g(Xx, y) . Most textbooks do it this way:

Define H(X, y) :=[ dg/ox dy , and then obtain h(X, y) := H(X, yJ €0H/0x + dg/dy )dx — C
for an arbitrary constant C. The claimis that f := g + 1th is analytic. To justify the claim we
need merely verify that g and h satisfy the Cauchy-Riemann equations:

oh/ox = dH/ox — (@H/ox + 0dgldy) = -9gldy , as it should, and

oh/oy = dH/dy —a( J (dH/ox + agloy )dx )ioy
OH/dy —[ (8(dH/0x)/dy + d°gldy? )dx if all derivatives are continuous
OH/dy —[ (9(OH/dy)/dx + d2gldy? Ydx
dglox — [ (9(dglox)/ox + d°gldy? )dx

= dgldx , as it should, becausdg/dx? +d%gldy>=0 .

The integrals above have been writtenlagefinite Integralsto hide an arbitrary constant that
lurks within h . Another way to deal with that constant is to choose a pgjny,Xxinside the

domain where g is harmonic and arbitrarily set,h¥¥) := 0 ; this is tantamount to using
Definite Integrals first H :=[...dy running from (X, ) to (x,y), andthen h:= Hf=.dx
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running the integration from §xy) to (x,y). Butthen these paths of integration must stay
within the domain wherein g was given harmonic, thus restricting the recovery of h and

f = g4h to whatever subregion of the domain is reachable by such paths fgpm) (xFor
example, if (¥, Yo) is centered in a narrow rectangular domain whose edges make angles of
+1/4 with the real and imaginary axes, the reachable subregion is a small hexagon; ...

Exercise 11: Explain why.

Of course, (¥ Y,) may be moved around the domain to reach other parts of it, butthen h

may change by some additive constant. Must all these changes be consistent with one function
h over the whole domain ? Not necessarily

Exercise 12: Except at the origin in the (¥¥plane, g(x,y) = In(?(+ yz) is harmonic. Its
harmonic conjugate can be recovered by using the recipe above; do so, and show that no choice
of constants yields one harmonic conjugate h continuous throughout the whole domain of g .

Another way to recover h and f from a given harmonic g can be found in many textbooks;
they use ...

Green’s Theorem in the Plane[yr (P-dx + Q-dy) =[[g (0Q/0x —0P/y) dx dy wherein
P(x,y) and Q(X, y) are continuously differentiable functions, and R is a plane region
whose boundaryR is a piecewise smooth closed curve traversed during the first
integration in a direction that puts the interior of R on the left.

Green’'s theorem is the flattened (into two dimensions) version of the three-dimensional ...
Stokes’ Theorem [z vedr = [[gcurl(v)en dR wherein v is a continuously differentiable 3-vector-valued

function of position in a 3-dimensional vector space, R in this space is a smooth surface whose edge is a
piecewise smooth curvéR traversed for the first integral in infinitesimal steps, c&and n is the unit

normal, ata pointon R where dR is the infinitesimal element of area during the second integration,
oriented according to thRight-Hand Ruleviewed from the traversal aIR .

Green’'s theorem is often used to prove Stokes’. To obtain Green’s from Stokes’, chaosevector in the
same plane as R with components P and Q therein, thereby ensuring thatbeuplirallel to the plane’s .

Given any harmonic function g, a continuously differentiable solution of Laplace’s equation
on some open domain, set P agly and Q :=9g/dx into Green’s theorem to infer that the
integral

[3r (-0g/dy-dx +dg/ox-dy) = [[g (9°g/dx? + d°gldy?) dx dy = O
around the boundargR of every piecewise smoothly bounded subregion R inside the domain
of g. Therefore we may select any finite poing, @) inside that domain and define

h(x, y) :=J(—0g/dy-dx +0dg/ox-dy)

integrated along any piecewise smooth path frog yg§ to (X, y) that stays strictly inside
that domain. This h(x, y) is defined independent of the PRIOVIDED every two such
paths with the same endpoints,,(¥,) and (X, y) enclose between them only points interior to
that domain wherein g satisfies Laplace’s equation; the points between the paths constitute
the subregion R for Green’s theorem, which implies equality of the integrals along both paths.
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We shall explore soon that proviso about points between the paths; first what does “between”
mean ? A point lies between two paths just when every ray from that pentdmsses the

paths, taken together as one closed curve, an odd number of times counting the curve’s self-
crossings as multiple ray-crossings, two forlanself-crossing, three forl, four for [0, etc.

How do we confirm that this h, defined as a path-independent integral, is truly a harmonic
conjugate of g ? We compute the partial derivatives of h . For this purpose we extend the path
of integration along a line parallel to one of the coordinate axes. Parallel to the x-axis, dy =0
and consequentlgh(x, y)ox = o(J(—0g/dy-dx))ox = -0g/dy ; similarly oh/dy =0dg/ox , so g

and h satisfy the Cauchy-Riemann equations as conjugates should.

Since our path-independent definition of h says h(x, y) F(Bg(x —10g/dy)(dx +1dy) ) it

defines an analytic function f(xi1y) := g(x, y) +ih(x, y) as a path-independent integral

f(2) :=[f'(z2)dz = [(0g/ox —10g/oy)(dx +1dy) of its derivative '{x +1y) =0g/ox —10g/dy , to

within an additive constant. In fact, every analytic function is the path-independent integral of
its derivative so long as paths are restricted to the interior of the function’s domain. ( This is not
the case for every differentiable real function of a real variable; some real derivatives oscillate
too violently to be integrated.) Later we shall learn every analytic function’s integral is path-
independent too so long as paths and all points between them stay inside the function’s domain.

Paths pose problems when at least one point not in the domain lies between them. At the cost of
over-simplifying the subject, the problems can be dispelled by restricting attent®mpdy
Connecteddomains; in the plane these are domains without holes. Other characterizations of
such domains include ...
* Whenever two paths inside the domain have the same end-points,
all points between the paths lie inside the domain too.
» Every closed curve inside the domain can be shrunk continuously, all the while
remaining inside the domain, to a point inside the domain.
( The last characterization also characterizes simply connected domains of dimensions higher
than 2, and these can contain bubbles but not holes; for example, a cantaloupe’s edible part is
simply connected but a donut is not.) On any simply connected open domain in the plane,
every function g harmonic on that domain has a harmonic conjugate h defined uniquely, but
for an additive constant, everywhere on that domain by the foregoing path-independent integral.

The construction of a unique (but for an additive constant) harmonic conjugate h of g is the flattened version of
the unGrad operation upon an irrotational flow in Euclidean 3-space:
If q(v) is a continuously differentiable 3-vector function of positiorin a simply connected
3-dimensional domain whereon ca)lE o, thenq(v) = grad(@y)) for some scalaPotential function
@) := unGradq) :=[ g(v)edv independent of the path of integration.
Exercise 13: How should be determined by g toget @d=h ?

Thus, by applying either Green’s Theorem or the unGrad operator to the derivatives of a
harmonic function g, we may recover its harmonic conjugate h uniquely, to within an
additive constant, as a path-independent integral of the derivativepadvigled all points
between paths lie inside the domain of g. ineviso is necessary for some harmonic
functions, asin Exercise 12, but notall. ...
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Exercise 14: Prove that g(x, y) := X/(x y?) is a harmonic function whose conjugate is
obtainable from a path-independent integral despite that its domain is not simply connected.

Exercise 15: On a simply connected domain consisting of the whole (X, y)-plane except for a
slit cut along an arbitrarily chosen smodiiimple (not self-intersecting) curve joining 0 to

w , the harmonic function g(x, y) := If{* y?) has a harmonic conjugate h(x, y) . Show that
(y — x-tan(h(x, y)/2)/ (x + y-tan(h(x, y)/2) stays constant (perhaps) throughout the domain
while h runs through a range of real values whose extremes cannot differ by lesathao 4
no single-valued expression of the form 2 arctan(...) + constant can match h(x, y) .

Exercise 16: TheCritical Points of g(x, y) are the points (X, y) whedg/ox =0gloy =0 ;

they may be maxima, minima or saddle-points of g . Show that conjugate harmonic functions
have the same critical points. ( Later we shall learn that none of these can be local maxima nor
minima interior to the functions’ domain.)

Exercise 17: Thd.evel Linesof g(x, y) are the curves in the (X, y)-plane on each of which g
is constant. Show that the level lines of two harmonic conjugates form a fan@ilstleégonal
Trajectories one function’s level lines intersect the other’s orthogonally except at critical
points. Orthogonality alone does not imply harmonic conjugacy; show that the level lines of

252 + y2 and of ﬁ/x are orthogonal trajectories though neither function is harmonic, much
less conjugate.

( However, if two harmonic functions’ level lines form orthogonal trajectories, the functions can be proved to be
each a constant multiple of the other’s conjugate.)

Exercise 18: Suppose g(x, ¥) = g(x, —=y) is harmonic on a domain that includes a segment of
the real (x-) axis in its interior; deduce that g has a harmonic conjugate h(x, y) = -h(x, -y) ,
and therefore f(x ty) := g(X, y) +1h(X, y) is an analytic function that is real on that segment

of the real axis.

This justifies the term “Real Analytic Function” for any complex analytic function f(z) that is real on a segment
of the real z-axis strictly inside the domain of f, though some extra work is needed to deduce that this f must

satisfy f(x Hy) = f(x—1y) . The simplest way useBaylor Seriesand Analytic Continuation g.v. Every
standard elementary function ( or if multi-valued Rencipal Value) discussed in the Chapter IV of our text,
Notes on Complex Function Theoby Prof. Donald Sarason (1994), is a real analytic function.

Exercise 19: By integrating derivatives of a harmoafuinction g(x, y) we recover one of its
harmonic conjugates h(x, y) and then set ¥ +=g(x, y) +ih(x, y) to recover an analytic
function f(z) . The recovery of an analyggpressionf from a harmoniexpressiong that

is also a real analytic function of each of its arguments can be achieved more easily by setting
f(2) := 29((g+2)/2,1(z5~2)/2) for any z=x,+1y, inside the domain of g; explain why. If

this procedure fails to recovefunction f analytic throughout the domain of g, explain why.

Analytic functions are simpler than harmonic conjugates because every analytic function f is the path-independent
integral f(z) = f(c) £* f'(w)dw of its derivative 'f along every path inside the domain of analyticity regardless

of whether all points between paths lie inside that domain, regardless of whether the domain is simply connected.
We do insist that the domain of an analytic function be connected; otherwise perverse things could happen like ...

Exercise 20: Prove that if' £ 0 throughout its domain, but this domain is not connected, then analytic function
f stays constant in each connected component of its domain, though perhaps a different constant in a different
connected component of that domain, regardless of whether the component is simply connected.
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The Complex Planes the Euclidean Plane

(What follows is supplementary to Math. 185.) If complex arithmetic notation seems to describe geometry in the
Euclidean plane neatly, first impressions may be misleading. Complex multiplication plays an ambivalent role.

It seems natural to identify complex z = xy+with row vectorz=[x,y], and w=u +v with w=[u, v].

Then length #]| = |z| ; and vz =wez + 1'wxz yields both scalar produatez := u-x + v-y = |w|-|z|-cos(arg(z/w))

and cross-producivxz := u-y — v-x = |w|-|z|-sin(arg(z/w)) ; here arg(z/w) is the angle through whitlust turn

to align with z. At the same time, w is identified with a vector of length |w|-|z] making an angle arg(z/w) with
the real axis. The imaginary unit is both a veatgrointing up and an operator that turns vectors througtv?2 .

Ambiguity can be benign. Let z() be a smooth (twice differentiable) complex function of a real variable 3
with dz/d3z 0 (to preclude corners or cusps). As R varies z runs al®egtfiable curve C, which means
z coversadistancgzzpq |[dz| when it runs from point p to g along C. The unit (length) tangentto C at z is

t(z) ;= dz/|dz|, and there nz%t isaunit normal; Alt. A natural sign for n may be chosen at points z on C
where dt/dz 0 ; there n 9-dt/|dz| for aradius of curvaturep > 0, which means that a circle of radips
centered at z p-n istangentto C at z and matches C’s curvature dt/|dz| there; ninisahe pointing

normal there. (Do you see why dt/|d2]? How well the circle matches C ?) points of inflection(where

dt/dz =0),p =+ and the sign of n becomes arbitrary. So far, complex arithmetic imposes no impediment.

Now let u(z) be a smooth real function of position z syxi the Euclidean plane. No complex number (2’
can serve as derivative because real da()z)-dz . Instead we defingu(z) :=0u(x+y)/ox + 10u(x+y)/dy to
be u’'s complexGradient so that du(z) = Re{u(z)-dz) . Here “Re” and conjugation “tzare the nuisances
inflicted by mixing complex arithmetic with Euclidean vectors.

Exercise 21: Confirm thaflu(z) is normal (O) to u’s level line through z, thatu(z) points in the direction
of infinitesimal motions dz that maximize du/|dz|, and that this maximufiuig)] . Use Green’s theorem (p.
12 above) to provéyg Ou-dz =1 [O[?u-dx-dy where thé.aplacian |J°u =d2u/dx? + °u/dy? involves 2nd
derivatives assumed continuous in an open region R . Generalydlntz ) depends on the path of integration.

Next let u(z) and v(z) be smooth real functions of position zy xbut not conjugate harmonic functions of
(x,y), sothat w(z) :=u(z) w(z) maps the Euclidean plane into itself but not conformally. Neithekz) v

nor “[w(z) " provides a complex number to serve as the derivative of w which, like the 2-by-2 fhabmix

p. 1, has not two but four real elements. Still, complex multiplicatiofi aind “w yields an interesting object
Ow = (@/0x +10/0y)(u —1v) = Oew —1-0xw combining theDivergencedsw := du/ox + ov/dy with the Scalar

Curl Oxw :=0v/dx —0u/dy . Do you see whyw vanishes when (@) is an analytic function of z ? Otherwise
Ow accounts for the path-dependencg@W(z)-dz , which need not vanish if C is aloop, as follows: ...

Exercise 22: Confirm a complex analdgg W(z)-dz =I-f[g Ow-dx-dy of Green's theorem by applying it twice.
Verify that ‘wdz =wedz + 1-wxdz = (wet + 1-wen)-|dz| where t is the unit tangentdR so directed that R lies on
the left, and n:=rt is theoutward (right-) pointing normal tadR . Then the complex Green’'s theorem yields
Stokes’ theorenyzg wet:|dz| =fJg Oxw -dx-dy and Gauss’ Divergence theordgg wen:|dz| =ffg Oew-dx-dy in

the plane, thus condensing two renowned theorems into one cryptic eqigtiaiz)-dz =1-[[g Ow-dx-dy .

Into the last equation substitute w :£1g-, where g(z) and h(z) are smooth real functions of position BF x+
to get [;r 9'0h-dz =1f[g (Og-Th + g-|]|2h )-dx-dy . This will figure in the characterization of harmonic functions
as solutions of the following variational problem: Suppose region R is inside the domain of a harmonic function h

(so Dlzh =0 in R), and suppose at least part of the bounglarydoes not cut level-lines of h orthogonally;
along 0R’s remainder, if any, h’®iormal derivative* oh/on ” := Re(dh-n) = Im{h-t) = Im{Jh-dz)/|dz| vanishes.
Except on that remainder, suppose g =00Bn Thus, g+h runs over smooth functions whose boundary values
on dR match h there (“Dirichlet conditions”) except perhaps on that remainder @f@re= 0 (“Neumann

conditions”). Of all such smooth functions, the one that minimjﬁ;@@(gm)Fdx-dy turns out to be h because
[Ir 10(g+h)Fdx-dy =[fx (I0gF + [Ohf + 2Re(g Th))-dx-dy =ffx (IDgF + [Oh — 2g-P*h)-dx-dy + Im(ar g Th-dz)
=[x (OgP + [OhP)-dx-dy= [f [OhPdx-dy , with equality just when g =0 in R. In his thesis G. Riemann took
for granted that a minimizing harmonic h must exist for any given piecewise smooth boundary valRes on
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Summary of the Next Few Topics:

1: Every analytic function f is the path-independent integral f(z) = f§€f<w)dw of its
derivative f along every path inside the domain of analyticity regardless of whether all points
between paths lie inside that domain, regardless of whether the domain is simply connected.
Proof: Green’s Theorem or unGrad exploit the Cauchy-Riemann equations; and since f
and the integral of its derivative have the same derivative throughout the domain, they must
differ by a constant thereon.

2: Every continuous function f whose integral F(Z}*f(w)dw is path-independent on
some open domain ( connected to the point c) is the derivative f(z) -oFits integral,
which is therefore analytic on that domain. ProoJf({szAz,z}) —f(z)- 0 as Az| - 0.

3: The integralf f(z)dz of every analytic function f is path-independent and therefore analytic
on every simply-connectedpen subset of the domain of f . ( Cauchy-Goursat theorem)

4: Cauchy’s Integral Formula:[”f(z) =nlfcf (W)(W—Z)_l_rUW/(ZT[I) for every integer 20
if z isinside a simple closed curve C inside which f is analytic, on and near which f is
piecewise continuous; so all derivative@](ﬁ) exist and are analytic too. ( Goursat’s proof)

5: Every continuous function, whose integral is path-independent throughout some domain (it
is evidently connected, but perhaps not simply), is analytic thereon. ( Morera’s theorem )

6: Wherever f is analytic, sois fsince f — f . Thisis an example of Removable
Singularity If inside an open domain F is analytic everywhere except perhaps at one interior
point around which F is bounded, then F can be (re)defined at that point to render it analytic
there too. ( Riemann’s removal of a singularity )

7: The only bounded entire functions are constants. ( Liouville’s theorem )
8: Every complex polynomial has as many zeros as its degree, counting multiplic@zss(
9: Every analytic function equals its average value on a concentric circle. ( Gauss)

10: The Taylor Seriesof an analytic f(z) 3 o (z—2,)" f"(z)/n! converges absolutely and

is term-by-term differentiable and integrable within its circle of convergence, on which lies the
singularity of f nearest,z The series diverges outside this circle. At any point on this circle

where the series converges it converges to the non-tangential limit of f . ( Abel's theorem)

11: Every analytic function’s magnitude takes its maximum value over its domain somewhere
on its boundary. Every non-constant analytic functions maps interior points of its domain only
to interior points of its range. ( Maximum Modulus Theorem = Open Mapping Theorem )

12: Every analytic function’s magnitude takes its minimum value over its domain somewhere
on its boundary if not at its zero(s) inside the domain. ( D’Alembert’s principle )

13: If f and g are analytic throughout the same domain, and if |f —g| <|g| on its boundary,
then f and g have the same number of zeros inside that domain. ( Rouché’s Theorem )
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